Closed-Form Estimation of Finite-Order ARCH Models:

Asymptotic Theory and Finite-Sample Performance

Supplemental Appendix
Todd Prono

PRELIMINARIES. This Supplemental Appendix contains the statements and proofs of all Lem-
mas that support the paper’s main Theorems, as well as the asymptotic properties for OLS
estimation of the ARCH(1), GJR ARCH(1), and ARCH(p) with 1 < p < oo models. Con-
cerning notation, C' denotes a constant that can assume different values in different places.
For matrices A and B, A > B means that every element in A > every corresponding element
in B. For a vector y, d, denotes the Dirac measure at y. Finally, RV (k) is shorthand for

Regularly Varying with tail index &j.

LEMMA 1. For ARCH processes that can be cast in terms of the SRE

U% =Wy + a%—lAtv (1)
let Assumptions A1 and A2 hold. Then Assumption A4 is sufficient for E (af) < 00.

Proof.

.
IN

0% x <w}/2 + at_lA}/Q) . 2)

IN

(wo + U?,lAt) X (w(l)/2 + O'tflA%m)

1/2 3/2
< w00t+w0/ 0?+0?,1At/ ,

where the first inequality follows from the Triangle Inequality, and the third inequality uses 0? —w, =
o? 1A, Since {a?} is strictly stationary (see; e.g., Mikosch, 1999, Corollary 1.4.38) with a well-

defined second moment (see; e.g., Bollerslev, 1986, Theorem 1),
3 3 3/2
E(6) < C+E(of,)E(al?)

< C (1 +E(42) + B <A3/2>2 +--+E (A?’/Q)k_l) +E (0} 4) B (Am)k-

As a consequence, lim F (og’) <— ¢ < ifandonlyif E (A3/2) <1l =m
k— 00 le(A3/2)



LEMMA 2. For ARCH processes consistent with (1), let Assumptions A1-A2 and A4 hold. Con-
sider the following lagged vectors for h > 0:

v = ( Yol Y[ ) i=1,2,
E(Z)_ 2 A2 2 A2 hA 2
no=| €, Ajet, Hl TS TR Hl i€ |-
j= j=

If o is RV (ky), then Y2 is RV (ky/2), and Y is RV ().

Proof. That o is RV(ky); i.e.,
P(o>x)~cyx ™, n— oo, (3)
where ¢y = ¢4 (wg, @1 g, g ), and kg € (3, p| is the unique solution to
E(A)y/? =1

follows from Mikosch and Staricd (2000, Theorem 2.1).! Next,

(2 _ 2.2 2.2
Y, = O0€hs +-+s OhEL
_ 2.2 24 .2 2 2
= ( o5y, O0gAi€er, .., Oh_1Au€; )
+w0><(0, e%, ceey e%)

= c?+RY.

Since the tail of Rg) is small relative to the tail of C;f), the tail of Y;LQ) is determined only by

the tail of C,(f). By induction, then, the tail of Y;LQ) is determined by the tail of a% X Ef). Given
3) and Mikosch (1999, Proposition 1.5.9), 02 x E2 is RV(ky/2) by Mikosch (1999, Proposition
0 h 0

1.3.9(b)). Given Y2 is RV(r,/2), YtV is RV(k,) by Mikosch (1999, Proposition 1.5.9). m

REMARK R1: Lemma 2 summarizes a collection of results for (G)ARCH processes proved else-
where in the literature (see; e.g., Davis and Mikosch, 1998, and Mikosch and Starica, 2000).

)

Note that A3 is not influential in determining Y,(: to be regularly varying.

LEMMA 3. For the GJR ARCH (1) model, let Assumptions A1-A2 and A} hold. Consider the
following lagged vectors for h > 0,

Y;ZL:(YOZ, RN Y]Z), i:173a

'The precise value of ¢y is given in Goldie (1991).



h—1
B = (o lolers leollelen ooos T laley )-
Then for all y} € RM1\ {0}, Y} is RV (), and Y3 is RV (ko/3).
Proof. For the GJR ARCH(1) model,
o7 (W, o) = wy + O‘O,t—1Yt2—1a (4)
where oy = (‘)‘1,07 a2,0)/. Define

a=min (g9, agg) < gy, @=max(agg, azg) >ag,q V. (5)

Take a first-order Taylor Expansion of ¢, (wy, o) around w so that

2
0> 0/ — .
o, (W, ) 20y, (w, )
Then,
Y}L:<Y07 Yl’ Y27 ’Yh)
-1 @0,0Y5 -1 Qg1 Y7 1 (2 1Yi
= ooXx| €, o €, O ’ , , O : €

0 ( 00 %0 <Ul(w’0‘0)> 1 90 <02(w,a0)> 2 0 (Oh(w7a0)) h>
€1 €9 h

+(LU0 +Q) X ( O’ 2ol(g,a0) 202(w,a0) ’ 20'h(w,ao) )

—= C;+R}

Since O',;l (w, o) is bounded, the tail of R}l is light relative to the tail of C}L. As a consequence,
the tail of C} determines the tail of Y}. Let C} = o X E;Ll)*. Since y; is bounded away from zero

for all h,
« Y2 aY? aY? @
0,h—11h—1 h—1 h—-1 _ O
= 12 X %h-1 ‘%-1
(6%

)

o, (W, ) ~ oy (W) T al/?]Y, |

in which case,

(1) - - o = oy
E, " <|( €. g—f‘m X |€o] €15 g?ﬂ X U—; X el €g, .o, Qf‘/Q X o0 X|6h—1’€h .

Using the Triangle Inequality,

1/2 1/2 /2 _

wy“ 4+« Y 1/2

20 oo [¥o <@ TNl oy ol l€ol
oy oo T o



where the final inequality holds because y}b is bounded away from zero for all h, and

Y.
JQSCXM:C'X<01>X’61|.
0o ) 0o

Suppose that

o h—3
b2 < 0% T] e,
Og i=0
Then

Op,_ Op_ h—2
L SCX ( - 2) X ‘6}1_2} SCX 'H0|EZ>|,
0 1=

%0
so that by induction,
EV* <cxEV. (6)

Kogte

Since I (’E,ﬁ”
Davis, and Mikosch (2002, Corollary A.2) for d = 1, meaning that the tail behavior of o, determines

the tail behavior of the product o x Egll). Since C} = o x Egl)* is established to determine the tail

) < oo for all h and some € > 0, o x Eg) is RV(kq) by Lemma 2 and Basrak,

behavior of Y}L, given (6), 0, must also determine the tail behavior of C}L. As a consequence, Y} is
RV (ky); in which case, Y3 is RV(k/3) along the same lines as Resnick (2007, proof of Proposition
7.6), since Y}(f) is RV(ky/2) by Lemma 2. m

REMARK R2: In the case of the GJR ARCH(1) model, Lemma 3 requires «; > 0 for i =
1,2. Lemma 3 also applies to the special case where oy 5 = ayy = « (i.e., the ARCH(1)
model). Under Lemma 3, regular variation of {Y,} follows minus any need for symmetry in
the distribution of rescaled errors and so is consistent with A3 and complementary to Basrak,
Davis, and Mikosch (2002, Corollary 3.5(B)). If the rescaled errors are, in fact, symmetrically
distributed, then regular variation of {Y,} can also follow from regular variation of {|Y;|} as
given by Lemma 2 and independence of {|Y;|} and {sign (¢;)} so that Basrak, Davis, and
Mikosch (2002, Corollary A.2) applies. Both Davis and Mikosch (1998, Lemma A.1) and
Mikosch and Staricd (2000, Theorem 2.3) rely on this latter argument.

LEMMA 4. Consider the GJR ARCH (1) model under the same Assumptions as Lemma 3. For

the sequence of constants {a,,}, where

nP (Y| >a,) — 1, n — oo,
Y| = max Y..|, a, =n'/% L (n), and L (-) is slowly-varying at oo,
n d (o olNe o)
Nn = Zéalet — N := Z ZéPiQij’ (7)
=1 i=1j=1 ’



where: (i) > 0p is a Poisson process on (0, 0o); (i) For Q,; = ( Q(O) Q(h) ),

i=1 9 C

(0.)

ZéQ. L, 1 €N, is an i.i.d. sequence of point processes on RZH \ {0} with common distrib-

:1 1,7

! o o

ution Q; (iii) Y 6p and Y dq , i €N, are mutually independent.

i=1 " j=1 "7

Proof. The proof proceeds by verifying the following conditions from Davis and Mikosch (1998,
Theorem 2.8):
CONDITION C1: (joint) regular variation of all finite-dimensional distributions of Y,
CONDITION C2: weak mixing for {Y,}
CONDITION C3: That

lim lim P [ \/ [Y,]>ay||Yo|>ay]| =0~ y>0,

k—oon—00
k<[t|<r,

where Vb, = max (b,), and r,,, m,, — oo are two integer sequences such that n¢,, /r, — 0,
17 n

r,my,/n — 0, and ¢, is the mixing rate of {Y,}

Lemmas 2 and 3 establish (C1). {Y,} is strongly mixing by Carrasco and Chen (2002, Corollary
6) when a; o = @, and by Carrasco and Chen (2002, Corollary 10) when «; 5 # aq . Lastly, when
Q9 = Qg g, (C3) follows immediately from Davis and Mikosch (1998, proof of Theorem 4.1). When

ay 7 Qg p, note that

2 _ 2
Yo = o

where A} = a; X I{et,lzo} + a9 X I{Et71<0}‘ Since {( Ay, B, )} is an i.i.d. sequence, {Y;?}
satisfies an SRE. In this case, (C3) follows along the same lines as Davis, Mikosch, and Basrak
(1999, proof of Theorem 3.3). m

REMARK R3: Lemma 4 is the nonstandard CLT upon which (weak) distributional convergence
of the IV and OLS estimators discussed in the main paper and this Supplemental Appendix
are based. A generalization of this Lemma applies to the ARCH(p) case (see Basrak, Davis,
and Mikosch, 2002, Theorem 2.10). Specification of the distribution Q is found in Davis and
Mikosch (1998, Theorem 2.8). Following from Lemma 4, for

Ylgl):(ytl7 SERE) }/tl_i_h>7 l:2737



n d 00 00
Nn = Zé‘a;lYi N = Z ZCSPZQU)’
t=1 t=15=1 " ¥ij

!
where Q(l) = Q(m) , m=0,...,h ) by a continuous mapping argument.
i,j ij

LEMMA 5. For the ARCH(1) model, let Assumptions A1-A2 and A4 hold. For m =0, ...

define
Vv, v (m) =n" LYY Ay, v (m) = B (YY)

Then for a ky € (3, 6),
na;3 (/'?(Y, Y2) (m) — Yy, v?2) (m)> — (Vm)m:(),...,ha h>1,

-1
where Vi := V' — c§a3/2 (1 — c3ag/2> 0 and V, =Vi +o,V,, 4.
Proof. For an £ > 0, consider
-3 3 3
an Zt: (Yt+1 -FE (Yt+1))
= aﬁ%ﬁ?ﬂ (6?+1 - 03) X Igy,|<a, e}
—i—a;?’;af’ﬂ (€t3+1 - c§) X 1y, |>a,¢}

+C§a532t: (U§+1 - B (U?+1))

= la+1la+ Illa,

where 02, = 03, (wy, ). Let kK = ky/3, and consider a r € (k,2). For a ¢ > 0,
t+1 t+1 0> 0 0/

P> <)< (o) B[St < ysn * (o= )]
< () B (o) x Iyyca,) x Bl (e - )]
< (M) 20mE (1Y x Iy, <a,ep) x B (B = 63)["
é(c%ﬂﬁcgﬁggmﬁﬁmww>%@xEW%—%W

— (o) Bl da-g)f . noe

The first inequality follows from Markov’s Inequality. Since for
— 3 3
Mn = ;O_t—f—l X I{|y;‘§an€} X (et—i—l — Cg) s

6

(10)

(11)



E (M, | M) =M, + 03, (I{‘ ;| Mn> X E((,5—c) | M) =M, as.,

Yn+1|§an+1
the second inequality follows from von Bahr and Esseen (1965, Theorem 2).2 In the third inequality,
the constant C € (0,00). The fourth inequality relies on

a,&€
B (V" ypaa) = [ WS G)dy (12

(lne
S / "1 L (y) dy
0

-~ K‘O 37~an L a,€
(37, _ K‘O) |y| (y) 0
K 3
= Gy @9 PV > a),

where the second equality follows from Mikosch (1999, Theorem 1.2.9), and the "~" is the result

of Karamata’s Theorem. Lastly, "—" as n — oo follows from the properties of regular variation,

while "—" as ¢ — 0 follows given the defined support for r. Next, for I/a,

_ =3 3 * —3 3
Ha=a,"2 Yeir iy, >a,e) — 300" L0t L(y, 50,6}

A first-order Taylor Expansion of o} 1 around w is (with some simplification),

o1 = Coyyy (w, ) + 0oy (w, o) V7, (13)
SO
a;3;U§+1I{|n|>ana} = Ca;?’;(’t-yl (w, ap) I{\Yt\>ane} + 0‘0%73;‘7“—1 (w, ap) Y?I{\Ytbana}- (14)
Next, let x, = ( xgo), e th) ) € R*1\ {0}, and define for j > 1,

H
3
I~
18
S
(9
ks

- (m))’ _
) = S gm0
S
=1

@
Il
—

QA
T
o
I~
18
S
(9
ks
N
Il

()|’ _
A1 oy, =0

=1
oo 00 9
w2 (Erw) = Bl ) gy 2

noting that the set {z € R"*\ {0} : ‘x(m)‘ > e} for any m > 0 is bounded away from the origin.

2The applicability of von Bahr and Esseen (1965, Theorem 2) in this general context is first noted by Vaynman
and Beare (2014, proof of Lemma 1).



Then, for the first part of the decomposition in (14),

0 < a;3;at+1 (g, aO) I{|Yt|>ans}

< g1/2a;32tif{|yt|>ane} + Oéoaﬁ?’; Yl Iy, 5a,ey — 0, n — o0,

since (for sufficiently large n),

! <n_1;l{m|>an€}> ~nP(|Y]|>a,) — €, n— oo, (15)
as in (11) and
_ a d a
@ SV s, = Ti0e (Vo) == TG (), 0= o0, (16)

by (7), Remark R3 and, given Vaynman and Beare (2014, Lemma A.2), and the continuous mapping

theorem.?® For the second part of the decomposition in (14),

3/2 _ 3
oy ROV LA AR

IN

-3 2
Ay, Zat—i-l (@, CVO) th I{|Y [>a,e}
n t

< Caﬁ?’;Yff{mpane} + 043/2@53; Vil Iy sa, e
where the second inequality follows from the Triangle Inequality. Since
@Yy ey = Tooe (V) =5 T (N), =00 (17)
by the same argument that supports (16),
a;3;U§+1I{IYt|>ans} = 043/2%?3; Y3l Iy sa, ) +0p (1)

As a consequence,

x 3/2
Ila=T;,.(N,)— 03%/ Ts(i)),s (Nn) +op(1).

Also, given the same argument that supports the simplification of I11 from Davis and Mikosch
(1998, Section 4(B2), p. 2072),
n

Ila = dsay*a;® (wo + ag¥?)™"? = B ((wo + ag¥?)™?) (18)
t

x 3/2 —
= oy ",y (VI = BIYP) +0p (1),

3Elsewhere in this Appendix, implicit in applications of the continuous mapping theorem to functions of N,, defined
in Lemma 4 is Vaynman and Beare (2014, Lemma A.2).



Next, the same decomposition in (10) is also applicable to

a3 (\me” _E \Ytﬂ\?’) = Ib+ IIb+ IITb
t

where ‘et+1’3 in Ib and I1b is centered around c;. By the same argument that supports (11), for a
¢>0,
lim lim sup P (|Ib| > ¢) = 0.

n—ooe—0

Reliance on (13), (16), and (17) produces
a 3/2(a
I = T?E,l),s (Nn) - CSQO/ T3(,0),z-: (Nn) + op (1)

As a consequence,
_ 3 3 3/2\ ! 3/2
anS; <‘}/t+1’ - b ‘Y;f+1} ) = (]‘ - C3a0/ ) (T3(,ai),5 (Nn) - C3O[0/ TZS(,G(E)),E (Nn)) +op (1) )
noting that I1la = I11b. In addition,
aﬁg; Y2, -E(Y%)) = T51.(N,) (19)
3/2 3/2\ ! 3/2
g (1= esad®) (TR0 (V) = e T3 (N,)) + 0 (1)
d « 3/2 3/2\ " 3/2
B T3,1,a (N) - 03040/ (1 - 03040/ ) (Téi),a (N) - C3ao/ Tii(%),s (N)>
~1
= S (e,00) + chesal (1 - c3ag/2) S* (e,00)
~1
4, Vi + chegaid (1 - 03043/2) Vo,
where the first "—%" is as n — oo and follows from (7), Remark R3, and the continuous mapping

theorem, and the second "% s as & — 0 and follows from Davis and Hsing (1995, Proof of

Theorem 3.1, pp. 897-898). As a consequence,

3 ([~ d * * 3/2\ 1 ok
na,’ <’Y(Y, v2) (0) — vy, v2) (0)> — Vi + ciesal <1 — 50l ) Vi =V,



Next consider
a;:};YtY;‘il - E (YY) (20)
= “ﬁgztzyt"?ﬂ (€%+1 - 1) X Lily,|<a,c}
+053;YN§+1 (€241 —1) x Ly, 1>a,6}
+QES;YQU§+1 — E(Y,0741)
= Ic+1lc+1llc

Again by the same arguments that establish Eq. (11), for a ¢ > 0,

lim lim sup P (|I¢c| > ¢) = 0.

n—ooe—0

Since
_ d
anlzt:YVtI{IYtbanE} = T17075 (Nn) - Tl,D,a (N) ) n — 00,

given the same arguments that support (16),

Ilc = aﬁ?’;ﬁyﬁﬂ{mm"s}+a532t:5§31{m|>a"s}+0p(1)

= T2(,1a) (Nn) - a0T3,0,5 (Nn> + op (1) :

Finally, since
—6

a, 23 Y, = n %o (n1/2ZYt> — 0, n— oo,
7 ¢

by Ibragimov and Linnik (1971, Theorem 18.5.3), given that {Y,} is strongly mixing by Carrasco
and Chen (2002, Corollary 6),

e = aga,* YY) — E(Y7) +op (1)
3
so that
_ 1
an3;YtY£kl —F (Y;‘Ytil) = T2(,a) (Nn) - aOT3,O,5 (Nn) +11lc+ Op (1)
4, Vi' + oV,
n

n_d
—

where, as is true elsewhere, is first as n — oo and then as € — 0, given the same arguments

that support (19). As a consequence,

_ d *
na? (T, v vy (1) = 2, vy (1) =5 Vi 4 agVp = Vi, (21)

10



Extending (21) to higher lags (i.e., m > 1) is a continuation of the arguments given above. m

LEMMA 6. For the GJR ARCH(1) model, let Assumptions A1-A2 and A4 hold. For m =
0,...,h, define

n—m
f)/?rY, Y2) (m) = nil t; Yfkmy;f X [{YtZO]w /7?_3/7 Y2) (m) =F (YTrQlYO X I{Y020}> )

with ﬁ(} v2) (m) and ’y(_y v2) (m) defined analogously using Ity <oy Then for a kg € (3, 6)

and h>1,

nay” (3& yz) (M) = ’VZFY, Y2) (m)) - (Wi o, (22)
and

na;?’ (ﬁ(_x Y?) (m) = 7(_Y, Y?) (m)) — (W”_"b)mzo ..... ho (23)
where

W=V +a W, W =V +ag oW, 4,

and both WOJr and Wy jointly depend on V™ from the proof of Lemma 5.

Proof. Let It (m) = I{6t+ >0} and I~ (m) = 1{6
I{YHMZO} and 1~ (m) = I{Yt

_ . " B
tem <0} for m = 0,1, noting that I (m) =

<o} Then,

+m
E(y3 =1 = E (53 +/=
t+1 X% (1) (0f1) e’
where c;r/_ =E (e, x I/~ (1)), and
4 SV % (1) = B (¥, < 177 (1))
= GZS;U?H (E?—&-l x I/~ (1) — C;_/_) X I{\Yt\ﬁana}
+a;3;U§+1 <6?+1 X I+/_ (1) — C;/i) X I{‘Yt|>an5}

“‘C;/_arfg; (081 — E(0}441))

— Iat/" +IIat/~ +I1Iat/ .

Given the same arguments that support (11), for a ¢ > 0, lim lin%supP(‘Ia*/*‘ > C) = 0.
n—oog—
Consider next ITa™. Given (4),

o1 (wo, o) = Coyy g (w, o) + Q10441 (W, @) Y7

11



by a first-order Taylor Expansion of o 1 around w. Then

_3 3 _ -3
an ;Ut+1 X I{|Yt|>an£} = Can ;Uﬂrl (Qv aO) X I{IYt|>anE}

-3 2
ta, zt:ao,tat-i-l (Q> aO) Y x I{\Yt|>ana}'
Note that

0 < aﬁ?’zt:fftﬂ (w, ) X Iy |>a, e}

— 1/2
< an3; <£1/2+Oéo,/t \Yt|) X I{y,|>a, ¢}

< gl/za;?’;f{mpans} +@1/2aﬁ3§t: Yy X Iy 5q,ey — 0, 1 — 00

where the second inequality follows from the Triangle Inequality; the third inequality relies on (5),

and "—" to zero follows from (15) and (16). Also note that, again based on (5),

_ _ 1/2
anS;QO,tO_t—&-l (ﬂa aO) Y? X I{|Y;\>ana} > QanS; (Q +QY;S2) }/152 X I{\Yt|>ane}

> Q3/2a53; Y3 x Iy, > a,e)
and

_ o o 1/2
an3;a0,tgt+1 (Q7 a()) Y? X I{\Yt\>ane} < aangzt: (@ + O‘Y?) Y;fQ X I{|Yt|>an€}

< @4 S VP 5 gy a,e + 00 0PN Y X gy a0
t

= @3/2%73; V3> X Iy, 5,6 + 0p (1),
where the equality follows from (17) so that there exists a constant C' for which

Ha® = aV¥7 x Ity oy % Iysa,et = 6500200 X Ty >a,e)

_ — 3
= an3zt:Y;53 X [{Yt+120} X I{|Yt|>an5} - C;Cans; ‘th| X I{|Yt\>ana} +op (1) :

Based on x; defined in the proof of Lemma 5 and for the same j and m, define
+ (5 S (™Y
e (S ) = Em (617 % oy * o}y
]7m7€

(o @]
and define T'; (l;mé&) analogously, with I{Igm)@} replacing I{Igm)zo}. Then

[Ia* =T, . (N,) — ¢ OTSY. (N,) + op (1).

12



Next, from

ot = %3;0;‘;1 x Iy s — E (UEH X I{Ytzo}) + a;i%;afﬂ x Iy o) — E (a;’”+1 X I{Yt<0}>] :
where

CL;3;O'?+1 XI{Y;ZO}_E(O—?-FI X I{S/tzo})
_ 3/2 3/2
= an3z (WO =+ 05170}/;/2) X I{}QZO} — E ((WU + 041’0}/152) X ]{}/tzo}>

3/2 _
= al/O n?’Z |V, > Iy >0y — (’Yt‘?) X I{Yt20}> +op(1),

with an analogous decomposition holding for a,, 3" (O‘?+1 X I{Yz<0} —F (0‘?_H X I{Yt<0}>)’ follows
i
that

3/2
IIla® = ¢ a1/o n3Z V> x Iy sy — B <|Yt|3 X I{Ytzo})

e 05 an SV x Iy, cop = B (G x Iy, cop) +0p (1)
As a consequence,
-3 3
Qy, Z (Y;SJrl X I{Yt+120} - F (Y;Jrl X I{ t+1>0})) (24)
3/2
= (1_‘33041/0> [T3+15<N )‘CgCTg( ) - (N, )}
3/2 3/2 _
"‘C:J{O‘z/o <1 - al/O) [ n3; ’Yt‘g X I{Yt<0} - L (’Yt\?) X I{Yt<0}>] +op(1).

The same arguments that establish (24) also establish

%32 (Yfil Iy gy~ (Y,;+1 < Iy, +1<0})) (25)
= (1-adl) [T (V) - goTss. ()]

+e5aly (1 - C??ag/OQ) [ 53; (Yfﬁ-l XLty >0y = E (Yti-l X I{Yt20}>):| +op(1).

13



From (24) and (25) then follows that

GES; (Ytil X I{Yt >0}~ <Yt+1 X I{ t+1>0}))
4, [1 — ( +a1/02 + cgag/gﬂ - X [(1 — cgag/(f) T;LE (N)+ c3 ag/ozT?:LE (N) + CT?Sa) (N)
= [1 — (03 ai’/OQ + cgag/gﬂ - x [S* (e, 00) + ¢ CS* (e, 00)]

[ (el ed)] e

d
" "

where, as is true elsewhere, is first as n — oo and then as ¢ — 0, with each result following

from the same, respective, arguments that support (19). As a consequence,
_3 [~ d 3/2 — 3 2 ok
nay, <7Ery, Y?2) (0) - ’Yé_y, Y2) (0)> — {1 - (C:—’;Fo‘l/o +c / )} x [Vo© + e CVG™] = Wy
Moreover, since following parallel arguments,

-3 3
Y3, x 1 E (Y I ))
ap, ;( t+1 X {v, <0} ~ t+1 X {v,,,<0}

o[- (ol + o)) ¢ [(1- cfall) T (V) + 5 T (V) + 65 OTLR, ()

= [t (olf +5ad)] T [5 (600) + 5 CS* (6,00)]
- [1 - <C3 04%2 50‘3/02)} Vo +c3 CV™*],
na;® (ﬁ(‘y, y2) (0) = ) -, [1 _ (C;a?{/g +cga§/02)} C Vi e V] = Wi

Next, define

o) e 2
Tr—rt,a <En25xz> — z;nl$§0) (xfm—l)) X I{x§0)>€}, m > 2,

i=1

and consider
@ SYALY, X T7(0) = B (V1Y x 17 (0)
= a;32t:O'?+1Y; X I+/_ (0) X (6?_,_1 — 1) X I{D/t‘éane}
—i—a;?’;afﬂYt x I/~ (0) x (8 — 1) x Iy, >a,¢}
0,75 0% Y, x I (0) = B (03,1, x I7/7(0))
t

= IbT/T It/ It/ .

Again following the same arguments that support (11), lim liH(l) sup P (|Ib™| > ¢) =0 for a ¢ > 0.
n—ooe—

14



In addition,

IV = a2 Y00, X Iysa,e = Can DY X Tysa,ep +op (1)

= T;:s (Nn) - CT,‘;_O,a (Nn) +op (1) )

since

Qaﬁg;Yf’ X Ity sa,ep top(l) < a532t:0t2+1yt X Ity >a,¢}
< aa;S;Y;fg X I{Yt>ans} +op (1) :
As a consequence,
aﬁg;ytzﬂyt X Iy oy — E (Yt%rlyt X I{Yt20}> (26)

— Ty.(N,) = CT§,. (N,) + aLOa;?’;Yf’ X Iiy.s0) — E (Yf x Iy, 20}) +op(1)
4, Vit + 041,0W0+,
where "~%" is first as n — oo and then as £ — 0 so that
na,,* (Wzry, v?2) (0) - 7(+y, v?) (0)> 4, Vit + g o W = Wi
Comparable arguments to those establishing (26) then also establish

GES;YfHYt X Iy, cop = E <Yt2+1Yt X I{Yt<0}>
- Vi +ag Wy

so that
3 [ ~— _ d _ _ _
nan3 ('Y(y7 Y2) (O) - '7(y7 Y2) (O)> - ‘/1 + a2,0W0 = Wl . (27)

Extending (27) to higher lags (i.e., m > 1) is a continuation of the arguments given above. ®

LEMMA 7. Let Assumptions A1*, A2 and A4* hold. For m = 0,1 define
~+ 1"E 2 2 + 2v/2
Yy2 (M) =n t; Y Yo X Iy, >0y Yy2 (m) =FE (YmYO X I{Yozo}) ,
with ¥y, (m) and vy, (m) defined analogously using Iy, <oy. Then for a kg € (4, 8),

na;4 (?;2 (m) — ’7;2 (m)) LB (Q;)m:m J

15



and
na;4 (’/7\;/2 (m) — Vy2 (m)) - (Qm)mzo,l )

where
1 =U 4 a1,0Q, Qr =Up +ay0Q,

jointly depend on U, from Proposition 1.

Proof. Following the notation introduced in the proof to Lemma 6, if ci/_ =F (521+1 x It/- (1)),
then

a "k x I (1) = B (Y < 177 (1)
= ' Sotn (cax I ) = 77) < Iz
ta ot (e X 1770 = ") < o,
+CI/7CLE4; (0t41 — B (0411)) »
and
4 VLY < I (0) = B (Y2,¥P < 17 (0))
= @y ol Y I (0) x (e = 1) X Ly i<a,e)
+a;4;af+1Yt2 x I/~ (0) x (84— 1) x Iy, >a,}
Fa, ot Y x I (0) = B (07,37 x I (0)).
Following the same, general, steps provided in the proof to Lemma 6 (while recognizing that o7} 1

has an exact expression and, so, does not require a first-order Taylor approximation), it follows

that
U+ +oUFr
a;‘*gtjytil x It (1) — E (YA, x IT (1)) -5 o ¢l

)=:Q0+,

+ 2 —- 2
1 - <C4 ajgtCpas

where Uj™* is a component of U; in Proposition 1 and
_ d
an4;Yt%r1Yt2 X IT(0) = B (YA1Y? x I (0)) —= U +a10Q5 =: Q7

In addition, following from parallel arguments,

_ _ _ d Uy +¢, CU*
an4;Yti1 x I~ (1) = E (Vi x I (1) = 0 40

>=:Qo

+ 2 — 2
1 - (04 ajpt ¢y

16



and
“ASY2 VR x [T (0)— FE Y2 V2 xI™ (0) 2, U +a50Q0 =: Q7
anzt:t—i—ltx (t+1t>< ) 1 2,0@o = W1 -

LEMMA 8. For the ARCH (p) model, let Assumptions A1 and A2 hold. Then Assumption A7 is
sufficient for E (O't) < 00.

Proof. The proof is by induction.

ot x (w4 + Salf v

32 P10 1/2 1/2
/ —|—w020é/ b/;—z} +w / ZQZOY;S22+ Zzazﬁa / Y2 ‘}/t—j‘v
'l_j_

IN

3
Oy

IN

where the first inequality follows from the Triangle Inequality. Then, using Bollerslev (1986, The-

orem 1),

E(0}) < c7+;2;jasz” (V2 Yl
< C’—&-ZZazoalmE‘Y; ‘
i=1j5=1
< C+C3ZZawal/2E(U§’,]~)
i=17=1

From Lemma 1,

C+ c3ai’{02E (af 1) <C+ 0304‘;’/02E (a?) .
Suppose
—1p—1 1p—1
C+c32:1 Zazoal/zE (o;?,j) <C+cg <2:1 Zaloa1/2> E(a}).
i=1j=1 i=1j=1
Then
p—lp—1 -
E (O‘?) < CH+oey <E Z%,o@ﬁ) E( ) +c3 (Zozzoozl/2 + Za%ﬁa > E (af_p)
i=1j=1
< C+DE(6,)
< C(1+D+D*+..)
C
< =
- 1-D
< —3
1/2
L—c3) > a4 j,/o
i=1j=1
[ |

17



LEMMA 9. For the ARCH (p) model let Assumptions A1, A2 and A7 hold. Consider
‘Xt - Xlt—lao + Wt (28)
as it is defined in Section 2.3 of the main text and the set of instruments
/!
Zi = ( Yio1, -y Y ) )
where, in this case, h = p. Given Assumption A3, Z;_1 identifies c,.

Proof. The proof is by induction. When p = 1, Z;_; identifies oy, (see Section 2.1 in the main
paper). From (28),

p—1
X = ZlXt—iai,o + Xy pa,0+ W,
1=
== Xt_lao + Xt_pO[p70 + Wt'

Let
- /
Z; 1= ( Yie, oy Yip ) 5

and assume that E (ZHX;_1> is nonsingular. Then
o, -1 ~ _
&, =E (zt_lxt,l) [E (zt_lxt) ~E (zt_lxt,p> %70} . (29)
Further let
~, -~ N1
L, = E (y;_pxt_l) E (Zt—IXt_1> E (zt_lxt) ,
-, o, N=1
M, = E (Yt_pXt_1> E (ZHXH) E (zt,lxt_p) ,

noting that M, is a scalar. Then given (29),

S FE (Y;_pXt) — LO
PO E (Y;f?’—p) - MO 7

where E (Yt?’_p) — M, # 0 given A3 and Guo and Phillips (2001, Lemma 1). m

LEMMA 10. For the ARCH (p) model, let Assumptions A1, A2 and A7 hold. Then
a0t — B (of) -5 Vo,
T

when kg € (3, 6), where V , is (kg/3) —stable.

18



Proof.
a,’> 0} — E (o})
3
= a;?’; (J? —F (0?)) X I{Utﬁanﬁ}
+a,;3§tj (0} = E(0})) x Iy, 50,2}

= Ja+1la.

Given Carrasco and Chen (2002, Proposition 12), {o,} is strictly stationary. Then from Ia, given

Lemma 8§,

GOEE(00) x oy = 10 Blod)n 0,0
—0,
as n — oo by the CLT in Ibragimov and Linnik (1971, Theorem 18.5.3), so that
Ia= a;3zt:af X Iig,<a,ey +0p (1)
Then, for a ¢ > 0,

P <a;3za§ X Iy <a,e} > () < (¢Tlay?)nE (0 x Ip<q o)
t

by Markov’s Inequality. Next, for the same r defined in the proof to Lemma 5, there exists a
constant C' € (0, 00) such that

IN

C(¢Tlay®) nE (0% X Iip<a,e)
C < "o > (¢7'a,?)" (a,e)* nP (0 > a,e),

3r — Ky

(¢lay®) nE (0 X Tig<a,z)

IN

where the second inequality follows from the same arguments that support (12). As a consequence,

n—oog—

lim lin% sup P (anszaf X Iig,<a,e} > C) =0,
t
given the convergence results in (11). Next, since

a7_z3;E (U?) X I{at>ans} = naT_L3E (0?) n_1§I{crt>ane}
~ a,°E (a})nP (o, > a,e)

— 0,

19



then

ITa = a,°Y 0} X I{g ~a,:) +0, (1)
t
= T3,0,e (Nn) + Op (1)

so that
_ d d
ang;az? —FE (O-?) - TS,O,E (N> - ‘/0,0'

" n

relies on Basrak,
Davis, and Mikosch (2002, Corollary 3.5(B)) to establish {( Y,, o, )} as RV(k,) and Basrak,

where the first n_d, is as n — oo and the second as ¢ — 0. The first nd,

Davis, and Mikosch (2002, Theorem 2.10), which is a generalization of Lemma 4 to Y/, since {o,}

n

is also strongly mixing given Carrasco and Chen (2002, Proposition 12). The second nd, , as is

the case elsewhere in this Appendix, follows from Davis and Hsing (1995, Proof of Theorem 3.1,
pp. 897-898). m

LEMMA 11. For the ARCH (p) model, let Assumptions A1, A2 and A7 hold. Then

_ d
an?’;YEYHm - (prm)mzl,...7p ’

when ky € (3, 6).
Proof. To begin,

E (Y?Yter) =k (Y?UHmE (6tm | Femms1)) =0

Then,

a;32t:}/152y;f+m = a;3zt:}/;2}/;f+m X I{|Yt\§an6} + a“gggt:}/tQY;f—‘rmIﬂYtbana}
= Ib+1Ib

For a ¢ > 0, using the same arguments that support the inequalities in (11),

T

P> < () B[SV X Iyca,0 30)

T
< (') B YAV X Ly <a,e)
< (¢Tlap®) nE ((Ut2+m)r/2 X Vi x Iy, i<a,ey X ‘€t+m‘r)
<

=1

p r/2
(¢lay®) nE <<W0 + Zai,()yﬁi—m—z) X Y7 x I{|Yt|§an€}) X E e m|

< C(¢May®) B (I Iyica,ey) * B e

20



where in the final inequality, as is true elsewhere, the constant C € (0, 00). Then,

lim lim sup P (|1b] > () =0,

n—ooe—0

given (12) and the convergence results in (11). Next, building off of the definitions introduced in

the proof of Lemma 5, consider

S & O\2 (m—1)
qu)g (Zn15x> = Z;m (mz ) T; I{‘xgo)‘x}, m > 2.

=1

Then
0, VY, = b+ T (N,)
t

4, T2 (N)

d
Rp7m7

d
where "—"

is as n — oo first, and then as ¢ — 0. As for Lemma 10, the first "L relies
on Basrak, Davis, and Mikosch (2002, Corollary 3.5(B) and Theorem 2.10) and the continuous
mapping theorem. As is true elsewhere in this Appendix, the second 1% follows from Davis and

Hsing (1995, Proof of Theorem 3.1, pp. 897-898). m

LEMMA 12. For the ARCH (p) model, let Assumptions A1, A2 and A7 hold. Then, given the
definitions of y(y, y2y (m) and 7y, y2y (m) in Lemma 5,

e/ d
na,,* (7(Y, Y?2) (m) — Yy, v2) (m)> — (V;zm)m:o,...,h (31
for a kg € (3, 6), where V,, := Vg + 3Vy 5y and V,, 1y i= Vi — a1 gV g

Proof. Begin by considering the following modification to (10)
%73; (Y —E(Ydh))
_ -3%.3 (3  _ x
= a, ;Utﬂ (6t+1 03) X ]{gtﬂgane}
-3\ 3 (3 x
+a, Zt:at—i-l (et—i-l 03) X I{at+1>ane}

+ea S (o~ B (o)

= JTa+Ila+1IIla

introduced to deal with the complications posed by a multi-lag parameterization of af 1. From
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this decomposition, for a { > 0,

lim lim supP(|Ia| > () =0,

n~>ooa—>

given the arguments that support (11). Next,

_ -3 3 k=3 3
Ila = a, ;Y;H_l X I{‘Yt+1|>an5} Cc3a, that-i-l XI{at+1>an5} +0P (1)
= T37076 (Nn) - C§T§,O7e (Nn) + op (1)

where the first equality follows from Basrak, Davis and Mikosch (2002, proof of Theorem 3.6), and
T3¢ (N,,) denotes that N, is defined in terms of o, ,,, while T3 (IV,,) retains its definition from

the proof of Lemma 5, where N, is a function of Y}, .. As a result,
aﬁg; (Y —E(Y2)) = Toc(N,) - c3T50.e (N,) + I1a+op (1) (32)
<5 Voo + Voo,

Hdll

where "—" is as n — oo first, and then as ¢ — 0. Here, "

L0 follows from Basrak, Dayvis,
and Mikosch (2002, Corollary 3.5(B) and Theorem 2.10), Lemma 10, and Davis and Hsing (1995,
Theorem 3.1, pp. 897-898) and grants that

— o~ d * *
na,,® (7(1/, v2) (0) =Yy, v2) (0)> — Voo =Vt 3V, (33)
Consider next the decomposition in (20). From this decomposition,

X Elety — 1]

P(lIc|>¢) < 2 (C_laﬁg)rnE‘YtO'?H X Iily,|<a,c}

r
(C ' _3) nk (|}/;|T <w0 + Zaz OY;t—i-l z) X I{Ytgane}> X E ‘634_1 —1/

=1

IN

IN

20 (¢"ap®) nE (|G x Iy, <a,ep) % Eletin =1

using similar arguments to those that support (30). As a consequence, as is true elsewhere,
lim lim sup P (|I¢| > () =0,
n—ooe—0

given (12) and the convergence results in (11). Next,

Ile = ar_z3z}/ty;€3—1 X I{|Yt|>ans} - al,Oa;?)ZY;fs X I{|Yt|>ans}
—ay ;ZaonthH i X Iy, |>a,e) +op (1)
=

1 2
= T2(,e) (Nn) - al,OTS,O,e ( n) Zaz ,0 'L(e) ( ) +op (1) :
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Finally,
p
Illc= O‘l,Oa;gzt:Y;fg - E(Y?)+ aggzzai,oytyﬁrl—i +op (1),

t 1=2
so that
_ 1 P 2
YV - B (YR) = Tet T3 (V) — angTage (V) = Sago T (V)
1=
+IIIc+op(1)
d *

— Voataopo,

where "—%51 is with respect to n — oo first (following from the same arguments that support

convergence as n — oo in (32) and Lemma 11) and € — 0 second (as established elsewhere in this

appendix) so that

3 (~ d .
na,® (V(Y, v2) (1) =Yy, v2) (1)> —= V1=V 4 a0V, (34)

Extending (34) to higher lags (i.e., m > 1) is a continuation of the arguments given above. ®

OLS Estimation of the ARCH(1) Model

Recall that

_ 2 2
Y, = o464, o =wp+ Y2y

implies the second-order (centered) AR(1) model of

Xy =Xy + W, (35)

where X, = Y2 — 7y, and 7, = E (YtQ) = 0,
ASSUMPTION A1*: Under Al(i), let Ele,[) = c; < oo for j >4

AT* strengthens Al from the main paper.

ASSUMPTION A4*: E (A') <1 for 1 > 2.

A4* strengthens A4 from the main paper. Given A4* with [ = 2,
E(X,X,_,) =of'E(X}), m>1, (36)

so that OLS estimators for oy and w are



oOLS — 5 (1 _ aom) . (38)

Versions of (37) were first studied by Weiss (1986) and more recently by Guo and Phillips (2001).

PROPOSITION 1. Consider the estimators in (37) and (38) for the model of (35). Let As-
sumptions A1*, A2, and A4* with | = 2 hold. Then

aOLS a.s. . &\}OLS a.s. wy-
In addition,
4~ d -1
na,* <aOLS - ao) S EB(X2,) U (39)

if Ko € (4, 8), where Uy is (ky/4) —stable, and
na,* (EDOLS — w0> = —yna,? (aOLS - a0> +0,(1). (40)
Alternatively, if Assumption A4* with | = 4 holds so that E (Y;B) < 8and Ky € (8, c0), then
Jn (aOLS - ao) 4N (0, E(X2)°E (WEXE_l)) , (41)

and
Vi (@985 — ) “H N (0, S (42)

where

Sy = Sy + B (XP,) 7 <7§E (X2,) " B (W2X2,) -2 F (Wtthst)> . (43)

s=1

Proof. Recall that

Xi=X,—(\-m), (44)
and
Xt =c+ agj(:t—l + Wt' (45)
Given (44) and (45),
~ _1 S
af%ly = o + <; Xt2—1> (C; Xi1— (7 — ) ; W+ ; WtXt—1> : (46)

Then a9° %% o, and HOLs % w, given the same arguments that establish consistency in the

proof of Theorem 1 (see the main paper’s Appendix). Next, given (44),

na (aOLS . ao) = B(x2,)" <a;4 S XXy~ F (XtXt_1)> +op(1) (47)

i> E (Xt2—1)_1 Ula
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given Lemmas 2 and 3, Davis and Mikosch (1998), and von Bahr and Essen (1965, Theorem 2),
where application of the latter permits j € (4, 8) in A1*.* Comparable to Theorem 1, this (weak)

distributional convergence results relies on
a,* ;Xtthl — E (XX, 1) = ay* ; YPY2 - E(Y2Y2,) +op (1)

since
) —8

a,* ;Yf — g =n o (n_l/QXtIYtQ - 70) 4.0 (48)

by Ibragimov and Linnik (1971, Theorem 18.5.3). Also given (48),
na, (ZJOLS - wo) = —yona,? (&OLS - ozo) +op(1).

Finally, if k, € (8, 00), then given (46),

vn (aOLS - 040) = F (Xt271)_1 (”_1/2 > Wtth) +op (1)
¢
KAgN (0, E(X2,)°E (WEX,?_l))
by Ibragimov and Linnik and the Slutsky Theorem, and

Vi (8955 —wg) = V(= 0) =0V (3% — ay)
4, N (0, 2.,

where X, is defined in Theorem 1 of the main paper. ®

The OLS estimator in (37) depends on the first (sample) second-order autocovariance from
(36). The resulting (weak) distributional limit in (39) follows immediately from Davis and Mikosch
(1998) if ¢ = 0, and j = 8 in Al. Under Proposition 1, in contrast, the asymptotic properties
of a°F% are unaffected by whether or not A3 holds. Moreover, given von Bahr and Esseen (1965,
Theorem 2), j € (4, 8), instead, supports (39). The distribution of U; is similar to that of V] in
Theorem 1 of the main paper but, nonetheless, is distinct because the former is based on fourth-
order mixtures of Poisson and i.i.d. point processes (see Lemma 4 and Remark R3, as well as Davis
and Hsing, 1995, Theorem 3.1), while the latter depends on third-order mixtures of these same
processes. The general method of proof behind Proposition 1 and Theorem 1 in the main paper
is analogous. Asymptotic normality under Proposition 1 mi]rrors4 Weiss (1986, Theorem 4.4). The
heavy-tailed case of (39), where the rate of convergence is nno"“o , is closely related to Kristensen
and Linton (2006, Theorem 2).

It is important to note that if x, € (4, 8) and A3 holds, then &'V in the main paper converges

* Application of von Bahr and Esseen (1965, Theorem 2) in this instance closely mirrors that in the proof of Lemma
5.
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at a faster rate than does a°%%. Also, if Ky € (4, 8), then for

T=nT OVE nat S S, (49)
i

where S, is (k/8) —stable (see Davis and Mikosch, 1998, Section 4B(1), for a closely-related result).

As a consequence, normalizing the left-hand-side of (39) by 7,, enables inference on a%ts to be

conducted using the subsampling and bootstrapping methods discussed above in the context of

Theorem 1 in the main paper. Lastly, the borderline case of k; = 8 is not considered for the same

reason that xy = 6 is excluded from consideration in Theorem 1 in the main paper.

OLS Estimation of the GJR ARCH(1) Model

Recall that

Y, = o.€, o7 = wy + 041,0Yt271 X I{thlZO} + 042,0Yt24 X I{Y,H<0}
implies
Xi = 010Xy FageXe g + W, (50)
= X;—lao + Wt7

where X, = Y2 — vy, and vy = E (Yf) as before, with

5 (YQ) wo + 041,0001} ()/t27 I{Y}ZO}) + O‘2,0001} <}/1€2’ I{Yt<0}>
t =
1- (0‘1,0 XP<Y}20)+042,0XP(1@<0))

and
Xy = Y2 xIpy, sy —E (Yf X I{YtZO}) L Xoy =YXy g —E (Yf X I{Yt<0}) .

ASSUMPTION A6*: E (XHX;,l) is nonsingular.

A6* is the analog to A6 in the main paper. It serves as the key identifying condition for the
following OLS estimator:

—1
aOLS — K <n1 Z Xtth) y K = <n1 Z XtIX;1> : (51)
n t

PROPOSITION 2. Consider the estimator in (51) for the model in (50), and let Ky = E (XFlX;fl)
In addition, let Assumptions A1*, A2, A4* with | = 2, and A6* hold. Then,

aOLS a.s. a()-
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In addition,
nat (697 — ag) <5 KoQf™ (52)

/
if ko€ (4, 8), where the vector Q§+’_) = ( T Q7 ) is jointly (ky/4) —stable with com-

ponents Qf and Q7 defined in Lemma 7, if A4* with | = 4 holds so that E (YtS) < 8 and
Ky € (8, 00), then

NG (aOLS - ao) AN (0, K E (fot,lxg,l) K6> . (53)

Proof. From (51), using the expressions for }A(tfl and X, as they relate to X,_1 and W, respectively

(see the proof of Theorem 2 in the Appendix of the main paper),
&0 _a,=K [c <n—1 ZXH> + (é - GO) <n—1 W, — 1) ol ZXt_IWt] . (54)
¢ T t

Then, given A6*, a%% 23 o follows from the same arguments that establish (almost sure)

consistency in the proof of Theorem 2. Next, let )A(t_l = Z§2—)1 — Gy. In the case where k4 € (4, 8),
consider
na;‘l (aOLS _ ao) = K, [aT—L4 ;Xt—lXt - F (Xt_lXt)} + o0, (1)

= Ky [%:4 Zti Z1E2—)1Y;52 - F (Zgi)lth):|
n078

—n >0 [Gon_l SY?-FE (YtQ) +yon ! ZXt—1:| + 0, (1)
7 7

_ 2 2
= K, [%4 Zt: ZIE—)IY? - F (Zg—)lyt2):| +0,(1)

where Qg—i—’_) = ( QF, Q7 ); the third equality follows from the CLT of Ibragimov and Linnik

(1971, Theorem 18.5.3), and (weak) convergence in distribution to a (x,/4) —stable limit follows

from Lemma 7 and Samorodnitsky and Taqqu (1994, Theorem 2.1.5(c)). Finally, if x, € (8, o0),
then given (54), (53) follows along the same lines as given in the proof to Theorem 2. m

Proposition 2 extends results from Davis and Mikosch (1998) to the GJR ARCH(1) model. Nec-

essary for the proof of Proposition 2 is establishing the (weak) distributional limit of n=1 Y X, X, 1,
¢

(see Lemma 7). Given (49), normalizing the left-hand-side of (52) by 7,, produces

~OLS (+-)
a —oap\ 4 KyQ
n 0

OLS

in which case, subsample and bootstrap confidence intervals for o can also result as in the
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discussion that follows Proposition 1. Like Proposition 1, Proposition 2 does not require D in A1*
to be symmetric. As a result, Proposition 2 can also apply to the same processes towards which
Theorem 2 in the main paper is directed; provided (of course) that the requisite higher moments
are well defined. In cases where k, € (4, 6), however, &'V in Theorem 2 converges at a faster rate
(although, to a different and stable distribution) than does &@“*%, and when k, € [6, 8), &@'" is \/n
asymptotically normal. Moreover, and in contrast to the convergence rate differentials discovered

V' in Theorem 1 of the main paper and a%Ls in Proposition 1, improvements in the

\%4

between &
rate of convergence enjoyed by &' over 2% do not, necessarily, rely on skewness in the model’s

rescaled errors.

OLS Estimation of the ARCH(p) Model

Given

p
2 2
ift = Ut€t7 Ut = (.UO + .Zla’i,o}/tf’b 1 S p < oo,
1=

the generalization of (35) is
X, =Xy 09+ W,

/
where oy = ( Qs ---5 Qg ) , and

/
X, = ( Xic1, ooy Xeop ) . (55)

If A9 with s = 2 holds, then (51) with )A(tfl defined as the feasible version of (55) is a (almost
surely) consistent estimator of o, following the same method of proof for Proposition 2. Moreover,
following the same method of proof for Lemmas 9-12, it can further be established that
na,* (&OLS - a0> <, K,U

n p,p’

where the vector U, ,, = ( Upts - Upp )l is jointly (k,/4) —stable, reduces to U; from (39) in
the special case where p = 1, but generally is not solely determined by functionals of the observable
sequence {Y;}. If A9 with s = 4 holds, then (53) is established following the same method of proof
for Proposition 2 and echoes the result of Weiss (1986, Theorem 4.4). Confidence intervals for
a%L% can be constructed from /n (&ﬁ) using (49), given either the subsample or bootstrap

method discussed above in the context of Proposition 1.
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