When Simplicity Offers a Benefit, Not a Cost: Closed-Form
Estimation of the GARCH(1,1) Model that Enhances the Efficiency
of Quasi-Maximum Likelithood

Supplemental Appendix
Todd Prono

A.1.1. Preliminaries

Contained in this Supplemental Appendix are both the statements and proofs of all Lemmas that support
the paper’s main theorems. Concerning notation, C' denotes a generic constant that can assume different
values in different places. For matrices A and B, A > B means that every element in A > every corre-
sponding element in B. For a vector y, 4, denotes the Dirac measure at y. For a random variable X > 0
with CDF Fy (x), where F'y () =1 — F (), if

F(t
mfxi(x):t"‘%, Vit>0, ky>0, (1)
v Fy ()
then X is regularly varying with tail index . Finally, RV(x,) is shorthand for regularly varying with tail
index r.

Proposition 1 For a random variable X > 0, assume (1) holds. Then for a p > 0, X? is regularly varying
with tail index « /p.

Proof. LetY = XP. Then

Fy (ty) P Y > ty)

Fy (y) P(Y >y)

P (yl/p > tl/pyl/p)
P (Yl/p > yl/p)

P (X > t'/rz)
P(X >x)

Ty (tY72)
Fx (x)

Fx (Bz)

Fx (x)

)

in which case, by (1), o _
Fy(ty) _ . Fx(Ba)

im — = lim —==£ — B fo = ¢ Ro/P,
y—oo Py (y) 2= Fy (o)




A.1.2. Regular Variation

Consider the model
}/t == Ut€t7 (':t ~ i.ll:.d. _D (0, ].) (2)

o7 = wy + Y2, + Booiy, (3)

where D is some unknown distribution. This model is the linear GARCH(1, 1) model of Bollerslev (1986).
Also note that from (3),

07 = wy+oigX (O‘O,tflez%fl + By) (4)

_ 2
= wy+ o 14;.

Lemma 2 For the model in (2) and (3), let Assumptions A1-A2 and A4 hold. Then
E (A"‘/z) -1 (5)
has a unique and positive solution «,.

Proof. Fora x > 0, E'(A") is a continuous and convex (upwards) function of . Since Assumption A4 is
sufficient for £ (A) < 1,

CONDITION C1: E (A”") < 1 for values of x in some neighborhood of one.
Also, since P (A > 1) > 0, and since there exists a value % of  such that £ (AE/2) = 00,
CONDITION C2: E (A") > 1 for sufficiently large «.

Conditions C1 and C2 together complete the proof. m

Lemma 3 For the model in (2) and (3), under the same Assumptions as Lemma 2,
P(o>x)~Cx "o, (6)
and
P([Y]|>z)=FE(¢e) x P(c >z), x— oc. ()

Proof. Assumption A4 is sufficient to establish the sequence {57} as strictly stationary (see; e.g., Mikosch,
1999, Corollary 1.4.39). Owing to the method used to establish (5) as having a unique and positive solution,
there exists a small > 0 such that

E (A”0/2+77) < 0.

Consider then for (4)



CONDITION C3: {A,} isani.i.d. sequence.
CONDITION C4: o2 , is independent of A, for every ¢.

C3 follows because A, is only a function of ¢, ;. The validity of C4 depends on o ; being a function
ofe, o, €_35, ..., €. Given C3 and C4, (4) is a SRE (see also Mikosch and Staricd, 2000). At this point,
all of the conditions in Goldie (1991, Theorem 4.1) are satisfied, in which case,

P (02 > x) ~ cxR0/2, (8)

The result in (6) then follows from Proposition 1. Lastly, summarizing a result originally from Breiman
(1965), which is also stated as Mikosch (1999, Proposition 1.3.9(b)), consider two non-negative random
variables X and Z that are also independent. If X is regularly varying with tail index ¢, and £ (Z(’J”?) < 0
for an n as defined above, then

P(XZ>z)~E(Z")P(X >1z). 9)
Since |Y'| = o |¢|, (7) immediately follows from (9). m

Remark 4 Lemma 3 collects results available in the literature (see; e.g., Mikosch and Starica, 2000, Theo-
rem 2.1, and Basrak, Davis, and Mikosch, 2002, Theorem 3.1(B)).

Next, for 0 < h < oo, consider
Y,(j) — ( Yo, ob, ..., Vi, ob ) i=1,2,

and

Y, = ( Yy, 095 -, Y, o )
Lemma5 For the model in (2) and (3), under the same Assumptions as Lemma 2, Y,(f) is RV(k/2), while
both Y,(Ll) and Y, are RV(xy).

Proof. Given (4) and (8), Mikosch and Starica (2000, proof of Theorem 2.3(a)) establishes Y,(f) asRV(kq/2) ,
which, in turn, establishes Yél) as RV(k,), given Mikosch (1999, Proposition 1.5.9), the multivariate ex-
tension of Proposition 1. Finally, Y, is RV(x,) by Basrak et al. (2002, proof of Corollary 3.5(B)). m

Remark 6 Lemma 5 pieces together different results available in the literature. The SRE upon which this
lemma depends is (4) (see the proof of Lemma 3 that establishes (4) as a valid SRE). In contrast, the SRE
upon which Basrak et al. (2002, Corollary 3.5) is based is more closely related to

(2N _ ([ 82 wed
Xy = < o2 ) —< o B X1+ " (10)



which is also a valid SRE, since it, too, satisfies Conditions C3 and C4.

A.1.3. Central Limit Theorem

Lemma 7 For the model in (2) and (3), under the same Assumptions as Lemma 2, let
Yt:<Y;fv Ty woos Yo Ut+h)’ h < oo,

and {a,, } be a sequence of constants satisfying

nP (Y| >a,) — 1, n — 0o,

where | Y| = max Y.,
e

=U,...,

; a,, = n'/% L (n),and L (-) is slowly-varying at co. Then

N _ =

n

M=

d (e olNe o)
5a;1Yt — N:= ) Z(SPiQiﬁja

=1 i=1j=1

where

oo
1. > dp isa Poisson process on R
i=1 '

o0
2. > 0q. i€ N,isani.i.d. sequence of point processes on RTI \ {0} with common distribution @
=1 "

3. > 0p and > dq , i€ N, are mutually independent
i=1 " j=1 "7

4 sz<( Q. Q52 ), )

Ve

Proof. The proof proceeds by verifying the conditions of Davis and Mikosch (1998, Theorem 2.8):

CONDITION C8: (joint) regular variation of all finite-dimmensional distributions of {Y,}
CONDITION C9: weak mixing for {Y,}

CONDITION C10: that

lim lim P \/ Y, >a,y| Yol >a,y| =0, y >0, (11)

k—oon—00
k<[t|<r,

where V;b, = max (b;), and r,,, m,, — oo are two integer sequences such that n¢,, /r, — 0,
7 n
r,my,/n — 0,and ¢, is the mixing rate of {Y,}.



Lemma 5 establishes Condition C8. {Y,} is strongly mixing by Carrasco and Chen (2002, Corollary 6).
Finally, by the definition of the sequence {Y,} and as in Mikosch and Stérica (2000, proof of Theorem 3.1),
it suffices to switch in (11) to the sequence {( Y2, o} )} and to replace a,,y by a2y®. Consequently,
consider the SRE in (10). Recursive substitution establishes

t t t
X, = [[AXo+> [] AB: (12)
=1

=1 j—it+1
= L Xo+1,

Condition C10 is then established following Davis, Mikosch, and Basrak (1999, proof of Theorem 3.3). m

Remark 8 Lemma 7 is the (nonstandard) CLT upon which (weak) distributional convergence of the GARCH(1, 1)
estimators in Sections 2.1 of the main paper are based and generalizes Mikosch and Starica (2000, Theorem

3.1) by covering the case of an asymmetric D. Given Remark 6, Lemma 7 complements Basrak et al. (2002,
Theorem 2.10). Finally, given a continuous mapping argument, implied by Lemma 7 for

l
Yt():<Y;‘,l7 Uzlfv ttt Y;fl_t,_ha O'fH_h)? l:2737
is that
NO . i(g AL NO = f fé
n’ = & aﬁlYgl) = Pt P1QEZ37
where

Qi) = (( () (e2) >m2> |

A.1.4. GARCH(1,1) Convergence Results
From the model in (2) and (3) when a; ; = ay 4 = «,
X=Xy 1+ Vi, Vi=W, = BoW,_1, (13)

where X, = Y2 — v, and vy = E (Y?) = 2.

Lemma 9 For the model in (2) and (3), under the same Assumptions as Lemma 2,

0" 00t = B (0°) = Vo,

where "—%" is weak, and Voo is (kg /3) —stable.



Proof. Foran e > 0,

CL;SZU? -E (03) = GESZ (O'zz‘,)) —-E (03)) X I{ot>an€} + aﬁgz (O-? ) (03)) X I{atgans}
t t t

= Ila+1la,

where E (c%) < oo by Prono (2018, Lemma 1). Then,

a’;SZE (03) X I{Ut>an5} = arng (03) n <n_lzl{at>an5}> (14)
t t
~ a3E (6®)nP (0, > a,e)

_)0’

where "~" holds for sufficiently large n, and "—" as n — oo follows since

nP (o, > a,c) — ¢ "o, n — 00, (15)
so that
Ia = a;?’zt:af X Iig,>a,ey T 0p (1)
Next,
rg=6
a2’ Y B (0°) ¥ Lg,say =m0 E(0%)n P g, a0y
0

as n — oo by the CLT of Ibragimov and Linnik (1971, Theorem 18.5.3) applied to ”71/22—7{@3%5} if
t

Ko < 6, so that
Ila = a2 0} x Iio,<a,ey +0,(1).
t

Then, by Markov’s Inequality fora ¢ > 0,
P (an?’zaf X Iis, <a,c} > g) <n(('ay?) E(0® x Itpeq o) - (16)
t
In addition, for x = /3, and r € (k, 2), there exists a constant C' € (0, co) such that

nC ((ay®) B (0% X I{p<a,e)

a, &€

nC (C_la;?’)T/ ' o3 f (o) do
0

n(¢71ay”) B (07 % Ip<a,e)

IN

IN

IN

a,,Le
nC (¢ 1az?)" (~ ko) / o0 1L, (o) do,
0



where the last inequality follows from Mikosch (1999, Theorem 1.2.9). Since, by Karamata’s Theorem,

3r—rg

ML(G) "

a,e
/ o3 oL (o) do ~
0

then

Ko

n((a?)E(0® x [jpea oy) < C(CT1a,?)" < ) (a,&)* nP (o > a,¢) (17)

3r — kg

_ CC_T < Ko )€3T_H0,

3r — kg

— 0,

where the first "—" is as n — oo and follows from (15), while the second "—" isas ¢ — 0. As a

consequence, lim lim sup P (a;?’zjo—f’ X Ity <q e} > C) =0, and
n—ooe—0 n t="m

a;?’;()’? —-E (03) = arjg;ag X I{Jt>(ln6} + Op (1) .

Finally, let
Y= ( Yirs Yhes s Uiy Yio ) e R"1\ {o}, (18)
and define
Toeo (Bt ) = B (42) 11
i=1 i=1

0 .
yi’a>an£}

Since the set {y € R"*1\ {0} : |y(™)| > £} for any m > 0 is bounded away from the origin, and given
Vaynman and Beare (2014, Lemma A.2), then

a,° 0} = E(0°) = Tyeo(N,)+o0,(1) (19)
t

where the first "~%+" is as n — oo and follows from Lemma 7 and the continuous mapping theorem, while
the second "—%" is as ¢ — 0 and follows from Davis and Hsing (1995, Proof of Theorem 3.1, pp 897-898).
[ ]

Lemma 10 For the model in (2) and (3), under the same Assumptions as Lemma 2,

(20)

agszt:xfaf-km -E (Y;SU?-&-m) o (Vm,y)mzl,...,h’

where "~%-" continues to be weak, and Viny 18 (Kg/3) —stable.



Proof. The (weak) convergence result in (20) is established for m = 1,2. Generalizing to cases where
m > 2 is an extension of the arguments given below. Given (4),

053;Ytaf+1 ) (Yt‘fgﬂ)
— a;?’;af’ (etAtJrl — ozocg) X Ito >a,c)
—i—a;s;af (etAtH — aocg) X (g <a,c}
+aoc§a;3zt:af - F (03) + 0, (1)
= a;?’;ofetAtH X I{ot>an6}
—i—arf?’;af (etAtH — aocg) X Iig,<a,c} T 0p (1),
where the first equality relies on
@'Y, =V (22)

which follows given Lemma 7 and Davis and Hsing (1995, Theorem 3.1) and under which V, is xy—stable,
while the second equality follows from (19). Then for the same » € (1,2) in the proof of Lemma 9 and a
¢ >0,

P <an3

T

> <) < (¢'e?)'E

2(¢1az®) 0 (o8 % I <, )
xE |ag (€ —¢5) + Boe|

Zt:a? X Ly <a,e} X (€A1 — apch) Zt:of’ X Ly <a, e} X (€A — apch)

IN

where the first inequality follows from Markov’s Inequality, and the second inequality follows from von
Bahr and Esseen (1965, Theorem 2), since for

Mn = ;O’? X I{atgans} X (etAt+1 - 0‘003) y
E (M, | M,) =M, a.s.! Given (17),

lim lim sup P <an3

n—ooe—0

>C>:0.

3
Xt:at X I, <a,c} X (EtAtJrl - %C;)

Next, given (18), define

00 o0 2
ey <21n5y> = (v%) (v5) " ey ML (22)

The applicability of von Bahr and Esseen (1965, Theorem 2) in this general context is first recognized in Vaynman and Beare
(2014, proof of Lemma A.1).



Then

aﬁg;YtU?H —E (Yo711) = Ti.y(N,)+0,(1) (23)

where the first n_d isas n — oo, the second n_d as ¢ — 0, and each convergence result follows from
the same arguments that support (19). Next, consider

a;?’ZtIYtG?u -E (YtJ?+2)
= a;?’Xt:Ythﬂ (At+2 —-E (A)) X It >a,¢}
+a;3;yto—§+l (Apso — E(A) X 5, <a,c}
+E(A) aﬁﬁtﬁﬁsﬂfﬂ —FE (Ytaf-s-l) +o, (1)
= ar_b?);ytafw X It >a, ¢}
—1—(1;3;)/;0?“ (At+2 —F (A)) X Iig,<a,c} T 0p (1)

= Ib+1Ib+o,(1),

where the first equality, again, relies on (4) and (21), while the second equality follows from (23). For

IIb = aowoa;?’;Yt (et2+1 - 1) X I{Utgang} + ozoa;?’;ofetAtH X (et2+1 — 1) X I{Utgang}

= aanS;U?EtAt+1 X (6?+1 - 1) X I{otgans} + Op (1) 3

where the second equality relies on the CLT of Ibragimov and Linnik (1971, Theorem 18.5.3). Next, for a
¢ >0,

P <an3

by Markov’s Inequality and von Bahr and Esseen (1965, Theorem 2), so that

;ag’ X {5 <a,e} X (aoeg’ + ,Boet) X (efﬂ — 1)‘ > C) < 2 (Cila;?’)rnE (a?r X I{gtgans})

r
)

XE |age} + Boe|” x E |ty — 1

lim lim sup P <an 3

n—ooe—0

;U? X I{atgans} X (a[)ﬁ? + 506,5) X (€§+1 — 1)’ > C) =0;



in which case,

a;?’;YtU?H - K (YQU?H) = a;?’;Yta?H X Iio,>a,e} T 0p (1)
= T2,a,y (Nn) + Op (1)

d
- T2,s,y (N)

d
VZ,y?

H = mn d " 3 n d L1 -
where, as is true elsewhere, the first"—" is as n — oo, and the second "'—"isase — 0. m

Lemma 11 For the model in (2) and (3), under the same Assumptions as Lemma 2,

=1,..,

_ d _
an3zt:}/tyfi-m —F (Y;}/t%rm) — QO ! (Vm—l—l,y - BOVm,y)m_l h (24)

where, as is the case elsewhere, w4 g weak, and the limits are (x,/3) —stable.

Proof. The (weak) convergence result in (24) is established for m = 1,2. Generalizing to m > 2 is an
extension of the results stated below. From (4),

& = ag" (A1 — Bo) - (25)
in which case,

a;:“;Ythil —E(Y,Y2,)
= o5 (ang;YtU%HAtw — E (Y;07414,40) — Boaﬁ?’;yﬂfﬂ - F (Yto'z%+1))
= o (af;naaz — E (Y;0,5) — ﬁoa;3;no?+1 — E (Y01,1) — woa;?’;n)
= O‘El (an3;Ytat2+2 - L (Yt‘7t2+2) - ﬁoaﬁ;ytatzﬂ - L (Yt<7t2+1) +0p (1))

4 _
= ap (Vay = BoViy) s

where the second equality relies on (4), the third equality (21), and "%, follows from Lemma 10. The

10



same arguments then support
0" YV, = B (YY)
= ag' <a;3zt:yt‘7t2+2f4t+3 — E (Y,07124113) — Boay, ZYtUt+2 E (Y;Ut2+2)>
= 0‘51 (angzt:}/;U?M - L (Y20t2+3) Boay, ZYUt+2 E (ﬁ“?ﬁ) +0op (1)>
5 a5t (Vay = BoVay)

which completes the proof. m

Lemma 12 For the model in (2) and (3), under the same Assumptions as Lemma 2,

@ PLYE = B (V) <5 Vo,

where "—%" is weak, and Vo.y 18 (r/3) —stable.

Proof.

053;5@3 —E(Y?) = 05320? (€8 =) x Iy, <a, )
32% ( - 03) X Iig,>a,¢}
-l—an?’ZJt — E(o?)
= Ic—i—ItIc—l—IIIc.

As relied upon elsewhere, given Markov’s Inequality and von Bahr and Esseen (1965, Theorem 2), for a
¢ >0andar € (k,2) defined in the proof of Lemma 9,

T

P(lIc|>¢) < (¢la®) E ‘;o? (€8 = c3) X Iio,<a,e}

< 2(¢1a7®) nE (0F X Iig <)) X Bl =3[’

so that
lim hm sup P (|Ic| >¢) =0 (26)

n—ooe

by the arguments that support (17). Next, given (18),define

T0€y<2n5 ) Zn (yy> 0506}

11



Then, given Lemma 7,

CL;S;KE’ —-FE (}[tg) = aES;Y? X I{at>an€} - cga;:{;a? X I{ot>ans} +1lc+ Op (1)
- TO,a,y (Nn) - CgTO,a,a (Nn) +11lc
d
- TO,a,y (N)

d
%7y ’

where Ty, . , (N,,) is defined in the proof of Lemma 9 and the sequential limiting results (first as n — oo
and then as ¢ — 0) follow from the arguments given in that same proof. =

Consider
!
Z, 5= ( Yioo oo Yy )

as a vector of (proper) instruments for X, ; in (13). Then

brv = F (n_l Z)A(tzt—2> ) F= 7 (27)
t A~ ~ A~
(n_l ; Xt—lzt—2> A (n_l > Xt—lzt—2>
Theorem 13 Let
FO = B0_1A07
where
/
Ay =MNE (X, 1Zy ),  By=E(X,1Z,5) A,.
In addition, let Assumptions A1-A5 from the main paper hold. Then
&EIV E’ ¢07
and
_ - d _
nay? (dry = 69) ~5 ag'FyS, (28)

where 1, € (3, 6), "—5" is weak,

S = <(Vm+1,y = BoVim,y) m—s h) )

gooey

each (Viny),,—o 41 IS defined in Lemma 16, and S is jointly (r,/3) —stable. If x, € (6, co) such that
E (Y{f) < oo, then
AZ,, A
- d 0~VZ_5*0
\/ﬁ(d)lv - %) — N <0a B22> )
0

12



where
Yyz ,=F (V;SQZt—QZt—Q) +2E (V;f‘/t—lzt—QZt—3) ;

and V; is defined in Theorem 1 of the main paper.

Proof. Since

~

X=X, — (=), (29)
)?t =cy+ ¢05€t—1 — BoWi—1 + Wy, co = (Y =) % (¢g—1) (30)

given (13). Also, since {Y,} is strongly mixing (see the proof of Theorem 1 in the Appendix of the main
paper), then given (29),

n~! ; X, 12y 5 = 0! ;Xt—lzt—2 —(A=)n ! ; Z, 4

25 B (X124 )
by the Ergodic Theorem so that F 5 F. Also, given (30),

n! Xt: )A(tzt—2 = c¢on! Xt: Zy_y+ dpon ! Xt: )A(t—lzt—2 — Bon Xt: Wy 12y y+n" Xt: Wiz, _,

=5 0B (X 12y 5) -

Next,

na,® @W — ¢’0> = o (a;?) ;tht_2 - <XtZt_2)> o)

= F (aﬁg Zt:YtQZt—2 —FE (YtQZt—2)> +0,(1)
L aalFos

where the second equality follows from the arguments that support (XX) in the proof of Theorem 1 in the
Appendix of the main paper, and S is jointly (x,/3) —stable by Lemma 17 and Samorodnitsky and Taqqu

13



(1994, Theorem 2.1.5(c)). If 1, € (6, oc) so that E (Y,f) < oo, then

R o) <n‘1 > tht2) A <”_1 > Vtzt2> A
Vi(6-90) = v = G R—— +0, (1)
(”_1 > Vtzt2> A
- \/E : E +0p (1>

ALY A
LN(O, Sia S 0>,
BO

where the limiting result uses the same CLT from the proof of Theorem 1. m

Consistency of @IV does not depend on consistency of 7, and 4 does not impact the limiting distribution
of ¢,,,. Necessary for B, # 0 is E (Y;?) # 0, which illustrates the lack of identification that results if in
Al, D is a symmetric distribution. (28) depends on j € (3, 6) in Al, which is consistent with empirical
findings. Lastly, the rate of convergence that applies in (28) is nKOT%%
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