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This technical appendix presents supplementary material for the paper “Financial Heterogeneity
and Monetary Union.” The appendix consists of two main parts. Section 1 presents the complete
model and shows how the model can be modified to allow for complete risk sharing—that is, the
de facto formation of a fiscal union—between the two countries. Section 2 contains some additional
results that are referenced in the main text.

1 Model Appendix

1.1 Product Demands and Accounting Identities

Product Demands

In the symmetric equilibrium, all households choose the same level of consumption. Hence, we omit
the household superscript j going forward. The Lagrangian associated with the cost minimization
problem faced by the household in the home country is given by

Lc =
∑

k=h,f

∫

Nk

Pi,k,tci,k,tdi− λc,t

{[

∑

k=h,f

Ξk

(
∫

Nk

(

ci,k,t/s
θ
i,k,t−1

)1−1/η
di

)

1−1/ε
1−1/η

]
1

1−1/ε

− xt

}

.

The first-order condition for ci,h,t is given by

Pi,h,t = Ξhλc,t

(

ci,h,t/s
θ
i,h,t−1

)1−1/η

ci,h,t

[

∫

Nh

(

ci,h,t/s
θ
i,h,t−1

)1−1/η
di

]

1−1/ε
1−1/η

−1

x
1/ε
t , (1-1)

while the first-order condition for cj,h,t is given by

Pj,h,t = Ξhλc,t

(

cj,h,t/s
θ
j,h,t−1

)1−1/η

cj,h,t

[

∫

Nh

(

cj,h,t/s
θ
j,h,t−1

)1−1/η
dj

]

1−1/ε
1−1/η

−1

x
1/ε
t . (1-2)

Taking the ratio of equations (1-1) and (1-2) yields

Pi,h,t
Pj,h,t

=
cj,h,t
ci,h,t

(

ci,h,t/s
θ
i,h,t−1

)1−1/η

(

cj,h,t/s
θ
j,h,t−1

)1−1/η
,

or equivalently,

(

cj,h,t/s
θ
j,h,t−1

)−1/η
=

Pj,h,ts
θ
j,h,t−1

Pi,h,t

(

ci,h,t/s
θ
i,h,t−1

)1−1/η

ci,h,t
.

Raising the above expression to the power of 1 − 1/η, integrating the resulting expression with
respect to j, and finally raising the resulting expression to the power of 1/(1− 1/η) yields

[

∫

Nh

(

cj,h,t/s
θ
j,h,t−1

)1−1/η
dj

]1/(1−1/η)

=

[

∫

Nh

(

Pj,h,ts
θ
j,h,t−1

)1−η
dj

]1/(1−1/η)

× ci,h,t
(

sθi,h,t−1

)η−1
P η
i,h,t.

(1-3)
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Define the following aggregates:

xh,t =

[

∫

Nh

(

cj,h,t/s
θ
j,h,t−1

)1−1/η
dj

]1/(1−1/η)

; (1-4)

P̃h,t =

[

∫

Nh

(

Pj,h,ts
θ
j,h,t−1

)1−η
dj

]1/(1−η)

. (1-5)

We can then rewrite equation (1-3) in terms of the aggregates (1-4) and (1-5) as

ci,h,t =

(

Pi,h,t

P̃h,t

)−η

s
θ(1−η)
i,h,t−1xh,t =

(

Pi,h,t
Ph,t

)−η( P̃h,t
Ph,t

)η

s
θ(1−η)
i,h,t−1xh,t. (1-6)

Following the same steps, we can derive demand for the foreign product by the home country’s
household:

ci,f,t =

(

Pi,f,t

P̃f,t

)−η

s
θ(1−η)
i,f,t−1xf,t =

(

Pi,f,t
Pf,t

)−η( P̃f,t
Pf,t

)η

s
θ(1−η)
i,f,t−1xf,t, (1-7)

where

xf,t =

[

∫

Nf

(

cj,f,t/s
θ
j,f,t−1

)1−1/η
dj

]1/(1−1/η)

; (1-8)

P̃f,t =

[

∫

Nf

(

Pj,f,ts
θ
j,f,t−1

)1−η
dj

]1/(1−η)

. (1-9)

Using equations (1-4) and (1-8), the consumption/habit aggregator xt can then be written as

xt =

[

∑

k=h,f

Ξkx
1−1/ε
k,t

]1/(1−1/ε)

. (1-10)

We can then think of another cost minimization problem, namely, minimizing the cost of ob-
taining the bundle xt by choosing xk,t, when the unit price of xk,t is given by P̃k,t. The Lagrangian
associated with this problem is given by

Lx =
∑

k=h,f

P̃k,txk,t − P̃t

[

(

∑

k=h,f

Ξkx
1−1/ε
k,t

)1/(1−1/ε)

− xt

]

,

where P̃t is the Lagrange multiplier. The first-order conditions for this program are given by

xh,t = Ξεh

(

P̃h,t

P̃t

)−ε

xt; (1-11)

xf,t = Ξεf

(

P̃f,t

P̃t

)−ε

xt. (1-12)

Substituting these conditions into equation (1-10) yields:

1 =

[

∑

k=h,f

Ξk

[

Ξεk

(

P̃k,t

P̃t

)−ε
]1−1/ε]1/(1−1/ε)

.
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Solving the above expression for P̃t gives the expression for the welfare-based aggregate price index:

P̃t =

[

∑

k=h,f

ΞkP̃
1−ε
k,t

]1/(1−ε)

, (1-13)

shown in equation (6) of the main text.

Accounting Identities

The following accounting identities are used in the main text:

∫

Nk

Pi,k,tci,k,tdi =

∫

Nk

Pi,k,t

(

Pi,k,t

P̃k,t

)−η

s
θ(1−η)
i,k,t−1xk,tdi

= P̃ η
k,txk,t

∫

Nk

(

Pi,k,ts
θ
i,k,t−1

)1−η
di

= P̃k,txk,t, k = h, f ; (1-14)

and
∑

k=h,f

P̃k,txk,t =
∑

k=h,f

P̃k,tΞk

(

P̃k,t

P̃t

)−ε

xt = P̃ ε
t xt

∑

k=h,f

ΞkP̃
1−ε
k,t = P̃txt. (1-15)

For k = h, f , we define the following relative prices in the home country: pi,k,t = Pi,k,t/Pk,t,
p̃k,t = P̃k,t/Pk,t, and pk,t = Pk,t/Pt; similarly, for the foreign country we define p∗i,k,t = P ∗

i,k,t/P
∗
k,t,

p̃∗k,t = P̃ ∗
k,t/P

∗
k,t, and p∗k,t = P ∗

k,t/P
∗
t , for k = h, f . In a symmetric equilibrium, these definitions

then imply

p̃t =
P̃t
Pt

=

[

∑

k=h,f

Ξkp̃
1−ε
k,t p1−εk,t

]1/(1−ε)

=

[

∑

k=h,f

Ξkp
1−ε
k,t s

θ(1−ε)
k,t−1

]1/(1−ε)

. (1-16)

1.2 Optimal Pricing

In this section, we derive the optimal pricing rules for both home and foreign country firms in
the symmetric equilibrium. Focusing first on the home country firms, the full set of first-order
conditions implied by the optimization of the Lagrangian (8) in the main text is given by:
With respect to di,t:

ξi,t =

{

1 if di,t ≥ 0;
1/(1− ϕ) if di,t < 0.

(2-1)

With respect to hi,t:

ξi,twt = ακi,t

(

At
ai,t

hi,t

)α−1

, (2-2)

where the conditional demand for labor is given by

hi,t =
ai,t
At

(

φ+ ci,h,t + c∗i,h,t
)

1

α . (2-3)
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With respect to ci,h,t and c∗i,h,t:

E
a
t [νi,h,t] = E

a
t [ξi,t]pi,h,tph,t − E

a
t [κi,t] + (1− ρ)λi,h,t; (2-4)

E
a
t [ν

∗
i,h,t] = E

a
t [ξi,t]qtp

∗
i,h,tp

∗
h,t − E

a
t [κi,t] + (1− ρ)λ∗

i,h,t. (2-5)

With respect to si,h,t and s∗i,h,t:

λi,h,t = ρEt[mt,t+1λi,h,t+1] + θ(1− η)Et

[

mt,t+1E
a
t+1

[

νi,h,t+1
ci,h,t+1

si,h,t

]

]

; (2-6)

λ∗
i,h,t = ρEt[mt,t+1λ

∗
i,h,t+1] + θ(1− η)Et

[

mt,t+1E
a
t+1

[

ν∗i,h,t+1

c∗i,h,t+1

s∗i,h,t

]]

. (2-7)

With respect to pi,h,t and p∗i,h,t:

η
E
a
t [νi,h,t]

pi,h,t
ci,h,t = E

a
t [ξi,t]

[

ph,tci,h,t − γp
πh,t

pi,h,t−1

(

πh,t
pi,h,t
pi,h,t−1

− 1

)

ct

]

+ γpEt

[

mt,t+1E
a
t+1[ξi,t+1]πh,t+1

pi,h,t+1

p2i,h,t

(

πh,t+1
pi,h,t+1

pi,h,t
− 1

)

ct+1

]

;

(2-8)

η
E
a
t [ν

∗
i,h,t]

p∗i,h,t
c∗i,h,t = E

a
t [ξi,t]

[

qtp
∗
h,tc

∗
i,h,t − γp

qtπ
∗
h,t

p∗i,h,t−1

(

π∗
h,t

p∗i,h,t
p∗i,h,t−1

− 1

)

c∗t

]

+ γpEt

[

mt,t+1E
a
t+1[ξi,t+1]qt+1π

∗
h,t+1

p∗i,h,t+1

p∗2i,h,t

(

π∗
h,t+1

p∗i,h,t+1

p∗i,h,t
− 1

)

c∗t+1

] (2-9)

In the absence of nominal price rigidities, the first-order conditions (2-8) and (2-9) reduce to

pi,h,tph,t = η
E
a
t [νi,h,t]

E
a
t [ξi,t]

; (2-10)

and

qtp
∗
i,h,tp

∗
h,t = η

E
a
t [ν

∗
i,h,t]

E
a
t [ξi,t]

. (2-11)

Dividing the first-order conditions (2-4) and (2-5) by the expected shadow value of internal
funds yields

E
a
t [νi,h,t]

E
a
t [ξi,t]

= pi,h,tph,t −
E
a
t [κi,t]

E
a
t [ξi,t]

+ (1− ρ)
λi,h,t
E
a
t [ξi,t]

; (2-12)

and
E
a
t [ν

∗
i,h,t]

E
a
t [ξi,t]

= qtp
∗
i,h,tp

∗
h,t −

E
a
t [κi,t]

E
a
t [ξi,t]

+ (1− ρ)
λ∗
i,h,t

E
a
t [ξi,t]

. (2-13)

Similarly, dividing the first-order-conditions (2-6) and (2-7) by the expected shadow value of internal
funds we obtain

λi,h,t
E
a
t [ξi,t]

= ρEt

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

λi,h,t+1

E
a
t+1[ξi,t+1]

]

+ θ(1− η)Et

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

E
a
t+1[νi,h,t+1]

E
a
t+1[ξi,t+1]

ci,h,t+1

si,h,t

]

;

(2-14)

4



and

λ∗
i,h,t

E
a
t [ξi,t]

= ρEt

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

λ∗
i,h,t+1

E
a
t+1[ξi,t+1]

]

+ θ(1− η)Et

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

E
a
t+1[ν

∗
i,h,t+1]

E
a
t+1[ξi,t+1]

c∗i,h,t+1

s∗i,h,t

]

.

(2-15)

Updating equations (2-12) and (2-13) one period and substituting the resulting expressions into
the right-hand sides of equations (2-14) and (2-15), we obtain

λi,h,t
E
a
t [ξi,t]

= Et

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

(

ρ+ θ(1− η)(1− ρ)
ci,h,t+1

si,h,t

)

λi,h,t+1

E
a
t+1[ξi,t+1]

]

+ θ(1− η)Et

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

ci,h,t+1

si,h,t
E
a
t+1

[(

pi,h,t+1ph,t+1 −
E
a
t+1[κi,t+1]

E
a
t+1[ξi,t+1]

)]

]

;

(2-16)

and

λ∗
i,h,t

E
a
t [ξi,t]

= Et

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

(

ρ+ θ(1− η)(1− ρ)
c∗i,h,t+1

s∗i,h,t

)

λ∗
i,h,t+1

E
a
t+1[ξi,t+1]

]

+ θ(1− η)Et

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

c∗i,h,t+1

s∗i,h,t
E
a
t+1

[(

qt+1p
∗
i,h,t+1p

∗
h,t+1 −

E
a
t+1[κi,t+1]

E
a
t+1[ξi,t+1]

)]

]

.

(2-17)

We then impose the symmetric equilibrium conditions, ci,h,t+1 = ch,t+1, si,h,t = sh,t, λi,h,t = λh,t,
pi,h,t+1 = 1, c∗i,h,t+1 = c∗h,t+1, s

∗
i,h,t = s∗h,t, λ

∗
i,h,t = λ∗

h,t, and p∗i,h,t+1 = 1, to obtain

λh,t
E
a
t [ξi,t]

= Et

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

(

ρ+ θ(1− η)(1− ρ)
sh,t+1/sh,t − ρ

1− ρ

)

λh,t+1

E
a
t+1[ξi,t+1]

]

+ θ(1− η)Et

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

sh,t+1/sh,t − ρ

1− ρ
E
a
t+1

[(

ph,t+1 −
1

µ̃t+1

)]

]

;

(2-18)

and

λ∗
h,t

E
a
t [ξi,t]

= Et

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

(

ρ+ θ(1− η)(1− ρ)
s∗h,t+1/s

∗
h,t − ρ

1− ρ

)

λ∗
h,t+1

E
a
t+1[ξi,t+1]

]

+ θ(1− η)Et

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

s∗h,t+1/s
∗
h,t − ρ

1− ρ
E
a
t+1

[(

qt+1p
∗
h,t+1 −

1

µ̃t+1

)]

]

,

(2-19)

where we used the fact that ch,t+1/sh,t = (sh,t+1/sh,t−ρ)/(1−ρ) ≡ gh,t+1, c
∗
h,t+1/s

∗
h,t = (s∗h,t+1/s

∗
h,t−

ρ)/(1 − ρ) ≡ g∗h,t+1, and E
a
t+1[κi,t+1]/E

a
t+1[ξi,t+1] = µ̃−1

t+1. We can define the growth-adjusted,
compounded discount factors, βh,t,s and β∗

h,t,s, as

βh,t,s =

{

ms−1,sgh,s if s = t+ 1;

ms−1,sgh,s ×
∏s−(t+1)
j=1 (ρ+ χgh,t+j)mt+j−1,t+j if s > t+ 1;

(2-20)

β∗
h,t,s =

{

ms−1,sg
∗
h,s if s = t+ 1;

ms−1,sg
∗
h,s ×

∏s−(t+1)
j=1 (ρ+ χg∗h,t+j)mt+j−1,t+j if s > t+ 1,

(2-21)
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where χ = θ(1− η)(1− ρ).
Rational expectations solutions to equations (2-18) and (2-19) can then be found by iterating

the two equations forward as

λh,t
E
a
t [ξi,t]

= θ(1− η)Et

[

∞
∑

s=t+1

βh,t,s
E
a
s [ξi,s]

E
a
t [ξi,t]

(

ph,s −
1

µ̃s

)

]

; (2-22)

and
λ∗
h,t

E
a
t [ξi,t]

= θ(1− η)Et

[

∞
∑

s=t+1

β∗
h,t,s

E
a
s [ξi,s]

E
a
t [ξi,t]

(

qsp
∗
h,s −

1

µ̃s

)

]

. (2-23)

After imposing the symmetric equilibrium conditions, we substitute equations (2-12) and (2-13)
into equations (2-10) and (2-11), which yields

ph,t = ηph,t − η
1

µ̃t
+ (1− ρ)η

λh,t
E
a
t [ξi,t]

; (2-24)

and

qtp
∗
h,t = ηqtp

∗
h,t − η

1

µ̃t
+ (1− ρ)η

λ∗
h,t

E
a
t [ξi,t]

. (2-25)

Finally, substituting equations (2-22) and (2-23) into equations (2-24) and (2-25) and solving the
resulting expressions for ph,t and qtp

∗
h,t yields the firm’s optimal pricing strategies in the domestic

and foreign markets, given by equations (14) and (15) in the main text.
In the main text, we presented the profit-maximization problem from the vantage point of the

firm in the home country. For the sake of completeness, we now state the corresponding problem
faced by foreign firms and list the associated first-order conditions. Like a home country firm,
a foreign firm chooses the sequence

{

d∗i,t, h
∗
i,t, c

∗
i,f,t, ci,f,t, s

∗
i,f,t, si,f,t, p

∗
i,f,t, pi,f,t

}∞

t=0
to optimize the

following Lagrangian:

L∗ = E0

∞
∑

t=0

m∗
0,t

{

d∗i,t + κ∗i,t

[

(

A∗
t

a∗i,t
h∗i,t

)α

− φ∗ − (c∗i,f,t + ci,f,t)

]

+ ξ∗i,t

[

p∗i,f,tp
∗
f,tc

∗
i,f,t + q−1

t pi,f,tpf,tci,f,t − w∗
t h

∗
i,t − d∗i,t + ϕ∗min{0, d∗i,t}

−
γp
2

(

p∗i,f,t
p∗i,f,t−1

π∗
f,t − 1

)2

c∗t −
γp
2
q−1
t

(

pi,f,t
pi,f,t−1

πf,t − 1

)2

ct

]

+ ν∗i,f,t

[

(p∗i,f,t)
−η(p̃∗f,t)

ηs
∗θ(1−η)
i,f,t−1 x∗f,t − c∗i,f,t

]

+ νi,f,t

[

p−ηi,f,tp̃
η
f,ts

θ(1−η)
i,f,t−1xf,t − ci,f,t

]

+ λ∗
i,f,t

[

ρs∗i,f,t−1 + (1− ρ)c∗i,f,t − s∗i,f,t

]

+ λi,f,t

[

ρsi,f,t−1 + (1− ρ)ci,f,t − si,f,t

]

}

,

(2-26)

where p̃∗f,t = P̃ ∗
f,t/P

∗
f,t and p̃f,t = P̃f,t/Pf,t.

The first-order conditions implied by this program are given by

d∗i,t : ξ∗i,t =

{

1 if d∗i,t ≥ 0;

1/(1− ϕ∗) if d∗i,t < 0.
(2-27)

h∗i,t : ξ∗i,tw
∗
t = ακ∗i,t

(

A∗
t

a∗i,t
h∗i,t

)α−1

, where h∗i,t =
a∗i,t
A∗
t

(

φ∗ + c∗i,f,t + ci,f,t
)

1

α . (2-28)
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c∗i,f,t : ν∗i,f,t = E
a
t [ξ

∗
i,t]p

∗
i,f,tp

∗
f,t − E

a
t [κ

∗
i,t] + (1− ρ)λ∗

i,f,t. (2-29)

ci,f,t : νi,f,t = E
a
t [ξ

∗
i,t]q

−1
t pi,f,tpf,t − E

a
t [κ

∗
i,t] + (1− ρ)λi,f,t. (2-30)

s∗i,f,t : λ∗
i,f,t = ρEt[m

∗
t,t+1λ

∗
i,f,t+1] + θ(1− η)Et

[

m∗
t,t+1E

a
t+1

[

ν∗i,f,t+1

c∗i,f,t+1

s∗i,f,t

]

]

. (2-31)

si,f,t : λi,f,t = ρEt[m
∗
t,t+1λi,f,t+1] + θ(1− η)Et

[

m∗
t,t+1E

a
t+1

[

νi,f,t+1
ci,f,t+1

si,f,t

]

]

. (2-32)

p∗i,f,t : 0 = E
a
t [ξ

∗
i,t]

[

p∗f,tc
∗
i,f,t − γp

π∗
f,t

p∗i,f,t−1

(

π∗
f,t

p∗i,f,t
p∗i,f,t−1

− 1

)

c∗t

]

− η
ν∗i,f,t
p∗i,f,t

c∗i,f,t

+ γpEt

[

m∗
t,t+1E

a
t+1[ξ

∗
i,t+1]π

∗
f,t+1

p∗i,f,t+1

(p∗i,f,t)
2

(

π∗
f,t+1

p∗i,f,t+1

p∗i,f,t
− 1

)

c∗t+1

]

.

(2-33)

pi,f,t : 0 = E
a
t [ξ

∗
i,t]

[

q−1
t pf,tci,f,t − γp

q−1
t πf,t
pi,f,t−1

(

πf,t
pi,f,t
pi,f,t−1

− 1

)

ct

]

− η
νi,f,t
pi,f,t

ci,f,t

+ γpEt

[

m∗
t,t+1E

a
t+1[ξ

∗
i,t+1]q

−1
t+1πf,t+1

pi,f,t+1

p2i,f,t

(

πf,t+1
pi,f,t+1

pi,f,t
− 1

)

ct+1

]

.

(2-34)

1.3 Nonstochastic Steady State

In this section, we describe how relative prices are determined in various markets and how they are
related to each other in the symmetric equilibrium. Recall that the assumptions of risk neutrality,
i.i.d. idiosyncratic cost shocks, and our within-period sequence of decisions together imply that
all home country firms set identical prices in the domestic and foreign markets: Pi,h,t = Ph,t and
P ∗
i,h,t = P ∗

h,t, for all i. By the symmetry of our setup, Pi,f,t = Pf,t and P ∗
i,f,t = P ∗

f,t, for all i as well.

However, because both sets of firms “price to market,” Pi,h,t 6= QtP
∗
i,h,t and Pi,f,t 6= Q−1

t P ∗
i,f,t, in

general. The symmetric equilibrium implies that pi,h,t = p∗i,h,t = pi,f,t = p∗i,f,t = 1 or equivalently,
(Pi,h,t/Ph,t) = (P ∗

i,h,t/P
∗
h,t) = (Pi,f,t/Pf,t) = (P ∗

i,f,t/P
∗
f,t) = 1.

In any symmetric equilibrium, the type-specific ratios of the habit-adjusted price index (P̃k,t)
to the corresponding CPI (Pk,t) must satisfy the following conditions:

p̃h,t = P̃h,t/Ph,t = sθh,t−1;

p̃∗h,t = P̃ ∗
h,t/P

∗
h,t = s∗θh,t−1;

p̃f,t = P̃f,t/Pf,t = sθf,t−1;

p̃∗f,t = P̃ ∗
f,t/P

∗
f,t = s∗θf,t−1.

7



These relative prices can then be used to derive the equilibrium demands for the habit-adjusted
consumption baskets. For example, in the home country, the symmetric equilibrium condition
xjh,t = xh,t, for all j, implies

xh,t = Ξεh

(

P̃h,t

P̃t

)−ε

xt

= Ξεh

(

P̃h,t
Ph,t

Ph,t
Pt

Pt

P̃t

)−ε

xt

= Ξεhp
−ε
h,t

(

p̃h,t
p̃t

)−ε

xt,

where

p̃t =

[

∑

k=h,f

Ξk

(

P̃k,t
Pt

)1−ε
]1/(1−ε)

=

[

∑

k=h,f

Ξk

(

P̃k,t
Pk,t

Pk,t
Pt

)1−ε
]1/(1−ε)

=

[

∑

k=h,f

Ξks
θ(1−ε)
k,t−1 p1−εk,t

]1/(1−ε)

.

Similarly, it can be shown that

xf,t = Ξεfp
−ε
f,t

(

p̃f,t
p̃t

)−ε

xt;

x∗h,t = Ξ∗ε
h (p∗h,t)

−ε

(

p̃∗h,t
p̃∗t

)−ε

x∗t ;

x∗f,t = Ξ∗ε
f (p∗f,t)

−ε

(

p̃∗f,t
p̃∗t

)−ε

x∗t ;

and

p̃∗t =

[

∑

k=h,f

Ξ∗
ks

∗θ(1−ε)
k,t−1 p

∗(1−ε)
k,t

]1/(1−ε)

.

As is typical in such models, only relative prices ph,t, p
∗
h,t, pf,t, p

∗
f,t, p̃h,t, p̃

∗
h,t, p̃f,t, p̃

∗
f,t, p̃t, and

p̃∗t—along with the real exchange rate qt—are determined in equilibrium.

Relative Prices and Quantities in the Symmetric Equilibrium

In the steady state, the four Phillips curves implied by our model are given by

ph = η
νh

E
a
t [ξi]

; (3-1)

qp∗h = η
ν∗h

E
a
t [ξi]

; (3-2)

p∗f = η
ν∗f

E
a
t [ξ

∗
i ]
; (3-3)

pfq
−1 = η

νf
E
a
t [ξ

∗
i ]
. (3-4)
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Equations (3-1)–(3-4) correspond to the steady-state Phillips curves for the price of home-country
goods in the home country, the price of home-country goods in the foreign country, the price of
foreign-country goods in the home country, and the price of foreign-country goods in the foreign
country, respectively.1

The symmetric equilibrium conditions and the law of motion for habit stocks imply that ch = sh,
c∗h = s∗h, cf = sf , and c∗f = s∗f . Using these conditions, together with the first-order conditions for
habit stocks, we obtain

λh
Ea[ξi]

=
θ(1− η)δ

1− ρδ

νh
Ea[ξi]

; (3-5)

λ∗
h

Ea[ξi]
=

θ(1− η)δ

1− ρδ

ν∗h
Ea[ξi]

; (3-6)

λ∗
f

Ea[ξ∗i ]
=

θ(1− η)δ

1− ρδ

ν∗f
Ea[ξ∗i ]

; (3-7)

λf
Ea[ξ∗i ]

=
θ(1− η)δ

1− ρδ

νf
Ea[ξ∗i ]

. (3-8)

Combining equations (3-1)–(3-4) and equations (3-5)–(3-8) yields

λh
Ea[ξi]

= ph
θ(1− η)δ

η(1− ρδ)
; (3-9)

λ∗
h

Ea[ξi]
= qp∗h

θ(1− η)δ

η(1− ρδ)
; (3-10)

λ∗
f

Ea[ξ∗i ]
= p∗f

θ(1− η)δ

η(1− ρδ)
; (3-11)

λf
Ea[ξ∗i ]

=
pf
q

θ(1− η)δ

η(1− ρδ)
, (3-12)

which imply that qp∗h/ph = λ∗
h/λh and qp∗f/pf = λ∗

f/λf . By combining the first-order condi-
tions (2-2), (2-4), and (2-5) of home country firms with the corresponding first-order conditions of
foreign country firms (see equations (2-28), (2-29), and (2-30)), we obtain

νh
Ea[ξi]

= ph −
E
a[ξiai]

Ea[ξi]

w

αA

(

φ+ ch + c∗h
)

1−α
α + (1− ρ)

λh
Ea[ξi]

; (3-13)

ν∗h
Ea[ξi]

= qp∗h −
E
a[ξiai]

Ea[ξi]

w

αA

(

φ+ ch + c∗h
)

1−α
α + (1− ρ)

λ∗
h

Ea[ξi]
; (3-14)

ν∗f
Ea[ξ∗i ]

= p∗f −
E
a[ξ∗i a

∗
i ]

Ea[ξ∗i ]

w∗

αA∗

(

φ∗ + c∗f + cf
)

1−α
α + (1− ρ)

λ∗
f

Ea[ξ∗i ]
; (3-15)

νf
Ea[ξ∗i ]

=
pf
q

−
E
a[ξ∗i a

∗
i ]

Ea[ξ∗i ]

w∗

αA∗

(

φ∗ + c∗f + cf
)

1−α
α + (1− ρ)

λf
Ea[ξ∗i ]

. (3-16)

In the last step, we substitute equations (3-1)–(3-4) and equations (3-9)–(3-12) into equa-

1Recall that in our notation, subscripts h and f indicate the origin of the good, while the superscript “*,” or
its absence, indicate the destination of the good, with “*” indicating the foreign country. For example, p∗f is the
(relative) price of goods produced by foreign firms and sold in the foreign country, whereas pf is the price of goods
produced by foreign firms, but sold in the home country in the local currency—hence the multiplication by 1/q, which
converts it to the currency of the foreign country.
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tions (3-13)–(3-16) and solve for pk and p∗k, k = h, f , which yields:

ph =
η(1− ρδ)

(η − 1)
[

(1− ρδ)− θδ(1− ρ)
]

E
a[ξiai]

Ea[ξi]

w

αA

(

φ+ ch + c∗h
)

1−α
α ; (3-17)

p∗h =
η(1− ρδ)

(η − 1)
[

(1− ρδ)− θδ(1− ρ)
]q−1E

a[ξiai]

Ea[ξi]

w

αA

(

φ+ ch + c∗h
)

1−α
α ; (3-18)

p∗f =
η(1− ρδ)

(η − 1)
[

(1− ρδ)− θδ(1− ρ)
]

E
a[ξ∗i a

∗
i ]

Ea[ξ∗i ]

w∗

αA∗

(

φ∗ + c∗f + cf
)

1−α
α ; (3-19)

pf =
η(1− ρδ)

(η − 1)
[

(1− ρδ)− θδ(1− ρ)
]q

E
a[ξ∗i a

∗
i ]

Ea[ξ∗i ]

w∗

αA∗

(

φ∗ + c∗f + cf
)

1−α
α . (3-20)

Note that the law of one price holds in the nonstochastic steady state: ph = qp∗h and p∗f = pf/q,
which imply that λ∗

h/λh = 1 and λ∗
f/λf = 1. This follows from the assumed symmetry of the two

markets, in terms of the elasticity of substitution, the strength of the deep-habit mechanism, and
so on. However, the law of one price is generally violated in stochastic simulation because in those
circumstances, the two countries experience different sequences of asymmetric shocks, which affect
the intensity of customer-market relationships, leading to different long-run demand elasticities in
the two countries, as well as to different internal liquidity positions. In general, firms will optimally
exploit any differences in customer-market relationships and financial positions between the two
countries by price discriminating across the border.

In the steady state, the external financing triggers are given by

aE =
A

w
(

φ+ ch + c∗h
)

1

α

(

phch + qp∗hc
∗
h

)

; (3-21)

a∗E =
A∗

w∗
(

φ∗ + c∗f + cf
)

1

α

(

p∗fc
∗
f + q−1pfcf

)

, (3-22)

which can be used to compute E
a[ξi], E

a[ξiai], E
a[ξ∗i ], and E

a[ξ∗i a
∗
i ]:

E
a[ξi] = 1 +

ϕ

1− ϕ

[

1− Φ(zE)
]

; (3-23)

E
a[ξiai] = 1 +

ϕ

1− ϕ

[

1− Φ(zE − σ)
]

; (3-24)

E
a[ξ∗i ] = 1 +

ϕ∗

1− ϕ∗

[

1− Φ(z∗E)
]

; (3-25)

E
a[ξ∗i a

∗
i ] = 1 +

ϕ∗

1− ϕ∗

[

1− Φ(z∗E − σ)], (3-26)

where

zE = σ−1
(

ln aE + 0.5σ2
)

; (3-27)

z∗E = σ−1
(

ln a∗E + 0.5σ2
)

. (3-28)

The following ratios should be satisfied in the steady state:

ci,h
ci,f

=
p−ηi,h p̃

η
hs
θ(1−η)
i,h xh

p−ηi,f p̃
η
fs
θ(1−η)
i,f xf

=
p−ηi,h p̃

η
hs
θ(1−η)
i,h Ξεhp̃

−ε
h p−εh p̃εx

p−ηi,f p̃
η
fs
θ(1−η)
i,f Ξεf p̃

−ε
f p−εf p̃εx

;

c∗i,h
c∗i,f

=
p−ηi,h p̃

∗η
h s

∗θ(1−η)
i,h x∗h

p∗−ηi,f p̃∗ηf s
∗θ(1−η)
i,f x∗f

=
p∗−ηi,h p̃∗ηh s

∗θ(1−η)
i,h Ξ∗ε

h p̃∗−εh p∗−εh p̃∗εx∗

p∗−ηi,f p̃∗ηf s
∗θ(1−η)
i,f Ξ∗ε

f p̃∗−εf p∗−εf p̃∗εx∗
.
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Imposing the symmetric equilibrium conditions and using the fact that p̃k = sθk, for k = h, f , then
yields

ch
cf

=

(

Ξh
Ξf

)ε(ph
pf

)−ε(sθh
sθf

)1−ε

; (3-29)

c∗h
c∗f

=

(

Ξ∗
h

Ξ∗
f

)ε(p∗h
p∗f

)−ε(s∗θh
s∗θf

)1−ε

. (3-30)

Because ci,k = ck = sk = si,k and c∗i,k = c∗k = s∗k = s∗i,k, equation (6) from the main text and its
foreign counterpart imply

x =

[

∑

k=h,f

Ξk(c
1−θ
k )1−1/ε

]1/(1−1/ε)

; (3-31)

x∗ =

[

∑

k=h,f

Ξ∗
k(c

∗1−θ
k )1−1/ε

]1/(1−1/ε)

. (3-32)

Aggregate (conditional) labor demands in the home and foreign countries are given by

h =

[

φ+ ch + c∗h
Aα exp

[

0.5α(1 + α)σ2
]

]
1

α

; (3-33)

h∗ =

[

φ∗ + cf + c∗f

A∗α exp
[

0.5α(1 + α)σ2
]

]
1

α

, (3-34)

while the first-order conditions for hours worked from the households’ problems can be expressed
as

h = U−1
h

[

−
w

p̃

ηw − 1

ηw
Ux

]

, (3-35)

h∗ = U∗−1
h

[

−
w∗

p̃∗
ηw − 1

ηw
U∗
x

]

. (3-36)

Combining these expressions yields the conditions that clear the domestic and foreign labor markets
and determine equilibrium wages:

U−1
h

[

−
w

p̃

ηw − 1

ηw
Ux

]

=

[

φ+ ch + c∗h
Aα exp

[

0.5α(1 + α)σ2
]

]
1

α

; (3-37)

U∗−1
h

[

−
w∗

p̃∗
ηw − 1

ηw
U∗
x

]

=

[

φ∗ + cf + c∗f

A∗α exp
[

0.5α(1 + α)σ2
]

]
1

α

. (3-38)

Finally, equilibrium consistency requires that

1 =

[

∑

k=h,f

Ξkp
1−ε
k

]
1

1−ε

; (3-39)

1 =

[

∑

k=h,f

Ξ∗
kp

∗1−ε
k

]
1

1−ε

. (3-40)
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The Real Exchange Rate

We assume that the equilibrium interest rates are determined by the households’ rate of time
preferences: r = r∗ = δ−1 − 1. In the case of incomplete risk sharing, this assumption determines
the equilibrium holdings of international bonds Bh = Bf = 0. Via the bond market clearing
conditions Bh + B∗

h = 0 and Bf + B∗
f = 0, this implies that B∗

h = B∗
f = 0. In that case, the real

exchange rate is determined such that bh = bf = 0, which, together with equation (27) in the main
text, implies

0 = wh− qw∗h∗ + d̃− qd̃∗ − (p̃x− qp̃∗x∗),

or equivalently,

q =
wh+ d̃− p̃x

w∗h∗ + d̃∗ − p̃∗x∗
. (3-41)

To model a complete risk-sharing arrangement in a monetary union, we allow for state-contingent
bonds that are traded internationally, along with government bonds that are in zero net supply.
With complete risk sharing, we no longer need to rely on imperfections in the government bond
market to induce a long-run stationary equilibrium—accordingly, we set τ = 0 in that case. The
presence of a complete set of state-contingent bonds implies the following risk-sharing condition:

qt = ̺0
U∗
x,t/p̃

∗
t

Ux,t/p̃t
, where ̺0 = q0

Ux,0/p̃0
U∗
x,0/p̃

∗
0

. (3-42)

In this case, equation (3-42) replaces the bond-holding condition (27) in the main text, which was
derived under incomplete markets. Therefore, in the case of complete risk sharing between the two
countries, the real exchange rate should at any point in time satisfy

q = ̺0
U∗
x

Ux

[

∑

k=h,f Ξ
∗
k(p

∗
ks

∗θ
k )(1−ε)

∑

k=h,f Ξk(pks
θ
k)

(1−ε)

]−1/(1−ε)

. (3-43)

1.4 The Log-Linear Phillips Curves

As shown by equations (16) and (17) in the main text, the log-linearized CPI inflation dynamics
in the home and foreign country are given by

π̂t = Ξhph
(

p̂h,t−1 + π̂h,t
)

+ Ξfpf
(

p̂f,t−1 + π̂f,t
)

;

π̂∗
t = Ξ∗

hp
∗
h

(

p̂∗h,t−1 + π̂∗
h,t

)

+ Ξ∗
fp

∗
f

(

p̂∗f,t−1 + π̂∗
f,t

)

,

where the dynamics of π̂h,t, π̂
∗
h,t, π̂

∗
f,t, and π̂f,t are determined by the four log-linearized Phillips

curves.

Home country: The Phillips curve governing the behavior of π̂h,t, the domestic inflation in the
home country, is given by

γpπh,t(πh,t − π) = ph,t
ch,t
ct

− η
E
a
t [νi,h,t]

E
a
t [ξi,t]

ch,t
ct

+ γpEt

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

πh,t+1(πh,t+1 − π)
ct+1

ct

]

;

(4-1)
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while the Phillips curve governing the behavior of domestic producers’ inflation in the foreign
country is given by

γpqtπ
∗
h,t(π

∗
h,t − π∗) = qtp

∗
h,t

c∗h,t
c∗t

− η
E
a
t [ν

∗
i,h,t]

E
a
t [ξi,t]

c∗h,t
c∗t

+ γpEt

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

qt+1π
∗
h,t+1(π

∗
h,t+1 − π∗)

c∗t+1

c∗t

]

.

(4-2)

In the steady state, equations (4-1) and (4-2) reduce to

0 =
phch
c

− η
E
a[νh]

Ea[ξ]

ch
c
; (4-3)

and

0 =
qp∗hc

∗
h

c∗
− η

E
a[ν∗h]

Ea[ξ]

c∗h
c∗

, (4-4)

respectively. Note that the ratios phch/c and qp∗hc
∗
h/c

∗ correspond to the market shares of home
country firms in the domestic and foreign markets, respectively. Imposing these conditions, one
can derive the log-linearized Phillips curves as

π̂h,t =
1

γp

phch
c

[

p̂h,t − (ν̂h,t − ξ̂t)
]

+ δEt[π̂h,t+1]; (4-5)

and

π̂∗
h,t =

1

γp
qp∗h

c∗h
c∗
[

q̂t + p̂∗h,t − (ν̂∗h,t − ξ̂t)
]

+ δEt[π̂
∗
h,t+1]. (4-6)

The dynamics of the terms ν̂h,t − ξ̂t and ν̂∗h,t − ξ̂t are governed by

E
a
t [νi,h,t]

E
a
t [ξi,t]

= ph,t −
1

µ̃t
+ χEt

[

∞
∑

s=t+1

βh,t,s
E
a
s [ξi,s]

E
a
t [ξi,t]

(

ph,s −
1

µ̃s

)

]

; (4-7)

E
a
t [ν

∗
i,h,t]

E
a
t [ξi,t]

= qtp
∗
h,t −

1

µ̃t
+ χEt

[

∞
∑

s=t+1

β∗
h,t,s

E
a
s [ξi,s]

E
a
t [ξi,t]

(

qsp
∗
h,s −

1

µ̃s

)

]

, (4-8)

where recall that µ̃t =
E
a
t [ξi,t]

E
a
t [ξi,tai,t]

αAt
wt

(

φ+ ch,t + c∗h,t

)
α−1

α
is the financially adjusted (gross) markup,

χ = θ(1 − η)(1 − ρ), and the growth-adjusted, compounded discount factors, βh,t,s and β∗
h,t,s, are

given by equations (2-20) and (2-21), respectively.
In the steady state, gh,s+1 = g∗h,s+1 = 1, which implies that βh,t,s = β∗

h,t,s = [δ(ρ+χ)]s−t. Hence,

given that Ea[νh]/E
a[ξ] = ph/η and E

a[ν∗h]/E
a[ξ] = qp∗h/η, the log-linear dynamics of ν̂h,t − ξ̂t and

ν̂∗h,t − ξ̂t are given by

ν̂h,t − ξ̂t = η

(

p̂h,t −
µ̂t
phµ̃

)

+ ηχEt

[

∞
∑

s=t+1

[

δ(ρ+ χ)
]s−t

(

p̂h,s −
µ̂s
phµ̃

)

]

+ ηχ

(

1−
1

phµ̃

)

Et

[

∞
∑

s=t+1

[

δ(ρ+ χ)
]s−t[

β̂h,t,s − (ξ̂t − ξ̂s)
]

] (4-9)
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and

ν̂∗h,t − ξ̂t = η

(

(q̂t + p̂h,t)−
µ̂t

qp∗hµ̃

)

+ χEt

[

∞
∑

s=t+1

[

δ(ρ+ χ)
]s−t

(

(q̂s + p̂∗h,s)−
µ̂s

qp∗hµ̃

)

]

+ ηχ

(

1−
1

qp∗hµ̃

)

Et

[

∞
∑

s=t+1

[

δ(ρ+ χ)
]s−t[

β̂∗
h,t,s − (ξ̂t − ξ̂s)

]

]

,

(4-10)

where the steady-state values of ph, p
∗
h, and µ̃ satisfy

ph =
η(1− ρδ)

(η − 1)
[

(1− ρδ)− θδ(1− ρ)
]

1

µ̃
;

and

p∗h =
η(1− ρδ)

(η − 1)
[

(1− ρδ)− θδ(1− ρ)
]

1

qµ̃
.

Foreign country: The two Phillips curves pertaining to foreign firms are given by

0 =
p∗f,tc

∗
f,t

c∗t
− γpπ

∗
f,t(π

∗
f,t − π∗)− η

E
a
t [ν

∗
i,f,t]

E
a
t [ξ

∗
i,t]

c∗f,t
c∗t

+ γpEt

[

m∗
t,t+1

E
a
t+1[ξ

∗
i,t+1]

E
a
t [ξ

∗
i,t]

π∗
f,t+1(π

∗
f,t+1 − π∗)

c∗t+1

c∗t

]

;

(4-11)

and

0 =
q−1
t pf,tci,f,t

ct
− γpq

−1
t πf,t(πf,t − π)− η

E
a
t [νi,f,t]

E
a
t [ξ

∗
i,t]

cf,t
ct

+ γpEt

[

m∗
t,t+1

E
a
t+1[ξ

∗
i,t+1]

E
a
t [ξ

∗
i,t]

q−1
t+1πf,t+1(πf,t+1 − π)

ct+1

ct

]

.

(4-12)

In the steady state, these become

0 =
p∗fc

∗
f

c∗
− η

ν∗f
ξ∗

c∗f
c∗

; (4-13)

and

0 =
q−1pfcf

c
− η

ν∗f
ξ∗

cf
c
. (4-14)

Imposing these conditions, one can derive the log-linear versions of the foreign Phillips curves as

π̂∗
f,t =

1

γp

p∗fc
∗
f

c∗
[

p̂∗f,t − (ν̂∗f,t − ξ̂∗t )
]

+ δEt[π̂
∗
f,t+1]; (4-15)

and

π̂f,t =
1

γp

q−1pfcf
c

[

p̂f,t − q̂t − (ν̂f,t − ξ̂∗t )
]

+ δEt[π̂f,t+1]. (4-16)
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Given our symmetric setup, the log-linear dynamics of the terms ν̂∗f,t − ξ̂∗t and ν̂∗f,t − ξ̂∗t are
governed by

ν̂∗f,t − ξ̂∗t = η

(

p̂∗f,t −
µ̂∗
t

p∗f µ̃
∗

)

+ ηχEt

[

∞
∑

s=t+1

[

δ(ρ+ χ)
]s−t

(

p̂∗f,s −
µ̂s

p∗f µ̃
∗

)]

+ ηχ

(

1−
1

p∗f µ̃
∗

)

Et

[

∞
∑

s=t+1

[

δ(ρ+ χ)
]s−t[

β̂∗
f,t,s − (ξ̂∗t − ξ̂∗s )

]

] (4-17)

and

ν̂f,t − ξ̂∗t = η

(

(p̂f,t − q̂t)−
µ̂∗
t

q−1pf µ̃∗

)

+ χEt

[

∞
∑

s=t+1

[

δ(ρ+ χ)
]s−t

(

(p̂f,s − q̂s)−
µ̂∗
s

q−1pf µ̃∗

)

]

+ ηχ

(

1−
1

q−1pf µ̃∗

)

Et

[

∞
∑

s=t+1

[

δ(ρ+ χ)
]s−t[

β̂f,t,s − (ξ̂∗t − ξ̂∗s )
]

]

,

(4-18)

where p∗f , pf , and µ̃∗ satisfy the following steady-state relationships:

p∗f =
η(1− ρδ)

(η − 1)
[

(1− ρδ)− θδ(1− ρ)
]

1

µ̃∗

pf =
η(1− ρδ)

(η − 1)
[

(1− ρδ)− θδ(1− ρ)
]

q

µ̃∗
.

1.5 Equilibrium System of Equations

In this section, we provide the set of equations characterizing the symmetric equilibrium in the case
of flexible exchange rates and when the two countries have a complete risk-sharing arrangement.
All equilibrium equations are expressed in their symmetric equilibrium forms:

0 = −
h
1/ζ
t /Ux,t
wt/p̃t

+
ηw − 1

ηw
+

γw
ηw

(πw,t − πw)πw,t

− δ
γw
ηw

Et

[

Ux,t+1/p̃t+1

Ux,t/p̃t
(πw,t+1 − πw)πw,t+1

πw,t+1

πt+1

ht+1

ht

]

;

(5-1)

0 = −
h
∗1/ζ
t /U∗

x,t

w∗
t /p̃

∗
t

+
ηw − 1

ηw
+

γw
ηw

(π∗
w,t − π∗

w)π
∗
w,t

− δ
γw
ηw

Et

[

U∗
x,t+1/p̃

∗
t+1

U∗
x,t/p̃

∗
t

(π∗
w,t+1 − π∗

w)π
∗
w,t+1

π∗
w,t+1

π∗
t+1

h∗t+1

h∗t

]

.

(5-2)

0 = −
ch,t
cf,t

+

(

Ξh
Ξf

)ε(ph,t
pf,t

)−ε(sθh,t−1

sθf,t−1

)1−ε

; (5-3)

0 = −
c∗h,t
c∗f,t

+

(

Ξ∗
h

Ξ∗
f

)ε(p∗h,t
p∗f,t

)−ε(s∗θh,t−1

s∗θf,t−1

)1−ε

. (5-4)
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0 = −p̃h,t + sθh,t−1; (5-5)

0 = −p̃f,t + sθf,t−1; (5-6)

0 = −p̃∗h,t + s∗θh,t−1 (5-7)

0 = −p̃∗f,t + s∗θf,t−1. (5-8)

0 = −xh,t + Ξεhp
−ε
h,t

(

p̃h,t
p̃t

)−ε

xt; (5-9)

0 = −xf,t + Ξεfp
−ε
f,t

(

p̃f,t
p̃t

)−ε

xt; (5-10)

0 = −x∗h,t + Ξ∗ε
h (p∗h,t)

−ε

(

p̃∗h,t
p̃∗t

)−ε

x∗t ; (5-11)

0 = −x∗f,t + Ξ∗ε
f (p∗f,t)

−ε

(

p̃∗f,t
p̃∗t

)−ε

x∗t . (5-12)

0 = −p̃t +

[

∑

k=h,f

Ξks
θ(1−ε)
k,t−1 p1−εk,t

]
1

1−ε

; (5-13)

0 = −p̃∗t +

[

∑

k=h,f

Ξ∗
ks

∗θ(1−ε)
k,t−1 p

∗(1−ε)
k,t

]
1

1−ε

. (5-14)

0 = −πh,t +
ph,t
ph,t−1

πt; (5-15)

0 = −π∗
h,t +

p∗h,t
p∗h,t−1

π∗
t ; (5-16)

0 = −πf,t +
pf,t
pf,t−1

πt; (5-17)

0 = −π∗
f,t +

p∗f,t
p∗f,t−1

π∗
t . (5-18)

0 = −hS
t + hD

t ; (5-19)

0 = −h∗St + h∗Dt . (5-20)

0 = −E
a
t [κi,t] + E

a
t [ξi,tai,t]

wt
αAt

(

φ+ ch,t + c∗h,t
)

1−α
α ; (5-21)

0 = −E
a
t [κ

∗
i,t] + E

a
t [ξ

∗
i,ta

∗
i,t]

w∗
t

αA∗
t

(

φ∗ + cf,t + c∗f,t
)

1−α
α . (5-22)
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0 = −νh,t + E
a
t [ξi,t]ph,t − E

a
t [κi,t] + (1− ρ)λh,t; (5-23)

0 = −νh,t + E
a
t [ξi,t]qtp

∗
h,t − E

a
t [κi,t] + (1− ρ)λ∗

h,t; (5-24)

0 = −ν∗f,t + E
a
t [ξ

∗
i,t]p

∗
f,t − E

a
t [κ

∗
i,t] + (1− ρ)λ∗

f,t; (5-25)

0 = −νf,t + E
a
t [ξ

∗
i,t]q

−1
t pf,t − E

a
t [κ

∗
i,t] + (1− ρ)λf,t. (5-26)

0 = −λh,t + ρEt[mt,t+1λh,t+1] + θ(1− η)Et

[

mt,t+1E
a
t+1

[

νh,t+1
ch,t+1

sh,t

]

]

; (5-27)

0 = −λ∗
h,t + ρEt[mt,t+1λ

∗
h,t+1] + θ(1− η)Et

[

mt,t+1E
a
t+1

[

ν∗h,t+1

c∗h,t+1

s∗h,t

]

]

; (5-28)

0 = −λ∗
f,t + ρEt[m

∗
t,t+1λ

∗
f,t+1] + θ(1− η)Et

[

m∗
t,t+1E

a
t+1

[

ν∗f,t+1

c∗f,t+1

s∗f,t

]

]

; (5-29)

0 = −λf,t + ρEt[m
∗
t,t+1λf,t+1] + θ(1− η)Et

[

m∗
t,t+1E

a
t+1

[

νf,t+1
cf,t+1

sf,t

]

]

. (5-30)

0 = −ph,t
ch,t
ct

+ γpπh,t(πh,t − π) + η
νh,t

E
a
t [ξi,t]

ch,t
ct

− γpEt

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

πh,t+1(πh,t+1 − π)
ct+1

ct

]

;
(5-31)

0 = −qtp
∗
h,t

c∗h,t
c∗t

+ γpqtπ
∗
h,t(π

∗
h,t − π∗) + η

ν∗h,t
E
a
t [ξi,t]

c∗h,t
c∗t

− γpEt

[

mt,t+1
E
a
t+1[ξi,t+1]

E
a
t [ξi,t]

qt+1π
∗
h,t+1(π

∗
h,t+1 − π)

c∗t+1

c∗t

]

;

(5-32)

0 = −p∗f,t
c∗f,t
c∗t

+ γpπ
∗
f,t(π

∗
f,t − π∗) + η

ν∗f,t
E
a
t [ξ

∗
i,t]

c∗f,t
c∗t

− γpEt

[

m∗
t,t+1

E
a
t+1[ξ

∗
i,t+1]

E
a
t [ξ

∗
i,t]

π∗
f,t+1(π

∗
f,t+1 − π∗)

c∗t+1

c∗t

]

;

(5-33)

0 = −q−1
t pf,t

cf,t
ct

+ γpq
−1
t πf,t(πf,t − π) + η

νf,t
E
a
t [ξ

∗
i,t]

cf,t
ct

− γpEt

[

m∗
t,t+1

E
a
t+1[ξ

∗
i,t+1]

E
a
t [ξ

∗
i,t]

q−1
t+1πf,t+1(πf,t+1 − π)

ct+1

ct

]

.

(5-34)

0 = −µt +
αAt
wt

(

φ+ ch,t + c∗h,t
)

α−1

α ; (5-35)

0 = −µ∗
t +

αA∗
t

w∗
t

(

φ∗ + cf,t + c∗f,t
)

α−1

α . (5-36)
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0 = −µ̃t +
E
a
t [ξi,t]

E
a
t [ξi,tai,t]

µt; (5-37)

0 = −µ̃∗
t +

E
a
t [ξ

∗
i,t]

E
a
t [ξ

∗
i,ta

∗
i,t]

µ∗
t . (5-38)

0 = −aE
t +

At

wt
(

φ+ ch,t + c∗h,t
)

1

α

×

[

ct

[

ph,tch,t
ct

−
γp
2
(πh,t − π)2

]

+ qtc
∗
t

[

p∗h,tc
∗
h,t

c∗t
−

γp
2
(π∗
h,t − π∗)2

]

]

;

(5-39)

0 = −a∗Et +
A∗
t

w∗
t

(

φ∗ + cf,t + c∗f,t
)

1

α

×

[

c∗t

[

p∗f,tc
∗
f,t

c∗t
−

γp
2
(π∗
f,t − π)2

]

+ q−1
t ct

[

pf,tcf,t
ct

−
γp
2
(πf,t − π)2

]

]

.

(5-40)

0 = −zE
t + σ−1

(

ln aE
t + 0.5σ2

)

; (5-41)

0 = −z∗Et + σ−1
(

ln a∗Et + 0.5σ2
)

. (5-42)

0 = −E
a
t [ξi,t] + 1 +

ϕt
1− ϕt

[

1− Φ(zE
t )
]

; (5-43)

0 = −E
a
t [ξ

∗
i,t] + 1 +

ϕ∗
t

1− ϕ∗
t

[

1− Φ(z∗Et )
]

. (5-44)

0 = −E
a
t [ξi,tai,t] + 1 +

ϕt
1− ϕt

[

1− Φ(zE
t − σ)

]

; (5-45)

0 = −E
a
t [ξ

∗
i,ta

∗
i,t] + 1 +

ϕ∗
t

1− ϕ∗
t

[

1− Φ(z∗Et − σ)
]

. (5-46)

0 = −hD
t +

[

φ+ ch,t + c∗h,t

Aαt exp
[

0.5α(1 + α)σ2
]

]
1

α

; (5-47)

0 = −h∗St +

[

φ∗ + cf,t + c∗f,t

A∗α
t exp

[

0.5α(1 + α)σ2
]

]
1

α

. (5-48)

0 = −Ux,t + (xt − ωt)
−γx ; (5-49)

0 = −U∗
x,t + (x∗t − ω∗

t )
−γx . (5-50)
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0 = −yt + exp
[

0.5α(1 + α)σ2
]

(Atht)
α − φ; (5-51)

0 = −y∗t + exp
[

0.5α(1 + α)σ2
]

(A∗
th

∗
t )
α − φ∗. (5-52)

0 = −1 + Et

[

δ
Ux,t+1/p̃t+1

Ux,t/p̃t

Rt

πt+1

]

; (5-53)

0 = −1 + Et

[

δ
U∗
x,t+1/p̃

∗
t+1

U∗
x,t/p̃

∗
t

R∗
t

π∗
t+1

]

. (5-54)

0 = −Rt +R

(

yt
y

)ψy
(

πt
π

)ψπ

; (5-55)

0 = −R∗
t +R∗

(

y∗t
y∗

)ψy
(

π∗
t

π∗

)ψπ

. (5-56)

0 = −ct + ph,tch,t + pf,tcf,t; (5-57)

0 = −c∗t + p∗h,tc
∗
h,t + p∗f,tc

∗
f,t. (5-58)

0 = −πt +

[

∑

k=h,f

Ξk(pk,t−1πk,t)
1−ε

]1/(1−ε)

; (5-59)

0 = −π∗
t +

[

∑

k=h,f

Ξ∗
k(p

∗
k,t−1π

∗
k,t)

1−ε

]1/(1−ε)

; (5-60)

0 = −xt +

[

∑

k=h,f

Ξk(c
1−θ
k,t )1−1/ε

]1/(1−1/ε)

; (5-61)

0 = −x∗ +

[

∑

k=h,f

Ξ∗
k(c

∗1−θ
k,t )1−1/ε

]1/(1−1/ε)

. (5-62)

0 = −sh,t + ρsh,t−1 + (1− ρ)ch,t; (5-63)

0 = −sf,t + ρsf,t−1 + (1− ρ)cf,t; (5-64)

0 = −s∗h,t + ρs∗h,t−1 + (1− ρ)c∗h,t; (5-65)

0 = −s∗f,t + ρs∗f,t−1 + (1− ρ)c∗f,t. (5-66)

Complete risk sharing: As noted above, with complete risk sharing, the real exchange rate is
determined by the risk-sharing condition:

0 = −qt + ̺0
U∗
x,t/p̃

∗
t

Ux,t/p̃t
, where ̺0 = q0

Ux,0/p̃0
U∗
x,0/p̃

∗
0

.
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This condition should hold regardless of the exchange rate arrangement between the two countries
(i.e., flexible exchange rate regime or common currency). However, only one of the two consump-
tion Euler equations (5-53) and (5-54) can be included in the system of equations that characterize
the equilibrium in a monetary union with complete risk sharing. This is because the combination
of common monetary policy and the assumption of complete risk sharing introduces linear depen-
dence into the two Euler equations. Hence, in the monetary union with complete risk sharing,
equation (5-54) is deleted and only the efficiency condition (5-53) enters the equilibrium system of
equations.

Incomplete risk sharing with flexible exchange rates: With incomplete risk sharing, the
following conditions govern the equilibrium in the international capital markets:

0 = −(1 + τbh,t+1) + δEt

[

Ux,t+1/p̃t+1

Ux,t/p̃t

Rt

πt+1

]

; (5-67)

0 = −(1 + τbf,t+1) + δEt

[

Ux,t+1/p̃t+1

Ux,t/p̃t

R∗
t

π∗
t+1

qt+1

qt

]

; (5-68)

0 = −(1 + τb∗h,t+1) + δEt

[

U∗
x,t+1/p̃

∗
t+1

U∗
x,t/p̃

∗
t

Rt

πt+1

qt
qt+1

]

; (5-69)

0 = −(1 + τb∗f,t+1) + δEt

[

U∗
x,t+1/p̃

∗
t+1

U∗
x,t/p̃

∗
t

R∗
t

π∗
t+1

]

. (5-70)

0 = bh,t+1 + b∗h,t+1; (5-71)

0 = bf,t+1 + b∗f,t+1. (5-72)

0 = −(bh,t+1 + qtbf,t+1) +
Rt−1

πt
bh,t +

R∗
t−1

π∗
t

qtbf,t

+
1

2
(wtht − qtw

∗
t h

∗
t ) +

1

2
(d̃t − qtd̃

∗
t )−

1

2
(p̃txt − qtp̃

∗
tx

∗
t );

(5-73)

where

0 = −d̃t + d̃+

t + (1− ϕt)d̃
−

t ; (5-74)

0 = −d̃∗t + d̃∗+t + (1− ϕ∗
t )d̃

∗−
t ; (5-75)

and

0 = −d̃+

t +Φ(zE
t )

[

ph,tch,t + qtp
∗
h,tc

∗
h,t −

wt
At

Φ(zE
t − σ)

Φ(zE
t )

(

φ+ ch,t + c∗h,t
)

1

α

−
γp
2
(πh,t − π)2ct −

γp
2
qt(π

∗
h,t − π∗)2c∗t

]

;

(5-76)

0 = −d̃−

t +
1− Φ(zE

t )

1− ϕt

[

ph,tch,t + qtp
∗
h,tc

∗
h,t −

wt
At

1− Φ(zE
t − σ)

1− Φ(zE
t )

(

φ+ ch,t + c∗h,t
)

1

α

−
γp
2
(πh,t − π)2ct −

γp
2
qt(π

∗
h,t − π∗)2c∗t

]

;

(5-77)
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0 = −d̃∗+t +Φ(z∗Et )

[

q−1
t pf,tcf,t + p∗f,tc

∗
f,t −

w∗
t

A∗
t

Φ(z∗Et − σ)

Φ(z∗Et )

(

φ∗ + cf,t + c∗f,t
)

1

α

−
γp
2
q−1
t (πf,t − π)2ct −

γp
2
(π∗
f,t − π∗)2c∗t

]

;

(5-78)

0 = −d̃∗−t +
1− Φ(z∗Et )

1− ϕ∗
t

[

q−1
t pf,tcf,t + p∗f,tc

∗
f,t −

w∗
t

A∗
t

1− Φ(z∗Et − σ)

1− Φ(z∗Et )

(

φ∗ + cf,t + c∗f,t
)

1

α

−
γp
2
q−1
t (πf,t − π)2ct −

γp
2
(π∗
f,t − π∗)2c∗t

]

.

(5-79)

Incomplete risk sharing in a monetary union: In a monetary union with incomplete risk
sharing, equations (5-67)–(5-70) are replaced with

0 = −(1 + τbh,t+1) + δEt

[

Ux,t+1/p̃t+1

Ux,t/p̃t

RU
t

πt+1

]

; (5-80)

0 = −(1 + τb∗h,t+1) + δEt

[

U∗
x,t+1/p̃

∗
t+1

U∗
x,t/p̃

∗
t

RU
t

π∗
t+1

]

. (5-81)

In addition, the bond market clearing condition 0 = bf,t+1 + b∗f,t+1 is deleted, and the following
identity is added to the system:

Et[qt+1]

qt
=

Et[St+1]

St

Et[π
∗
t+1]

Et[πt+1]
. (5-82)

Note that St is not a model variable, as the level of nominal exchange rate cannot be determined
in the steady state. However, πS

t+1 ≡ St+1/St is a well-defined model variable.

Exogenous variables: There are six exogenous aggregate variables in the model, all of which
are assumed to follow AR(1) processes.

Technology shocks:

0 = − lnAt + ρA lnAt−1 + ǫA,t; (5-83)

0 = − lnA∗
t + ρA lnA∗

t−1 + ǫ∗A,t. (5-84)

Demand shocks:

0 = −ωt + ρωωt−1 + ǫω,t; (5-85)

0 = −ω∗
t + ρωω

∗
t−1 + ǫ∗ω,t. (5-86)

Financial shocks:

0 = − lnϕt + (1− ρf ) lnϕ+ ρf lnϕt−1 + ǫf,t; (5-87)

0 = − lnϕ∗
t + (1− ρf ) lnϕ

∗ + ρf lnϕ
∗
t−1 + ǫ∗f,t. (5-88)
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2 Additional Results

2.1 Currency Regimes and the Impact of Asymmetric Technology Shocks

In this section, we examine the model dynamics in response to aggregate technology shocks under
different currency regimes. Figure 2-1 depicts the dynamics of selected macroeconomic variables
in response to an adverse technology shock in the home country when the two countries are in a
monetary union. Figure 2-2, by contrast, shows the dynamics of the same variables in the case of
flexible exchange rates.

Figure 2-1 – Asymmetric Technology Shock in Monetary Union
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Note: The panels of the figure depict the model-implied responses of selected variables to an adverse technology
shock in the home country in period 0. Unless noted otherwise, the solid lines show responses of variables in the
home country, while the dashed lines show those of the foreign country. Exchange rates are expressed as home
currency relative to foreign currency.
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Figure 2-2 – Asymmetric Technology Shock With Flexible Exchange Rates
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Note: The panels of the figure depict the model-implied responses of selected variables to an adverse technology
shock in the home country in period 0. Unless noted otherwise, the solid lines show responses of variables in the
home country, while the dashed lines show those of the foreign country. Exchange rates are expressed as home
currency relative to foreign currency.

23


	Model Appendix
	Product Demands and Accounting Identities
	Optimal Pricing
	Nonstochastic Steady State
	The Log-Linear Phillips Curves
	Equilibrium System of Equations

	Additional Results
	Currency Regimes and the Impact of Asymmetric Technology Shocks


