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1. INTRODUCTION

This paper attempts to study the demand for motor gasoline by private
individuals in the U.S., The study has a three-fold objective: (i) to formulate
a demand function for gasoline whose consumption is technologically related to
the stock of automobiles owned by individuals, (ii) to specify a dynamic equation
which captures the effect of the adjustment of these stocks over time on the
consumption of gasoline and (iii) to empirically verify the stability of the
postulated model across geographical regions in the U.S.

The interesting stﬁdies by Houthakker, Verleger and Sheehan (1974), Verleger
and Sheehan (1973) and by Ramsey, Rasche and Allen (1974) are allied to the work
in this paper. Our study differs from these studies in three important respects.
First, we consider the hypothesis that the gasoline purchased on the market by
consumers are inputs into the production of automobile services which are the
arguments of a household utility function. This hypothesis provides the
microeconomic foundations of our aggregate demand function. Second, we treat
the aggregation problem explicitly. Third, the parameters of the aggregate
demand function are allowed to vary freely across geographical regions.

In Section 2 we present the theoretical formulation of the dynamic model
for gasoline. In Section 3 the results of the estimation of the gasoline model
from aggregate time serier data are presented. In Secfion 4 we take advantage
of recently developed tools to estimate the coefficients of the dynamic model
from a time series of cross-sections. Some concluding remarks are given in

Section 5.

i/ . The views expressed herein are solely those of the authors and do not necessarily
represent the views of the Federal Reserve System.
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_3_

then the gross investment in automobiles in the period t is given by

= S, -(1-6, . . ri a -
Ii(t,t) Slt Q1 Glt)slt-l In terms of these variables a putty-clay
production function can be stated as

S
2) Ajp = 0500 (1-6,08, . 1+F. (6, (£,8),1, (t,1),t)

]

where A:t is the output of automobile services, Ai is the fixed proportion

of gasoline to automobiles of vintage v < t2, 6. 1is the output-gasoline

it
ratio and Fi is the ex ante production function with three inputs: gasoline,
gross investment in automobiles and households' time. We assume that
d _,s
Aje = At = A
It follows from the results of Pollak and Wachter (1975) that the
demand for the commodity Ait is

d
(3) Aje 93¢ d-8500285000 = £ KeoRse)

where P+t is a vector of goods prices and Xit is the labor and nonlabor
income of fhe ith household in the period t. Changes in the ith households"
technology as well as taste changes will take the form of shifts in the
demand function fit°

The implication of eq;(S) is that the incremental demand for gasoline
due to the replacement of automobiles and net incréases in the stock of
automobiles is determined in the manner suggested by the household production
function model.

For the sake of simplicity we assume that the functions in (1) and (3)
are linear. The quantity eittl’ait) is not likely to vary violently from one

period to the next. It may be safely assumed for gasoline that

Bit(l—ditl = ei(l—di) over our sample period. We also assume that the function

2 The assumption of constancy of A
Nerlove (1966, p. 587).

3 can be justified as in Balestra and
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3. Estimation from Aggregate Time Series Data

The preceding analysis is microeconomic in nature. Since data on
individual households are not available, an explicit treatment of the

aggregation problem is in order.

Assumption 1: (a) U = Tetes, where the T, are regarded as the
individual-invariant time effects which are not accounted for by the
included explanatory variables in eq.(4)-

(b) The vectors (a s Y- with different i subscripts are

11’Y12’Y13)
the realizations of a 4-dimensional variable with the mean vector
(E,?i,?é,?s)' and a finite symmetric variance-covariance matrix. The

variable u,, is independent of (a, Y510 Y520 Y530 "

(c) =1 <y, <1 with probability 1¥i.

(d) The variables X. and p . are predetermined from the standpoint
Poit p P

of the ith household such that sup |X1t| and sup ]p t| are uniformly,
1<t<T 1<t<T

bounded almost surely for all i. G, ,G, »X. and p_. are known constants,
io’ "1,-1""io0 gio
(e) {uit} is a stationary process such that E u,, = 0 \f(i,t).

Now aggregate eq.(4) across individuals and divide through by the number

of individuals; this gives

) n nt nt
) L e -mv L ;g +—’1"‘Z‘x't+?3'1“zp'
n. . it =~ %1 oo, it-1 * Y2 M 41 1 ne j=1 81t
t i=1 t i=1
e
+ l—- I e.,+T
nt i=1 it 't

where nt is the total number of individuals in a population in the period t,

a, =a + Eio’ Yiz =Y, + ﬁiz(z =1,2,3) and

(6) e, = E;o * £;iC

it ™ B0 * Fi1Ciear * Bi%ie * BigPaicttie
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When we estimated eq. (7) using quarterly data for the U.S. for the period
19631 - 19731V we obtained the following results.4

(8) G, =26.85+ 0.65 G_ . + 5.5 X  -0.57 p . +%

t 0.12) 1 (1.73) T (0.55) t

t

R™ = 0.99.
Figures given in parentheses are the standard errors. The value of Durbin's (1970)
h-statistic is -~1.4 which is greater than the critical value of -1.96 at the 0.05
level of significance for N(O,l). Hence the null hypothesis that there is no

first~order serial correlation among the 1_'s cannot be rejected. The coefficient

t
estimates have the right signs, although the price coefficient is not precisely
determined. In assessing the parameter estimates in (8), attention should be given
to their economic import, that is, to their interpretation in terms of the income
and price responses of the classical theory of consumer demand. It should be

remembered that the demand function used here refers to the new demand for gasoline.

Therefore, the average income and own-price elasticities are given by

_ Gt X - _ et Py
(91 " T G g 2 ngg = Gp

* = - v X G* 3 *
where Gt Gt Y1Gt-1 and X, G* and pg are the sample means of Xt, Gt and pgt

respectively. These definitions are borrowed from Balestra and Nerlove (1966, p. 592.)
The income and own-price elasticities have been obtained from our parameter

estimates in (8) by evaluating, at the sample means, the formulas in (9). These are:

aa) ' ng = 1.22 and Mg =-0, 38

This value of ng is implausible because we do not believe that the gasoline is a

luxury good for majority of people. Since we do not regard the coefficient of Gt-l

The source and nature of data are explained in the Appendix of the paper.
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to the analysis of time series of cross-sections.

4, Estimation from Temporal Cross-Section Data

We might get improved estimates if we use diaggregated data. Furthermore, the
richness of disaggregated data base allows a varied menu of alternative parameter
variations. Fortunately, we could get the temporal cross-section data for the U.S.
which consisted of quarterlqubservations drawn from the forty-eight continental
states plus the District of Columbia for the period 19631 - 19731V.5- In this section
we consider the problem of estimating eq. (4) from these data. We shall begin with
the case in which the intercept varies in both the time and cross-section dimensions
but not the slope coefficients. In the time series analysis of cross-section data,
if the inter-individual and inter-temporal parameter variation takes the form of
mere shifts in the Tegression intercept, then the specification of an equation with
a shifting intercept and fixed slopes is adequate. We then g0 on to consider a
bmodel in which all parameters vary in a systematic or random fashion.

We may rewrite eq. (4) as

1) Sijt = %5 * Yi518i5e-1 * Yi52Xi5e * YigsPaije * Yige

where i stands for the ith household, j stands for the jth state and t represents

time.
Assumption 3: (a) uijt =Tt vjt + eijt where the term T, reflects the effects that

are specific to the quarter but common to all individuals and states and vjt is

common to all households within the jth state at a given time.

. . v ows . . .
(b) For given j the vectors (aij’ Yij(Yijz’YijS) with different i subscripts

are the realizations of a 4-dimensional variable with mean vector (53,?31,;52,?33)'

Pty —.
5’I‘he data base and sources are described in detail in the Appendix.
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(14) Gy = o5+ 75;650 0 * 752550 * VysPeit * Tt t
J
n.
t n. n
1 J D S |- =1 it
where Gjt = E;; izl GlJt’ Gjt-l = njt 131 GlJt_l’ jt th iil ijt and
njt

4.1. Error Components Model

In the special case in which the slope coefficients are independent of j eq. (14)

can be written as

+u., + T, 4+

gjt J . t Vjt (J=1’2’!Qu,m; t=1,2,-|-,T)

(15)  Gyp =+ 7vyGyp ) + YK * V5P

where 33 =a + uj, uj is a time-invariant state effect, t1_ is a state-invariant period

t

effect and the vjt represent the combined effect on Gjt of the neglected variables.
For our data m = 49 and T = 43,
If we arrange the observations on edch variable first by state, then according

to period, we may depict the observations as
(16) Y=oyt 2y + @®x)+ 0 + v

where y is a mTxl vector of observations on Gjt’ 1 denotes a "summer' vector, all of
whose elements are 1, the subscripts on i indicates its order, Z is a mTx3 matrix of

s Y = (v v o~ Yty = v
observations on Gjt-l’ th and Pgjt’ L (ylfyz,yz) B (ul,uz,.ﬁ.,um) ’
1= (11,12,...,1T)', v is a mTx1l vector of observations on vjt and (X denotes the
Kronecker product.

We now make the following assumption.

Assumgt;ggmg:
(a) The rank of Qe 2) is 4;
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1= Qe Wy = Qe = 2,3,4), Q = (/7 @ /D), Q=(C, @ 1p/"D, QG=(1 /MR C))

x
1

]

Q4 (CZ(:)CI)’ 0T = (lT/Vﬁi Ci)' is an orthogonal matrix of order T, and 0m =

(gm//E;Cé)' is an orthogonal matrix of order m.

Swamy and Mehta (1973) have shown that

(19) BEW =0, EF =0 (& = 2,3,4)

(20;) E Wf = of,

(20b) E §,3} = og I,,m =ml,

(20) E @y = of L, T' = -1,

(204) E g7} = ojlm,r,

and

(21) E wiW, =0 (& =2,3,4) and E Qlﬁ y =0 for 2 # 2' = 2,3,4, The variances

2 2 2

2 .
01,02,03 and o, are functions of ¢

’
2
02
A S

= N

2 .
,qv, pl(l =1,2,3,4), m and T.

Some Point Estimates

Alternative estimators of Y developed by Swamy (1971°, Ch. III) are

~n
- - -1 - - -
= ! m'7Z'y TV'Z 'S mrTI7 !
22) y = (m'z Z (m'Z + T'Z3F, + m'T Z,¥4)

(23) ¥, = 232, ' 237,

A -
(24) 35 = (—323)-1 233
A R
(25) ¥4 = (442) " 23,
232, 23z, ' Ly, iy
(26) §py = (S Y (B2,
Y24 72 Y, A2 A2
2 4 2 4
237, 1z, ' 7. 35
a 3“3 4°4 33 “4Y4
(27) Y34 = & ) = Ao )
% % 3 %
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A Z)Z Z'Z
A Bafz Lhly
3 94
. 27, 1z, 4, -1
(35) BAVC(Y,5,) = (2 + =2 4 =4y
0’2 0'3 0'4

Using the temporal cross-section data, referred to ahove, we have evaluated
the quantities in (22)-(35). The results are listed in Table 1. The sample means

are given below:

49 43
1_ I I G, = 384.6068,
2107 i=1 i=1 J
49 43
1_ & I G, ,=381.,7850,
7107 j=1 t=1 ¢!
- 49 43
1_© I X, = 30.9802,
2107 j=1 ¢=1
and 49 43
1_ % I p,. = 102.5186.
7107 j=1 t=1 &J
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different from zero. On the other hand, if we employ the a priori values

_ _ -1 _ = _ro1y-l 2 _mT 2 2 _mT 2 2
Py = Pz = (m-1) ~ and Py =Py = (T-1) 7, then 9, M(E:TS-Ou’US —(T-l)'or’°4 =

TE:T?%T:TT'Ui and the estimates of variance components are
(37) 52 = 0.723, G2 = 28.916 and 67 = 174.296 .

In the absence of acceptable a priori information about the p2'5 it is hard to assess

~

the estimates of variance components.The a priori values ? =0 which imply a negative
estimate for “¢ are not acceptable to us.

In cases where the pn's are truly 0 one can estimate the variance components
by the "fitting-of-constants' method exposited by Fuller and Battese (1974). We
do not follow this method for two reasons. (1) Since the individuals in our study
are geographical regions with arbitrarily drawn boundaries, we would hardly expect
the error components ul,...,um(or Vlt""’vmt) to be mutually independent, see
Nerlove (1965, p. 160). The assumption that Py = Pz = 0 is of dubious merit or

validity. (2) The fitting-of-constants estimators for ci and of are based on the

following residuals,

=>
"

(cic'2 ® I {w-Z[2" (C4C, ® 1)Z] 1z (€€, ® I )w}

1>
I

(1, ®Cjc ) w-2[2' (I ® C]C,)Z] 1z (I ® CJC v}

where C1 and C2 are as defined in (18).
The elements of ﬁ (or E) are not mutually independent even when the pz's are 0

so that each value of the lagged dependent variable is not independent of the

contemporaneous and the succeeding values of pj(or Tt). .Consequently, the

generalized least-squares estimator of y with the variance-covariance matrix

estimated by the fitting-of-constants method is not consistent.
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The likelihood function of ¥ when the transformed observations in (18a)-(18d)

and the initial conditions are taken as data, is

(38)

2 2 2

L(fg.03,aldata) = 2020l

A -

’ Y-y 171
+ "\’202 + (I 12) z2
g

-(m-1)

2,7 2
2)

| UATGE-84%; -F(@)

(og)

2

exp{- -2—I 5

A2

n N
where g =(0’2’0'3,04), a = /m:- (yl—_lx(g)j,gi = le’

(@D

2

v, = m-4, Vg = T-4 and v, = (m-1) (T-1)-3, see Swamy and Mehta (1973).

@) (T-1)
wn

If p, = pg= ~(m-13"" and Py =Py = -(1-1)", then of = 0 and the likelihood

function gets modified as

(39)

LCY:’ g,;ldata) = .,&QZ") - (nT-l)/Z(og)

_(m-1)
2

Ny

2

(03)

A2 <« 2 1515 = 2
V9, . 1) '252,(3-7,)
exp{- 2 og oi

_(m-1)(T-1)

2
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(-1 '2jZ,G-7p (D172

{1+ }

It can be seen that (40) allows in the exponent for the loss of precision due to
the estimation of all the nuisance parameters. If we replace the exponents
-(m-2)/2, -(T-2)/2, ~[(m-1)(T-1)-1]/2 in Ll(ildata) by -(m-1)/2, -(T-1)/2 and
-[(m-1) (T-1)]/2 respectively, we obtain the posterior distribution of i corresponding
to an improper prior distribution employed by Swamy and Mehta (1973). If we can
plot (40)bwe have summarized almost all the information contained in the data about
Y. Unfortunately, there are practical difficulties in plotting a three dimensional

function. The function in (40) contain§ available information about Y in such a
way that information about an element of f is inextricably mixed up with the other
elements of y. We cannot integrate Ll(ildata) with respect to the elements of i
to obtain '"marginal likelihoods', see Box and Tiao (1970, p. 189). Maddala's
(1971b, p. 945) definition of the relative average likelihoods does not make any
sense. His use of improper priors to integrate out nuisance parameters from a
likelihood function clearly violates the "likelihood principle'. Bayesians who employ
improper prior distributions are in fact proper in their handling of improper
integrals, treating them as limits of any reasonable sequence of proper integrals,
see Dempster (1973). Improper distributions are devices for approximating a careful
exact assessment that would be too costly to carry out. Though the Kalbfleisch and
Sprott definition of copditional likelihood is interesting, it is important to note
that the conditional likelihoods do not necessarily satisfy the strong '"likelihood
principle'" that observations in different sample spaces leading to proportional
likelihood functions yield identical conclusions.

With some loss of information we can plot second-order likelihood functions

defined by Kalbfleisch and Sprott (1970, p. 189). For specified 72 and'?s, the
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N CR(§1|§2 = 3.6296, ;3 = -.2874, data)
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3
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Figure 1: Plots of the second-order likelihood function of ?1

for different specified values of ?2 and ?S[(CR(§1|§2,§3,data)].
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4.2 Random Coefficients Model

In this subsection we propose to test explicitly the geographic stability
of the slope coefficients of eq.(14). Finding that we cannot accept the
hypothesis of geographic stability, we go on to specify and estimate a random
coefficients model which permits random variation in all the coefficients across
geographic units. Estimates in Table 1 and in Figures 1 -and 2 which ignore
variations in slope coefficients across states are subject to the type of specification
error considered by Zellner (1962a). Hence they are not acceptable to us.

For given j, let Zj be a 43 x 1 vector of observations on G,

jt? Zj be a

43 x 3 matrix of observations on G , Y.'be a 3 x 1 vector of

and p 3

jt-1’ th gt
slope coefficients and vj be a 43 x 1 vector of disturbances. For all the time
series observations on the jth state together, eq.(l14) can be written as

41 .= a, +Z.¥. +V, (J = 1,2,...,49
(41) Y5 =i O v 250y Yy &) )

In eq. (14) we set T = 0. Alternatively, we could subsume T into vjt and assume,

as in Zellner (1962b), that v.

jt and Vj% for j # j: are correlated. If we make this

assumption the computational formulae require a matrix inversion of rank 49 x 43,
an infeasible'computation. We, therefore, assume that vjt and vj't for j # j' are
independent.

For individual states the least squares estimates of Ej and ?j are obtained

by using only that state's data. The income and price elasticities have been
obtained from these parameter estimates by evaluating, at the corresponding sample
mean point, the elasticity formulae in (9). All estimates of income coefficients

are positive and are significantly different from zero on the convention adopted
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one period and Ej = (cjl,..,;jT)'.

Eq.(43) forms a regression model with nonlinear constraints. We utilized
Margquardt's (1963) nonlinear estima;ion technique to estimate eq.(43) from time
series on each of forty-nine states. The following are the results of our
nonlinear least squares (NL-LS) estimation.

All of the income coefficients are estimated to be positive. Only two of these
are not significantly different from zero. All price coefficients should be
negative. But 16 of the 49 are estimated to be positive; all of these 16 are not
significantly different from zero. The remaining 33 have the correct negative sign,
but only 4 of them are significantly different from zero. The estimate of the
coefficient of the lagged dependent variable is less than 1 in absolute value for all
states but it turned out to be negative for 24 states. Only 9 of these negative
estimates are significantly different from zero. Negative sign for the coefficient
of the lagged dependent variable is in conflict with the theoretical model. Of the
remaining 25 estimates which are positive, 17 are significantly different from zero.

Thirty seven of the 49 estimates of the pj's are significantly different from zero.

The nonlinear least squares (NL-LS) and linear least squares (L-LS) results
might be compared to determine whether one of the two sets of results has a clear
advantage in terms of significance of estimates and correct signs. Both the NL-LS
and L-LS estimates of 15 pj's are significantly different from zero. The NL-LS
estimates of 21 pj's are significantly different from zero(i.e., the estimates are
largerin absolute value than twice their standard errors) whereas the L-LS estimates

of the same 21 pj's are not significantly different from zero on "h" test. The L-LS

estimates of 2 pj's are significantly different from zero on h test but the NL-LS
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m
(46) I (B, -B'x
(m-1)4 j=

Wjay\tw ale"g
1;YF'ﬁith (m-1)4 and (T-4)m degrees of freedom where T is the minimum of

T .,Tm. For our temporal cross-section data the value of the statistic in (46)

1’
is 454.86. This value is well above the 5 percent significance point 1.17 of
F(192,1862) leading to a rejection of the hypothesis in (45).

We now estimate 49-state equations in (43) without forcing the coefficient
vector to be the same for all states. Suppose that the finite set of vectors

(&l,ii) ',....,(649,249) is equivalent to a random sample from a hyperpopulation.

This assumption is usuélly made in applying asymptotic distribution theory to samples
" from finite populations, see Hajek (1960). The justification of this assumption in

terms of "exchangeability'" is given in Lindley (1971,pp.38-40).

Assumption S:

(a) Let Ej = (Ej,fif. Then El""’ém are independently and identically distributed
g = Je -
with mean vector B and positive ,finite variance-covariance matrix 4;

(b) Bj is indeﬁéndent of xg,and ZjbforkeVery j,i'=1,2,...,m.

(c) The pj and Ujj are fixed parameters.

Now we follow the procedure outlined in Swamy (1974 , p.157) to estimate

1™l

- and A with our data. The following results were obtained.

[Z {A 5 (X; JJ J 1‘}-1 ]f-l

j=1

lmlb

47N

1y 4-1,-12
E,l{l + 3304855 X7 @J]
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Houthakker et al.(1974) obtained the estimates of personal disposable income
by states by multiplying each state's personal income by the ratio of U.S. disposable
to U.S. personal income. This procedure does not give accurate measures of
personal disposable income for different states. Finally, Houthakker et al. deflated
the gasoline prices by a consummer price index. For reasons mentioned in Pollak
and Wachter  (1975) this should not be done.

For given j the correlgtions between the regressors and the cjt in eq.(43)
may not be as strong as those between the regressors and the disturbances of the
aggregate equation in (7). If this is true the. inconsistencies of the estimates in

A

(47) will not be as great as those of the estimates in (8). Further, since E,i“

A

(47) is a matrix weighted average of the Ej's
A ~

gJ
be further improved by taking explicit account of the possibility of "simultaneous

, it may happen that the inconsistency
of E is smaller than that of any individual B.. The estimates of each@j might
equation" complications. 1In any case, lack of inconsistency is not necessarily a
very important desirable property of an estimator in small sample situations.

S. Conclusions and Discussion

We have found that the aggregate estimates in (10) and the estimates in Table 1
and in Figures 1 and 2 are based on certain assumptions which are not valid for our
data. In particular, Assumption 1(b) and the assumption that the slope coefficients
of eq.(14) are the same for all states are ﬁnreali$fic. The estimates of policy-
relevant elasticities presented in (51) are based on a general set of assumptions
which are considerably weaker than those adopted either in sections 3 and 4;1 of

the preSent study or in other studies on the demand for gasoline.
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Appendix

Sources of Aggregate Data

Gt : percapita consumption of gasoline by individuals in gallons obtained from,

DATA RESOURCES, INC., LEXINGTON, MASSACHUSETTS. Data is aggregated from individual

State Data for the continental United States.
-xt : per capita personal income in 1967 dollars obtained from BUREAU OF ECONOMIC
ANALYSIS , U.S. DEPARTMENT OF COMMERCE, WASHINGTON, D.C.

P price indices for motor gasoline with 1967 = 100 obtained from, DATA RESOURCES

gt’
INC., LEXINGTON,'MASSACHUSETTS. Computed as a weighted average of price indices be

individual States in the Continental United States Sources of Temporal

Cross-Section data.

Gjt: per capita consumption of gasoline by individuals in different states in gallons

obtained from DATA RESOURCES INC., LEXINGTON, MASSACHUSETTS.
th: per capita personal income by states in 1967 dollars obtained from DATA
"RESOURCES INC., LEXINGTON, MASSACHUSETTS

Pgtj: Price indices for motor gasoline with 1967 = 100 obtained from DATA RESOURCES,

INC., LEXINGTON, MASSACHUSETTS.
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