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Abstract

This paper develops dual, geometric techniques for two popular
three-factor general equilibrium models: the specific-factor model and
the Krueger model of economic development. Several comparative static
exercises from international trade theory illustrate how these models

easily lend themselves to geometric exposition.



Three-Factor General Equilibrium Models: A Dual, Geometric Approach

Douglas A. Irwin1

1. Introduction

The dual of the production fuhction highlights the relationship
between factor prices and output prices. Because many propositions in
international trade theory focus on relationships between these prices,
restating a model in terms of the dual provides an important contrast to
the traditional geometric representation of factor and output quantities.
In this context, Mussa (1979) has demonstrated the usefulness of
expressing geometrically the two-sector Heckscher-Ohlin model in terms of
its dual.

This paper develops the geometry of the dual for two popular
three-factor general equilibrium models. The first is the specific-
factor model, also known as the Ricardo-Viner model, developed by Jones
(1971) and Samuelson (1971). This three-factor, two-good model features
one perfectly mobile factor (labor) that is allocated between two
sectors, each of which has a factor (capital) specific to its production.
The specific-factor model is appealing for several reasons. Unlike the
Heckscher-Ohlin model, it is able to explain why factors devoted to

producing a particular good also seek trade policies designed to increase
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Finance. The views expressed in this paper are solely the responsibility
of the author and should not be interpreted as reflecting those of the
Board of Governors of the Federal Reserve System or other members of its

staff. I wish to thank Alan Deardorff and Kar-yiu Wong for helpful
comments.



the relative price of that good (see Magee 1980). 1In addition, empirical
studies (such as Grossman and Levinsohn 1989) suggest that a significant
degree of capital-specificity exists in several manufacturing industries.

The second model is the three-factor, n-good model initially
conceived by Krueger (1977). This model features intersectorally mcbile
labor combined with a specific-factor land in a single-good agricultural
sector and with a specific-factor capital in a multi-good manufacturing
sector. This model, elaborated by Deardorff (1984), is attractive for
its description of the stages of economic development. Empirical tests
presented in Leamer (1987) lend some support to the propositions of the
model.

Despite the importance of these three-factor models, they are
given relatively scant attention in many applications of duality to
international trade theory (e.g. Woodland 1982). It will be shown here
that such models easily lend themselves to a geometric approach usirg the
dual. This approach helps clarify the factor and output price properties
of these models which are sometimes unclear from conventional
expositions. As noted below, however, the dual approach has drawbacks as
well and should be considered as a complement to traditional geometric
expositions in output and factor quantity space.

This paper proceeds as follows. Section 2 describes the basic
geometric construction as applied to the specific factor model. Section
3 uses this apparatus to demonstrate the standard comparative static
propositions used in international trade theory, such as the Rybcynski
effect, the Stolper-Samuelson relationship, and sectoral technical

progress. Section 4 extends the model to a simple version of the n-good



Krueger model. Section 5 subjects this model to the same comparative

static exercises. Section 6 concludes the paper.

2. The Specific Factor Model in the Dual

The specific factor model consists of two final goods, both of
which are produced using labor and capital. It is assumed throughout
that both goods are produced. While labor is homogeneous and perfectly
mobile between the two sectors, capital is immobile and specific to a
particular sector's activity. Both goods are produced with a linearly
homogeneous production technology, but due to the fixed nature of the
capital stock in each sector the relevant consideration is that labor has
a diminishing (but always positive) marginal product in each activity.
Labor is allocated between the two sectors on a basis such that the
marginal value products of labor are equalized.

This model can be expressed in terms of prices as the dual of
the production functions. Figure 1 depicts the isoprice contours for the
two goods in factor price space. For example, the isoprice contour for
good 1, Pl(w, rl), shows the combination of various factor prices which
imply zero profits for a given product price. The quadrants for both
goods share the wage axis because the two sectors compete for labor,
while the respective rental axes are independent.

Like the two-sector model examined by Mussa (1979), an increase
in the price of a good is represented by a proportionate movement of its
isoprice contour away from the origin. The absolute value of the slope
of the isoprice contour indicates the capital-labor ratio used in
produciion. The contour is convex to the origin, reflecting the fact

that the capital-labor ratio is an increasing function of the wage-rental



ratio. The elasticity of substitution between the two factors is
represented by the curvature of the contour. Because capital is sector-
specific and assumed to be fixed in inelastic supply, substitutions
reflected in the capital-labor ratio in each sector are made solely
through adjustments in the amount of labor employed.

If we examine the case of a small country, we can take the
prices of the two goods as exogenous. Labor mobility ensures that the
wage rate is equalized between the two sectors. While there may appear
to be many equilibria with a single wage prevailing, in general a given
factor endowment (supply of labor and stocks of capital) will determine a
unique capital-labor ratio in each sector consistent with a unified wage.
On first glance, the dual formulation, unlike the output and factor space
geometry of the traditional two sector model, appears unable to show the
determination of the equilibrium wage and rentals. Yet it is possible to
derive a schedule in the first quadrant depicting the wage as a function
of the first sector’s rental and the other sector'’s price.

More formally, the capital-labor ratio in sector 2 can be
written as a function of that in the second, i.e., k2 = ¢(k1), with ¢’ <
0. Wage equalization across sectors implies that w = plfl(kl) =
p2f2(¢(k1)), where fi is the marginal product of labor in sector i, i =
{1,2}. This can be rearranged to form the implicit relationship kl =
w(pl,pz). Using Py = cl(w,rl), we can write w = plfl(kl) = cl(W,
rl)f1(¢(cl(w,r1),p2)) = 7(r1,p2). It can be demonstrated that 1 > 67/6r1

>0, i.e., the function is increasing with a slope less than one in



(w,rl).2 The "magnification effect"” of output prices on factor prices
in general equilibrium accounts for this link. 1In this model, for
example, a given change in output prices results in a greater change in
payments to specific factors than to the mobile factor. Consequently, an
increase in Py will increase both w and ry, but will increase ry by a
greater proportion.

It can also be shown that 67/6p2 > 0, i.e., the function shifts
upward with an increase in P,- In addition, dw/dL < 0 and 6w/6Ki >0, i
= {1,2), which determine the direction the function shifts with changes
in the exogenous variables. The vy schedule shifts down with an increase

in the endowment of labor as wages fall, given any r the schedule

13
shifts up with an increase in the endowment of capital specific to either
sector as wages rise, given any . These results are important for the
comparative static exercises performed below.

An initial equilibrium is depicted on figure 1 at point a, where
the v schedule intersects the isoprice contour of the first sector. Given
the product prices Pl and P2, the vy schedule indicates that the wage rate
is equalized at w0 while the rentals to capital (rlo and r20) may

diffe'r.3 The slopes of the isoprice contours at this equilibrium,

represented by the tangents kl and k2’ indicate the capital-labor ratios

2. Using Jones (1971) notation, the slope of the vy schedule can be
1

1+ 1 2o oy

g2 *1 %1

seen from: W = | ]e fl, for a given P,

and variable Py- The expression in brackets is positive but less than
one.

3. If the immobile capital is homogeneous, so that rentals are
comparable, an application of the Edgeworth box diagram to the immobile
capital case, as in Neary (1978), can determine the relative values of
the rentals.



in the two sectors. 1In this figure, kl is steeper than k2, indicating

that the capital-labor ratio is higher in good 1.

3. Comparative Statics

This section uses this apparatus to demonstrate four comparative
static properties of the specific factor model.
3.1 Rybczynski Effect

Given the small country assumption, an increase in the quantity
of any factor does not change the product prices of the two commodities.
Consequently the isoprice contours remain in place. First consider an
increase in the supply of labor available to the economy. Such an
increase shifts the v schedule down to v' (given rl, wages are uniformly
lower with the additional labor) and equilibrium moves from points a and
a' to b and b’. The capital-labor ratios in both sectors decline because
the sector-specific capital stocks are fixed. This can be seen by the
(undrawn) lines tangent to the isoprice contours at b and b’, which are
less steeply sloped than k1 and k2. The curvature of the isoprice
contours determine the proportion of new labor allocated to each sector

and thus the relative change in k1 and k2, r, and r,. Thus with

2
additional labor the equilibrium wage falls from wo to wl and the two

rental rates rise from riO to ril, i =(1,2). oOutput of both goods

increases, although this must be infered from the changes in factor
supplies and is not directly observed.

Now consider an increase in the stock of capital associated with
the production of good 1. This increases theAmarginal product of labor
in that sector, which attracts labor by bidding up the prevailing wage as

the y schedule shifts upward from b to a in figure 1. The capital-labor



ratio therefore must rise, indicating that less labor is added to the new
capital than is needed to preserve the old capital-labor ratio. This can
be seen in figure 1 by the increasing slope along P1 from b to a. The
capital-labor ratio also rises in the second sector as it loses labor.
Hence, the wage rate rises and the rental rates decline in employs
sectors. Output falls in the second sector, because it uses less labor
with the same amount of capital, while output rises in the first sector.

Thus, in contrast with the standard two-sector model, changes in
factor endowments alter factor prices in the specific-factors framework.
These factor prices movements translate into real changes because goods
prices are constant. Furthermore, depending on which factor increases-in
supply, either output of both goods increase or the traditional
Rybczynski result holds with its differential impact on commodity
outputs.
3.2 Stolper-Samuelson Relation

Consider an increase in the relative price of good 1 without any
change in the country’s factor endowment. An increase in the relative
price of good 1 leads to an outward shift of that sector's isoprofit
contour, as from P1 to Pl' in figure 2. Expanded production in that
sector can be accomplished only by attracting more labor because the
capital endowments of each sector are fixed and immobile. The capital-
labor ratio in sector 1 falls as the isoprice contour shifts out along
the v schedule, the slope of which is less than unity due to the
magnification effect. But the fall is not enough to reduce wages. The
capital-labor ratio rises in the other sector as it releases labor.
Consequently the slope of the new capital-labor ratio line, kl' tangent

to the Pl' contour, must be less than k1 tangent to Pl’ while the



(undrawn) tangent to P2 at b’ is steeper than before. The rental £y
unambiguously increases, both because the increase in price shifts the
contour outward and because more labor is added to a given stock of
capital.4 The rental r, unambiguously declines because the withdrawal
of labor, seen as the movement from a’ to b’', reduces the marginal
product of capital along the fixed isoprice contour.

Consequently, real I, rises in terms of both goods because

r, increases more than in proportion to the price of both goods, while

1
real r, falls in terms of both goods. The new equilibrium wage rate is
nominally higher, but the change in the real wage is ambiguous because it
has fallen in terms of good 1 but has risen in terms of good 2.
3.3 Technical Progress

An increase in the productivity of one sector is analytically
equivalent to a movement of that sector’'s isoprice contour away from the
origin. The interpretation is different because the shift does nct
reflect a change in the price of output, but rather a change in the
different possible prices of labor and capital consistent with zero-
profit production after technical progress.. For a given product price
after technical progress, the sector can maintain zero profits while
paying higher rewards to both factors.

Consider Hicks-neutral technical progress in the production of
good 1 at constant product prices. With reference to figure 2, it is
easily seen that such a change, by shifting P, to Py, would increase r

1

and the wage and decrease r,. In contrast to Stolper-Samuelson,

1

4, This can be seen by drawing a line perpendicular to the tangent at
the initial equilibrium a on P,. Production after the change in price
does not take place where the ray intersects the new isoprice contour,
P_’, where the capital-labor ratios would be identical, but at a nore

labor-intensive production technology.



technical progress increases the real wage of labor because the prices of
goods do not change. In contrast to the standard two-sector result that
technical progress moves factor prices in opposite directions, technical
progress in either sector in this model increases the wage and the rental
of the specific factor involved in its production and decreases the
rental of the other specific factor. Like the two-sector case, this
extends to non-Hicks neutral technical change where the outward shift of
the contour is not homogeneous.
3.4 Factor Market Distortions

The geometric dual framework is also useful for analyzing
distortions and interventions in factor markets. Consider a subsidy to
labor used in the production of good 1. In the standard two-sector
model, such a policy would create a gap between the effective wages as
perceived by producers in each sector and move realized factor prices in
opposite directions. In the specific-factor model, considered on figure
1 at the initial equilibria of b and b’, a labor subsidy to good 1 would
allow that sector to employ more labor by pushing the subsidy-inclusive
wage telow wl. This decreases the capital-labor ratio in sector 1 by
shifting the equilibrium from b to c, thereby increasing the rental .
The lebor diverted from sector 2 shifts the equilibrium there from b’ to
a’', reducing r,. Hence, wages exclusive of subsidy are increased and
equal in both sectors at wo, with the difference between that prevailing
wage exclusive of subsidy and the effective wage for producers of good 1,
w2, representing the extent of the wage subsidy.

Thus, a labor subsidy to (tax on) either sector increases
(decreases) wages and the returns to the specific factor in that sector

while decreasing (increasing) the reward to the other specific factor.
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By contrast, because the income of either specific factor is a
pure rent, subsidies to or taxes on these factors do not change their
employment. Consequently, the marginal product of labor is the same and

neither labor allocation nor factor prices change.

4. Three Factor-n Goods: Krueger’s Development Model

Anne Krueger's 1976 Frank Graham lecture outlined a way of
integrating the multi-commodity Heckscher-Ohlin model with the specific
factors model. This model sheds light on comparative advantage in the
various stages of economic development and was subsequently examinec. by
Deardorff (1984) and Leamer (1987).

The model consists of an agricultural sector where a single
output is produced with a combination of labor and sector-specific land.
A manufacturing sector consists of n-goods produced with labor and
capital. Capital is specific to the manufacturing sector but mobile
within it, i.e. between manufactured goods. Labor is homogeneous and can
be freely substituted among the manufactured goods and with the
agricultural good.

Such an arrangement is shown geometrically in figure 3. The
right-hand quadrant depicts the manufacturing sector, consisting here of
two goods. The analysis could be extended to three or more goods, but we
will concentrate on the simpler two-good case to isolate the general
properties of the model. This quadrant displays the isoprice contours of
the two manufactured goods, Pl(w,rl) and P2(w,r2), where s, i={(1,2) is
the return to capital in sector i. Good 1 is assumed to be more labor-
intensive than good 2 for all factor prices. Mussa's (1979) exposition

explored this quadrant in detail and should be refered to for details.



Because another sector with a specific factor is grafted onto the two-
sector model, the Krueger model does not retain all of the comparative
static properties of the two-sector model.

The left quadrant shows the isoprice contour for the
agricultural sector, PA(w,rA), which produces output from labor and the
immobile factor land, earning the rental ry- The equilibrium wage rate,
with the price of all goods determined exogenously, is set by the
intersection of the isoprice contours in the manufacturing sector. Labor
is allocated between the two sectors, as in the pure specific factor
model considered previously, on the basis of marginal product. The slope
of the tangent kA indicates the land-labor ratio in the agricultural
sector. The overall capital-labor ratio in the manufacturing sector is a
weighted average of that ratio in goods 1 and 2, represented by k1 and
k2' Good 1 is the labor-intensive good because kl is less than k, where

2

the two isoprice contours intersect. A line kM’ representing the overall
capital-labor ratio in the manufacturing sector, could be drawn through

the intersection of P1 and P2 with slope between that of kl and k2.

5. Comparative Statics

As before, we now use this apparatus to demonstrate the
comparative static properties of the Krueger model.
5.1 Rybczynski Effect

Consider first an increase in the economy-wide supply of labor.
Like the two-sector model, but unlike the specific factor model, such an
increase may have no effect on factor prices. The isoprice contours
remain in place, and the Heckscher-Ohlin structure in the manufacturing

sector ties down factor prices despite the specific-factor structure in



agriculture. This can be seen with reference to figure 4 which shows the
marginal value product of labor curves for both the agricultural and
manufacturing sector, Wy and Wiy s respectively.5 1f W intersects Wy
within either the range OL; or LZO', then the economy is not diversified
and only one of the manufactured goods is produced because the capital-
labor ratio in manufacturing is skewed outside of the diversificaticn
cone. But if, as is depicted in figure 4, the curves intersect in the
segment LlL2 both before and after the increase in the labor supply, then
factor prices will not change. In this case, the additional labor will
be absorbed entirely by the manufacturing sector. No additional labor is
added to agricultural production, ensuring that kA is constant. The only
change will be that the undrawn k, decreases, indicating a decline in the
capital-labor ratio in manufacturing. (However, the capital-labor ratio
in each good in manufacturing, kl and k2, will not change.) This results
in a Rybczynski change in the composition of manufacturing output, with
production of the labor-intensive good increasings and that of the
capital-intensive good decreasing. Note that if the increase in the pool
of labor is large enough to put the intersection of the two curves in
OLl’ production of the capital-intensive good will be eliminated and
factor prices will be altered.

An increase in the supply of capital will cause the w

M
figure 4 to shift proportionally to the left. If the intersection of the

curve in

curves is again on the flat portion of the wy curve, then the economy

remains diversified and the increased capital has no impact on factor

5. PAFLA is the marginal value product of labor curve in agriculture

and VLM is the unit value marginal product curve for manufacturing as a
whole. See Deardorff (1984) for details.
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prices. The capital-labor endowment in manufacturing will increase (the
kM line will increase) and the composition of manufactured output will
change according to the traditional Rybczynski theorem. Again there will
be no intersectoral labor reallocation, leaving LA and kA the same. Note
that if the intersection of the two marginal product curves was formerly
OL1 and an increase in capital is enough to push the intersection of L
and LN into L1L2, production of the previously unproduced capital-
intensive manufactured good commences.

An increase in the supply of the specific-factor land also
changed nothing in figure 3, except to jincrease the overall capital-labor
ratio in manufacturing. Because product prices remain fixed, additional
land a.lows the agricultural sector to withdraw enough labor from the
manufacturing sector (by shifting the LN line to the right in figure 4)
to maintain the same land-labor ratio that existed before the increase in
land. Agricultural output increases, while manufacturing loses labor
with the Rybczynski effect on output again. Factor prices do not change
if the economy remains diversified. If this is not the case, one
interesting implication of Krueger's model is that a country with a small
endowment of capital may nevertheless produce only capital-intensive
manufactured goods if it is well-endowed with land. This will hold if
land is so abundant as to force labor allocation into the region L20' in
figure 4.

Thus, when considering changes in factor endowments in a
diversified economy, the two-sector model’s property of unchanged factor

prices remains unaltered despite the addition of a specific factor.

Deardorff (1984) has a description of the model with three goods and



shows how goods of varying factor intensity will either begin or cease
production with changes in factor endowments that affect diversification.
5.2 Stolper-Samuelson Relation

An increase in the relative price of labor-intensive good 1 is
depicted in figure 5. The isoprice contour P1 shifts outward to Pl'
leading to a new factor price equilibrium with higher wages and lower
returns to land and capital. These are real changes in factor prices.
Wages rise by more than the increase in Py because, in addition to the
outward shift of Pl that boosts wages, there is a substitution toward
more capital-intensive production techniques (the rays indicate constant
capital-labor ratios).  Rentals fall in nominal and real terms. The
agricultural sector sheds labor and adopts a more land-intensive
production method. The manufacturing sector absorbs the additional
labor, and the slope of kM (undrawn) is reduced. This seems to create a
paradox where the overall capital-labor ratio is reduced in manfacturing
but more capital-intensive production methods are used. An increase in
the price of the labor-intensive good, which increases the capital-labor
ratio used to produce each good, also has a.Rybczynski effect on outputs
because the sector's labor endowment has increased. Similarly, an
increase in the price of the capital-intensive manufactured good
decreases the real wage and increases the real return to capital. The
effect on the real return to land is ambiguous although it increases in
nominal terms.

If the price of the agricultural goods increases, its isoprice
contour shifts from PA to PA' as in figure 5. The return to land, Iy,
increases, but if the economy remains diversified neither the wage nor

the return to capital changes. Hence the real wage and return to capital



fall in terms of the agricultural good while the return to land increases
in a proportion greater than the increase in PA.6 Like the above
examples, however, there is a reallocation of labor in the economy.
Agriculrtural production switches to more labor-intensive methods. The
capital-labor ratio in manufacturing rises, leading to a Rybczynski
effect on manufacturing output with no change in the prices of those
outputs.

Hence, an asymmetric effect arises from price changes in the
manufacturing and agricultural sector. A change in the price of a
manufactured good affects all factor prices, while a change in the price
of the agricultural good only alters the return to land if the
manufacturing sector remains diversified.

5.3 Technical Progress

As seen in section 3.3, Hicks-neutral technical progress in the
context of the dual is analytically equivalent to an outward movement of
that sector’s isoprice contour. Thus Hicks-neutral technical progress in
the procduction of good 1, the labor-intensive manufactured good,
increases the wage rate and decreases the two rentals. Technical
progress in the capital-intensive manufactured good has the opposite
effect. Technical progress in the production of the agricultural good,
like an increase in its price, increases r, alone, with no change in
either the wage or ry if all goods are produced.

5.4 Factor Market Distortions
Factor market interventions retain some of the two-sector

results evaluated in Mussa (1979) because the Heckscher-Ohlin structure

6. Deardorff (1984) was in error with regard to the change in the real
return to land.
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ties down the specific-factor sector. A subsidy to labor in the
production of good 1, the labor-intensive manufactured good, witltout a
change in output leads to an equilibrium such as a and b on figure 3.
The wage paid to labor exclusive of subsidy for production of gocd 1 is
below that paid for production of good 2, while the rental paid to
capital is the same. Somewhat paradoxically, Mussa notes, production
becomes more capital-intensive. The added feature here is that labor is
withdrawn from the agricultural sector providing a Rybczynski effect on
the manufacturing sector’s outputs. Rentals in both sectors decline.

It can also be seen with reference to figure 3 that a subsidy to
capital in the production of good 2 leads to a equilibrium such as ¢ and
d with more labor-intensive production methods employed. Wages fall and
labor is absorbed by the agricultural sector. A subsidy to labor in
agriculture does not change the wage rate paid in manufacturing, and only
leads to a withdrawal of labor from manufacturing and the concomitant
Rybczynski effect on output there. All workers continue to receive LA but
the subsidy lowers this cost to the agricultural producers and kA is
reduced. A labor subsidy in this case does not change the wage received
by labor, and only reallocates labor between sectors. But is does
indirectly enrich landlords by increasing the rent on the specific-factor
land. As in Section 3.4, a tax on or subsidy to the specific-factor land

changes nothing except its rental income.

6. Conclusion
This paper has extended the geometric dual formulation cf
international trade theory to models involving three factors and two or

more goods. The specific-factor model changes many of the standard
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results derived from the traditional two-sector model. The melding of a
Heckscher-Ohlin structure with a specific factor sector leads to a hybrid
of comparative static findings. A disadvantage of the geometric dual
approach is its inability to capture changes in output and factor
allocations between sectors. An advantage of the dual approach is that
it sets out the relationships among factor and output prices. As such,

it ccmplements the traditional reliance on the geometry of factor and

output quantities.
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