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Abstract
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1 Introduction

Since the onset of the 2007-2009 global financial crisis, many central banks have been forced
to implement monetary policy under the effective lower bound (ELB) constraint on the
short-term nominal interest rate. In particular, central banks have implemented various
“unconventional” policies such as those aimed at providing more transparency in the likely
path of the policy rate (so-called forward guidance policies) and purchases of long-term
government bonds, to stimulate the economy through their effects on the term structure
of interest rates. Accordingly, if we are to explain the dynamics of interest rates and evaluate
the efficacy of these unconventional policies, we should have a coherent understanding of the
interaction between the macroeconomy, the term structure of interest rates, and monetary
policy at the ELB. While many studies have contributed to this effort, the effect of the ELB
on term premiums—a crucial component of the term structure—appears to be particularly
understudied within an explicit macroeconomic framework.!

In this paper, we study how the ELB constraint jointly affects the macroeconomy, the term
structure of interest rates, and monetary policy in a structural general equilibrium (DSGE)
model. Our model is a variant of a standard New Keynesian model featuring nominal price
rigidities in the product market and an interest rate feedback rule. Explicit microfounda-
tions set our model apart from the existing term structure models with the ELB—which
are mostly statistical models with limited economic structure. We offer two contributions.
First, we clarify how the ELB constraint can affect the dynamics of term premiums using a
stylized model that can be solved in closed form. Second, we analyze a fully nonlinear model
which augments the stylized model with additional features to match key properties of the
macroeconomy and the term structure of interest rates in the United States.

Our main finding from the stylized model is that the ELB constraint generates state

!See the literature review for references. Policymakers have also reiterated the importance of term premi-
ums while the economy was at the ELB. For example, former Fed Governor Jeremy Stein stated in a speech,
“When policy works by moving term premiums, as opposed to moving expectations about the path of short
rates, the transmission to the real economy may be altered in subtle yet important ways that can have impli-
cations for the benefits of a policy action, its costs, and even its consequences for financial stability.” (Stein
(2012)). Also, former Fed Chairman Ben Bernanke pointed to the decline in term premiums as an important
factor behind the decline in longer-term U.S. interest rates (Bernanke (2015)).



dependency in term premiums through two forces affecting term premiums—macroeconomic
uncertainty and the sensitivity of interest rates to macroeconomic fluctuations. On the one
hand, macroeconomic uncertainty is higher when the policy rate is constrained by the ELB
than when it is not, as the ELB constraint prevents the central bank from counteracting the
effects of exogenous shocks to demand on output and inflation. This increased macroeconomic
uncertainty at and near the ELB amplifies the absolute size of term premiums. On the other
hand, the sensitivity of interest rates to macroeconomic fluctuations can be smaller when the
policy rate is at or near the ELB than when it is not, as the central bank faces restrictions
in adjusting its policy rate in the near term. This reduced sensitivity of interest rates at
and near the ELB can compress the absolute size of term premiums. While the compression
effect of the ELB may be widely understood, the amplification effect, which arises from the
endogenous response of the macroeconomy to the ELB constraint, can only be uncovered
through an equilibrium macro-finance model such as ours.

We further show that the two forces can be conflicting, and which of these dominates
depends on the state of the economy and yield maturity. When the economy is in a deep
recession and the policy rate is expected to be at the ELB for a long time, the second
compression effect typically dominates the first amplification effect, and the size of the term
premium is smaller than when the policy rate is comfortably above the ELB. When the
economy is in a milder recession and the policy rate is expected to be at the ELB for a
shorter time, the first effect is likely to dominate the second and the size of term premiums
is larger than when the policy rate is comfortably above the ELB. The compressing effect on
term premiums induced by the reduced sensitivity of interest rates is stronger for shorter-
maturity yields that are more strongly affected by the presence of the ELB than for longer-
maturity yields. Overall, our analysis shows that the ELB constraint can add a unique
source of variation in term premiums, which suggests that term premiums may warrant more
attention in a severe recession involving the ELB than under normal circumstances.

We next extend the stylized model in several directions to improve its ability to quanti-

tatively match key features of output, inflation, and the term structure of interest rates in



the U.S. First, we introduce recursive utility. Second, we add policy inertia in the monetary
policy rule. Third, we add productivity shocks with stochastic volatility, which makes the
conditional moments of our model while the policy rate is above the ELB consistent with
those in the data. In particular, yield curves are on average upward sloping, and term premi-
ums are positive, large, and volatile while the policy rate is above the ELB in our model. In
addition, our yield curve is steeper when the policy rate is constrained at the ELB than oth-
erwise, as in the data. Fourth, we include stochastic volatility in the demand shock process.
By allowing the volatility of demand shocks to increase as demand falls, we generate term
premiums that are on average negative at the ELB. This is because the volatility of demand
shocks is heightened around the ELB where demand is particularly depressed, magnifying
negative term premiums that arise from a given level of demand shock volatility. Negative
term premiums are consistent with survey-based estimates of term premiums—as well as
term premium estimates based on some available term structure models—largely from the
period in which the federal funds rate was at the ELB. Based on a moment-matching exercise
for the first ELB episode, we find that the compression effect of the ELB on term premiums
was strong.

Our quantitative model is used to interpret the term structure dynamics during the first
ELB episode in the U.S. following the financial crisis. In particular, we show how shorter-
maturity term premiums were compressed as the expected ELB duration spiked upon the
introduction of forward guidance, and later became negative as the liftoff approached. We
also provide one of the first analyses on how to interpret term structure dynamics during
the Covid-19 crisis—the latest period when the ELB was binding—using a structural macro-
finance model. There, we find that in order to explain the increase in term premiums, it is
important to consider not only negative demand and supply shocks, but also the possibility
of a notable increase in the volatility of the supply shocks.

A key benefit of structural models is that they allow counterfactual policy experiments
that are robust to the Lucas critique. In our final exercise, we use the quantitative model to

study how forward guidance—the central bank’s announcement to keep the policy rate at the



ELB for longer than previously expected—affects the macroeconomy and the term structure
of interest rates. We find that this forward guidance not only reduces the expected short-rate
path but also the absolute size of term premiums as a result of the strengthened compression
effect. In our benchmark specification in which average term premiums are negative at the
ELB, this result means that forward guidance increases term premiums, partially offsetting
the declines in the expected short-rate path. However, this result also implies that if average
term premiums are positive even at the ELB, forward guidance reduces term premiums,
amplifying the decline in the expected short-rate path.

One caveat in our analysis is that our model does not have an explicit role for the central
bank balance sheet, an ingredient that is likely to be important in understanding the effects of
unconventional policy such as quantitative easing (QE). Introducing such an ingredient into
our model can be an important extension. However, we believe that, because unconventional
policy was typically undertaken while the policy rate was constrained at the ELB, clarifying
how the ELB constraint affects the term structure of interest rates is an essential first step
toward a comprehensive understanding of unconventional monetary policy. Moreover, if
balance sheet policies work mainly by signaling to the private sector about the central bank’s
commitment to an accommodative policy stance and thus affecting the expected path of the
policy rate, as suggested by studies such as Woodford (2012), the analysis of forward guidance
provided in our paper may capture part of the effects of balance sheet policies.

After staying at the ELB for a few years since the pandemic crisis, interest rates have
recently risen notably above the ELB in the U.S. However, measures of the natural rate of

¢

interest (or, the “r-star”) remain historically low possibly due to various structural factors,
suggesting that the long-run trend of low interest rates may not change significantly. Thus,

the ELB is likely to remain a relevant constraint for future monetary policy.

Literature Review: Our contribution is to present the first structural analysis of the yield
curve and term premiums using a DSGE model with an occasionally binding ELB constraint
that is calibrated to match key features of U.S. data. Naturally, our work is related to

several strands of the literature. First, our paper is closely related to papers analyzing the



implications of the ELB on the macroeconomy in fully nonlinear New Keynesian models
with an occasionally binding ELB constraint. Examples are Fernandez-Villaverde, Gordon,
Guerrén-Quintana, and Rubio-Ramirez (2015), Gavin, Keen, Richter, and Throckmorton
(2015), Gust, Herbst, Lopez-Salido, and Smith (2017), and Nakata (2017), among many
others. The key difference between these papers and ours is our focus on the term structure
of interest rates. Reflecting this difference, our model includes some features absent in these
papers, such as recursive preferences and stochastic volatilities in exogenous shocks.

Second, our work is related to the literature on term structure models with the ELB.
Examples are Ichiue and Ueno (2007), Kim and Singleton (2012), Krippner (2012), Bauer
and Rudebusch (2016), Christensen and Rudebusch (2016), Wu and Xia (2016), and Kim and
Priebsch (2024). As noted above, the existing models are largely reduced form in the sense
that they impose very limited economic structure, such as lack of arbitrage opportunities.?
In contrast, our general equilibrium model features explicit microfoundations and includes
a description of monetary policy, allowing us to give economic interpretations to the term
structure of interest rates.

Third, our paper extends the literature on equilibrium term structure models to incor-
porate the ELB constraint. In particular, our paper is closely related to papers analyzing
the term structure of interest rates in a production economy. Examples are Rudebusch and
Swanson (2008, 2012), Andreasen (2012a,b), Van Binsbergen, Fernandez-Villaverde, Koi-
jen, and Rubio-Ramirez (2012), Dew-Becker (2014), Kung (2015), Lopez, Lopez-Salido, and
Vazquez-Grande (2015), Andreasen, Fernandez-Villaverde, and Rubio-Ramirez (2018), Swan-
son (2019), Bretscher, Hsu, and Tamoni (2020), Campbell, Pflueger, and Viceira (2020), Hsu,
Li, and Palomino (2021), Nguyen (2022), Pflueger and Rinaldi (2022), and Pflueger (2025).3
Our main departure from these models is to incorporate an occasionally binding ELB con-

straint. Even though these papers have made substantial progress in fitting macro and yield

2These papers, in turn, build on the vast literature on term structure models without the ELB constraint,
which we do not review here. See, for example, Giirkaynak and Wright (2012) and references therein for more
information.

3These papers in turn build on earlier work by Piazzesi and Schneider (2007) and many others that analyze
equilibrium yield curves in endowment economies.



data jointly, they usually find it difficult to generate endogenous volatility in term premiums.
In our model, endogenous volatility in term premiums can arise naturally due to the ELB
constraint.

Fourth, our paper belongs to the nascent literature on equilibrium asset pricing models
with the ELB constraint, such as Datta, Johannsen, Kwon, and Vigfusson (2021). Within
this literature, papers on equilibrium term structure models with the ELB are particularly
scarce. Branger, Schlag, Shaliastovich, and Song (2015) and Katagiri (2022) introduce the
ELB constraint into an endowment economy model. In contrast, we study a production
economy with a realistic description for monetary policy. Sakurai (2016) develops a New
Keynesian bond pricing model with the ELB constraint, but his pricing kernel is reduced
form and the discussion on term premiums is brief. The pricing kernel in our model builds
explicitly on household behavior. Most closely related to our paper are contemporaneous
studies by Bilal (2017) and Gourio and Ngo (2020) that examine asset-pricing implications
of a DSGE model with the ELB constraint.* While they focus on the correlation between
stock and bond returns, we focus on the term structure of interest rates and analyze term
premiums in more detail. Specifically, we characterize the state dependency of term premiums
in closed form, and our quantitative model, which features time-varying volatility, produces
term premiums that are significantly negative at the ELB, while remaining positive above
the ELB.

Finally, since the periods of QE policy implementation largely coincide with the ELB
episodes, our work complements studies that analyze QE policy and its impact on the term
structure. Examples include Chen, Curdia, and Ferrero (2012), Gertler and Karadi (2011),
King (2019), and Sims and Wu (2021). In contrast to these papers, our model does not
incorporate QE. However, we use a fully nonlinear DSGE model with an occasionally binding
ELB constraint to study the implications of the ELB on the term structure in greater depth.

The paper is structured as follows. Section 2 presents the stylized model. We then

extend it to a quantitative model to match certain features of U.S. data in Section 3. We use

4Our first publicly available working paper was Nakata and Tanaka (2016).



this model to interpret term structure dynamics during the two ELB episodes in Section 4.
Section 5 conducts monetary policy experiments at the ELB based on the model. Section 6

concludes.

2 Equilibrium Yield Curves in the Stylized Model

We start out by analyzing the dynamics of equilibrium yields and term premiums in a term
structure model that builds on a stylized New Keynesian core subject to the ELB constraint.
A key feature of the model is that the variables follow a 3-state Markov chain, which makes
it very tractable. In fact, our model is simple enough to be solved in closed form despite the
nonlinearity arising from the occasionally binding ELB constraint. The goal of this section is
to describe how the ELB affects macroeconomic variables and the yield curve in a transparent
way. We build a more elaborate quantitative model in Section 3, where we further explore

how the mechanisms highlighted in this section can help us better understand the data.

2.1 Model Specification

The Macro Block: As in the canonical New Keynesian model, we assume the economy
consists of a representative household, monopolistically competitive firms that face nominal
price rigidities, and a central bank which sets monetary policy based on a Taylor-type rule.
The agents’ decisions constitute the standard “macro block”, which is a log-linear system
except for the nonlinearity due to the ELB constraint.® Specifically, the macro block consists

of the following three equations:

. . 1 . ~
Ut = By [Ue41] — — (T,gl) — E¢[ftp1] — 7“) + 0y (1)
v
7A1't = I{gt (2)
ri) = max[0,7 + o], (3)

5Similar semi-log-linear models with an occasionally binding ELB constraint have been studied in detail
by Nakata and Schmidt (2019), among others.



t(l) is the 1-period nominal interest rate

where y; is (log) output, 7 is the inflation rate, and r
(the policy rate or the short rate). Z denotes the deterministic steady state of x, and & = z—z
indicates the deviation of x from its steady state. Equation (1) is the log-linearized Euler
equation and J; is an exogenous shock to be specified below. The exact origin of §; is not
important for the discussion in this section, and we interpret d; as a generic “demand” shock
that moves output and inflation in the same direction and occasionally pushes the economy
to the ELB. However, we revisit the microfoundation of (1) in more detail when we formulate
the quantitative model in Section 3. Equation (2) is a log-linearized static Phillips curve. We
choose this specification to obtain tractable closed-form solutions, following studies such as
Bilbiie (2019).% Equation (3) is the monetary policy rule (with ¢ > 1) subject to the ELB

constraint. The ELB is set to zero for simplicity (zero lower bound).

The Asset Pricing Block: We assume there exists another representative agent called
the “investor”, who receives funds from the household and invests in default-free nominal
bonds of arbitrary maturity that are in zero net supply. The investor takes macroeconomic
dynamics determined by the macro block as given, and prices bonds based on the following

recursive equation:

Q" = Ey[My11 QU7 V), (4)

where an) (n > 1) is the price of an n-period zero-coupon nominal bond that pays $1 at
maturity, and ng) = 1. M; is the nominal pricing kernel. We assume m¢1 = In My has

the following form consistent with standard power utility:

Myp1 = —T — Y0 — Y(Je41 — J¢) — Teg1- (5)

Note (5) and (4) reduce to (1) when linearized for n = 1. Thus, we can interpret the
pricing equation as a result of the investor’s optimal strategy which coincides with the house-

hold’s consumption-saving decision, except that the investor takes risk premiums into account

5The static Phillips curve can be derived from the dynamic optimization of Rotemberg pricing firms by
setting Pi—1(¢) = Pi—1 in the objective function (26).



whereas the household does not. A similar setup is proposed by Bianchi, Lettau, and Ludvig-
son (2022), though they do not impose the ELB constraint.” Such a separation of households
and investors could be justified if the latter can make more sophisticated investment decisions.
Alternatively, we can view the framework as a tractable approximation of the fully nonlinear
model with a single representative agent, which allows us to highlight its key implications
in closed form by abstracting from nonlinearities that are not crucial for our purposes. We
do not make this separation in the quantitative model in Section 3; the household’s and
investor’s Euler equations for bonds (and hence their attitudes towards risk) are consistent
with each other.

The continuously compounded yield to maturity of the n-period bond is rlgn) = —% In an).
The term premium of this bond is defined in the standard way as the difference between the

yield and its “risk-neutral” counterpart rgn)Q:

tp" = v "%, (6)
where rt(n)Q = —% In Qtn)Q. Qtn)@ is the risk-neutral price of an n-period zero-coupon nominal

bond that is computed analogously to (4) by replacing M; 1 with the 1-period rate; QER)Q =

exp(—rgl))Et[Qgizl)Q], where ng)@ =18

While we can solve for yields and term premiums of arbitrary maturity, we focus on the
2-period maturity (n = 2) in the rest of this section. We further approximate (4) to obtain
a simple expression for the 2-period yield:

1 1
rt(Q) =73 E¢[mir1 — ng«lk)l] + §Vt[mt+1 - ngk)l] : @

Then, the 2-period term premium follows from (6):

1
) = S Covelmesy, o, (8)

"Instead, they impose heterogeneous beliefs and use it mainly for pricing equities.
81n other words, it is the present value of $1 discounted by the expected path of the 1-period rate.



where Vy[-] and Covy[] denote the conditional variance and covariance, respectively.”

State Space and Equilibrium: Finally, we specify J; as a 3-state Markov chain with the

state space {0g,dp7,0r} = {0,0,—0}, an initial distribution, and transition matrix:

PHH PHM PHL D 1—p 0

_ | pa= -
PMH PMM PML| = LQP) 1—p(1-p) w )
PLH PLM PLL 0 1—p D

where p;; = Pr (0441 = 0]0; = J;). This specification resembles a discretized AR(1) process
in that J; is stationary, has an unconditional mean of zero with a first-order autocorrelation
of p, and is conditionally homoskedastic.'® We exclude a jump from H to L or vice versa in
one step to obtain tractable closed-form solutions. While a 2-state process is more common in
equilibrium models with the ELB (e.g., Eggertsson and Woodford (2003), Bilbiie (2019), and
Nakata and Schmidt (2019)), we need at least three states to demonstrate state dependency
of term premiums. Given the specification of d¢, the equilibrium is characterized by the vector
{ys,ﬂs,rgl), TgQ), tpg2)}S€{H’M7L} that solves the system of equations (1), (2), (3), (5), (7), and
(8).

To capture the key implications of a more realistic setup with continuous states, we further

impose the following assumptions on the state space:
r+org >0, 74+on <0, 7+ omp =0. (9)

The first two assumptions are fairly standard in 2-state models with the ELB, and simply say
that the state space covers the two states of interest; state H, in which the economy is strictly

above the ELB, and state L, in which the ELB is strictly binding. The last assumption means

9To derive the expressions for the yield and the term premium, we use the approximation InE[exp(X)] ~
E[X] + 3V[X] for an arbitrary random variable X. Wu and Xia (2016) also use this approximation to build
a term structure model with an ELB constraint. See Appendix A.1 for more details on the derivation.

10We want the exogenous process to be homoskedastic in order to isolate the role of endogenous het-
eroskedasticity arising from the ELB constraint in bond pricing. We relax this condition in the quantitative
model, which improves the fit to data.
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that the size of the decline in the policy rate in state M is such that the policy rate is exactly
at the ELB in M.'" The main results hold without this assumption, but the specific choice

of the intermediate state simplifies the problem considerably.

2.2 Results

We summarize the main results in a few propositions based on closed-form solutions, but it is
still useful to first characterize the equilibrium visually. For this purpose, we assign standard

parameter values as shown in Table 1:

Table 1: Parameter Values for the Stylized Model

Parameter Value Description

¥ 1 1/Elasticity of intertemporal substitution, Risk aversion
K 0.25 Phillips curve slope

7 0.01 Steady state policy rate

0} 2 Coefficient on inflation in the Taylor rule

D 0.75 AR(1) coefficient of the demand shock

The top panels of Figure 1 plot the equilibrium policy rate, output and inflation (deviation
from their steady states for the latter two) as functions of the demand shock d;. In addition
to the functions for the model with the ELB (blue lines with circle markers), we also show the
corresponding functions for the model without the ELB (light blue lines with plus markers)
for comparison.

The policy rate, output and inflation all decrease as d; decreases. Weaker demand for the
final good by the households leads to lower marginal costs and inflation. According to our
interest rate feedback rule, the policy rate declines in response to lower inflation (we set the
coefficient on output to zero), partially offsetting the contractionary effects of the negative
demand shock. The levels of all three variables from the model with the ELB are lower than
those from the model without the ELB. This is because, even at state H, in which the policy
rate is above the ELB, the anticipation of becoming constrained by the ELB in the future

reduces today’s inflation and policy rate by lowering inflation expectations (see the discussion

1 This assumption amounts to a restriction on §; it is satisfied by setting 6§ = 5 where § is a function of the
other parameters such that the equality 7 4 ¢ = 0 holds.

11



Figure 1: Equilibrium Functions of the 3-State Model
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* Blue lines with circle markers indicate variables of the model with the ELB constraint, and light blue lines with plus
markers indicate variables of the model without the ELB constraint.

of Nakata and Schmidt (2019), among others). For a sufficiently small realization of d; (dar

and 07,), the policy rate hits the ELB. When the policy rate is constrained at the ELB, the

contractionary effects of a decrease in §; cannot be offset by a decline in the policy rate. As

a result, a further decrease in demand leads to larger falls in inflation and output when the

policy rate is at the ELB than when it is not.

As is evident from the panels, the equilibrium variables are linear with respect to d; when

the model does not include the ELB. This implies that the variables are homoskedastic. In

contrast, the variables are nonlinear with respect to d; when the model incorporates the ELB,

which implies heteroskedasticity. We explicitly characterize these features of output, inflation

and the policy rate in the proposition below:

12



Proposition 1 (Heteroskedasticity of output, inflation, and the policy rate). The
(1)

equilibrium output y;, inflation m, and policy rate r,”’ are:

1. Conditionally homoskedastic without the ELB constraint:

Vuule] = Voule] = Vorle] = Vule]  for o€ {y,m,rV} (10)
2. Conditionally heteroskedastic with the ELB constraint:

VE,H[a:] < VEyM[JJ] < VEJJ[x] for x € {y,ﬂ'} (11)
VE,H[T(I)] > VEJ\/[[T‘(I)] > VEL[T(D] =0 (12)

at the high state is larger for the model with

3. The conditional volatility of y¢, 7, and Tgl)

the ELB, compared to the model without the ELB:

Vyle] < Vepgle]  for xe{ymrV}, (13)

where Vy, s[x] is the 1-period-ahead variance of x conditional on being at state s € {H, M, L}

for model m € {U (unconstrained model without the ELB), E (model with the ELB)}.

Proof. See Appendix A.2. O

In particular, Proposition 1.2 highlights how the conditional volatilities of output and
inflation increase as the economy approaches the ELB, while the volatility of the policy rate
decreases. The volatility of the policy rate decreases naturally due to the ELB constraint.
However, precisely because the policy rate cannot be adjusted to mitigate the effects of shocks,
the volatilities of output and inflation increase. This contrasting behavior of volatilities
induced by the ELB constraint is key to understanding how the ELB affects term structure
dynamics, and in particular, understanding how term premiums can become time-varying,

as we show next.2

2Endogenous volatility due to the ELB constraint has also been studied by Basu and Bundick (2016)
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The bottom left and middle panels of Figure 1 show the equilibrium 2-period nominal
yield and its spread with the policy rate. A couple features are worth highlighting when
the model is not subject to the ELB constraint. First, the 2-period yield increases with d;
similar to the policy rate. Second, the yield spread decreases with d;, i.e., the yield spread
is countercyclical. These two features also imply that the 2-period yield is less sensitive to
changes in ¢;, reflecting the natural consequence of stationarity that is built into the model,
i.e., the term structure of yield volatility is downward sloping. These are all well-documented
features of U.S. Treasury yield data.'3

When the model is subject to the ELB constraint, the 2-period yield does not hit the
ELB at dj7, contrary to the policy rate; the ELB leads to a positive yield spread at ;.
This is because the yield accounts for the possibility of moving to state H in the future.
Interestingly, the yield spread is no longer linear in d;; it is increasing in d§; for §; € {01, },
showing cyclicality in part of the state space when the ELB is binding. This also implies
that yield volatility is no longer necessarily downward sloping but potentially upward sloping,
especially near or at the ELB.

The bottom right panel plots the 2-period nominal term premiums. Here, we highlight
two features. First, term premiums are (weakly) negative regardless of the level of §; for both
models with and without the ELB. Second, the ELB introduces a unique state dependency
(or time variation) in the term premium, which is constant in the model without the ELB
constraint. Specifically, at dr, where the economy is away from the ELB but still close
enough to bind in the near future, the term premium is more negative (its absolute value is
larger) compared to what it would be without the ELB. In other words, the term premium
is amplified by the ELB. However, at 1, where the economy is at the ELB and is expected
to remain there in the next period, the term premium is zero, and hence smaller in absolute
value compared to what it would be without the ELB. In other words, the term premium

is compressed by the ELB. Note that the ELB affects term premiums even when the policy

and Plante, Richter, and Throckmorton (2018). However, their results are numerical and focus on macro
dynamics, whereas we offer an analytical characterization and uncover the link to the term structure.

Y3For a recent survey of the properties of yield spreads, see, for example, Haubrich (2021). For an empirical
analysis of yield volatilities, see, for example, Cieslak and Povala (2016).
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rate is away from the ELB because it binds stochastically in our model. We summarize these
results in the following two propositions. The first proposition derives explicit expressions of

the term premiums:

Proposition 2 (Term premiums). The 2-period term premium is:

1. For the model without the ELB:

sy = tohy = tory, = tofy) = —%(’v + k)EVylyl. (14)
2. For the model with the ELB:
Ehy = 5 (1 + KRGVl (15)
iy = 501+ )6 (Ve ] — ) (16)
tpgy, =0, (17)

where tpﬁ,%?s is the 2-period term premium at state s € {H,M,L} for model m € {U, E},

E=2 (1= p)Verly] +5vVeryVVEeLl] >0, and Ve uly] > €.

Proof. See Appendix A.3. O

This proposition shows that term premiums are indeed negative, except at 1, where they
are zero in the model with the ELB. Also, it is evident that the time variation of the term
premium comes from the heteroskedasticity of the macro variables, which we showed was
induced by the ELB. The next proposition characterizes the amplification and compression

effects of the ELB on term premiums:

Proposition 3 (Amplification/compression of the term premium). For the high and

low states in the model with the ELB:

|tp§527)H| > |tp§]2)| (Ampli fication) (18)
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|75P(E2,)L| < \tpg)\ (Compression) (19)
For the medium state:

|t (2) |< |t (2)‘ ﬁ AY <A (20)

Ppml = 1Pyl EML S &

where A%ML =yE.M — YE,L, and A is a function of parameters.
Proof. See Appendix A.4. O

According to this proposition, the ELB unambiguously amplifies the term premium in
state H and compresses the term premium in state L. Whether the ELB amplifies or com-
presses the term premium in state M depends on the difference in output between states M
and L.

To better understand the force behind the dynamics of term premiums just described,
it is useful to decompose the 2-period term premium into its macroeconomic determinants.

From (8):

1
tp?) = §COVt [Myt1, 7"831]

o —Covi(vAyYt41, 7"831) — Covi(mit1, Tﬁ)l)

(21)
1 1
- Z vex ofe]  x o ofrM] x pfa, e,
ze{Ay,r} macro interest rate
uncertainty sensitivity

where oy[x] and p;[x, y] denote the 1-period-ahead conditional standard deviation of variable x
and conditional correlation of variables = and y, respectively. Also, yaoy = v and v, = 1. Since
inflation is proportional to output in our model with a static Phillips curve, the decomposition
further simplifies to:

tpl? oc —(y + w)orlylo V] pily, V). (22)

Thus, term premiums fluctuate based on two time-varying components—macroeconomic un-
certainty and the sensitivity of interest rates to macroeconomic fluctuations. The latter can

further be decomposed into interest rate volatility and the correlation between interest rates
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and a macro variable (output growth or inflation).!*

According to this decomposition, the negative term premium shown in Proposition 2
follows from the fact that the correlations between the policy rate and inflation/output growth
are both positive for a given §;.'° Intuitively, the correlations reflect the risk exposure of
bonds. Suppose we expect a negative shock to d; next period. A negative §; shock implies a
decrease in output growth and inflation next period. According to the monetary policy rule,
the expected decline in output and inflation means that the policy rate is expected to fall,
or, equivalently, the price of the 2-period bond next period—which becomes the price of a
1-period bond—is expected to rise. Thus, the 2-period bond price next period is expected to
rise when output is expected to fall, implying that the 2-period bond works as a hedge and
the term premium must be negative.

We can also understand the state dependency of term premiums through this decompo-
sition by analyzing how macroeconomic uncertainty and the sensitivity of interest rates to
macroeconomic fluctuations vary with 9.

First, consider state H. In this state, the policy rate is above the ELB, but output
volatility is higher compared to the model without the ELB due to the possibility of the ELB
binding in the future (Proposition 1.3).!6 The same proposition also implies that policy-rate
volatility is also higher with the ELB, since the policy rate is still sufficiently away from the
ELB that it can aggressively counter a recession that leads to the ELB. Relatedly, output
and the policy rate are perfectly correlated, i.e., pi[y, (V)] = py. r[y, 7] = 1 for both models
m € {U, E}. Thus, both macro uncertainty and interest rate sensitivity are higher when the
ELB is present. This leads to an unambiguous increase in the term premium (in absolute
terms).

Next, consider state M. On the one hand, output volatility in M is even higher than in

14 Although we think this decomposition is intuitive, alternatives are conceivable. For instance, macro
uncertainty can be defined as the variance of macro variables and the interest rate sensitivity as the coefficient
of the regression of macro variables on interest rates (or the “beta”). Another way would be to decompose
the term premium into “risk price” and “risk exposure of bonds.” This decomposition may be suitable if, for
example, one assumes an important role of time-varying risk aversion.

5Note that the conditional second moments of output and its growth rate 1 period ahead coincide.

16 Although we highlight output volatility in the next few paragraphs based on the simplified decomposition
(22), it equally applies to inflation. Hence we can safely interpret this as “macro” volatility.
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state H in the model with the ELB, and is thus higher than that in M in the model without
the ELB, as monetary policy is at the threshold of the ELB with less room to mitigate the
effects of shocks (Proposition 1.2 and 1.3). On the other hand, interest rate volatility in M
is lower than in state H (Proposition 1.2) in the model with the ELB, precisely because it is
more likely that the policy rate will remain at the ELB in the future. We can also show that
interest rate sensitivity can decline accordingly, and more than offset the increase in macro
uncertainty, leading to the ambiguous effect of the ELB on the term premium in this state.'”

Finally, consider state L. Output volatility is the highest in this state in the model with
the ELB (Proposition 1.2). However, since the policy rate is at the ELB and expected to
stay there in the next period, interest rate sensitivity is zero. Hence, the term premium is
zero, which is smaller (in absolute terms) compared to the term premium in state L in the
model without the ELB.

To better understand the robustness of our results, we conduct a few additional exercises.
First, in Appendix B, we analyze a version of the model with government spending shocks
instead of the J; shock, which is an interesting case where consumption dynamics decouple
from output dynamics. We show that even in this model, the ELB constraint can amplify
and compress term premiums. Second, in Appendix C, we confirm that the results carry over
to a version of the stylized model in which the states are continuous and the macro block
is nonlinear with a forward-looking Phillips curve. We also analyze the effects of the ELB
constraint across yield maturities in more detail, where we show the relative magnitudes of
the amplification and compression effects vary across maturities.

In sum, whether term premiums increase or decrease due to the ELB depends on two
forces—macro uncertainty and interest rate sensitivity—which can conflict with each other
as the economy falls deeper into the ELB state. In the model, the ELB increases both macro
uncertainty and interest rate sensitivity at d . For this case, the ELB leads to a more negative

term premium (amplification). By contrast, when the demand shock is sufficiently negative

"While the bottom right panel suggests a monotonic relation between §; and the term premium, this in
fact depends on parameter values. It can be shown that under a sufficiently large A?;;, v, the term premium
in state M can be more negative than in state H. This point is easier to understand when the state space is
continuous; see Appendix C.
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at 07, the increase in macro uncertainty is more than offset by the decrease in interest rate

sensitivity, and the size of the term premium decreases and approaches zero (compression).!®

3 Equilibrium Yield Curves in the Quantitative Model

We now turn to the analysis of a quantitative model that incorporates additional features
into the stylized model so as to better capture key features of U.S. data. First, we formulate
the model and calibrate its parameters to match some key features of output, inflation, yield
data and term premium estimates at and above the ELB (this section). The exercise offers
a coherent interpretation of macro and term structure dynamics of the past two decades
including the recent U.S. ELB episodes through the lens of our model (Section 4). Second,
we examine how alternative monetary policy strategies affect the dynamics of yield curves
and their decomposition into the expected short-rate path and term premiums at the ELB

(Section 5).

3.1 Model Specification

The quantitative model extends the stylized model to a standard New Keynesian model with
continuous state variables, a forward-looking Phillips curve and a more elaborate monetary
policy rule with policy inertia. Importantly, the quantitative model introduces Epstein-Zin
preferences and a richer shock structure—a shock to the preference for holding default-free
bonds and a shock to productivity, both exhibiting countercyclical volatility. While these
additional features help the model to jointly fit the macroeconomic and term structure data
significantly better, we still keep the model relatively parsimonious such that its mechanism

remains transparent.

¥Note this clear tension between macro uncertainty and interest rate sensitivity depends somewhat on our
assumption that the model contains only a demand shock. Output and inflation near and at the ELB can
respond differently to a “supply” shock. However, we do not feature the case where the policy rate hits the
ELB exclusively due to a supply shock, mainly because it is unclear whether it is empirically relevant; higher
productivity becomes contractionary at the ELB. Nevertheless, accounting for supply shocks is important to
understand the data, and we analyze a model with both demand and supply shocks in Section 3.
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Household: The representative household’s value function V; takes the following recursive

form proposed by Epstein and Zin (1989) (EZ preferences):'

U(Cy, Ny) + {Et [V;ﬂ }i for U, > 0

Vi= (23)

ooy L

Ut(Ct, Nt) - p {Et [(*‘/t+1)1_7] } =5 for U; < 0.
[ is the time discount rate. 7 is a measure of risk aversion. Note that a larger 4 implies
higher risk aversion when U > 0 and lower risk aversion when U < 0. 4 = 0 implies power

utility. The period utility function U;(Cy, Ny) takes a standard form:

1—xe 14+xn
G gl (24)
1—xc 14+ xn

Ut(Ot, Nt)

where x. > 0 is the inverse elasticity of intertemporal substitution and x, > 0 is the inverse

Frisch elasticity. Z; is a deterministic trend in total factor productivity (TFP) that grows at

a rate of ¢ (i.e., ( = Zfil)' The scaling of labor disutility by Z; ensures the existence of a
balanced growth path.

Cy = ( fol Ct(i)%dz) = is the household’s aggregate consumption of final goods based
on a CES aggregator of intermediate goods, where 6§ > 1 is the elasticity of demand across
the intermediate goods. N; = fol Ny(7)di denotes the household’s total supply of labor, which
is the integral of labor Ny(i) supplied to each intermediate good producer i in a perfectly

competitive labor market given nominal wage Wj.

The household faces the following sequence of budget constraints:

P+ exp(=00)Ey | M1 Wi | < Wiy + Wi+ 5 + Ty, (25)

1
where the aggregate price level of the consumption basket P; = ( fol Pt(i)l_gdz) s im-
plied by the household’s cost minimization problem. Z=; is firms’ profits rebated back to the
household, 7; denotes lump-sum government taxes and/or transfers and W; is the house-

hold’s wealth portfolio consisting of default-free bonds of arbitrary maturity chosen by the

9The way we formulate EZ preferences is based on Rudebusch and Swanson (2012).
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end of period ¢. Given this flow of income, the household maximizes (23) by choosing C,

N; and bond holdings next period Wy . JE+1~1S the nominal pricing kernel based on EZ

-

preferences; Mt+1 = B (UEZL’I) [[ [ ‘f:lﬂlh Htl_,_l (1f U, > O), where Ht+1 = Pt?tl is the
BV

gross inflation rate.

In contrast to the stylized model in which we assumed the household was risk-neutral and
the investor was risk-averse, here there is no such discrepancy; a representative risk-averse
household makes an integrated optimal consumption-investment decision. This internal con-
sistency may be theoretically appealing and is in line with many equilibrium asset pricing
models.

We assume the household has a particular preference for holding bonds, which is rep-
resented by the time-varying parameter d;. A positive shock to d; can be interpreted as a
decrease in preference for holding bonds over other (risky) assets priced by ]\ZH, and thus
we call it a “risk preference” shock. As we confirm below, this shock represents a “demand”
shock similar to the shock in the stylized model. Such a shock is also considered to be an

important driver of business cycles in the macroeconomic literature.?"

Intermediate Goods Producers: There is a continuum of monopolistically competitive
intermediate goods producers indexed by i € [0,1]. Each producer faces costly price adjust-
ments in the form proposed by Rotemberg (1982). The expected discounted value of each

producer ’s profit stream is:

o] . 2
Eo S Mo | Pi(i)Yili) — WoNi(i) — £ (P” - 1) Y,

=0 2 Pt_l(Z) ’ <26)

where ]f\\fo,o =1, ]TJ/OJ = Hizl ]\75_175, and ¢ > 0 measures the degree of costly price adjust-
ment. We assume the producers index their prices on steady-state inflation II (or the central

bank’s inflation target). Each producer maximizes (26) by choosing {P;(7), Y;(i), N¢(7)} sub-

208ee for example, Smets and Wouters (2007) and Gust, Herbst, Lépez-Salido, and Smith (2017). Fisher
(2015) shows that this shock can indeed be interpreted as a structural shock to the demand for safe and liquid
assets. Another way to introduce demand shocks is through shocks to the time discount rate in the utility
function. For example, Albuquerque, Eichenbaum, Luo, and Rebelo (2016) and Creal and Wu (2020) apply
this idea to analyze bond prices.
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ject to the demand and production functions:

Yi(i) = exp(ar) Z¢ Ny (i),

where a; and Z; are two exogenous components of TFP. We assume a; is stationary, while
Z,; is a deterministic trend as described above. The details of the process a; are described

below.

Monetary Policy: The central bank sets the nominal one-period interest rate, Rgl) =

exp(rgl) ), following a Taylor rule with an occasionally binding ELB constraint:

Rgl) = Imax [RELBa RI] s (27)

where Rgrp is the ELB and the nominal shadow rate R} follows:

m- o (a[F] [ 2

where R and Y denote the steady state of R,El) and normalized output Y, = %, respectively.?!
In the stylized model, p, = ¢, = 0, so that there was neither interest rate smoothing nor a

response to the output gap. In the quantitative model, p,, ¢, > 0.

Exogenous Stochastic Processes: In the stylized model, a; was constant and the only
exogenous process was d;, which followed a 3-state Markov chain. Instead, for the quantitative

model, we assume the state space is continuous and both variables follow an AR(1) process

21The inertial rule is specified such that the shadow policy rate today depends on the lagged shadow policy
rate, as opposed to the lagged actual policy rate. This specification is known to have empirical support (e.g.,
Gust, Herbst, Lépez-Salido, and Smith (2017)), as well as theoretical appeal in that the rule resembles optimal
commitment policy (e.g., Hills and Nakata (2018)).
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with time-varying volatility. In other words:

Tt = PpXi—1 + Oz t—1€xt, ezt ~N(0,1), (29)

for each exogenous process x; € {0, a¢}. The two processes can be interpreted as a “demand”
and “supply” shock, respectively, and are standard in DSGE models fitted to macro variables.
In our model, each process also serves an important role in generating plausible term structure
dynamics at and above the ELB. In particular, (trend) stationarity of productivity is critical
in obtaining an upward sloping term structure.?? Meanwhile, §; can generate a negative term
premium, as we saw in the stylized model.

We further specify time-varying volatility o, ; as a logistic function of z; as follows:

Hl,x
Ozt

_ T 30
' 1+ exp(b20(zr —032)) (30)

where &, is the conditional standard deviation of x; when x; is at its average level of zero.
The term multiplying &, controls how much it is scaled depending on the deviation of x; from
its average. 61, > 1 sets the upper bound of the scaling and 60>, controls the sensitivity of
the scaling with respect to z;. Once 61, and 02, are chosen, 03, is set to guarantee that the
scaling term equals 1 and hence 0, ; = &, when z = 7.23 Our specification is computationally
convenient as it does not add additional state variables to the model. Note o, ; is a smooth
monotonic function of x; similar to o,; = exp(—6x;), but the logistic form ensures that the
volatility is bounded at the tails, which leads to better numerical behavior.

0+ 1s increasing (decreasing) in x when 605, is negative (positive). We set 02, > 0 to
capture countercyclical volatility of each shock, which is consistent with empirical evidence
of economic uncertainty rising in recessions (Bloom (2014) and references within). As shown

below, this specification turns out to be useful in jointly fitting macroeconomic data and

22For similar specifications, see, for example, Andreasen (2012a,b), Van Binsbergen, Ferndndez-Villaverde,
Koijen, and Rubio-Ramirez (2012), Dew-Becker (2014), and Rudebusch and Swanson (2008, 2012). A pro-
ductivity shock generates positive inflation risk premium by moving consumption growth and inflation in the
opposite direction. When the productivity shock is trend stationary, the real term premium is also positive.

2391,30 and &, are separately identified, as we set 03 , as a function of 61 , and not &,. In essence, two free
parameters are added to the model when we introduce heteroskedasticity to each shock.
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features of the term structure in the U.S., including the ELB periods.?*

Term Structure of Default-free Interest Rates: Consistent with the household’s op-
timization, we price the term structure of default-free interest rates using the pricing kernel
that is adjusted for the risk preference shock. The pricing equation is the same as the one in
the stylized model (4), except that we replace the pricing kernel with M; 1 = exp(—ét)]\zﬂ

25

for the nominal term structure.®®> The definition of yields and term premiums are also the

same as in the stylized model.

Equilibrium Characterization and Solution Method: To close the model, we impose
the goods market clearing condition Y; = C;. Instead of the common assumption that the
price adjustment cost entails a loss of aggregate resources, we assume that the cost is rebated
back to the household, following studies such as Ascari and Rossi (2012).26 We also integrate
the supply of intermediate goods to obtain Y; = exp(a;)Z¢N;. Finally, we assume that the
bonds are in zero net supply. The equilibrium is defined in the standard way and we relegate
further details to Appendix D.

In solving models with an occasionally binding ELB constraint, standard local approxi-
mation methods such as perturbation can lead to significant fitting errors. Hence, we solve
the model globally using a time-iteration method. This is important for our purposes since
asset prices can be sensitive to the strong nonlinearity arising from the combination of highly
risk averse agents, the ELB constraint, and time-varying volatility. The details of the solution

method are described in Appendix E.

24To the extent that it captures asymmetric effects on volatility, our specification is analogous to a simplified
EGARCH setup (Nelson (1991)). Another convenient feature is that as productivity increases, its conditional
volatility becomes exponentially small, making it unlikely for a large increase in productivity to push the
policy rate to the ELB (by lowering inflation). As discussed earlier, a productivity-driven ELB episode seems
empirically uninteresting. For other DSGE term structure models with stochastic volatility in productivity,
see, e.g., Andreasen (2012b) and Kung (2015).

2We use My = exp(—ét)]\ZH IT;+1 to price the real term structure.

26Miao and Ngo (2021) also show that this specification has some benefits in explaining macro dynamics
in a model with the ELB constraint.
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3.2 Nominal Yields and Term Premiums

As we discuss in detail below, we calibrate the model parameters based on U.S. data. However,
before presenting the calibration, we discuss key features of nominal yields and term premium
estimates that we are interested in fitting our model to.2” The top-left panel of Figure 2
shows 3-month, 1-, 2-, and 5-year Treasury yields from January 1999 until June 2019.28 We
focus on maturities up to 5 years for two reasons. First, since the expected ELB duration
throughout the (first) ELB episode did not exceed 3 years (Section 4), the effect of the ELB on
yields beyond the 5-year maturity is likely to be small. Swanson and Williams (2014) shows
empirically that this was indeed the case. Second, our model abstracts from QE policy, which
can be an important driver of the term structure since the financial crisis. Nevertheless, a
series of empirical work such as Vissing-Jorgensen and Krishnamurthy (2011) and D’Amico
and King (2013) suggests that the effects of QE are larger for longer-term yields, and in
particular, yields beyond the 5-year maturity. Thus, we view our model’s abstraction from
QE to be reasonable insofar as explaining the term structure up to 5 years, and useful for
sharpening our discussion on how the ELB alone can affect yields and term premiums.?’

Nominal yields are procyclical. They are higher during the economic booms preceding the
2001 recession and the 2007-2009 recession than during those recessions and the subsequent
periods of sluggish recovery. The slope of the yield curve is positive on average and coun-
tercyclical. Finally, as discussed further in Section 3.4, the term structure of yield volatility
above the ELB is downward sloping, except for the shortest maturities. However, at the
ELB, yield volatility is increasing in maturity.

The top-right and bottom two panels show estimates of term premiums for 1-, 2- and 5-

year bonds, respectively. Since term premiums are not clearly observed, we must derive them

2TWe defer details of the source as well as details of other U.S. data used for our calibration to Appendix
F.

28The starting date is motivated by (i) empirical evidence suggesting distinct changes in U.S. Treasury
bond risk with respect to the aggregate stock market since the late 1990s (e.g., Campbell, Sunderam, and
Viceira (2013), Song (2017), and Campbell, Pflueger, and Viceira (2020)) and (ii) the relative stabilization
of trend inflation over a similar time period (e.g., Mertens (2016)). Restricting our analysis to this shorter
period makes it less susceptible to misspecification from structural breaks in the economy.

29 As discussed in Section 3.1, &, which represents net demand for safe assets, could, in principle, be
influenced by QE. Thus, our calibration may capture part of the effects of such policies, albeit in a reduced
form manner.
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Figure 2: Nominal Yields and Term Premiums
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* For term premiums: Survey—based on 3-month T-bill forecasts from Blue Chip surveys; KP—from the shadow-rate
model of Kim and Priebsch (2024), AJM—from the linear-rational square-root model of Andreasen, Jgrgensen, and
Meldrum (2025); Average—average of the three term premium measures. The solid vertical line indicates 2008:Q4

(start of the ELB period), and the shaded gray areas correspond to NBER recession periods. Data are at a quarterly
frequency.

from either survey forecasts or statistical models. In this paper, we rely on three particular
estimates, as shown in the figure. One is calculated using 3-month T-bill forecasts from Blue
Chip surveys as a proxy for future short-rate expectations (blue dash-dotted lines). In terms
of model-based estimates, the popular measures such as those by Kim and Wright (2005)
or Adrian, Crump, and Moench (2013) do not account for the ELB. Hence, we refer to two
alternative measures that explicitly account for it. The first measure is based on the “shadow-

rate” term structure model of Kim and Priebsch (2024) (KP, blue dashed lines), which adds an
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ELB constraint to a standard no-arbitrage affine term structure model through a shadow rate
specification of the short rate.?? The second measure is from the linear-rational square-root
model of Andreasen, Jorgensen, and Meldrum (2025) (AJM, light-blue dash-dotted lines),
which enforces the ELB and also allows for unspanned stochastic volatility.

Given the model- and survey-based measures broadly comove, we focus on a summary
measure of term premiums for the rest of our analysis, which is a simple average of the three
measures (dark-blue solid lines), computed for each maturity. We calibrate our quantitative
model to fit this measure. Our construction of the measure is admittedly somewhat ad
hoc, but to our knowledge, there are few term premium series that take into account the
ELB, and we believe the three measures we consider are a good representation of plausible
estimates. Averaging the three measures is a simple and transparent way to summarize that

information.?!

That said, we acknowledge that any term premium estimate is subject to
measurement uncertainty; the estimates can diverge, and the levels can be quite different for
longer maturities.

According to the average measure, term premiums were positive and generally increasing
in maturity in the early part of the sample. Afterwards, term premiums appeared to trend
downward, and following the financial crisis—when the ELB became a binding constraint—
term premiums became smaller and even negative. Meanwhile, term premiums generally
remained volatile both above and at the ELB, especially for longer maturities, but for shorter

maturities, term premiums became more compressed towards zero, starting shortly after the

ELB became binding, until the liftoff of the policy rate approached.

30These models contain latent factors as drivers of yields, which make them very flexible and fit yield data
accurately. We use the benchmark estimates of KP, which is derived from their fixed-parameter model. Their
alternative estimates from a model which allows for a structural break imply similar means and standard
deviations of term premiums.

31KP uses Blue Chip survey forecasts as input for estimation, while (the baseline) AJM does not. Thus,
the average of the three measures overweights survey forecasts to some extent. We think this is reasonable,
as survey forecasts, despite their potential noisiness, are model-free measures, and hence survey-based term
premiums are closest to what we can call observable data.
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3.3 Calibration

The calibrated parameter values for the quantitative model are summarized in Table 2. For
ease of exposition, we group the parameters into two broad categories; the first category in-
cludes parameters that are calibrated from external sources, and the second category includes
parameters that are chosen to match selected moments of the data.

In terms of the parameters in the first category, the deterministic trend growth rate of
productivity (¢) is set to 2.1 percent per annum, which is consistent with the average per
capita output growth from 1999:Q1 to 2015:Q4. The inverse of the elasticity of intertemporal
substitution (1/EIS or x.) is set to 10, close to Rudebusch and Swanson (2012). An EIS
significantly below 1 is consistent with seminal macroeconomic studies (Hall (1988)), which
has been confirmed more recently by Yogo (2004) and Havranek (2015).32 The inverse Frisch
elasticity (xn) of 2 is in line with existing studies.®® The demand elasticity for intermediate
goods (0) is also set to a standard value of 6. Moving on to the parameters for the monetary
policy rule, the ELB rate (Rgrp — 1) is an annualized 0.13 percent based on the middle of
the lowest federal funds rate target range of 0 to 0.25 percent. The coefficient on inflation
(¢r) is set to 4, which is the value estimated by Plante, Richter, and Throckmorton (2018),
and allows the model to fit the relatively stable inflation over the sample period.>* The
coefficient on output (¢,) is set to 0.5, well within the range of common values. The interest
rate smoothing parameter (p,) is fixed at 0.3. Introducing policy inertia makes ELB episodes
in the model longer and thus more realistic, while also improving the fit to average yields
at the ELB. That said, to retain some volatility in short-maturity term premiums at the
ELB, we set the value to the lower end of the range used in the literature, as suggested
by Rudebusch (2006). Finally, we calibrate the persistence of the shock processes based on

existing studies. The persistence of productivity (p,) is set to 0.95, following Rudebusch

32Models explaining the equity risk premium typically set the EIS to be above 1, but this is not necessarily
without controversy, as suggested by Beeler and Campbell (2012).

33Frisch elasticities using microeconomic data tend to come out closer to zero, while those using aggregate
data can be notably higher (see, for example, Peterman (2016)). Our choice lies in between.

311t is not uncommon to assume a high inflation coefficient as it also helps achieve equilibrium existence in
the model with occasionally binding ELB constraints. See also, Erceg and Lindé (2014), Hills, Nakata, and
Schmidt (2019), and the 2012 working paper of Gust, Herbst, Lépez-Salido, and Smith (2017), whose model
is closer to ours than the published version.
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and Swanson (2012). The persistence of risk preference (ps) is set to 0.85, following Gust,
Herbst, Lépez-Salido, and Smith (2017). These values fall within the range typically used in
the literature.

Given the externally calibrated parameters, the parameters in the second category are
chosen to match the average and standard deviations of output, inflation, yields and term
premiums both above and at the ELB. Since the number of targeted moments far exceeds
the number of parameters (overidentified), it would be ideal to conduct a systematic opti-
mization over a sufficiently wide parameter space. However, this remains quite challenging
for our highly nonlinear model which includes both macro variables and yields with multiple
maturities. Thus, as explained below, we determine the values through a coarse grid search
over a parameter space guided by our understanding of the model mechanism as well as
insights from previous studies.

Although, in general, there is no straightforward mapping between a parameter and a
moment(s), some parameters predominantly affect certain moments. Based on this obser-
vation, the time discount rate accounting for trend productivity growth (/5’ = [B¢7Xe) is set
primarily to match the average 1-year nominal yield above the ELB of 3.5 percent.?® The
steady-state inflation rate (II) is calibrated largely to match an average inflation rate of 2.3
percent. The firms’ price-adjustment-cost parameter () is chosen primarily to match the
volatility of inflation above and at the ELB, conditional on the other parameters. Consistent
with studies such as Hills, Nakata, and Schmidt (2019), a large ¢ implies a flat Phillips curve
and plays a key role in capturing the lack of sizable deflation during the ELB period, as well
as ensuring inflation does not become counterfactually volatile at the ELB.36

The coefficient of relative risk aversion (7) is set to 339, according to the formula provided
by Swanson (2018).3” This choice is in line with other equilibrium term structure models

which typically use values that are substantially larger than those suggested by microeconomic

35Given choices for ¢ and xe, we set 8 to hit our target for 3. The focus on § is justified by Kocherlakota
(1990).

36For reference, our value of ¢ corresponds to a 95 percent probability of Calvo-style firms not changing
prices each quarter in a log-linear economy, which is only somewhat higher than the values reported in Hills,
Nakata, and Schmidt (2019) (90 percent) or Del Negro, Giannoni, and Schorfheide (2015) (87 percent).

3TWe set 4 = —150 and convert this using the formula: v = x./(1+Xe/Xn)+7(1=xe)/(14+(xe=1)/(1+xn)).
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studies.?® The high risk aversion—which we interpret as an aggregate measure that may also
capture preferences toward ambiguity or early resolution of uncertainty in a concise way—
helps the model generate sizable term premiums while fitting macro data.

The rest of the parameters characterize the (stochastic) volatility of productivity (a;) and
risk preferences (d;). For the model to fit the data, we find that the above-ELB dynamics
must be mostly due to variation in a;, while the variation in J; plays an important role at
the ELB. This is because, in the data, the slope of the yield curve and term premiums are
positive on average above the ELB (Section 3.2), which requires a; to be the dominant driver
(Section 3.1, footnote 22), while term premiums are significantly lower and even negative at
the ELB, which can be generated from moves in J; (Section 2). As a result, when both a;
and d; are at their means, the conditional volatility of a; (7,) is set to be significantly larger
than the volatility of ¢; (o5). Meanwhile, stochastic volatility parameters for 6, (6 5 and 6 5)
are chosen to generate meaningful volatility of d; following large negative shocks to itself that
takes the economy to the ELB.%’

The stochastic volatility parameters also serve a key role in fitting the volatility of term
premiums, which is consistent with other related studies (Section 3.1). In particular, the
parameters for a; (01 4 and 63 ,) are chosen primarily to match term premium volatility above
the ELB, while 6 s and 6 5 help match term premium volatility at the ELB. For additional
discipline, we also check whether the degree of time variation in volatility has plausible
implications for output and inflation dynamics, although we do not explicitly attempt to

match them.

38For example, Rudebusch and Swanson (2012) use 110, Bretscher, Hsu, and Tamoni (2020) use 188 and
Andreasen, Fernandez-Villaverde, and Rubio-Ramirez (2018) use 616 in their benchmark model.

39When the volatility of &, increases, the relative impact of §; on term premiums temporarily increases.
Thus, the negative correlation of output and inflation caused by TFP shocks is dampened, making term
premiums less positive, or even negative.
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Table 2: Parameter Values for the Quantitative Model

Calibrated from External Sources

Parameter Value Description Source

¢—1 2.1 Trend productivity growth (x400) Labor productivity growth

Xe 10 1/Elasticity of intertemporal substitution Rudebusch and Swanson (2012)
Xn 2 1/Frisch elasticity Standard

0 6 Demand elasticity for intermediate goods Standard

O 4 Coeft. on inflation in the Taylor rule Plante et al. (2018)

by 0.5 Coeff. on the output gap in the Taylor rule Standard

Pr 0.3 Interest rate smoothing in the Taylor rule Rudebusch (2006)

Pa 0.95  AR(1) coeff. of productivity Rudebusch and Swanson (2012)
05 0.85  AR(1) coeff. of risk preference Gust et al. (2017)

Rers —1 0.13  Effective interest rate lower bound (x400)  Midpoint of 0 - 0.25%

Calibrated to Match Moments

Parameter Value Description Comment

B 0.994 Time discount rate Target ave. 1-yr nom. rate above ELB
I 1.007  Steady-state inflation rate Target ave. inflation above ELB

¥ 339 Risk aversion Term structure model calibrations

%) 2000  Price adjustment cost Calvo prob. = 0.95; Hills et al. (2019)
Ta 1 Stdv. of prod. shock at a; = 0 (x100)

01,0 4.5 Upper bound of prod. volatility Target moments above ELB

02,0 22 Sensitivity of prod. volatility

Gs 0.074  Stdv. of r.p. shock at d; = 0 (x100)

01,5 30 Upper bound of r.p. volatility Target moments at ELB

02,5 250 Sensitivity of r.p. volatility

3.4 Results

3.4.1 Moments above and at the ELB

We now describe the ability of our model to fit the data by looking at selected moments
of (detrended) output, inflation and the term structure of interest rates both above and
at the ELB. The moments of interest are conditional averages and conditional standard
deviations for “above the ELB” and “at the ELB” samples.*’ To compute moments for the
data counterparts, we focus on the period until the end of the first ELB episode; we define

the period above the ELB to be from 1999:Q1 to 2008:Q3, and the ELB period to be from

49The model implied moments are computed by simulating the model and computing moments of interest
conditional on the economy being above or at the ELB, i.e., E[X; | Rt > Rgrg] or E[X; | Rt = Rgrg], where

X: is the equilibrium variable of interest.
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2008:Q4 to 2015:Q4, as the effective federal funds rate hit the ELB in the middle of December
2008.

Table 3: Macro and Yield Curve Moments above and at the ELB
—Model versus Data—

Above the ELB At the ELB Below the ELB
Data Model Data Model Model
w/o ELB
A. Macro Variables (Mean)
Outputt — — 283 -2.33 151
Inflation 2.33 2.46 1.40 0.58 1.27

B.1. Macro Variables (Volatility)
Output 0.85 0.98 1.77 2.07 1.32
Inflation 0.76 0.86 0.91 0.93 0.65

B.2. Macro Variables (Vol. of Vol.)
Output 0.21 0.19 0.56 0.65 0.42
Inflation 0.26 0.16 0.34 0.30 0.21

C. Nominal Yields (Mean)

3-month 3.16 3.40 0.08 0.13 -3.86
1-year 3.50 3.44 0.30 0.65 -3.03
2-year 3.70 3.50 0.57 1.26 -1.93
5-year 4.24 3.72 1.60 2.24 0.21

D. Nominal Yields (Volatility)

3-month 1.71 1.53 0.06 0.00 3.76
1-year 1.72 1.50 0.16 0.35 3.36
2-year 1.54 1.46 0.27 0.52 2.78
5-year 1.10 1.35 0.56 0.59 1.75

E. Nominal Term Premium (Mean)

1-year 0.16 0.05 -0.02 -0.08 -0.32
2-year 0.22 0.13 -0.10 -0.17 -0.55
5-year 0.41 0.37 -0.10 -0.09 -0.52

F. Nominal Term Premium (Volatility)

1-year 0.19 0.08 0.07 0.05 0.11
2-year 0.27 0.19 0.10 0.08 0.21
5-year 0.30 0.41 0.29 0.17 0.32

* This table contains summary statistics for selected macroeconomic and term structure variables comparing data versus
model counterparts. The sample period is 1999:Q1-2008:Q3 for data above the ELB, and 2008:Q4—2015:Q4 for data at
the ELB. All variables are in annualized percentage terms except for output, which is not annualized.

The “mean” reported for output at/below the ELB is the average deviation from trend (for data) or the model-implied
trend (for the model) in percentage points. We do not report statistics above the ELB, as the mean roughly coincides
with the trend.

Table 3 presents the moments of the data and from the model. In each table, the first two
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columns show the moments when the policy rate is above the ELB and the next two columns
show the moments when the policy rate is at the ELB. The fifth (final) column shows the
conditional moments when the policy rate is below the ELB rate from a version of our model
without the ELB constraint. As discussed earlier, our ELB episodes are largely driven by a
fall in §;. However, this shock is also associated with an increase in the volatility of d;. The
comparison of the final column with the fourth column helps us isolate the effects of the ELB
on the model’s moments from the effects associated with the increased volatility of ;.
Following the discussion in Section 3.2, we focus on the nominal term structure of interest
rates up to the 5-year maturity and use the average of term premium measures as the data
counterpart for term premiums. However, we briefly discuss our model’s implications for the

10-year maturity as well as the real term structure in Appendix G.

Moments above the ELB: As shown in the first two columns of Table 3, panels A and
B.1, the average inflation as well as volatilities of output and inflation in the data are in
line with those from our model when the policy rate is above the ELB. In the data, yields
are upward sloping and the term structure of yield volatility is downward sloping on average
when the policy rate is above the ELB (panels C and D, first column). Our model successfully
replicates these patterns qualitatively. Quantitatively, the average yield slope is shallower in
the model, but the model-implied yield volatilities are broadly in line with the data (panels
C and D, second column).

Panels E and F compare term premiums. The mean of the empirical estimates is positive
and increases with maturity (Panel E, first column). The volatility of the empirical estimates
also increases with maturity (Panel F, first column). Term premiums from our model are
consistent with these patterns. Quantitatively, the mean term premiums from our model are
somewhat smaller up to the 2-year maturity, but fairly close to the empirical counterparts at
the 5-year maturity. While DSGE models tend to generate little variation in risk premiums,
term premiums are significantly volatile in our model and within the ballpark of the empirical
estimates. As discussed in the previous section, this is largely due to the introduction of

stochastic volatility in a;. However, we also check whether the degree of time variation in
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volatility has reasonable implications for output and inflation dynamics. Indeed, the first two
columns of Panel B.2 show that the model-implied volatility of historical volatility is roughly

41

similar to the data, both for output and inflation.** Owverall, our model’s term premium

dynamics appear quantitatively reasonable.

Moments at the ELB: We turn to the comparison of our model with the data at the
ELB. According to the first and third columns of Panel A of Table 3, output and inflation
are on average about 2.8 percent and 0.9 percentage points lower, respectively, at the ELB
than above the ELB in the data. Our model broadly captures these declines in output and
inflation observed at the ELB, although the drop in inflation is more pronounced (second and
fourth columns). In the data, the volatility of output is higher at the ELB than above the
ELB, while the volatility of inflation is only modestly higher at the ELB than above the ELB
(Panel B, first and third columns). The output and inflation volatilities in our model are
in line with the data (Panel B, second and fourth columns). The comparison of the fourth
column with the fifth (final) column, where we show the moments from the model without
the ELB, indicates that the existence of the ELB makes the recession more severe. Based
on the model, the output gap and inflation were about 0.8 and 0.7 percentage points lower,
respectively, due to the ELB constraint.*?

In the data, nominal yields are lower and the yield curve is steeper on average at the ELB
than above the ELB (Panel C of Table 3, first and third columns). Moreover, the volatilities
of yields are lower at the ELB than above the ELB across maturities (Panel D, first and third
columns). While the yield volatility declines with maturity when the policy rate is above the
ELB, the yield volatility increases with maturity when the policy rate is at the ELB. Our

model captures these features reasonably well.*3

41T compute historical volatility, we compute the volatility of the past 4-quarter observations.

42There are few studies that rigorously quantify the effect of the ELB on macro variables, but Gust,
Herbst, Lépez-Salido, and Smith (2017) offer one such analysis. According to their mean estimates, output
and inflation were 1.2 percent and 0.3 percentage points lower on average, respectively, over the 2008-2012
period due to the ELB. Our estimates of the effect of the ELB are in a similar range.

43It turns out that the pure effect of the ELB is to increase average yields (Panel C, fourth and final
columns). However, the upward slope of the volatility term structure is a consequence of the ELB. In the
absence of the ELB, the volatility decreases with maturity during a severe recession in which the policy rate
is negative (Panel D, fourth and final columns).
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Panels E and F compare term premium moments. When the policy rate is constrained at
the ELB, the empirical term premiums are on average significantly smaller than those above
the ELB, and in fact, negative across maturities (Panel E, third column). Our model-implied
averages (Panel E, fourth column) capture these features well. Turning to volatilities, the
empirical term premiums remain volatile at the ELB (Panel F, third column), despite the
significant difference in the average levels. Our model is also consistent with this pattern
(Panel F, fourth column). While the 5-year volatility is somewhat smaller than the empirical
estimate, volatilities for shorter maturities are close to their empirical counterparts. Similar
to the case above the ELB, the third and fourth columns of Panel B.2 show that the model-
implied volatility of historical volatility is roughly similar to the data, both for output and
inflation. Hence, we conclude that the model-implied volatility of term premiums does not
result from an implausible degree of stochastic volatility in §; and a;. Term premium dynamics
at the ELB are largely determined by two forces in our quantitative model. The first force
is the countercyclical volatility of J;, as discussed in Section 3.3. With elevated demand
volatility, the correlation between output growth and inflation becomes less negative and, as
a result, term premiums fall. This force is present regardless of the ELB constraint. Indeed,
term premiums are negative even in the model without the ELB constraint (Panel E, last
column).

The second force is the ELB constraint. As discussed in detail in Section 2, the ELB
constraint can either increase or decrease the size of term premiums depending on how much
the ELB decreases the sensitivity of interest rates to macroeconomic fluctuations and how
much it increases macroeconomic uncertainty. According to the fourth and final columns of
Panel E, the compression effect of the ELB associated with reduced sensitivity of interest rates
dominates the amplification effect associated with increased macroeconomic uncertainty, and
the ELB constraint reduces the absolute size of term premiums (this can also be seen based
on the volatility of term premiums, by comparing the fourth and final columns of Panel F).
In our model, in which term premiums are negative at the ELB, the reduction in the absolute

size of term premiums means an increase in term premiums.
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The detailed account of how our model matches the averages and volatilities of existing
term premium estimates, both above and at the ELB, marks a clear departure from related
analysis by Gourio and Ngo (2020). They only report the model-implied 10-year term pre-
mium which is on average positive but shows little variability, and do not discuss the negative

term premiums that are observed up to intermediate maturities.

Comparative Statics: Before closing the analysis of this section, we study alternative
parameterizations of the model to clarify the role of several key parameters. Specifically,
we focus on the parameters that control the stochastic volatility of d; and a;, respectively,
as well as the inflation and inertia coefficient in the monetary policy rule. To save space,
we summarize the takeaways regarding the volatility parameters here in the main text, and
delegate the rest of the details, including a table of the results, to Appendix H.

Removing stochastic volatility from a; largely affects moments above the ELB, since at the
ELB, the impact of §; is dominant and thus the specification of a; matters less. In particular,
the removal leads to less macroeconomic volatility and higher average yields above the ELB,
compared to the baseline. Meanwhile, both the averages and volatilities of term premiums are
significantly smaller, to the point of little time variation. The result that stochastic volatility
is an important source of term premium variability is in line with the literature, as discussed
in Section 3.3.

Next, consider removing stochastic volatility from d; instead. In this case, the variation
in & is never large enough for the model to hit the ELB in the first place due to the small
average volatility os. For the model to be occasionally constrained by the ELB, we could
increase d5. However, this comes at a cost of counterfactual dynamics above the ELB, such
as more volatile output, inflation and yields.

Finally, consider removing stochastic volatility from both a; and &;. In this case, the
ELB constraint binds occasionally, but mostly due to positive shocks to a;, which seems
clearly counterfactual. Similar to the previous parameterization where only a; has stochastic
volatility, increasing 5 leads to average term premiums above the ELB that are too small.

In addition, term premium volatility becomes negligible both above and at the ELB.
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3.4.2 Dynamics

We now describe the dynamics of our model in response to shocks that send the policy rate
to the ELB to gain further insights on how the ELB constraint affects the term structure of
interest rates. We are particularly interested in how the term structure behaves when the
economy is near the entry to or exit from the ELB state, insights that cannot be gleaned
from comparing moments above and at the ELB.

Figure 3 plots the median responses of macro and term structure variables to a negative d;
shock. The size of the shock is set such that the initial declines in output and inflation in the
model with the ELB constraint broadly coincide with the decline in their data counterparts
between the business cycle peak of 2007:Q4 and trough of 2009:Q2, defined by the NBER.
For each variable, the blue solid and dashed lines are for the models with and without the
ELB constraint, respectively.

In response to the decrease in d; (second row, right, blue line), the nominal short rate
falls from its average level and reaches the ELB (first row, left). Output (first row, right)
and inflation (second row, left) initially drop by about 5 percent and 3 percentage points,
respectively. As the initial shock fades, output and inflation gradually return to their steady
states, supported by accommodative monetary policy. The liftoff occurs at quarter 7. As
explained in Section 2, the declines in output and inflation are notably larger in the presence
of the ELB constraint than in the absence of it.

The responses of select nominal yields are shown in the third row. After the negative
shock, nominal yields decline for all maturities. The 1-year (or 4-quarter) yield drops to the
ELB, and the 5-year (or 20-quarter) yield falls to about 2 percent, before gradually increasing.
Note that, while the 5-year yield is comfortably above the ELB throughout the horizon, it is
still affected by the presence of the ELB; were it not for the ELB, the 5-year yield would be
lower, as shown by the dashed line (third row, right).

Turning to term premium dynamics, we first note that, due to countercyclical volatility in
d¢, the negative shock to d; increases its own conditional volatility in the initial period, which

stays constant at a higher level for an extended period of time (second row, right, dash-
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Figure 3: Impulse Responses to J; Shocks
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with the ELB constraint, and the blue dashed lines are the responses from the model without the ELB constraint. The
gray vertical lines indicate the timing of liftoff from the ELB.

dotted line). The heightened volatility of ¢; leads to negative term premiums as nominal
bonds become more attractive as hedging instruments when volatility in demand increases.
This effect can be seen most clearly from the responses of term premiums in the economy

without the ELB (bottom row, blue dashed lines).

However, the ELB constraint introduces additional dynamics. As shown in the bottom
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left panel, the 1-year term premium shows an (inverse) hump-shaped response, in which it
declines for another quarter after the initial decline, before rising back to its average (positive)
level. The response is in contrast to the 5-year term premium (bottom right), which declines
to its trough immediately after the initial shock. The reason is, since the ELB constraint is
expected to bind in the near term, the 1-year term premium is compressed towards zero more
strongly than its 5-year counterpart in the initial quarter. In the second quarter, the 1-year
term premium falls further because the expected ELB duration is now shorter, and thus less
binding, which implies future policy rates can react to macroeconomic risk more easily and
hence bonds become a better hedging instrument. Later on, as d; returns closer to its average
and the economy recovers, the volatility of §; (05+) declines (second row, right) and the effect
of productivity shocks starts to dominate. As a result, nominal bonds become riskier and
the term premium increases. The 5-year term premium (bottom right) incorporates the
expected decline in os; quickly, and turns from positive to negative right after the initial
shock. However, even at the 5-year horizon, term premiums are compressed by the ELB. We
revisit these results in the context of the recent U.S. experience in Section 4 and show that
a sequence of shocks can generate further variation in the short-maturity term premium in
ways that help us understand the data better.

Overall, the ELB constraint exacerbates the recession induced by the negative d; shocks
and generally dampens the negative response of yields and term premiums that would have
occurred in the absence of the ELB constraint. At the same time, the compression effect of

the ELB introduces interesting nonlinear term premium dynamics at the ELB.

4 Model-based Account of Two ELB Episodes in the U.S.

To further understand term structure dynamics around the ELB, we zoom in on the first
ELB episode in the U.S. following the financial crisis. In particular, we investigate how yields
and term premiums evolved in conjunction with the expected ELB duration throughout the
episode and how our model can account for it. Figure 4 shows survey-based expectations

for the time until liftoff (left panel), nominal yields (middle panel), and term premiums
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Figure 4: Nominal Yields and Term Premiums at the ELB
—The First ELB Episode—
Expected ELB Duration
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2011:Q3 (solid).

(right panel) of 1-, 2-; and 5-year maturities since 2007:Q2, just before the onset of the
financial crisis.** Nominal yields were well above the ELB, and term premiums were largely
positive across maturities at the time. However, as the financial crisis unfolded, yields declined
sharply. Shorter-maturity term premiums declined, while the 5-year term premium fluctuated
and rose initially until about mid-2009, before turning negative. Around the introduction
of “calendar-based” forward guidance in August 2011 (the solid vertical lines), the expected
ELB duration began to increase and reached about 2.5 years (10 quarters) by the end of
2012. Thereafter, the expected ELB duration fell.*> The policy rate lifted off from the ELB in
December 2015. Consistent with this evolution of the expected ELB duration, yields declined
and remained low for a period of time as the expected duration was elevated around its peak.
The 1-year yield started to increase around mid-2014, while the 2-year yield gradually rose

beginning as early as mid-2013. Meanwhile, the 5-year yield increased sharply circa mid-2013.

44 A5 a measure of term premiums, we plot the average measure used in Section 3.4.1. We plot the survey-
based measure in Figure 6 since not all model-based measures are available beyond 2019.

45The FOMC explicitly stated that it was likely to keep the policy rate at the ELB at least through
mid-2013.
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1- and 2-year term premiums were negative until the second quarter of 2011. However,
around the introduction of forward guidance, both 1- and 2-year term premiums compressed
towards zero, as the expected duration of the ELB jumped. Both term premiums hovered
around zero until mid-2013, after which they gradually turned negative as the expected
duration of the ELB decreased. Meanwhile, the 5-year term premium was volatile, but
broadly declined from its peak in 2009, and did not compress when the expected ELB duration

increased sharply in the second quarter of 2011.46

Figure 5: Impulse Responses to Two Consecutive J; Shocks
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* The blue solid lines are the responses to two consecutive shocks of the same size (adjusted by standard deviation);
median[Xeyp | €5+ = €5,041 = =05, Q] for a given variable X;, and the blue dashed lines are the baseline responses to
a one-time shock; median[X; 1y | €50 = —9s, Q] for a given variable X;. The vertical lines indicate the timing of liftoff
from the ELB for each response.

From the impulse responses of our model in the previous section, we do not see short-
maturity term premiums compressed from negative values towards zero as expected ELB

duration rises, and term premiums later becoming negative again, as expected ELB duration

46The sharp rise in the 5-year term premium observed after mid-2013 corresponds to the “taper tantrum”
episode where term premiums of longer-term bonds reportedly became volatile as a result of uncertainty about
the tapering of LSAPs amplified by reduced market liquidity.
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falls. However, by simply assuming two consecutive negative shocks that hit d; unexpectedly
instead of one shock in the initial period, we can replicate a similar pattern in short-maturity
term premium dynamics. Indeed, as shown in the bottom-left panel of Figure 5, after the
initial shock makes the 1-year term premium negative, the second shock compresses the term
premium toward zero (blue solid line), as the expected ELB duration increases (implied by the
difference between the location of the solid and dashed vertical lines). Afterwards, the term
premium drops again (before rising) as the economy approaches liftoff and the compression
effect of the ELB constraint fades. In contrast, the 5-year term premium is not as compressed,
since longer-maturity yields are less sensitive to the current ELB episode, consistent with the
data (right panel, blue solid line). One could loosely interpret the first shock as representing
a shock that led to the financial crisis, and the second one as the shock that extended the
expected ELB duration further around the timing of the date-based forward guidance.*”

The U.S. experienced another ELB episode following the Covid-19 crisis in early 2020.
Figure 6 summarizes expected ELB duration, yields and term premiums during this episode,
analogous to Figure 4. Similar to 2011, the expected ELB duration increased sharply after the
policy rate hit the ELB, but the pace of decline afterwards was significantly faster (left panel).
Reflecting these expectations, yields fell discretely in March 2020 as the policy rate reached
the ELB, but the 1-year yield began to retrace after about a year and a half, much earlier
than the first ELB episode. The 2- and 5-year yields started to increase earlier accounting
for the future liftoff, similar to developments before the liftoff in 2015 (middle panel).

2- and 5-year term premiums were generally negative towards the end of 2019 and dropped
notably at the end of the first quarter of 2020 after the policy rate hit the ELB (right panel).
However, term premiums of shorter maturities quickly reverted towards zero and stayed
there until around mid-2021. These developments appear to be broadly similar to the first
ELB episode. However, in sharp contrast to the first ELB episode, term premiums in 2021
increased as the policy rate approached liftoff. In addition, while the 5-year term premium

remained negative in the first ELB episode, it increased steadily to a positive level in the

4"The second shock associated with forward guidance could represent a “Fed information” effect.
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second episode.

Figure 6: Nominal Yields and Term Premiums at the ELB
—Covid-19 Crisis Episode—
Expected ELB Duration
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* The expected ELB duration is computed as the time to the first quarter when the median federal funds rate forecast
exceeds 37.5 basis points. Data are at the FOMC frequency for the SPD and otherwise quarterly. The term premiums
are computed based on the Blue Chip survey. The gray vertical lines indicate 2020:Q2.

Though our model is calibrated to the economy before the pandemic, we can conduct
some simple counterfactual model simulations that help us interpret such term structure
developments since the onset of the pandemic crisis. To this end, we hit the baseline model
with both a negative TFP shock and a negative §; shock in the initial period. In addition,
we hit the model with the same shocks again in the next period, similar to the experiment
above.*® The combination of negative demand and supply shocks to describe the initial
impact of the pandemic is consistent with Chen, Del Negro, Goyal, Johnson, and Tambalotti
(2021) and Eichenbaum, Rebelo, and Trabandt (2022). Our contribution is to analyze its
impact on the term structure. The impulse responses for selected yields and term premiums
are shown in Figure 7.4 The blue dashed lines are the responses from the baseline model
with the d§; shock only, identical to the solid lines in Figure 5. The light blue dash-dotted lines

are the responses that include the negative TFP shock. When the model is hit with negative

48Gimilar to the previous experiment, the two shocks allow the model to generate a more realistic path for
the short-maturity term premiums which were broadly negative before the start of the pandemic crisis.

¥0utput and inflation both fall in response to the shocks, consistent with the data. The addition of
negative TFP shocks leads to a smaller drop in inflation compared to the baseline, as one might expect.
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TFP shocks which raise inflation, the policy rate is raised earlier than when the shocks are
absent. Thus, the shorter-term yield—represented by the 1-year yield in the figure—rises
faster compared to the baseline (top left panel). The longer-term yield—represented by the
5-year yield in the figure—is also higher compared to the baseline (top right panel). Such
model dynamics are broadly consistent with the shorter duration of the second ELB episode
and the associated faster increase in yields.

Interestingly, shorter-maturity term premiums decline in response to the addition of neg-
ative TFP shocks (bottom left panel). This decline is, in fact, consistent with a faster pace of
liftoff from the ELB due to the TFP shock (top left panel); the weakening of the compression
effect of the ELB leads to more negative term premiums. Meanwhile, longer-maturity term
premiums increase slightly (bottom right panel). This increase is because the negative TFP
shocks raise the volatility of TFP and increase term premiums in our model. While this effect
is also present for shorter maturities, it is outweighed by the effect of the ELB constraint.

The term premium dynamics from the simulations are somewhat at odds with what we
observed during the second ELB episode in which (1) shorter-maturity term premiums did
not decrease approaching liftoff, and (2) longer-maturity term premiums showed a notable
increase to a positive level during the ELB period. One simple way to justify these obser-
vations is to further assume that the relative volatility of TFP with respect to &; (54/75)
shifted up (unexpectedly) following the initial TFP shock. This assumption is motivated by
the empirical evidence of shifts in economic volatility following the pandemic (e.g., Carriero,
Clark, Marcellino, and Mertens (2024)).”° The responses under this scenario are shown in
blue solid lines. An increase in TFP volatility pulls forward the timing of liftoff (solid vertical
line) and generally increases yields, similar to the negative TFP shock (top panels). More
importantly, the effects on term premiums are very different. First, the shorter-maturity
term premium is higher compared to the baseline response after the initial drop (bottom-

left panel). In particular, the term premium increases from zero to positive as the liftoff

08pecifically, we allow for a one-time increase in &,/Gs by setting 5, = 1.1/100 and &5 = 0.04/100 in
the third period. This permanent increase is assumed only for simplicity and is intended to parsimoniously
capture a persistent increase in volatility which may have gradually built up since the pandemic.
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Figure 7: Impulse Responses to J; Shocks
—Adding TFP Shocks and Increased Volatility of TFP—
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* The blue dashed lines are the median impulse responses from the baseline model with the ELB constraint, the light
blue dash-dotted lines are the responses where negative TFP shocks are added on impact, and the blue solid lines are
the responses where a further increase in &,/ds occurs. The gray vertical lines indicate the timing of liftoff from the
ELB corresponding to each scenario (the dashed and dash-dotted lines coincidentally overlap).

approaches. This is because the permanent increase in TFP volatility exerts a strong force in
raising the term premium which more than offsets the downward force from the weakening of
the ELB constraint mentioned earlier. Second, by a similar mechanism, the longer-maturity
term premium increases sharply and becomes positive (bottom-right panel).!

So far, modeling time-varying volatility seems to have received little attention in equilib-
rium models that focus on post-pandemic macroeconomic developments. However, second
moments are a key driver of risk premiums. Our analysis shows that the changes in volatility

may indeed be crucial in understanding term structure dynamics since the pandemic crisis.

51 As mentioned above, the baseline model already includes a mechanism where a negative TFP shock
increases TFP volatility. However, since the increase is transitory, it does not have as strong of an impact as
a permanent shift.
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5 Monetary Policy and Equilibrium Yield Curves at the ELB

The structural feature of our model makes it a natural framework to study how monetary
policy affects the dynamics of yields and term premiums in a coherent manner. In this
section, we focus on how a commitment to keep the policy rate at the ELB for longer than
what would be warranted above the ELB (or, accommodative “forward guidance”) affects
the term structure of interest rates as well as the macroeconomy in our quantitative model.

We model this alternative policy based on the work of Reifschneider and Williams (2000)—

the “RW rule”—, where we augment the baseline monetary policy rule as follows:

REI) = max [Rprp, R — ¢rw i , (31)
Jp=Ji—1+ (Rglf)l - Ri_4).

The shadow rate R; is the same as in (28) and ¢rw > 0 controls the degree of extra
accommodation when past policy rates have been constrained by the ELB. J; is the cumulative
past deviation of the policy rate from the shadow rate. This rule implies that the timing of
liftoff depends more strongly on the cumulative shortfalls in inflation and output than our
baseline rule. Note that in the model without the ELB constraint, this rule is identical to our
baseline rule, and when ¢rw = 0, the RW rule collapses to the baseline rule with the ELB
constraint (27).2 We set ¢ryr = 0.5, a value taken from Reifschneider and Roberts (2006),
and conduct a similar experiment where we compare the impulse responses of the economy to
a negative demand shock under the baseline rule and the RW rule, respectively. The results
are shown in Figure 8. As shown in the top-left panel, the policy rate is kept at the ELB for
longer—by about 4 quarters—under the RW rule (blue solid line) than under the baseline
rule (blue dashed line). With the nominal rate staying at the ELB for longer, the path of

real rates is lower (not shown), which stimulates consumption of forward-looking households.

52Some papers on the effects of forward guidance (e.g., Campbell, Evans, Fisher, and Justiniano (2012);
Del Negro, Giannoni, and Patterson (2023)) model forward guidance as exogenous “news” shocks to the policy
rule. We prefer our formulation for two reasons: (1) the timing of liftoff and the evolution of the policy rate
thereafter are state contingent under the RW rule, consistent with the data-dependent nature of the policy
decisions repeatedly emphasized by FOMC participants, and (2) computational advantage; modeling forward
guidance on the policy rate path by news shocks adds many state variables to an already computationally
burdensome model, whereas the RW rule adds only one state variable (J;—1).
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Figure 8: Effect of Accommodative Forward Guidance at the ELB
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under the RW rule, and the blue dashed lines are the responses from the model under the Taylor rule with the ELB
constraint. The gray vertical lines indicate the timing of liftoff from the ELB corresponding to each rule.

An increase in consumption is associated with an increase in output (top right), which raises
marginal costs of production and thus inflation (second row, left). The mechanism through
which the RW rule stimulates economic activities at the ELB is the same as the mechanism

through which the central bank stimulates economic activities at the ELB under optimal
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commitment policy and is well known in the macro literature.”

Consistent with the lower path of short-term interest rates, the paths of other nominal
yields are lower under the RW rule than under the baseline rule (third row). Note that, while
the difference in the short-term rate between these two policy rules emerges well after the
initial shock, the difference in longer-term yields shows up at the onset of the crisis, reflecting
the forward-looking nature of longer-term yields.

The panels in the last row plot the effects of adopting the RW rule on nominal term
premiums. In contrast to the effects on yields and the expected path of future short rates,
term premiums at the ELB are higher under the RW rule than under the baseline rule for
both maturities. The intuition can be understood through our discussion in Section 2. The
RW rule extends the period in which the policy rate is at the ELB and thus the interest rate
sensitivity becomes even lower, compressing term premiums. Also, the more accommodative
policy achieved by the RW rule leads to smaller macroeconomic volatility, further compressing
term premiums. Accordingly, the absolute size of term premiums is lower, or, in this case,
term premiums are less negative, under the RW rule than under the baseline rule.

Note that this result implies that the policy accommodation achieved through the decline
in the expected short-rate path is partially offset by an increase in term premiums. However,
since the effect of forward guidance is to compress the absolute size of term premiums, this
result depends crucially on the risk exposure of bonds. For example, contrary to our baseline
model in which demand shocks play a dominant role at the ELB, suppose TFP shocks play
a dominant role, making average term premiums positive even at the ELB. Then, forward
guidance could lower term premiums, amplifying the decline in the expected short-rate path.
We present this case in Appendix I.

We used the forward guidance policy to motivate our analysis of the effects of adopting
the RW rule. However, our analysis may be useful in understanding the effects of the central

bank’s other unconventional policies, such as QE. Some have argued that QE stimulates

53(lassic references discussing optimal commitment policy at the ELB include Eggertsson and Woodford
(2003) and Adam and Billi (2006). Jung, Teranishi, and Watanabe (2005) and Nakov (2008) compare the
performance of the RW rule and optimal commitment policy.
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economic activities partly by signaling the central bank’s commitment to an extended period
of more accommodative policies in the future (e.g., Woodford (2012), Bauer and Rudebusch
(2014), and Bhattarai, Eggertsson, and Gafarov (2023)). If that is the case, then the RW

rule can be seen as capturing this signaling effect of QE policy.

6 Conclusion

We have studied the term structure of interest rates in a New Keynesian model with an occa-
sionally binding ELB constraint. Using a stylized model, we showed that the ELB constraint
induced state dependency in term premiums by affecting macroeconomic uncertainty and the
sensitivity of interest rates to economic activity. Further extending the model to match key
features of output, inflation, yield curves, and term premium estimates in the U.S., we found
that the compression effect of the ELB constraint was strong, reducing the absolute level of
term premiums on average, while generating distinct dynamics around liftoff that would not
arise without the constraint. We also used the model to provide a structural interpretation
of term structure dynamics during the two recent ELB episodes.

We additionally investigated how the central bank’s forward guidance to keep the policy
rate at the ELB longer than previously expected affects the term structure of interest rates.
We demonstrated that the adoption of such a policy reduced the expected short-rate path and
the absolute size of term premiums. That is, if demand shocks are dominant and bonds are
a hedge against economic downturns, term premiums are negative on average, and forward
guidance increases term premiums. By contrast, if supply shocks are dominant and bonds are
risky, term premiums are positive on average, and forward guidance decreases term premiums.

At a time when central banks in advanced economies have been providing various un-
conventional policies at or near the ELB, we believe that studying how the ELB constraint
affects the dynamics of the term structure of interest rates is an essential step towards a
deeper understanding of these policies. Extending our model to explicitly include the central

bank’s balance sheet is an interesting avenue for future research.
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Appendix to “Equilibrium Yield Curves and the

Interest Rate Lower Bound”

Taisuke Nakata' Hiroatsu Tanakat

University of Tokyo Federal Reserve Board

A Derivations and Proofs for the Stylized Model

A.1 Derivation of the Term Premium

To derive (8), we use the definition of rin)Q and obtain an analogous expression to (7):

1 1
9= Ll o+ L] =

While the equilibrium 1-period interest rate is derived from the macro block, we assume the
investor accounts for risk when pricing n-period bonds (n > 2), and thus, the 1-period rate
used for calculating n-period yields and term premiums is computed as rﬁl) = —E[my41] —
%Vt[mtﬂ] (Meanwhile, when we compute the 2-period yield in Figure 1, we assume the
investor computes the moments in the formula using dynamics from the macro block). These
assumptions lead to a clean characterization of term premiums, which is convenient for our
closed-form analysis. As we mention in the main text, such assumptions will not be imposed
on the stylized model with continuous states, as well as the quantitative model. Finally, by

subtracting (A.1) from (7), we obtain (8).

A.2 Proof of Proposition 1

We first solve the macro block for {ys, s, rgl)} se{m,m,r) in closed form. Then, we compute
the conditional variance of each variable. To simplify notation, here x5 € {ys, s} indicates

the log deviation of x from its deterministic steady state, i.e., s = &5, while r, indicates the

level of the policy rate rél).

Model without the ELB: The system of equations for each state is:
1
yHZ[pyH+(1—p)yM]+;[p7TH+(1—p)7rM—TH+f]+(5H (A.2)

TH = KYH (A.3)
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taisuke.nakata@e.u-tokyo.ac.jp.

Division of Monetary Affairs, Federal Reserve Board, 20th and C Street N.W. Washington, D.C. 20551;
Email: hiroatsu.tanaka@frb.gov. (Corresponding author)
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rH =T+ ¢TH (A.4)

L—p)p L—p)p
ym = [(Q)yH +1-0=p)p)ym+ (Q)yL}
1[(1-p) (1-p) —
+; [2pp7TH+(1—(1—p)p)7rM+2pp7TL—7'M+r] + o
™ = KYM (A.6)
Ty =T+ Oy (A.7)
1
yr =1 —p)ym +pyc] + 5 (1 —p)mam +prp —rp + 7]+ 0L (A.8)
TL = KYL (A.9)
rp =T+ ¢ny. (A.IO)
Substitute out r and rearrange for state H:
1
Yy = [pyH+(1_p)yM]+;[p7TH+(1_p)7TM_7"H+77]+5H
1
& (1 -p)(yg —ym) = ;[(p—¢)7rH+(1—p)7rM]+5H (A.11)
TH
TH = RYH < YH = 7 (A.12)
Substitute out r and rearrange for state M:
L—p)p L—p)p
ym = [(Q)yH +1-0=p)p)ym+ (2)yL}
1{(1— 1-—
+; [(;“)WH—F(l—(l—p)p)?TM—F(zp)pWL—TM—FT’:| +0nm
yH yry _ 1 [A-p)p (1-p)p
1— A B R S 22 1-(1—p)p— ~PE
< ( p)p< 5 T yM 2) S [ 5+ (L= (1 =p)p—@)my + 57| +0u
(A.13)
M
TV = KYM < YM = - (A.14)
Substitute out r and rearrange for state L:
1
yrL = [(1—P)?/M+pyL]+;[(1—p)7TM+pTFL—7’L+f]+5L
1
< (1-p) (yL_yM):;[(1_p)7rM+(p_¢)77L]+5L (A.15)
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T
TL = KYL < YL = ?L (A.16)

Write the equilibrium conditions with respect to {7, 7ar, 71,}. To do so, first, plug in (A.12)
and (A.14) into (A.11) and rearrange:

(1~ p) (gt — yar) =i[<p—¢>7rH+<1—p>wM]+aH

< Ang + Bry + Cop, = 0, (A.17)
—p)—rl(p— 1-p)(—1-kd
WhereA:(1 ») K”(p ¢),B:( p)(n ”),andC:O.
Next, plug in (A.12), (A.14), and (A.16) into (A.13) and rearrange:
yu yoy _1[A—-p)p o l-pp_ a
(1 p)p( 5 T yM 2)—7[ 5+ (L= (1 =p)p)my + ————m =Ty + 7| +0u

< Drg + Emy + Foop, = 0y, (A.18)
(1fp)p(flfnl)

5 (1-p)p—r3 (1-(1-p)p—9)

where D = S , E (o) = . and F'= D.
Finally, plug in (A.14) and (A.16) into (A.15) and rearrange:

1
(1—p)(yL—yM):5[(1—p)7TM+(p—¢)7TL]+5L
& Gng + Hopy + I, = 61, (A.19)

1-p)(—1-ki
where G =0, H = M (note this notation should not be confused with state “H”),
(1-p)—r3 (p—¢)

and I = m . Therefore, we can stack the equilibrium conditions and solve for
{’/TH7 TM , 7TL}:
Ar =1
sr=A"1,
A B C TH O 0
where A = |D E F|, 7= |nyl|,and 9 = [dyy| = | 0 |. Then, we can solve for
G H I T or, —0

Ys = %ﬂ's and ry = 7 + ¢ms. For example, the explicit solution for output is:

1
1—p+2(¢—p)

YU,H = 0= —yurL (A.20)

yu,m = 0. (A.21)

Model with the ELB: The system of equations is the same as the model without the
ELB for states H and M ((A.2) through (A.7)). The only difference is for state L, where
rr = 0:

1
yr = [(1—P)yM+pyL]+;[(1—P)7TM+PTFL—TL+7’]+5L
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TL = RYL
rp =

Substitute out r and rearrange:

1
yr = [(1—p)ym +pyL]+;[(1—p)7rM +prL —rL+ T+ 0L

& (=) L —ym) :i[u )7 + L + 7] + 61 (A.22)

T
TL = KYL < YL = ?L (A.23)

Hence, the equilibrium conditions boil down to (A.17), (A.18), and (A.22):

(1—p><yL—yM>=i[(l—mmmww&

1
<:>GTFH+H7TM+I*7TL:§77+(5L, (A.24)

(1-p)(=1)—r1(1-p) l—p—rip

where G = 0, H = and I* =
equilibrium conditions and solve for {7rH, M, TL}:

Therefore, we can stack the

A =9

e =A"1yr,

A B C TH oH 0 .
where A*= |D E F|, 7= |nmm|,and 0" = Om = 0 . Note ¢ is set to §
G H I* 7L %aﬂréL %f—é

such that it solves © 4+ ¢y = 0. Hence,

(6 = D201 = p(1 + k1)) (1= P21+ 1)) + 652 (2 = p(1 +p)(1 + £1)}

5 =
p(1 = p)¢*s(1 + k7)

We assume 8 > 0, which is satisfied if, for example, p < 1/(1+ %) (a loose constraint based on
standard empirical estimates suggesting £/~ is small). Then, we can solve for ys = %7?3 for
se{H,M,L}, rs =T+ ¢mg for s € {H, M}, and r;, = 0. For example, the explicit solution
for output is:

(20 — 2 = p(1+ £3)(p(¢ — 2) + ¢))

yBH = (L P11 R 1) (4.25)
Ye.M = _/;5 (A.26)
K= — — Kig) — ki
oy = TP EDEO =2 26D gl eRl)

kp(1 = p)(1 + K3)¢?
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Conditional Variances: Given the transition matrix, for any {xg,xy, 21},

Vilz] = p(1 — p)(Afy)? (A.28)
Vilz] = p(1 - p)(AfL)? (A.29)

\Y4 _ _ 2_]7(1—]7) T 2 T 2 p(l_p) T T
mlz] = p(1 —p) — 5 [(AFa)” + (A%L)7] + — AfvAir| (A.30)

where A}, = xg — oy and Af;; = xp — 2. Given the solution for {yu u,yum,yu,L},
AZI”LHM = AyU7ML. Hence, (10) holds. Given the solution for {yg u,ye M, YE.L},

(1)
E,H
ALy = y >0 (A.31)
27 (¢ — 1)
AY =AY . >AY A.32
E,ML E,HM + p(1—p)(1+ n%)qﬁ E,HM ( )

since, by assumption, ¢ > 1. Combining these inequalities with the above expressions for
conditional variance, it can be shown that (11) holds for y. Then, (11) for 7 is immediate
from 7 = k7. Given the solution for {TS)H, rg’)M, TS)L}, A% v = TEEI)H >0 and Ay = 0.
Hence (12) holds.

To show (13) holds, note AvaHM > 0 and:

(6 —1)
1—p+r(o—p))

AL v — Al gy = o >0, (A.33)

since, by assumption, ¢ > 1. Also, 75 = kys and rgl) =T+ ¢Kys, for s € {H, M'}. Thus, (13)
holds.

A.3 Proof of Proposition 2

We obtain the expressions for term premiums by plugging in the equilibrium inflation, out-
put, and policy rate derived in Proposition 1 into the definition of the term premium (8).
Specifically, we plug in the expressions for inflation, output, and the policy rate into the
following formulas for the conditional covariances of the Markov chain, which are the key
components of the term premium:

Conditional Covariances: Given the transition matrix, for any {x g, xar, 21} and {zg, 2, 21},

Covylz, z] = 2pAT 1 A% s (A.34)

Covy[z, 2] = 2pAY L AV (A.35)

Covilz, 2] = p[(1 — p)(Afrp D + Db A%r) + DAL M AL + AnAhir)] s (A36)
where Ay, = vy — vy, AYyp = v — v, and p = %.
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A.4 Proof of Proposition 3

Amplification (18) follows from Propositions 1 and 2 ((13), (14) and (15)). Compression
(19) follows from Proposition 2 ((14) and (17)). To characterize the term premium for the
medium state M (20), we take the difference between the term premium in state M with the
ELB (16) and the term premium without the ELB (14), and check the condition for each

. . ~ 2(AY )2 —(1—p)(AY )2 _ 1—
inequality to hold. Note A = —%HM FAY 7o EHM_where p = 1’(721’).

B Stylized Model with Government Spending Shocks

In this section, we analyze a version of the 3-state Markov model with government spending
shocks, and show that even in this setup, the ELB constraint can amplify and compress term
premiums.

The model remains similar to the stylized model described by equations (1) through (3)
in the main text, but a crucial difference is that government spending drives a wedge between
consumption and output, so the two variables must be treated separately. In addition, it is
well known that the qualitative effect of government spending on consumption dynamics is
sensitive to modeling assumptions, which, for our purposes, can affect the term structure of
interest rates as well. Thus, it is helpful to clarify some microfoundations of the model. In
particular, following Monacelli and Perotti (2008) and Bilbiie (2011), we assume the represen-
tative household in the macro block has GHH (Greenwood, Hercowitz, and Huffman (1988))
preferences, and firms face sufficiently large nominal price rigidities. These assumptions,
which are common in the literature, ensure positive government spending raises consump-
tion, a feature that is widely supported empirically (e.g., Blanchard and Perotti (2002) and
Gali, Lépez-Salido, and Vallés (2007)).

The linearized model is characterized by the following equations:

. . 1 . _
Ct = ]Et [Ct+1] — % <7’§1) — Et[ﬂ't+1] — T) + ’l/)gt (Bl)
7ATt = K,Qt (B2)
T,gl) = max|[0, 7 + ¢y (B.3)
cét + gr = Uy, (B4)

where 7,1 > 0, and ¢ is the consumption-output ratio at the steady state. 4 and v are
each functions of primitive parameters characterizing utility from consumption and labor
(the details of which are not essential for the discussion here), as well as the exogenous
government spending process g;. We assume g; follows a 3-state Markov chain with the
state space {gm,9nm, 95} = {9,0,—¢g} and the same transition matrix assumed for d;. We
also assume conditions (9) hold. For simplicity and to keep the changes from the baseline
model as minimal as possible, we assume the asset pricing block is essentially the same as the
baseline, i.e., the stochastic discount factor used to price bonds is characterized by equation
(5) without the d; term. In this setup, we can prove the following proposition:
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Proposition B.1 (Amplification/compression of the term premium in a model
with government spending shocks). For the high and low states in the model with the
ELB:

|tpg7)H| > |tp§]2)| (Ampli fication) (B.5)
]tpg?ﬂ < \tpg)\ (Compression) (B.6)

Proof. First, we rewrite equation (B.1) in terms of output using equation (B.4). Then, the
system composed of the rewritten equation (B.1) through equation (B.3) can be recast as
the 3-state system in the same way as the baseline model. In particular, the solution for
{ys, 7s, rél)}se{HyML} is exactly the same as in the baseline model up to the parameters ~,
#, and the size of the shock. Thus, following the proof of Proposition 1, AyE, am > AL >0
and Vg [y] < VE,H[Z/]-

Second, with the solution in hand, we compute the 2-period term premium. The 2-period
term premium for the model without the ELB is:

(2)

2 @ @ g

_ )
tpyy = Wy =ty L

5 :Covt(yActH, rg)l) + Covy(mes1, rﬁr)l)]

=— :'VCOVt(Ct-&-lv 7"7521) + kCovi (Y41, 7”7831)}
-')’COVt(i(yt—l—l — Gi+1), 7“,:@1) + KCovy (Y41, 7“,54131)]
:%COVt(yt—l-l — g1, 7)) + KCov (Y1, 7“&)1)}
:%QMCOW(%H — Gt+1, Y1) + ¢K2Vt(yt+1)}

[LonlVuly) ~ Covolg, vl) + on>Vorly]

Zorp(1 - p)AL(AY — g) + or*Vuly]]

(B.7)

Importantly, with GHH preferences and sufficiently sticky prices (a small enough k), we can
show that Af, — g > 0. Since ¢; = %(yt — g¢), this condition ensures consumption increases

with government spending. Thus, tp(U2 ) <.
The term premiums for the model with the ELB for state H and L are:

1
tpg?H =—3 [%qﬁHCOVt(yt—&-l — Gt+1, Y1) + ¢“2Vt(yt+1)}
1
=3 [%gzs/i[VE,H[y] — Covg,ulg, y]] + ¢/€2VE,H[?J]} (B.8)

1
= L [Zomp(1 = DAY, y3g (MY g — )+ 952V

tple), = 0. (B.9)

Given AY, —g > 0, A% g > AY implies Ayﬂ uy — 9 > 0. Finally, the proposition follows
from comparing the expressions (B.7) through (B.9) using AY, ,;,, > AY, and Vg gly] >
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Why do we obtain term premium dynamics similar to the baseline model despite the
government spending shock driving a wedge between consumption and output? The intuitive
reason is that the shock is analogous to other types of demand shocks such as preference
shocks insofar as moving consumption and inflation in the same direction.

C Stylized Model with Continuous States

C.1 DMotivation

In Section 2, we showed how the ELB constraint generated endogenous heteroskedasticity in
output, inflation and the policy rate, which affected term structure dynamics in interesting
ways. Importantly, we argued that the ELB constraint can make term premiums time varying
through the amplification and compression effects. We presented these results using a stylized
New Keynesian term structure model with three states to obtain simple closed-form solutions.

In this section, we show that the results hold even if we relax some of the simplifying
assumptions. First, we expand the state space to a continuous space. Second, we allow
the Phillips curve to include a forward looking term, as in standard New Keynesian models.
Third, instead of using a linearized macro block, we use a nonlinear one in which the Euler
equation is fully consistent with the asset pricing block and solve the model with a global
solution method. The last nonlinear modification is to show that our results do not rely on
either agent heterogeneity or the approximations used in our derivation. We also provide
further analysis on how the ELB constraint affects yields and term premiums across different
maturities.

C.2 DModel

Specifically, the model boils down to a nonlinear macro block with the same asset pricing
block as in the 3-state model. The new macro block consists of the nonlinear Euler equation
(4) with the stochastic discount factor (5), a nonlinear forward looking Phillips curve, and
the monetary policy rule (3), where the exogenous process d; is continuous across states and
follows an AR(1) process with standard-normal shocks. If linearized, the Euler equation and
the Phillips curve will coincide with (1) and (2), respectively (up to a normalization of 0,
and an addition of the forward looking term in the Phillips curve). We delegate the details
to Appendix D.2, where we recast this model in terms of a stripped-down version of the
quantitative model. Since this model cannot be solved analytically, we solve it numerically
with the time-iteration method used to solve our quantitative model.

C.3 Main Results

Figure C.1 summarizes the equilibrium of the model as functions of the demand shock 4,
analogous to the 3-state case in Figure 1. The top panels of Figure C.1 plot the equilibrium
policy rate, output and inflation (deviation from their steady states for the latter two) as
functions of the demand shock d;. In addition to the functions for the model with the ELB
(blue solid lines), we also show the corresponding functions for the model without the ELB
(blue dashed lines) for comparison.
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Figure C.1: Equilibrium Functions of the Continuous-State Model
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* Blue solid lines indicate variables of the model with the ELB constraint, and blue dashed lines indicate variables of
the model without the ELB constraint. The gray vertical lines indicate the threshold state where the ELB binds.

The policy rate, output, and inflation all decrease as d; decreases, similar to the 3-state
model. In addition, when monetary policy is subject to the ELB constraint, the decreases
in output and inflation are larger at the ELB compared to when monetary policy is un-
constrained, as we saw for the 3-state model. There are no such kinks in the equilibrium
functions without the ELB constraint.

Based on a similar logic for the 3-state model, the equilibrium variables are basically linear
with respect to d; when the model does not include the ELB, which implies homoskedastic-
ity. In contrast, the variables are nonlinear with respect to d; when the model incorporates
the ELB, which implies heteroskedasticity. While we cannot provide an analytical charac-
terization as in Proposition 1 for the model with continuous states, we can still numerically
compute the conditional volatility of each variable, as shown in the top panels of Figure C.2.
Indeed, consistent with the results in Proposition 1, the conditional volatilities of output
and inflation increase as the economy approaches the ELB (top-left and top-middle panels),
while the volatility of the policy rate decreases (top-right panel). Analogous to the 3-state
model, this endogenous heteroskedasticity is key to generate time-varying term premiums, as
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we discuss in detail below.

Figure C.2: Conditional Volatilities and Correlations
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* Blue solid lines indicate variables of the model with the ELB constraint, and blue dashed lines indicate variables of
the model without the ELB constraint. The gray vertical lines indicate the threshold state where the ELB binds.

The bottom-left and middle panels of Figure C.1 show the equilibrium yield and its spread
with the policy rate for three different maturities (2, 4, and 20 periods). Again, the features
highlighted using the 3-state model carry over to the model with continuous states.

When the model is not subject to the ELB constraint, yields increase with d; for all
maturities. By contrast, the yield spread decreases with J; (countercyclicality). Also, as
shown in the bottom-left panel, yields are less sensitive to changes in §; the longer the
maturity, and thus the term structure of yield volatility is downward sloping. When the
model is subject to the ELB constraint, yield spreads are no longer linear in §;. In particular,
yield spreads are cyclical at the ELB, as in the 3-state model.

By computing yields for multiple maturities, it becomes evident that the ELB constraint
affects yield dynamics for all maturities. Not surprisingly, shorter-maturity yields are more
affected by the presence of the ELB than longer-maturity yields. Notice that, even when
a longer-maturity yield is not constrained at the ELB, it can be influenced by the ELB
constraint if the shorter-maturity yield is constrained or is expected to be constrained at the

65



ELB. For example, the 20-period yield is above the ELB at the lowest d; shown in the figure.
However, at low realizations of §;, the 20-period yield is somewhat higher in the model with
the ELB constraint than in the model without the ELB, reflecting the fact that the policy
rate in the model with the ELB does not fall as much as it would in the model without
the ELB. Relatedly, since shorter-maturity yields are more constrained than longer-maturity
yields, the term structure of yield volatility is no longer necessarily downward sloping but
potentially upward sloping at the ELB.

The bottom-right panel of Figure C.1 plots nominal term premiums. We confirm that
the two features we highlighted in the 3-state model are present in the continuous state
model. First, term premiums are negative regardless of the level of §; for both models with
and without the ELB. We also verify that this holds regardless of yield maturity. Second,
while term premiums are virtually constant in the model without the ELB, they are state
dependent (or time varying) in the model with the ELB.

The continuous state model, however, sheds further light on the state dependency of term
premiums, which was not necessarily clear from the 3-state model. To fix ideas, we focus on
the 4-period term premium for the moment. When &; is at its lowest level, the term premium
from the model with the ELB (solid line) is compressed near zero compared to the term
premium from the model without the ELB (dashed line). However, as d; increases towards
the state where the ELB is no longer binding (gray vertical line), the term premium with
the ELB becomes more negative (amplified) compared to the term premium from the model
without the ELB. These results correspond to what we showed for the 3-state model. In
addition, the continuous state model shows that if §; increases further to the point where the
probability of the ELB binding in the future becomes negligible, the term premium becomes
increasing in d;, and eventually converges to the term premium without the ELB. Note that
the ELB constraint affects term premiums even when the policy rate is away from the ELB
because it binds stochastically in our model.

The mechanism behind the two features can be explained with basically what we described
in Section 2. Recall that we can decompose the term premium into two components—
macroeconomic uncertainty and the sensitivity of interest rates to macroeconomic fluctua-
tions, as shown in equation (21). The latter can further be decomposed into interest rate
volatility and the correlation between interest rates and a macro variable (output growth or
inflation). According to this decomposition, the sign of the term premium is determined by
the correlation between the policy rate and inflation /output growth. As shown in the bottom
panels of Figure C.2, both correlations are positive for §; in both models with and without
the ELB constraint.®® As a result, the term premium is negative for any d; in both models
with and without the ELB constraint.

We can also understand the state dependency of term premiums through this decompo-
sition by analyzing how macroeconomic uncertainty and the sensitivity of interest rates to
macroeconomic fluctuations vary with respect to é;. As shown in the top-left and top-middle
panels of Figure C.2, two ingredients of macroeconomic uncertainty—output (growth) and
inflation volatilities—do not depend on the level of d; as long as the policy rate is sufficiently
above zero. However, when the policy rate is near or at the ELB, output (growth) and infla-
tion volatilities increase as d; decreases, since the policy rate cannot be adjusted to mitigate
the effects of shocks. Thus, macro uncertainty components of term premiums increase near

54 Note that the conditional second moments of output and output growth 1 period ahead coincide.
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and at the ELB.

The sensitivity of interest rates to macro fluctuations decreases, however, near and at the
ELB, as both interest rate volatility and the correlation between the interest rate and macro
variables decrease—as shown in the top-right and bottom panels of Figure C.2. As a result,
the reduction in the sensitivity of interest rates to macro fluctuations near and at the ELB
acts as a force that can reduce the absolute size of term premiums.

Whether nominal term premiums increase or decrease at and near the ELB thus depends
on which of the two conflicting forces—an increase in macro uncertainty versus a decrease in
interest rate sensitivity—dominates. In our stylized model, the amplification effect of higher
macro uncertainty dominates the compression effect of lower interest rate sensitivity near the
ELB, and the size of the term premiums increases for a certain range of §;. However, for a
sufficiently small J;, the compression effect dominates the amplification effect, and the size
of the term premiums decreases and approaches zero.

C.4 Term Premiums across Maturities

The bottom-right panel of Figure C.1 shows that term premium dynamics differ with respect
to maturity. The forces that shape term premiums of longer maturities are more complicated
than those of 2-period maturities. Yet, the basic tension is similar. We illustrate the mech-
anism of how the n—period term premiums are determined following a logic similar to what
we used to understand the 2-period case. We continue to focus on nominal term premiums
under power utility, but those derived from other utility functions or real term premiums
could be understood analogously. Starting from the definition of the n-period term premium
(6), we obtain a generalization of the decomposition (21) as follows:
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where, as in (21), o¢[x] and p¢[x, y] denote the 1-period-ahead conditional standard deviation

of variable x and conditional correlation of variables = and y as of t, res(pecti\)/ely. Also,
2(n—i—1

YAy = 7 and v; = 1. The second equality follows by defining w,, ;1 = o > 0 such
that >, w,—;—1 = 1, and from the specification of the stochastic discount factor (5). Finally,
(n) 55

u,  collects all terms arising from a Jensen’s inequality effect, which we ignore here.

According to equation (C.1), the n-period term premium can be decomposed into the
conditional expectation of a weighted average of several components. These components
include the current and future 1-period-ahead conditional volatilities of output, inflation and
yields up to maturity n — 1, as well as the 1-period-ahead conditional correlation between

5Since u = 0, this term did not appear in (21).
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output/inflation and the same yields. In other words, what matters for longer-maturity
term premiums are (expectations about) the sensitivity of longer-term yields (instead of the
short-term policy rate) to macro fluctuations.?®

In Figure C.3, we plot the 1-period-ahead conditional yield volatilities as well as the
correlation between yields and output/inflation. Given pyy[z, r»~*=1] > 0 for z € {Ay, 7}
as implied by the middle and right panels of the figure, the negative term premiums of
n-period maturities follow naturally.

Figure C.3: Conditional Volatilities and Correlations
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* Solid lines indicate variables of the model with the ELB constraint and dashed lines indicate variables of the model
without the ELB constraint. The gray vertical lines indicate the threshold state where the ELB binds.

Compared to shorter-term yields, conditional moments of longer-term yields depend less
on the current state, as they largely reflect the economy’s eventual convergence to its ergodic
distribution. Thus, the ELB is typically less binding for longer-term yields, and reduces the
sensitivity of longer-term yields by less than the sensitivity of short rates. Indeed, Figure
C.3 shows that the volatility of yields as well as the correlation between yields and out-
put/inflation are less affected by the ELB for longer maturities. The weak state dependency
of conditional moments of longer-term yields, in turn, implies that the change in longer-
maturity term premiums near and at the ELB will be characterized mostly by the changes
in macro uncertainty. For instance, as §; decreases, the fall in the 20-period term premium
is larger and more consistent compared to its 2-period counterpart (bottom-right panel of
Figure C.1). This is because the compression effect from a reduction in the yield sensitivity
is dominated by the amplification effect of an increase in macro uncertainty, and the absolute
size of the term premium is higher at the ELB than away from the ELB. Only when d; is
sufficiently small does the former effect dominate the latter and the absolute size of the term

56T be more precise, the entire term structure matters, but the coefficients ws put more weight on longer-
term maturities.
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premium declines (the state space shown in the figure is too small to show this eventual
compression to zero). Interestingly, even when 4, is high and the policy rate is far above the
ELB, long-maturity term premiums in the model with the ELB are different from those in
the model without the ELB. In sum, the amplification and compression effects of the ELB
constraint can affect yields differently depending on their maturity, leading to distinct term
premium dynamics across maturities.

The nonlinearity of term premiums as a function of §; points to time variation in term
premium volatility that is unlike the time-variation in yield volatility. We plot term premium
volatilities as a function of d; in Figure C.4. Naturally, yield volatility is constant (Figure
C.3, left panel, dashed lines) and term premium volatility is virtually zero in the model
without the ELB (Figure C.4, dashed lines). However, term premium volatility is positive
and time varying in the model with the ELB (Figure C.4, solid lines). Specifically, for shorter
maturities, term premium volatility increases as d; decreases from the steady state, but starts
declining when ¢, is sufficiently low and the policy rate is expected to be at the ELB for a
long time. That is, term premium volatility peaks when the short rate is currently at the
ELB but is expected to be positive in the near future. For longer maturities, volatility peaks
around the level of §; where the ELB starts binding. In contrast, yield volatility is on average
lower while the policy rate is at the ELB than when it is not. These results suggest that term
premiums may warrant more attention in a severe recession involving the ELB than under
normal circumstances.

The analysis in this section can be further extended to incorporate Epstein-Zin preferences
and applied to the real term structure as well as inflation compensation. The interested reader
may refer to our earlier working paper Nakata and Tanaka (2016).

Figure C.4: Term Premium Volatility
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* Solid lines indicate variables of the model with the ELB constraint and dashed lines indicate variables of the model
without the ELB constraint. The gray vertical lines indicate the threshold state where the ELB binds.
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D Equilibrium Conditions

D.1 Quantitative Model

In this section, we provide further details on the equilibrium of the quantitative model. Given
the initial condition {R*;} and the exogenous processes {4, at, Z; }+>0, a monopolistically
competitive equilibrium is defined in a standard way as a set of stochastic processes {Cy(i),
Ny(i), Yi(i), Ci, Ny, Yy, Wy, Py, Py(i), R™, Ri}i>0, such that (a) households maximize
utility; (b) firms maximize profits; (c) monetary policy follows the interest rate rule; (d)
fiscal policies satisfy the budget constraint; and (e) goods, labor, and asset markets clear.
To obtain a stationary equilibrium, we normalize relevant variables by the deterministic
productivity trend Z;. We list the normalized equilibrium conditions below:

CA'tl*Xc Ntl+Xn -~ N 17%
‘}2 _ ) 17X T 1txn +(B {Et [VtHW]} ! for Uy > 0 D.1)
Cvl—Xc N1+X” ~ R . . .
T~ Tho ¢B {Et [(—VZH)I 7} } o for U; < 0.
vy A -5
3 ( Cexr ¢ Vit 1 for U > 0
M, B< “ > [[Et[(vt+l)l_:y]]li’v i or Ve =
M1 = - (D.2)
2 C'tA+1 . *‘A/t-kl 1 for U, < 0
5( “ > [[Ei[(—f/wrl)lﬂ]ll:y] Hee s
E —5)My RV | =1 D.3
¢ |exp(—0¢) M1 Ry ) (D.3)
an) = Et[exp(—(st)]\ZHQEiIl)] (for n > 2), (D.4)
n 1 n
InR™ = —Ean,ﬁ ), (D.5)
b = N O, (D.6)
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Vi = exp(ar) Ny, (D.10)
Vi =G, (D.11)
0t = psOe—1 + o515, est~ N(0,1), (D.12)
at = Paat—1 + Oqt—1€a,t; gat ~N(0,1), (D.13)
0
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1 + exp(2,5(6: — O3,5))
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Hl,a
70t = T exp(Bz.0(ar — 03.0))

Tas (D.15)

X,
Zy

V, = %), note this notation is distinct from the “hat” used for indicating deviations from
t

where “hat” variables indicate that they are normalized (Xt = for all variables except for

the steady state in Section 2). Also, 8= B¢ Xe,

D.2 Stylized Model with Continuous States

The stylized model with continuous states analyzed in Appendix C can be interpreted as a
stripped-down version of the quantitative model. Since the asset pricing block is the same as
in the 3-state model, we only present the equilibrium conditions for the macro block:

Vi) REI)
a0 () | =1 (D.16)
IT; 11, . Yie1\ ! i1 q I iq
Y;[<p<ﬁ—1>ﬁ—(l—Q)—HYtﬁX}:Et 5(1/% Yoo\~ 1) |
(D.17)
_[11,1°
RY = max |1,R [ﬁt] : (D.18)
0t = psde—1 + O§E6,t» €st ™~ N(O’ 1)- (D~19)

Linearizing (D.16) gives us (1) up to a normalization of ¢;, linearizing (D.17) gives us (2) with
a forward-looking term, and (D.18) is the same as (3). Because of the extended state space
and the additional nonlinearity, we assign (standard) values to a few additional parameters;

Xn =2, 0 =06, =100, Il = 1+2/400, 05 = 0.3/100. Note 8 = %, where R = exp(7).

E Solution Method

We solve the quantitative model globally using a time-iteration method based on Coleman
(1991). Similar methods are used in studies of the occasionally binding ELB constraint, such
as Gavin, Keen, Richter, and Throckmorton (2015) and Nakata (2017). In addition to the
iteration on decision rules conducted by these papers, we also iterate on the value function
since our model includes recursive utility.

The equilibrium conditions of our model laid out in Appendix D can be cast in the
general form E[f (Y41, Y, Xi41, X¢)] = 0, where Y, is a vector of non-predetermined vari-
ables and X; is a vector of predetermined variables. Note that X; can be decomposed
into an endogenous state vector X”YP and an exogenous state vector XFX© such that
X; = {XPNP XFXO1 In our quantitative model, XENP = {Rf |(X;_1)} (XENP =
{R} (X4-1), Ji—1(X;—1)} in our extension to the RW rule) and XFX? = {§;,a;}. To solve
our model with recursive utility, it is convenient to expand the set of non-predetermined states
Y, to include the value function V;. Thus, Y; = {C1(Xy), Yi(Xy), Ne(Xy), T (Xy), Wi(Xy), Re(Xy), Vi(Xe)}
(excluding such variables as the stochastic discount factor and the term structure, as they
are unnecessary to obtain other equilibrium objects).
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The time iteration starts by discretizing the state space and providing an initial guess
of the decision rules and the value function for each node. We use the deterministic steady

state as the initial guess Yt(Jlr)l. Given the guess Yt(i)l, we can solve for Yt(l) and Xf ND.(1)

using E; [f(Ygl)l,Yt(l),Xg_lgl, X)) = 0 for each node in the discretized state space of X; =
{XEND XEXOY This functional equation is solved by combining numerical integration
with a nonlinear equation solver. The normally distributed shocks are discretized using the
Gaussian quadrature rule. Via piecewise linear interpolation across the nodes and linear
extrapolation beyond, we obtain a continuous decision rule vector Y,gl) (Richter, Throckmor-
ton, and Walker (2014) also support this interpolation approach). We iterate this procedure
of using a new guess YE:{D = Yy) to obtain Y,gTH) and XtEND’(TH) for 7 =1,2,3, ... until
convergence.

Once the solutions (decision rules) for the macroeconomic variables are obtained, we can
solve for the decision rules of the stochastic discount factor. The solution for the stochastic
discount factor allows us to solve for equilibrium yields and term premiums.

We assess the numerical accuracy of our solution through the standard practice of ex-
amining Euler equation errors (for the consumption Euler equation). The Euler equation
error is defined in the common form, which is normalized with respect to consumption:
EE, = logo|1 — Cy/Cy|, where C; denotes the consumption (normalized by trend) directly
from the decision rule, and C} is the consumption implied by the Euler equation. Table E.1
summarizes the quantiles of the error distribution generated from 200,000 simulated sam-
ples of our quantitative model. We find that the errors from the model—despite featuring
strong nonlinearities due to high risk aversion, stochastic volatility and the ELB constraint—
are small in economic magnitude and comparable to what are reported in the literature.
For example, they are comparable to Fernandez-Villaverde, Gordon, Guerrén-Quintana, and
Rubio-Ramirez (2015), who report errors with a median of -3.2 and a 99.9 percent quantile
of -2.2 for their New Keynesian model with an occasionally binding ELB constraint.

Table E.1: Euler Equation Errors

Percentile 25 50 75 99.9
Error -4.1 -39 -38 -34

* Errors are for the consumption Euler equation and expressed in base 10 logarithms.

F Data

For the short-term nominal interest rate, we use the 3-month T-bill rates from the Federal
Reserve Board’s H.15 statistical release. For nominal yields of 1-, 2-; 5- and 10-year matu-
rities, we use the zero-coupon yields from Giirkaynak, Sack, and Wright (2007). For TIPS
yields of 5- and 10-year maturities, we use the zero-coupon yields from Giirkaynak, Sack, and
Wright (2010). However, to account for the potentially large liquidity premiums embedded
in TIPS yields, we subtract the liquidity premiums estimated by D’Amico, Kim, and Wei
(2018) (DKW). We use quarterly averages from 1999:Q1 to 2015:Q4 to calibrate our model.
These yield data are widely used in the literature.
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For survey-based term premium estimates, we use the 3-month T-bill forecasts from the
Blue Chip surveys. For each survey, we linearly interpolate across maturities assuming the
forecast for a specific quarter represents the forecast for the midpoint date of that quar-
ter to obtain a constant-maturity measure. We use long-range forecasts when available and
interpolate across surveys to obtain a quarterly measure of constant-maturity interest rate
forecasts. We subtract the survey-based expectations from the yields of corresponding ma-
turity to obtain quarterly term premiums. For model-based empirical measures, we use the
estimates from Kim and Priebsch (2024) and Andreasen, Jorgensen, and Meldrum (2025), as
we explained in Section 3.2. For real term premiums, we use the estimates from DKW.

For output, we use data from Haver Analytics. We compute real GDP per capita by
dividing seasonally adjusted real GDP data (GDPHQUSECON) by the sum of the civilian
labor force (LFQUSECON) and the population not in the labor force (LHQUSECON). We
detrend real GDP per capita with an HP filter for the period above the ELB (1999:Q1 to
2008:Q3). For the ELB period, we detrend it using a linear trend that implies the gap between
output and its trend has closed in 2015:Q4. We assume the HP-filtered output trend shifts
to this linear trend from 2008:Q4. Our trend at the ELB is admittedly ad hoc, but is simple
and appears sensible. We use the quarterly change in the GDP deflator (seasonally adjusted,
JGDPQUSECON) for our measure of inflation. Our choice of output and inflation data is
standard.

For the policy rate forecasts necessary to compute the expected ELB duration, we use
the median of the federal funds rate forecasts from the Survey of Primary Dealers and the
3-month T-bill forecasts from the Survey of Professional Forecasters, respectively.

G Longer-Maturity / Real Term Structure

We start by comparing the moments of the 10-year yield and term premium implied by our
model with their data counterparts and their empirical estimates, respectively. The results
are reported in Table G.1. We find that above the ELB, the average slope in the model is
shallower than the data, but the term premiums are sufficiently positive and volatile in the
model, consistent with empirical estimates. At the ELB, the model-implied yield and term
premium dynamics are broadly consistent with the data, but the model-implied term premium
volatility is notably smaller than its empirical counterpart. Interestingly, the term structure
of average term premiums from the empirical estimates appears inversely hump-shaped, as
the term premium becomes more negative as the maturity increases up to 5 years, but the
10-year term premium turns positive. Our model generates this pattern quite accurately.
Meanwhile, the lack of 10-year term premium volatility may be partly due to the fact that
yields and term premiums in the model do not react to (expectations about) an explicit QE
policy.

We also compare the moments of real yields and term premiums implied by our model
with their data counterparts and their empirical estimates, respectively. The results are in
Table G.2. Due to poor market liquidity of shorter-maturity TIPS, we report the comparison
for 5-year and 10-year maturities, following standard practice in the literature. As described
in Appendix F, the TIPS yields used to compute the data moments are adjusted for liquid-
ity premiums. For empirical estimates of real term premiums, we use the measures from
D’Amico, Kim, and Wei (2018) (DKW). However, this measure does not explicitly account
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Table G.1: Term Structure Moments above and at the ELB
—Model versus Data—

Above the ELB At the ELB Below the ELB
Data Model Data Model Model
w/o ELB
A. Nominal Yields (10-year)
Mean 4.92 3.99 2.77 3.04 1.93
Volatility 0.76 1.14 0.75 0.55 1.08

B. Nominal Term Premium (10-year)
Mean 0.79 0.68 0.35 0.28 -0.04
Volatility 0.36 0.52 0.56 0.26 0.35

* This table contains summary statistics for selected term structure variables comparing data versus model counterparts.
The sample period is 1999:Q1-2008:Q3 for data above the ELB, and 2008:Q4-2015:Q4 for data at the ELB. All variables
are in annualized percentage terms.

for the ELB, while alternative real term premium measures are difficult to find. Thus, we
add the caveat that we use this measure only as a rough reference point (hence the values in
parentheses).

Moments above the ELB: The average real yield slope is positive in the data, which our
model can match qualitatively. The average 5-year yield in our model is about 1.1 percent,
which is close to the data, but the model-implied yield slope is shallower (first two columns
in Panel A). The volatility of real yields declines with maturity both in the data and in our
model (first two columns of Panel B). The 10-year real yield volatility in our model is close
to the data, but the model-implied volatility slope is, again, shallower.

Turning to real term premiums, in our model, the average premiums are positive and
increase with maturity, but are smaller than nominal term premiums. The DKW measures
also increase with maturity, but they are larger than our model across maturities (first two
columns of Panel C). The volatility of real term premiums in our model increases with
maturity and is somewhat smaller than the volatility of nominal term premiums. The size is
broadly consistent with the DKW measures (first two columns of Panel D).
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Table G.2: Term Structure Moments above and at the ELB
—Model versus Data—

Above the ELB At the ELB Below the ELB
Data Model Data Model Model
w/o ELB
A. Real Yields (Mean)
H-year 1.35 1.07 -0.58 0.51 -1.92
10-year 1.99 1.24 0.38 0.87 -0.52

B. Real Yields (Volatility)
5-year 0.90 0.59 0.31 0.12 1.50
10-year 0.58 0.52 0.47 0.16 0.85

C. Real Term Premiumf (Mean)

B-year 051) 015 0.14) 0.02 0.56

10-year (0.81)  0.32 (0.41)  0.19 0.25
D. Real Term Premiumf (Volatility)

5-year 0.23) 018 0.22)  0.04 0.24

10-year  (0.26)  0.25 (0.30)  0.08 0.21

* This table contains summary statistics for selected term structure variables comparing data versus model counterparts.
The sample period is 1999:Q1-2008:Q3 for data above the ELB, and 2008:Q4-2015:Q4 for data at the ELB. All variables
are in annualized percentage terms.

tThe term premium measure corresponding to the “Data” columns are from D’Amico, Kim, and Wei (2018).

Moments at the ELB: Real yields are on average lower at the ELB than above the
ELB, both in the data and in our model. Also, similar to nominal yields, the average spread
between the 10-year and 5-year yields is notably larger at the ELB both in the data and in our
model (third and fourth columns of Table G.2, Panel A). Similar to nominal yields, the ELB
increases average real yields (the fourth and last columns of Panel A), since monetary policy
cannot lower rates further at the ELB despite the fall in inflation. Real yield volatility is
upward sloping at the ELB in the data, which our model also captures qualitatively. However,
the model-implied volatility is smaller than the data (third and fourth columns of Panel B).

In our model, real term premiums at the ELB are on average positive and increasing in
maturity, similar to the DKW measures. However, the model-implied premiums are smaller
(third and fourth columns of Panel C). Term premium volatility in our model is also in-
creasing in maturity, consistent with the DKW measures, but the levels of the model-implied
volatilities are smaller than their DKW counterparts (third and fourth columns of Panel D).

H Comparative Statics

In this section, we analyze the role of several key parameters in the quantitative model.
Specifically, we focus on the parameters that control the stochastic volatility of the risk
preference (d;) and productivity (a;) processes, respectively, as well as the inertia coefficient
and inflation coefficient in the monetary policy rule. We study the role of these parameters
by comparing the moments from five alternative parameterizations of the model with the
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moments from the baseline model. The results are summarized in Tables H.1 and H.2. The
takeaway: stochastic volatility in both §; and a;, together with the monetary policy rule
coefficients, are all important for the model to fit the data. We provide details below.

Model (Ia) refers to the parameterization where we assume the a; process has no stochas-
tic volatility. This is achieved by setting ¢1, = 2 and 6>, = 0. Removing stochastic
volatility from a; results in less macroeconomic volatility and higher average yields above the
ELB, compared to the baseline. The term premium implications are striking. Average term
premiums are significantly smaller across maturities. Furthermore, the volatilities of term
premiums are sharply reduced. The result that stochastic volatility is an important source of
time-variation in term premiums is in line with the literature, as we discussed in Section 3.3.
At the ELB, removing the stochastic volatility of a; has mixed effects on the macroeconomy,
and has generally smaller effects on the term structure compared to the effects above the
ELB, since the impact of §; is dominant and thus the specification of a; matters less.

Model (Ib) refers to the parameterization where we assume the é; process has no stochastic
volatility. This is achieved by setting 615 = 2 and 655 = 0. In addition, we increase the
steady state volatility of &; (d5) to a5 = 0.005. This increase in 5 is necessary because 7 is
too small for the model to hit the ELB without stochastic volatility. The size of the increase
is determined such that the frequency at the ELB is similar to the baseline. This alternative
parameterization leads to more volatile output and inflation. Also, yields are on average lower
and more volatile above the ELB, compared to the baseline. Meanwhile, the term premium
implications are similar to the baseline, as the removal of stochastic volatility from d; and
the increase in g5 have offsetting effects. Moving on to the effects of removing the stochastic
volatility of §; at the ELB, we find that, despite increasing 5, the drops in average output
and inflation from their steady states are less severe, and the volatility of output, inflation
and yields are significantly lower, compared to the baseline. In addition, the average term
premiums are positive in contrast to the negative values in the baseline and the data. While
further increasing 65 can improve the model’s fit at the ELB in terms of macro variables and
the average term premium, this comes at a cost of excessive macro volatility and depressed
term premiums above the ELB, counter to the data.

Model (Ic) refers to the parameterization where we assume no stochastic volatility in both
the a; and d; processes. This is achieved by setting 01, = 015 =2 and 6, = 025 = 0. Also,
we increase g5 to the same level as in Model (Ib) because otherwise the ELB binds mostly
due to positive supply shocks, which is counterfactual. Additionally, it makes for an easier
comparison with Model (Ib), as this parameterization amounts to shutting down stochastic
volatility of a; from Model (Ib). This change further increases the impact of d; relative to
at, lowering average term premiums even more than Model (Ib) when the economy is above
the ELB. In addition, by removing both sources of stochastic volatility from the model,
term premium volatility becomes negligible above the ELB. At the ELB, term premiums are
compressed but slightly positive on average, and their volatility is negligible. Overall, the
term premiums from this parameterization are even farther from their empirical counterparts
compared to Model (Ib).

Model (II) refers to the parameterization where we assume no inertia in the monetary
policy rule (p, = 0). Above the ELB, assuming no inertia does not have material effects
on model fit. At the ELB, however, assuming no inertia produces higher average yields and
yield volatility, especially for shorter maturities, compared to the baseline. This is because
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the absence of inertia leads to less accommodative monetary policy at the ELB, and the
model-implied average duration at the ELB is shorter for Model (II) than in the baseline.
As a result, average output and inflation are lower compared to the baseline at the ELB.
Also, since the loosening of the ELB constraint affects shorter-maturity yields the most,
term premiums for shorter maturities are notably less compressed by the constraint and thus
significantly more negative and somewhat more volatile compared to the baseline.

Model (III) refers to the parameterization with a lower inflation coefficient in the monetary
policy rule of ¢, = 2.5. Above the ELB, less emphasis on the stabilization of inflation leads
to less volatile output and significantly larger volatility in inflation. In turn, average yields
and yield volatility are higher compared to the baseline. The significant increase in inflation
volatility leads to larger average term premiums, which are more volatile. At the ELB, the fall
of average inflation is much more severe. Meanwhile, average yields are somewhat lower and
yield volatility is higher across maturities compared to the baseline. Average term premiums
are somewhat more negative for shorter maturities compared to the baseline. At the ELB
where demand shocks become more dominant, the increase in inflation volatility acts more
as a force to lower term premiums.
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I Alternative Forward Guidance Scenario

The results in Section 5 showed that the RW rule provided further policy accommodation
compared to the baseline Taylor rule through the decline in the expected short-rate path,
but this accommodation was partially offset by an increase in term premiums. However,
since the effect of forward guidance is to compress the absolute size of term premiums, this
result depends crucially on the risk exposure of bonds. To highlight this point, we show an
alternative parameterization of the model in which productivity shocks play a dominant role
at the ELB, contrary to our baseline model in which demand shocks play a dominant role.
Specifically, we set the stochastic volatility parameters for the risk preference process d; to
015 = 2 and 625 = 0, such that there is no stochastic volatility in d;; volatility of d; can no
longer increase significantly at the ELB. The impulse responses of yields and term premiums
are summarized in Figure I.1. In this alternative case, the introduction of the RW rule leads

Figure 1.1: Effect of Accommodative Forward Guidance at the ELB
—The Case of Positive Term Premiums at the ELB—
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under the RW rule, and the blue dashed lines are the responses from the model under the Taylor rule with the ELB
constraint. The gray vertical lines indicate the timing of liftoff from the ELB corresponding to each rule.

to a decline in yields (top panels), similar to the baseline case. The difference lies in its
effects on term premiums. Since bonds are more exposed to productivity shocks, average
term premiums are positive even at the ELB in the alternative case. Then, the introduction
of the RW rule lowers term premiums, amplifying the decline in the expected short-rate path.
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In sum, the flattening effects of forward guidance on the expectations of the short-rate path
can be either mitigated or amplified by changes in term premiums, depending crucially on
the risk exposure of bonds.
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