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Abstract

We estimate asset pricing models with multiple risks: long-run growth,
long-run volatility, habit, and a residual. The Bayesian estimation ac-
counts for the entire likelihood of consumption, dividends, and the price-
dividend ratio. We find that the residual represents at least 80% of the vari-
ance of the price-dividend ratio. Moreover, the residual tracks most recog-
nizable features of stock market history such as the 1990’s boom and bust.
Long run risks and habit contribute primarily in crises. The dominance
of the residual comes from the low correlation between asset prices and
consumption growth moments. We discuss theories which are consistent
with our results.
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1. Introduction

Models of asset prices have come a long way since Mehra and Prescott

(1985). We now have several explanations of aggregate stock market fluctua-

tions. Arguably the most prominent are habit formation, long run risks, and rare

disasters. But there are more, including limited participation, intermediary-

based models, and learning.1

In this paper, we evaluate the relative importance of these explanations. The

evaluation uses a model which divides the price-dividend ratio into identifi-

able macro risks (habit, long run growth, and long run volatility), and hard-to-

observe fluctuations in risk (a persistent residual). Habit and long run risks

are related to consumption and dividends in the usual way (Campbell and

Cochrane (1999), Bansal, Kiku, and Yaron (2012a)). The residual accounts for

all other sources of stock price movements: disaster probability movements,

shifts in beliefs about returns, etc.

We estimate the model using Bayesian methods and data on consumption

growth, dividend growth, and the price-dividend ratio. The estimation leads

to a decomposition of the price-dividend ratio into contributions from each

source of market volatility.

We find that the residual is the most important source of market volatility,

accounting for the vast majority of the variance of the price-dividend ratio. The

residual accounts for more than 80% of the variance across a variety of priors

and model specifications. Moreover, the smoothed residual tracks most of the

recognizable features of the U.S. stock market’s history, such as the booms of the

1950s and 1990s, and the busts of the 1970s and early 2000s. Long run volatility,

long run growth, and habit have large effects in the Great Depression and 2008

Financial Crisis, but overall they display a low correlation with asset prices be-

tween 1929 and 2014. These results show that, while long run risks and habit

have a non-negligible effect, something else is the key driver of market volatility.

Importantly, the dominance of the residual is independent of our choice

1Here we list just a couple references for each literature. For habit formation see Constan-
tinides (1990) and Campbell and Cochrane (1999). For long run growth and volatility risks
see Bansal and Yaron (2004) and Bansal, Kiku, and Yaron (2012a). For rare disasters see Ri-
etz (1988), Barro (2006), Gabaix (2012), Wachter (2013). For limited participation, Mankiw and
Zeldes (1991) and Guvenen (2009). For intermediary-based models see He and Krishnamurthy
(2013) and Brunnermeier and Sannikov (2014). For learning models see Adam, Marcet, and
Beutel (2015) and Adam, Marcet, and Nicolini (2016).
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of target moments, as our Bayesian estimation accounts for the entire likeli-

hood of consumption, dividends, and the price-dividend ratio. This method-

ology cuts through the problem of weighing disparate pieces of evidence from

the moment matching literature. How important is the excessively strong div-

idend predictability in long run risks models? How important is the fact that

habit implies a counterfactual link between asset prices and lagged consump-

tion growth? What do we make of models that are not evaluated against these

particular moments? By accounting for all moments, our Bayesian approach

provides a succinct answer to these questions.

Fluctuations in the residual represent “excess” market volatility: The resid-

ual moves closely with asset prices, but is unconnected to real economic growth

and real economic volatility. This description matches several theories in the

literature which fit into two broad categories: tractable models with hard-to-

observe shocks to risk or beliefs (such as variable disaster risk) and more com-

plex models which directly link expected returns to observables other than ag-

gregate consumption (such as intermediary-based models). We discuss these

theories and avenues for future research, but we cannot distinguish among

these theories in this paper.

Models with hard-to-observe risk lead to several observationally equivalent

structural models. This equivalence motivates us to focus on a semi-structural

model— that is, we simply assume that the log price-dividend ratio is linear

in the four state variables rather than derive the coefficients from assumptions

about preferences and market structure. But there are additional considera-

tions that compel us to deviate from the standard approach of looking for equi-

librium among optimizing agents.

The semi-structural model lets the data speak freely. It ensures that the es-

timation results are due to properties of the data rather than functional form

restrictions imposed by our choice of model economy. Similarly, the reduced

form is much less costly for the reader to work through. This is especially im-

portant because our model includes several sources of risk. Lastly, an agnostic

model seems appropriate considering the vast disagreement in the literature

about the economic structure underlying stock prices (see, for example, Gabaix

(2012) and Cochrane (2016) for some contrasting perspectives).

Our estimator uses the entire likelihood, but the low correlation between

price/dividends and real growth or real volatility drives the results. To demon-
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strate this, we replicate our main finding with a stripped-down version of our

estimator. Specifically, we extract state paths using only data on consump-

tion and dividends. We then use OLS to regress the price-dividend ratio on

the states. The variance decomposition from these procedure uses only covari-

ances between price/dividends and the state paths, and this information leads

OLS to conclude that the residual explains the vast majority of market volatility.

Though our approach does not require choosing moment targets, we do

need to take a stand on a few modeling and econometric issues. In every case

we make choices that favor simplicity for its various scientific virtues: Simple

formulations are easier to dissect, communicate, replicate, and extend. Indeed,

the lack of replicability of economic research has been recently highlighted by

Chang and Li (2015).

Simplicity has costs, however. Specifically, our desire for simplicity requires

that we offer two caveats regarding our conclusion that the residual is domi-

nant.

The first caveat is that our approach may favor the residual because of our

use of an annual model. We argue that an annual model is ideal, not only be-

cause it is the simplest approach, but also because the striking seasonality in

sub-annual data suggests that risk is best understood at an annual frequency.

The fact that we recover similar parameters to the cash flow only estimates

of Schorfheide, Song, and Yaron (2016)’s mixed frequency estimation suggests

that the data frequency is not critical. Nevertheless, some studies suggest that

a monthly model is important (Bansal, Kiku, and Yaron (2012a), Campbell and

Cochrane (2000)), and adding this layer of complexity may decrease the role of

the residual.

The second caveat is that our approach may favor the residual because we

use relatively simple formalizations of habit and long run risks. More subtle

formalizations, such as the use of several volatility processes for long run risk

(Schorfheide, Song, and Yaron (2016)) or the incorporation of additional shocks

to habit (Bekaert, Engstrom, and Xing (2009)) may also decrease the residual

contribution.

Relation to the Literature Our paper fits into the growing literature that com-

pares the empirical performance of macro asset pricing models. Bansal, Gal-

lant, and Tauchen (2007), Beeler and Campbell (2012), Bansal, Kiku, and Yaron
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(2012a), and Barro and Jin (2016) use moment matching methods to compare

the empirical performance of habit, long run risks, and rare disasters. The pic-

ture that emerges from this approach is somewhat muddled, as the preferred

model depends on which moments one considers important. For example,

habit is preferred if one places a large weight on accounting for the Shiller (1981)

volatility puzzle. On the other hand, long run risks are preferred if one is par-

ticularly concerned with matching time-varying consumption volatility.

Aldrich and Gallant (2011) clarify the picture by using a Bayesian framework

to compare habit, long run risks, and prospect theory. Our results echo theirs:

long run risks are critical for addressing the volatile 1930s, but are less important

for other time periods. We differ from Aldrich and Gallant, however, by allowing

a residual to drive asset prices.

The importance of including a residual is seen in more recent papers which

find that neither long run risks nor habit formation is capable of matching some

interesting stylized facts. Van Binsbergen, Brandt, and Koijen (2012) exam-

ine dividend strips and equity options, Dew-Becker, Giglio, Le, and Rodriguez

(2015) examine variance swaps, and Muir (2015) examines international wars

and financial crises. We complement these papers by showing that one does

not need to introduce derivative markets nor international data to empirically

challenge long run risks and habit formation. The time series of U.S. consump-

tion and stock prices is sufficient, if one accounts for the entire likelihood of the

data.

Our paper also owes a large intellectual debt to Schorfheide, Song, and

Yaron (2016), who pioneer the use a particle filter and Bayesian Markov chain

Monte Carlo (MCMC) methods (Herbst and Schorfheide (2014)) to estimate a

model with long run risks. We follow their approach closely, adopting their ele-

gant state space system and filtering procedure. Our results complement theirs

in that we also find strong evidence of long run risks in consumption and divi-

dends, and indeed, similar posterior estimates, using an annual model and an-

nual data. We deviate from Schorfheide, Song, and Yaron (2016), however, by

allowing for a persistent residual in the price-dividend ratio equation. Thus, our

estimation is a much more stringent test of the long run risks model. We also

assume a simpler version of long run risk, which highlights the importance of

the multiple volatility states in their model.
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2. Model, Estimation, and Main Results

This section describes the model, explains the estimation method, and ends

with the main results: decompositions of the price-dividend ratio (Section 2.6).

Along the way, we discuss the model frequency, data, and parameter estimates.

2.1. Semi-Structural Model with Multiple Sources of Risk

Our key variable of interest is the log price-dividend ratio p dt . p dt is linear

in four state variables

p dt =µp d +Ax xt +AV σ̃
2
t +As s̃t +Ae et . (1)

where xt is long run growth, σ̃t is long run volatility, s̃t is surplus consumption

(habit), and et is a residual. The tildes over σ̃t and s̃t indicate that these vari-

ables are demeaned (σ̃2
t = σ

2
t −E(σ

2
t ) and s̃t = st − s ). These transformations

imply that µp d is the mean log price-dividend ratio.

Residuals are not usually called “state variables,” but our residual is persis-

tent, plays an important role in accounting for the data, and can be interpreted

through several economic models (see Section 5).

Our goal is to estimate the coefficients Ax , AV , As , Ae and find the smoothed

paths of the states xt ,σ̃2
t , s̃t and et . The coefficients and smoothed paths pro-

vide a simple description of the importance of each source of market volatility.

We do not derive (1) from an equilibrium model in order to let the estimator

speak freely. However, there are several ways to derive (1). For example, one can

extend Yang (2016)’s Epstein-Zin habit model to include time-varying disaster

probability.

All of the states are latent, but they can be identified by their linkages with

observables. The long run risk states xt ,σ̃2
t are identified by their relationship

with consumption and dividend growth

∆ct =µc + xt−1+σt−1ηc ,t (2)

∆dt =µd +φx xt−1+φηcσt−1ηc ,t +ϕdσt−1ηd ,t

ηc ,t ,ηd ,t ∼N (0, 1) i.i.d.,

where long run growth xt evolves according to the standard heteroskedastic
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AR(1)

xt =ρx xt−1+ϕx

Æ

1−ρ2
xσt−1ηx ,t (3)

ηx ,t ∼N (0, 1) i.i.d.,

and long run volatilityσt evolves according to

ht =ρh ht−1+σh

q

1−ρ2
hηh ,t (4)

σt =σexp(ht ).

ηh ,t ∼N (0, 1) i.i.d.

The volatility specification borrows a technical fix from Schorfheide, Song, and

Yaron (2016), but otherwise the above consumption and dividends are equiva-

lent to Bansal, Kiku, and Yaron (2012a)’s processes.2 Schorfheide et al’s fix en-

sures that volatility is always positive.

Importantly, our specification does not include the multiple volatility pro-

cesses of Schorfheide et al. Using a single volatility process is consistent with

the bulk of the long run risk literature (for example, Bansal, Kiku, and Yaron

(2012a)) and makes the estimation simpler. However, this assumption is restric-

tive in that it assumes that the impact of volatility on the price-dividend ratio

can be identified with “short-run” realized consumption volatility (see equation

(2)).

Surplus consumption s̃t is also identified by consumption growth, but is

more “backward looking.” s̃t is an AR(1)-like process

s̃t =ρs s̃t−1+λ(s̃t−1)(∆ct −Et−1∆ct ) (5)

λ(s̃t−1) =







exp(−s )
p

1−2s̃t−1−1, s̃t ≤ 1
2 [1−exp(2s )]

0, otherwise

which is equivalent to Campbell and Cochrane (1999)’s habit process. This

process means that surplus consumption is the average of past consumption

growth and that habit is the average of past consumption levels (Campbell

(2003), Chen (2016)). In the robustness section (Section 4), we examine a pro-

2To see the mapping, note that σ2
t − σ ≈ 2σ2ht implies σ2

t − σ
2 ≈ ρh

�

σ2
t−1−σ

2
�

+

2σ2σh

q

1−ρ2
hηh ,t .
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cess in which s̃t responds to consumption growth itself rather than innovations.

This alternative assumption does not change the main results.

Unlike the other state variables, the residual is not identified by either con-

sumption or dividends. It is simply an AR(1)

et =ρe et−1+σeηe ,t (6)

ηe ,t ∼N (0, 1) i.i.d.

and is thus identified primarily by the price-dividend ratio. et captures every-

thing in market volatility that is not long run growth, long run volatility, or habit.

2.2. Model Frequency and Data

We assume the model frequency is annual, the same frequency as the data

we use. This differs from the typical approach in the literature which tests

monthly models against annual data moments.

We choose this approach for two reasons. The first is that monthly con-

sumption and dividends exhibit stark seasonality which is entirely unac-

counted for by models. The enormous end-of-quarter boosts to dividend

growth and spikes in consumption at the end of the year suggest that risk is

properly understood at an annual horizon. Indeed, if monthly risk is relevant

to agents in the economy, why would we observe such stark seasonality in equi-

librium?

Moreover, modeling this seasonality is not a simple task. Simple determin-

istic month or quarter fixed effects do a poor job, leading to the Census Bu-

reau’s sophisticated X-13ARIMA-SEATS seasonal adjustment. As discussed in

Ferson and Harvey (1992), the Census Bureau adjustments are forward-looking:

They boost the current month’s observation if the future months are high. This

forward-looking and smoothed series is difficult to interpret in a model of con-

sumption risk.

The second reason we use an annual model is that the robustness of asset

pricing frameworks to changes in model frequency is an interesting question

in itself. The annual frequency is particularly relevant, as annual data is far

more accessible and uncontroversial. Indeed, monthly nondurable consump-

tion is never directly observed, and instead is calculated by holding fixed shares

observed every five years (Wilcox (1992)). Time-aggregating a monthly model
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to the annual horizon is possible but dramatically increases the complexity of

model evaluation (Schorfheide, Song, and Yaron (2016)).

Thus, we estimate the model using annual consumption, dividend, and

stock price data from the Bureau of Economic Analysis (BEA) and the Center for

Research on Security Prices (CRSP).3 Consumption is real non-durable and ser-

vices consumption. Dividends and prices correspond to the CRSP index. The

sample runs from 1929 to 2014.

2.3. Estimation Method

The model contains a number of latent state variables, so it’s important to

use an estimation approach that takes full advantage of the data. To this end, we

estimate the model using Bayesian MCMC methods. Such methods utilize the

full likelihood of the data while maintaining computational tractability. This

approach also avoids the potentially contentious choice of moment conditions.

To evaluate the likelihood of our nonlinear model, we use a particle filter

(Herbst and Schorfheide (2014)). We also take advantage of the conditionally

Gaussian nature of the model to adapt the filter, following Schorfheide, Song,

and Yaron (2016). To estimate the model parameters, we embed the filter in a

standard random-walk Metropolis-Hastings algorithm. Details of the particle

filter and Metropolis-Hastings algorithms can be found in the Appendix.

We fix some parameters outside of the estimation that are uninteresting or

difficult to identify. The (uninteresting, for our purposes) means of all observ-

ables µp d ,µc ,µd are fixed to be their sample means.

s and As are difficult to identify separately as they jointly determine the

volatility of the habit contribution to the price-dividend ratio. Thus we chose

s = log 0.06, close to the Campbell and Cochrane (1999) value. In Section 4 we

estimate this parameter and find that it is poorly identified but does not affect

the main results. Assuming alternative values of S̄ also did not have a significant

impact on the main results.

Similarly,σe and Ae jointly control the volatility of the residual contribution.

Thus, we setσe = 1.

3CRSP data is from Wharton Research Data Services (WRDS). wrds-
web.wharton.upenn.edu/wrds/about/databaselist.cfm.
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2.4. Prior Parameters

Priors are chosen to be as diffuse as possible, while maintaining the eco-

nomic interpretation of the model. Overall, our consumption and dividend

priors are similar to those in Schorfheide, Song, and Yaron (2016). However, the

main results are not at all sensitive to the choice of prior, as we show in Section

4.

Prior distributions are independent and uniform for simplicity. Uniform

priors are also useful because they imply that the posterior is simply a plot of

the likelihood function.4

The left half of Table 1 shows the wide range spanned by the priors. Our prior

persistence parameters are all very diffuse, uniform between 0 and 1. Similarly,

the prior relative volatility of long run growth shocks, ϕx , is uniform between 0

and 1. Other priors are diffuse too. For example, the prior on the mean volatility

of consumption shocks is between 0.1% and 4.0% annually.

Priors on price-dividend coefficients are empirically motivated. The

bounds allow for the possibility that each state variable can account for all of

market volatility (assuming standard consumption growth parameters in the

literature). For example, the upper bound on the long run growth coefficient

Ax solves

Var(∆p dt )≈ Axϕxσ (7)

where ϕx = 0.038 and σ = 0.0072×
p

12 as in Bansal, Kiku, and Yaron (2012a),

and Var(∆p dt ) = 0.23 in our data sample. We use the analogous expressions to

equation (7) for the other state variables. The exact magnitude of the bounds

is not important under uniform priors, however. As long as the bound exceeds

the mass of the likelihood, the posterior is largely independent of the bound.

The signs of the price-dividend coefficients are also restricted to be con-

sistent with theory. That is, we restrict the coefficients on long run growth and

surplus consumption to be positive, and we restrict the coefficients on long run

4This is just the result of Bayes Rule and the constancy of uniform priors

p (parameters|data) = [Constants]p (data|parameters)p (parameters)

= [Constants]p (data|parameters).
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volatility and to be negative.

2.5. Posterior Parameter Estimates

The right half of Table 1 shows the posterior estimates. Beginning at the top

of the table, the posteriors on simple consumption and dividend parameters

are standard. The mean volatility of consumption innovations σ is about 1%

per year, and dividend innovations are roughly 6 times as volatile as the con-

sumption innovations.

In the long run risks section, we see that the estimator finds evidence of sig-

nificant long run risks in real economic growth—that is, expected consumption

growth and consumption volatility both contain highly persistent components,

with autocorrelations of about 0.90 annually. Since the identification of long

run risks is an important issue in the literature, Figure 1 takes a closer look and

plots the posterior parameter distributions.

The figure shows that the high persistence of long run growth and volatil-

ity are estimated rather precisely. The entire distribution of these parameters is

above 0.80. Long run risks vary over time, that is, the relative volatility of long

run growth shocks ϕx and the volatility of log long run volatility σh are statis-

tically and economically significant. In terms of magnitudes, these parameters

are similar to Schorfheide, Song, and Yaron (2016)’s estimates which omit asset

price data.

Moving down Table 1, habit is estimated to be highly persistent with an au-

tocorrelation of about 0.95, similar to Campbell and Cochrane (1999)’s calibra-

tion. The persistence of the residual is also about 0.95, and moreover it is pre-

cisely estimated, with a lower bound of about 0.90. This high persistence il-

lustrates a critical problem with long run risks and habit: The portion of asset

prices that they do not explain is very long lived.

Now we come to the main parameters of interest: the price-dividend ra-

tio coefficients. These parameters determine the contribution of each state to

market volatility.

Critically, the residual coefficient is estimated to be quite high at about

15% per quarter. These parameters imply that the residual component of

price/dividends has an unconditional volatility of above 50%, more than

11



Table 1: Parameter Estimates

The table shows prior and posterior parameter estimates for the model

p dt =µp d +Ax xt +AV σ̃
2
t +As s̃t +Ae et

∆ct =µc + xt−1+σt−1ηc ,t

∆dt =µd +φx xt−1+φηcσt−1ηc ,t +ϕdσt−1ηd ,t

xt =ρx xt−1+ϕx

q

1−ρ2
xσt−1ηx ,t

ht =ρh ht−1+σh

q

1−ρ2
hηh ,t , σt =σexp(ht )

s̃t =ρs s̃t−1+λ(s̃t−1)(∆ct −Et−1∆ct )

et =ρe et−1+σeηe ,t

where p dt is the log price-dividend ratio,∆ct is consumption growth,∆dt is dividend
growth, and ηt ’s are standard normal independent noise. Prior distributions are in-
dependent and uniform. Posteriors are computed using annual consumption, divi-
dend, and stock prices from 1929-2014, particle filter, and Metropolis Hastings. σe = 1,
exp s = 0.06 are chosen outside of the estimation, as are µp d , µc , and µd , which are
chosen to be their sample means.

Parameter Prior Posterior
0% 100% Mean 5% 50% 95%

Simple Consumption and Dividends
Mean Vol of Cons Shocks σ 0.001 0.040 0.0098 0.0047 0.0094 0.0162
Div Loading on Cons Shock φηc 0 10 1.15 0.396 1.2 1.75
Rel Vol of Dividend Shocks ϕd 0 10 6.13 5.37 6.19 6.71

Long Run Risks
Persistence of LR Growth ρx 0 1 0.892 0.842 0.886 0.96
Rel Vol of LR Growth Shocks ϕx 0 1 0.183 0.14 0.443 0.562
Div Loading on LR Growth φx 0 10 2.37 1.85 2.38 2.84
Persistence of LR Vol ρh 0 1 0.895 0.85 0.895 0.943
Volatility of Log LR Vol σh 0 1.5 0.954 0.864 0.964 1.01

Habit and Residual
Persistence of Surplus Cons. ρs 0 1 0.933 0.804 0.954 0.999
Persistence of Residual ρe 0 1 0.939 0.891 0.94 0.983

Price-Dividend Coefficients
LR Growth Coefficient Ax 0 243 39.1 22.4 37.9 59.2
LR Vol Coefficient AV -2.4e4 0 -87.7 -149 -84.2 -39.4
Surplus Cons. Coefficient As 0 0.93 0.282 0.0818 0.294 0.45
Residual Coefficient Ae 0 0.23 0.147 0.11 0.147 0.186
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Figure 1: Long Run Risk Parameter Estimate Details. Plots show posterior dis-
tributions of long run risks parameters from Table 1. The estimator finds sig-
nificant evidence of persistent changes in expected growth and volatility. Other
posterior distributions can be found in the Appendix.
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enough to account for the entire unconditional volatility of the log price-

dividend ratio (roughly 40%). The large role of the residual is seen in the

shrunken posteriors of the other price-dividend coefficients. Since priors were

chosen so that each state could account for all market volatility, the posterior

coefficients on long run growth, long run volatility, and surplus consumption

shrink dramatically toward zero.

2.6. Main Result: Price-Dividend Ratio Decompositions

With parameter estimates in hand, we can now address the main question

of the paper: Which source of market volatility is the most important?

Figure 2 provides an answer to this question. It plots the historical path

of the price-dividend ratio and decomposes the path into contributions from

each state variable (see equation (1)). The states are extracted with a particle

smoother (Godsill, Doucet, and West (2004)) using mean posterior parameters

from Table 1. The contribution of a state is the mean smoothed state multi-

plied by its respective mean posterior coefficient (the contribution of long run

growth is Ax xt ).

The figure shows that the residual (yellow bars) played a dominant role in

market volatility between 1929 and 2014. The residual is responsible for the

relatively low asset prices in the 1940s, the boom of the 1950s, the bear market

of the 1970s, the epic rise of valuations between 1980 and 2000, and the sharp

crash in the early 2000s. Indeed the residual closely tracks the price-dividend

ratio (blue line) for the vast majority of the sample.

Long run risks and habit play a non-trivial role. In particular, they weigh

heavily on asset prices during the Great Depression and Great Recession. Long

run growth and habit also boost prices somewhat throughout the 1950s and

1960s.

Compared to the residual, however, long run risks and habit are relatively

unimportant. Indeed, outside of the two major crises, long run volatility has

almost no effect. And while the effects of long run growth and habit are more

visible, their contributions are economically small and often have the oppo-

site pattern of the movements seen in asset prices. This last result is, perhaps,

intuitive: economic growth declined slowly between 1960 and 2014, while the

price-dividend ratio has trended upwards overall.
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Figure 2: Decomposition of the Historical Log Price-Dividend Ratio. The fig-
ure plots the decomposition implied by equation (1)

p dt =µp d +Ax xt +AV σ̃
2
t +As s̃t +Ae et

where p dt is log price/dividends, xt is long run growth, σ̃t is long run volatility,
s̃t is surplus consumption, and et is the residual. The states are the mean state
found by particle smoother using mean posterior parameters (Table 1). Coeffi-
cients are the mean posterior coefficients in Table 1. The residual contribution
(yellow) is dominant and closely tracks the price-dividend ratio.
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Figure 2 is created using mean posterior parameters, which do not account

for estimation uncertainty. Is the dominant role of the residual robust to the

dispersion seen in the posterior parameters (Table 1)?

Figure 3 shows that the dominant role of the residual is far too large to be

due to estimation uncertainty. The figure plots a variance decomposition of

the price-dividend ratio using the entire distribution of posterior parameters.

The variance decomposition is calculated by taking the covariance of equation

(1) with p dt

Var(p dt ) =Cov(Ax xt , p dt ) +Cov
�

AV σ̃
2
t , p dt

�

+Cov(As s̃t , p dt ) +Cov(Ae et , p dt ) (8)

which can lead to negative shares if a state variable has a negative sample cor-

relation with p dt .

The figure shows that the residual’s share of price-dividend variance is al-

most entirely above 75%. Indeed, the residual’s mean share is about 95%, show-

ing that something other than long run risks and habit accounts for nearly all

of the past 85 years of market volatility.

Long run growth, long run volatility, and habit have very small shares, ac-

counting for the remaining 5% of market variance altogether. These small

shares are consistent with the scarcity of crises in our 85 year sample. There

is some uncertainty in these estimates. The distributions of the shares for long

run growth and volatility cover up to 25% and 15% respectively. Nevertheless

these shares seem to be negatively correlated, as the residual share very rarely

falls below 75%.

This accounting for market volatility is somewhat complicated by the fact

that shares are sometimes negative or above 100%. These negative shares are

due to the fact that the variance decomposition is computed using sample co-

variances (equation (8)), which can be negative. Indeed, economic growth de-

clined over the sample while asset prices grew, which intuitively leads to a neg-

ative share. Habit faces a similar in-sample correlation problem. We discuss

both of these issues in more detail in Section 3.2.

This section illustrates the main message of the paper: while long run risks

and habit play a non-trivial role in asset prices, something else is behind the

vast majority of market volatility. This result is robust to estimation uncertainty,
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Figure 3: Price/Dividend Variance Decomposition and Estimation Uncer-
tainty. Shares are in percent and implied by the decomposition

Var(p dt ) =Cov(Ax xt , p dt ) +Cov
�

AV σ̃
2
t , p dt

�

+Cov(As s̃t , p dt ) +Cov(Ae et , p dt )

where p dt is log price/dividends, xt is long run growth, σ̃t is long run volatility,
s̃t is surplus consumption, et is the residual, and A’s are the coefficients from
equation (1). The densities are computed by drawing parameters from the pos-
terior (Table 1), using the draw to find smoothed mean states, and calculating
variance contributions according to the above equation. Coefficients are mean
posteriors. The plots show that the residual’s dominant role is robust to estima-
tion uncertainty.
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and indeed, Section 4 shows that it is also robust to several prior and model

specifications.

3. Supporting Results

We now present evidence in support of our main results. We show that the

estimated states are intuitive—that is, they match the related observables and

narrative descriptions of economic history. We also present a simple OLS ver-

sion of our price-dividend decomposition that generates similar results.

The OLS decomposition also helps explain why the residual is so dominant.

The large role for the residual comes from the low correlation between asset

prices and real economic growth or volatility (past and future).

3.1. Estimated States Match Observables

Likelihood-based estimations generate historical estimates of latent states.

These estimates provide an intuitive check on the price-dividend decomposi-

tions. With them we can ask: does the estimator do a good job describing eco-

nomic history?

Figures 4 and 5 show the answer is yes. These plots show estimated histori-

cal paths for long run growth, long run volatility, habit, and the residual. These

paths are computed by using mean posterior parameter values (Table 1) and a

particle smoother.

The top panel of Figure 4 shows the historical path of long run growth along

with demeaned consumption growth. The long run growth path does a good

job of capturing historical shifts in growth. The path identifies the Great De-

pression, the relatively booming 60s, as well as the productivity slowdown of

the 1970s. Movements in expected growth are small but persistent, consistent

with the long run risks story.

The bottom panel of Figure 4 shows the historical path of long run volatility,

along with the absolute value of demeaned consumption growth. The estimator

does a good job of picking up key historical patterns: the decline in volatility

after World War 2, the return of volatility in the 1970s, the Great Moderation, as

well as the recent return of volatility in 2008.
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Figure 4: Smoothed States and Observables Part 1 of 2. We apply a particle
smoother to data on consumption, dividends, and stock prices, using mean
posterior parameters (Table 1). Scattered x’s plot observables for comparison.
The smoothed paths are intuitive and capture historical shifts in growth and
volatility.
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Figure 5: Smoothed States and Observables Part 2 of 2. We apply a particle
smoother to data on consumption, dividends and stock prices using mean pos-
terior parameters (Table 1). x’s plot observables for comparison. Scaled con-
sumption growth is demeaned consumption growth multiplied by the steady
state λ(st ) (see equation (5)). Surplus consumption responds slowly to con-
sumption growth, and the residual closely tracks price-dividends.
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Figure 5 shows the remaining two states: surplus consumption and the

residual. The top panel shows the historical path of surplus consumption along

with scaled consumption growth. Consumption growth is scaled by subtract-

ing out its mean, and then multiplying by the steady state λ(st ), to imitate the

“shock” term in the habit process (5).

The historical path of surplus consumption is intuitive. Surplus consump-

tion is very persistent, and responds to slowly to changes in consumption

growth. In particular, surplus consumption plummets in the Great Recession,

as noted in Cochrane (2011).

The bottom panel of Figure 5 shows the historical path of the residual, along
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with the log price-dividend ratio. As noted in Section 2.6, these two series track

each other closely throughout most of the sample.

3.2. OLS Price-Dividend Decomposition

Using the likelihood makes the estimator comprehensive: It accounts for

all moments of the observables. But a likelihood-based estimation is also non-

trivial to dissect. Which moments are driving the results?

This section helps address this question by performing a simplified, OLS

version of our estimation. We extract state histories using only data on con-

sumption and dividends (excluding asset prices). We then use OLS to regress

the price-dividend ratio on the states. The OLS estimates focus on the covari-

ance between the price-dividend ratio and expected consumption growth, con-

sumption volatility, and past consumption growth. These covariances lead OLS

to conclude that a residual explains most of market volatility.

When extracting state histories, we skip estimation of parameter values and

instead use values from Bansal, Kiku, and Yaron (2012a) and Campbell and

Cochrane (1999). This approach makes clear that the estimation of cash flow

parameters is not behind our decomposition results. Table 2 shows the param-

eter values we use. Parameters are converted from the monthly values used in

the original papers by simple transformations ([annual persistence] = [monthly

persistence]12). The parameters shown also account for our modified volatility

process and the functional form of the conditional volatilities (equations (3)

and (4)).

Historical paths for long run growth and long run volatility are found by ap-

plying a particle smoother to the data on consumption and dividends using pa-

rameters from Table 2. The paths are plotted in the top two panels of Figure 6.

Long run growth and long run volatility follow paths that are similar to those

from the baseline, and generally pick up the same historical features (see Fig-

ure 4). These two states deviate from their historical means primarily in the

Great Depression and Great Recession. Long run growth is less volatile in the

1930s compared to the baseline, as the smoother no longer ties growth to the

violent asset price movements in that era.

Surplus consumption is constructed by initializing at the Campbell and
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Table 2: OLS Decomposition: Cash Flow Parameter Choices

For the OLS decomposition, we apply a particle smoother to consumption and div-
idend data using parameter values from Bansal, Kiku, and Yaron (2012a) (BKY) and
Campbell and Cochrane (1999). The model is the same as the baseline (equations (1)-
(6)). The data, model, and parameter values are annual. Parameters are converted from
the monthly values used the original papers by applying simple transformations: [an-
nual persistence] = [monthly persistence]12, [annual volatility] = [monthly volatility]
×
p

12. Parameter are also transformed to account for the volatility specification (see
footnote on page 7).

Value Source
Simple Consumption and Dividends
Consumption Vol σ 0.0249 BKY
Div Loading on Cons Shock φηc 2.60 BKY
Relative Vol of Dividends ϕd 5.96 BKY

Long Run Risks
Persistence of LR Growth ρx 0.74 BKY
Relative Vol of LR Growth ϕx 0.17 BKY
Div Loading on LR Growth φx 2.50 BKY
Persistence of LR Vol ρh 0.99 BKY
Volatility of LR Vol σh 2.09 BKY

Habit
Persistence of Surplus Cons. ρs 0.87 Campbell-Cochrane
Steady State Surplus Cons. s log 0.06 Campbell-Cochrane
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Figure 6: Simple State Histories. Long run growth and long run volatility are
found by applying a particle smoother to consumption and dividend growth
using parameter values from Bansal, Kiku, and Yaron (2012a) (Table 2). Sur-
plus consumption is constructed using consumption growth data, the surplus
consumption process (5), and parameter values from Campbell and Cochrane
(1999). The bottom panel shows consumption growth scaled by the steady state
λ(st ). The state paths are similar to those from the baseline estimation (Figures
4 and 5).
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Cochrane (1999) steady state and then applying the surplus consumption pro-

cess (5), using our long run growth estimate asEt−1∆ct . We assumeρs = 0.87, as

in Campbell and Cochrane (1999). The resulting path (bottom panel of Figure

6) looks similar to the baseline (see Figure 5). Like the long run risk states, sur-

plus consumption experiences large movements in the Great Depression and

Great Recession, but otherwise is relatively constant.

The final step of our simplified estimator uses OLS to regress the price-

dividend ratio on the extracted state histories. Table 3 shows the resulting coef-

ficients, R 2’s, and price-dividend variance decomposition. The table shows two

specifications: one which includes all state histories and one which includes

only variables that have the “right sign.”

Table 3: OLS Estimates and Variance Decomposition

We find smoothed paths for long run growth, volatility, and surplus consumption with-
out using asset prices (Figure 6). We then regress log price-dividends on the state paths.
Var. share is the share of price-dividend variance implied by

Var(p dt ) =Cov(Ax xt , p dt ) +Cov
�

AV σ̃
2
t , p dt

�

+Cov(As s̃t , p dt ) +Cov(Ae et , p dt )

where p dt is log price/dividends, xt is long run growth, σ̃t is long run volatility, s̃t is
surplus consumption, et is the residual, and A’s are the coefficients from equation (1).
The “Long Run Volatility Only” specification omits variables whose coefficients have
the opposite sign of that implied by theory. In both regressions, the R 2 shows that most
of the variance of log price-dividends is explained by a residual.

Specification
Long Run Long Run Surplus

Growth Volatility Consumption

Coefficient -128.9 -460.8 -0.15
Including s.e. (53.0) (87.3) (0.06)

All Variables R 2 (%) 30.0
Var. Share (%) -3.2 29.1 4.0

Coefficient -190.2
Long Run s.e. (54.5)

Volatility Only R 2 (%) 12.0
Var. Share (%) 88.0

The “Including All Variables” specification shows that long run growth and

surplus consumption have the “wrong sign,” in that their signs are the opposite
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of that implied by theory. Unlike the Bayesian estimator which can constrain

these coefficients to be positive, OLS ignores any priors and finds that a negative

sign is the best fit for the data.

The “Long Run Volatility Only” specification keeps only variables that have

the right sign. These results should thus be fairly close to the baseline, which

imposes priors consistent with theory. Indeed, the coefficient on long run

volatility of -190 is within two standard errors of the -88 value from the full es-

timation (Table 1).

The “Long Run Volatility Only” specification produces an R 2 of 12%, indi-

cating that the residual accounts for the vast majority of the variance of price-

dividends. By construction, OLS minimizes the role of the residual, leading to

a slightly smaller residual share of price-dividend variance (88%) compared to

our baseline estimate of 95%. The higher R 2 of 30% found in the “Including All

Variables” specification still means that the residual accounts for 70% of market

volatility.

Figure 7 illustrates why the residual plays such a large role in the OLS esti-

mates. The figure plots state paths along with the price-dividend ratio, with

all variables standardized. Long run growth, long run volatility, and surplus

consumption comove with the price-dividend ratio primarily in crisis periods

(Great Depression and 2008 Financial Crisis). But they fail to capture most of

the other patterns in asset price history. Indeed, a crucial feature of the price-

dividend history is its long upward trend over the past 85 years, something that

is absent from all three state variables.

4. Robustness

As with any model-based econometrics, our method could potentially be

sensitive to the model specification. The Bayesian approach raises the addi-

tional concern that the results could be sensitive to the choice of priors.

This section shows that our main result is quite robust. As long as the

specification allows for the possibility of a large residual, the estimator con-

cludes that the residual is dominant and closely follows the historical path of

price/dividends. This result holds in (1) our baseline specification, (2) if we re-

move long run risks from the model, (3) if we remove habit from the model, (4)
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Figure 7: Simple States Histories vs the Price-Dividend Ratio. All variables
are scaled to have zero mean and a standard deviation of 1. Long run growth
and long run volatility are found by applying a particle smoother to consump-
tion and dividend growth using parameter values from Bansal, Kiku, and Yaron
(2012a) (Table 2). Surplus consumption is constructed using consumption
growth data, the surplus consumption process (5), and parameter values from
Campbell and Cochrane (1999). All states move in crises but otherwise have
little correlation with price-dividends.
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if we alter the prior correlation structure, (5) if we specify that habit responds to

consumption growth rather than innovations, (6) if we rescale price-dividend

coefficients for the variance of the states. Indeed, this result holds for every

specification that we have examined in the course of writing this paper (that

allows for a residual).

Table 4 summarizes the robustness results. The table shows the shares

of variance (equation 8) accounted for by long run growth, long run volatil-

ity, habit, and the residual across the six model and prior specifications listed

above. Under all six specifications, the residual accounts for the vast majority

of market volatility, with a minimum share of 80%.

Table 4: P/D Variance Shares in Alternative Model Specifications

Figures show percent contributions to the variance of the log price-dividend ratio im-
plied by

Var(p dt ) =Cov(Ax xt , p dt ) +Cov
�

AV σ̃
2
t , p dt

�

+Cov(As s̃t , p dt ) +Cov(Ae et , p dt )

where p dt is log price/dividends, xt is long run growth, σ̃t is long run volatility, s̃t

is surplus consumption, et is the residual, and A’s are the coefficients from equation
(1). The table shows the mean and standard deviation (in parentheses) of the posterior
distribution of the shares. Shares are computed using the smoothed states evaluated at
5,000 draws from the posterior parameter distribution. Regardless of the specification,
the residual is the dominant source of market volatility.

(1) (2) (3) (4) (5) (6)
Variance share Baseline no LRR no habit alt. ϕx alt. habit A rescaled

Long-run Growth 6.99 15.27 -1.59 -2.61 14.66
(9.83) (3.62) (8.21) (7.61) (3.26)

Long-run Volatility 3.90 4.49 14.09 4.13 1.95
(3.28) (4.04) (6.35) (2.84) (2.62)

Surplus Consumption -5.72 6.81 0.24 -2.30 -0.86
(3.49) (4.26) (2.28) (3.52) (1.62)

Residual 94.83 93.19 80.24 87.25 100.77 84.25
(7.71) (4.26) (4.38) (9.21) (7.09) (2.85)

Figure 8 plots the residual under these six model specifications. Regard-

less of the specification, the residual is very highly correlated with the price-

dividend ratio and marks most of the key events in stock market history. In-

deed, the role of the residual is very consistent: regardless of the specification,
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Figure 8: Residual Contributions to the Price-Dividend Ratio Under Alterna-
tive Specifications. Lines show Ae et from

p dt =µp d +Ax xt +AV σ̃
2
t +As s̃t +Ae et

where p dt is log price/dividends, xt is long run growth, σ̃t is long run volatility,
s̃t is surplus consumption, and et is the residual. Each line shows a different
model specification (Table 4). et is the smoothed mean residual computed at
the mean posterior parameters, and Ae is the mean posterior. x’s show the de-
meaned log price-dividend ratio for comparison. Regardless of the specifica-
tion, the residual tracks recognizable features of the price-dividend ratio out-
side of the Great Depression and 2008 Financial Crisis.
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the residual drives the stock market outside of the Great Depression and Great

Recession.

The alternative specifications have intuitive motivations. The remainder of

this section discusses these motivations and some details of each result.

A common theme in our results is that long run risks and habit both capture

crises. A natural concern is that this correlation pollutes our results regarding

the residual’s share of market volatility. The no LRR (Table 4, Column (2)) and no
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habit (Column (3)) specifications examine this concern. Column (2) removes

habit and Column (3) removes the long-run risk factors from the price-dividend

ratio equation (1).

Table 4 shows that, when long-run risks are removed, the estimation assigns

a variance share of about 9% to habit. Similarly, when habit is removed, long-

run risks accounts for a variance share of about 15%. Under both specification,

the residual plays a dominant role, making it clear that competition between

the different macro-asset pricing factors is not driving our results.

Our baseline assumes that the prior parameters are independent, but this

implies that other properties of the model are correlated. The alt. ϕx specifi-

cation (Column (3) of Table 4) tests the importance of our independence struc-

ture. Specifically, we replace Equation (3) with

xt =ρx xt−1+ϕxσt−1ηx ,t ,

thus removing the adjustment term
p

1−ρ2
x for the autocorrelation in the long-

run growth process. We then place a uniform prior on the relative volatility of

long-run growth: ϕx ∼U ([0, 0.2]). Table 4 shows that under this specification,

the variance share of long-run growth is somewhat lower than in the baseline,

and the share of long-run volatility is higher. The dominant share of the residual

remains.

Another concern readers may have is that we assume a specific relation-

ship between long run risks and surplus consumption. We assume that habit

responds to consumption innovations, which leads to the two state variables

interacting in a specific way. The alt. Habit specification (Table 4 Column (5))

shows that an alternative and intuitive specification leads to similar results.

Specifically, we replace Equation (5) with

s̃t =ρs s̃t−1+λ(s̃t−1)(∆ct −µc ).

Under this alternative habit process, surplus consumption changes in response

to all changes in consumption growth, not only unexpected changes. This

means that long-run growth xt−1 also enters the current habit state. This al-

ternative specification introduces a strong theoretical correlation between the

long-run growth state and the habit state, but is closer to the original formula-

tion of Campbell and Cochrane (1999). Table 4 shows that, under this alterna-
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tive, the residual takes up even more of the variation in the price-dividend ratio

than in the baseline.

Finally, some readers may be concerned about our price-dividend coeffi-

cient priors, as these are not a standard type of variable to place priors over.

Indeed, baseline prior for these variables was chosen for simplicity rather than

a careful statistical or economic argument (Section 2.4).

The A rescaled specification (Table 4, Column (6)) places a different prior

structure on the four coefficients of the price-dividend equation (1). Specifi-

cally, we choose the priors such that the theoretical variance of the factors in the

price-dividend equation are identically and log-normally distributed. In doing

so, we avoid as much as possible that the prior favors of any state variable in

the variance decomposition, which is our prime object of interest in this pa-

per. We construct four independent random variables Tx , TV , Ts , Te that are log-

normally distributed with Ti ∼ logN
�

µT ,σ2
T

�

, i = x , V , s , e . We then construct

the Ax coefficients conditional on the values of the remaining model parame-

ters θ as follows:

Ax =

√

√ Tx

V [xt | θ ]
, AV =−

√

√ TV

V [σ̃t | θ ]
,

As =

√

√ Ts

V [s̃t | θ ]
, Ae =

√

√ Te

V [et | θ ]
. (9)

Here, V [xt | θ ] etc. are the theoretical variances of the state variables condi-

tional on the other model parameters. Note that we restrict the signs of the co-

efficients to conform to economic intuition. That is, we restrict the coefficients

on long run growth and surplus consumption to be positive, and that on long

run volatility to be negative. The result of this prior choice is that the prior dis-

tribution of the variances of the factors conditional on any θ are given simply

by the Ti ’s, and in particularly i.i.d. among each other. We set σ2
T = 2 and µT

such that the unconditional prior variance of the price-dividend ratio equals

the observed variance in the data. Other, similarly diffuse distributions of the

Ti ’s produce very similar results.

Table 4’s column(6) makes it clear that the prior structure on the factor load-

ings in Equation (1) do not matter much for the historical variance decomposi-

tion. The results are very similar to the baseline.
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5. Interpretation of the Residual

We’ve shown that the residual is responsible for the bulk of market volatility.

But what does this residual represent?

Broadly speaking, the fluctuations in the residual are a kind of excess stock

market volatility. The residual moves closely with the price-dividend ratio, is

unrelated to average economic growth (past or future), and is also unrelated to

real volatility.

This description matches several theories in the literature. The theories fit

into two broad categories: tractable representative agent models with hard-to-

observe shocks to risk (such as variable disaster risk) and more complex mod-

els that link expected returns to observables other than consumption and div-

idends (such as incomplete market models). We cannot distinguish among

these theories in this paper, but this section explains how these theories are

consistent with our evidence, and suggests avenues for future resarch.

5.1. The Residual as a Hard-to-Observe, Time-Varying Risk

As the residual represents excess volatility, it naturally maps to hard-to-

observe variations in risk. This kind of modeling has the virtue of being highly

tractable, and thus leads to explicit predictions about a variety of asset market

phenomena (Tsai and Wachter (2015)).

To see how the residual can be modeled as hard-to-observe variations in

risk, suppose consumption growth experiences rare disaster shocks Jt

∆ct =µc +σηc ,t + Jt (10)

∆dt =µd +φηcσηc ,t +ϕdσtηd ,t +φJ Jt

Jt =







J̄ , with prob et

0, otherwise
(11)

and that the probability of a disaster et is an AR(1) process

et = ē +ρe et−1+σeηe ,t . (12)

Close the model with a representative Epstein-Zin household, and standard
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log-linear approaches show that the price-dividend ratio is approximately

p dt ≈µp d +Ae (et − ē ) (13)

Ae =−
exp

�

(φJ −γ) J̄
�

−1+
γ− 1

ψ

1−γ

�

exp
�

(1−γ) J̄
�

−1
�

1−κ1ρe
. (14)

whereψ and γ are the intertemporal substitution and the risk aversion param-

eters of the representative household, respectively.

Equations (10)-(13) show that the price-dividend ratio moves around in re-

sponse to a variable et that is almost entirely unconnected to consumption and

dividend growth. et shows up in equation (10) as the probability that Jt > 0, but

the rare nature of these disasters means that (10) is empirically equivalent to

a process in which Jt = 0 all the time. More formally, simulating this model

and applying our Bayesian estimation to the simulated data would result in Ae

coefficients that are similar to what we found in U.S. data.

Thus, the probability of disaster functions just like a residual in the price-

dividend equation. But other kinds of hard-to-observe risks act similarly, for ex-

ample, the changes in the magnitude of ambiguity (Sbuelz and Trojani (2008))

or white noise shocks to habit (Bekaert, Engstrom, and Xing (2009)). Indeed,

one could add hard-to-observe shocks to other models of asset prices and likely

achieve a similar results.

The simplicity of this modeling approach means that it has the potential

to be extended to generate additional quantitative predictions. In production

economies, increases in hard-to-observe risks lead to clearly visible declines in

output and investment (Gourio (2012), Ilut and Schneider (2014)). Similar real

effects are seen in response to changes in habit (Chen (2016)) or beliefs (Winkler

(2016)). Whether production economies can help distinguish between these

theories is an interesting question for future research.

5.2. More Complex Models of the Residual

Directly linking the residual to observables other than aggregate consump-

tion is possible, but requires more complicated models. There are two kinds

of complications which are consistent with our results and lead to additional

observables: (1) incomplete markets, and (2) imperfectly rational agents. The

complexity of these models, however, makes direct model evaluation difficult.
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Under incomplete markets, consumption risk is not shared efficiently, so

aggregate consumption is no longer relevant for asset prices. This notion has a

long history going back to Mankiw (1986). The simplest way to model incom-

plete markets is by introducing idiosyncratic income risk (for example, Con-

stantinides and Duffie (1996)). Constantinides and Ghosh (2017) use GMM

to estimate a model with idiosyncratic risk, but they do not use the correla-

tion between asset prices and idiosyncratic risk in their estimation. Schmidt

(2015) argues that initial claims for unemployment is a reasonable proxy for id-

iosyncratic risk, and finds that this measure is highly correlated with the price-

dividend ratio.

Incomplete markets can also be modeled by focusing on institutional fea-

tures, namely the fact that financial intermediaries appear to play a critical role

in asset prices (Muir (2015)). In such models, only a subset of agents in the

economy trade stocks, and these agents are capital constrained (He and Krish-

namurthy (2013), Brunnermeier and Sannikov (2014)). As a result of these con-

straints, financial sector leverage becomes closely tied to the price-dividend ra-

tio. As all sector valuations tend to move together, this proxy most certainly has

a high correlation with the aggregate price-dividend ratio.

Models with imperfectly rational agents goes back to De Long et al. (1990).

Most of this literature assumes irrational expectations motivated by psychol-

ogy (for example, Hirshleifer, Li, and Yu (2015)). Barberis et al. (2015) apply

this approach in a heterogeneous agent model that brings in survey data. Their

model replicates the positive correlation between survey expectations of re-

turns and the price-dividend ratio. This qualitative relationship is difficult to

match in completely rational models (Amromin and Sharpe (2013), Greenwood

and Shleifer (2014), Koijen, Schmeling, and Vrugt (2015)).

A more recent literature assumes agents are rational, but form beliefs from

a misspecified law of motion for stock prices (Adam and Marcet (2011), Adam,

Marcet, and Nicolini (2016)). Since agents rationally update beliefs about stock

prices based on observables, this approach naturally leads to relationships be-

tween the price-dividend ratio and non-consumption data. Adam, Marcet,

and Beutel (2015) find that this approach leads to predictions about the price-

dividend ratio and past returns which are quantitatively consistent with the

data. Their model is also able to match the evidence on valuations and surveys

expectations of returns.
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6. Conclusion

We develop a model of asset prices that involves multiple sources of risk:

long run growth, long run volatility, habit, and a persistent residual. The model

is estimated using Bayesian methods which account for the entire likelihood of

the data. We find that the residual is the most important source of risk, account-

ing for at least 80% of the variance of the price-dividend ratio, as well as most

recognizable historical features of the price-dividend series. Long run risks and

habit play a role, but only in crisis periods.

This analysis raises the bar for asset pricing models. Many macro finance

models that are quite successful at matching moments struggle when con-

fronted with the entire likelihood of the data. Simply put, the conditional cor-

relations between asset prices and real variables are too small for the estimator

to put a lot of stock in real factors.

Models with hard-to-observe changes in risk (such as variable disaster risk)

pass these tests, but only because they hide the mechanism from empirical

scrutiny. Indeed, it is difficult to falsify a model in which asset prices are driven

by fluctuations in the conditional density of rare events. More complex models

can link risk changes to observables, but typically can only be evaluated based

on their qualitative predictions.

Nevertheless, the results of this paper illustrate the importance of unob-

servable drivers of asset price data. Policy makers, market participants, and

academic economists who desire to understand why valuations are currently

elevated, or why valuations have recently plummeted should be careful when

attributing these changes to movements in long run growth, long run volatility,

or consumption-based risk aversion.
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7. Appendix

7.1. State Space Formulation

To estimate the model, we write it in a state space formulation following

Schorfheide, Song, and Yaron (2016). In the end, we have transition equations

ht =ρh ht−1+σh

q

1−ρ2
h wt (15)

mt =Φ(mt−1)mt−1+Σs (mt−1)ηt .

and observation equations

yt =µy +Z mt +Zv (exp(2ht )−exp(2σ2
h )) (16)

where mt is a vector of mean “states,” yt is a vector of observables, wt ,ηt are

vectors of standard normal independent noise, Φ(mt−1),Σs (mt−1) are matricies

that describe the evolution of the mean “states,” and µy , Z , Zv are vectors and

matricies that map states to observables. We put quotes around “states” be-

cause the elements of mt include terms which are not state variables in the tra-

ditional economic sense. These additional “states” help simplify notation.

Equations (15) and (16) are convenient forms for the asset pricing models

with time varying volatility and normal shocks. As this class of models is con-

ditionally normal, it helps to express the model as close to a state space form

as possible. Moreover, this formulation allows the model to be extended to ac-

count for mixed frequency data.

These equations are mapped to the model in Section 2 by a careful definition

of vectors and matricies. We’ll now define these vectors and matricies.
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Observables and States Equations (1) and (2) can be mapped into the obser-

vation equation (16) as follows:







∆ct

∆dt

p dt







︸ ︷︷ ︸

yt

=







µc

µd

µp d







︸ ︷︷ ︸

µy

+







0 1 1 0

0 φx φηc 1

[Ax , As , Ae ] 0 0 0







︸ ︷︷ ︸

Z











zt

xt−1

η̃c ,t

η̃d ,t











︸ ︷︷ ︸

mt

+







0

0

AVσ
2







︸ ︷︷ ︸

Zv

(exp(2ht )−exp(2σ2
h )).

where

zt ≡ [xt , s̃t , et ]
′

η̃c ,t =σexp(ht−1)ηc ,t

η̃d ,t =ϕdσexp(ht−1)ηd ,t

and ′ indicates a transpose.
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State Transition Then state transitions (3)-(6) can be expressed in terms of

the augmented state space transitions (15) as follows:











zt

xt−1

η̃c ,t

η̃d ,t











︸ ︷︷ ︸

mt

=



























ρx 0 0

ψxλ(ut−1) ρu 0

0 0 ρe






0 0 0

�

1 0 0
�

0 0 0

0 0 0 0

0 0 0 0





















︸ ︷︷ ︸

Φ(mt−1)











zt−1

xt−2

η̃c ,t−1

η̃d ,t−1











︸ ︷︷ ︸

mt−1

+























ϕxσexp(ht−1)

0

0













0

λ(ut−1)σexp(ht−1)

0













0

0

σe






0

0 σexp(ht−1) 0 0

0 0 0 ϕdσexp(ht−1)

















︸ ︷︷ ︸

Σs (mt−1)











ηx ,t

ηc ,t

ηe ,t

ηd ,t











︸ ︷︷ ︸

ηt

,

where ψx is an indicator variable which depends on the habit specification

(ψx = 0⇒ habit responds to innovations in consumption growth).

7.2. Particle Filter Details

With the state space formulation in hand, we can now write down the par-

ticle filter algorithm in a compact form. We first describe the big picture of the

algorithm. We then go on to give the details of how each distribution is defined.

For each t = 1, ..., T , do the following for particles i = 1, ..., M .

1. Begin with a set of particles [m i
t−1, h i

t−1] and weights πi
t−1.

2. Draw h i
t ∼ q (h i

t |p d i
t , h i

t−1, m i
t−1) for each i , where q (h i

t |p d i
t , h i

t−1, m i
t−1) is

a proposal distribution which we’ll describe shortly.

3. Draw m i
t ∼ p (mt |yt , h i

t , h i
t−1, m i

t−1) for each i , where

p (mt |yt , h i
t , h i

t−1, m i
t−1) is the conditional density of mt . We’ll de-

scribe how this density is computed shortly. Throughout this Appendix

p (x |y )means the conditional density of x given y .

37



4. Update particle weights using

πi
t =π

i
t−1[update factor]i (17)

[update factor]i = p (yt |h i
t , h i

t−1, m i
t−1)

�

p (h i
t |h

i
t−1)

q (h i
t |p dt , h i

t−1, m i
t−1)

�

(18)

In a simple bootstrap particle filter, the update factor is just the likelihood

of yt given m i
t and h i

t . We’ll explain how to derive the above update factor

shortly.

5. Estimate log-likelihood contribution

log p̂ (yt ) = log

�

∑

i

πi
t−1[update factor]i

�

(19)

6. Resample: if 1

M 2
∑

i (πi
t )

2 < 0.5 redraw {πi
t } using a multinomial distribution

with probabilities {πi
t }.

Since the remainder of this section discusses operations applied to every

particle i , we drop the superscript for ease of reading.

7.2.1. Proposal Distribution for ht ∼ q (ht |p dt , ht−1, mt−1)

We draw ht based off of p dt and the previous state (ht−1, mt−1). The

basic idea is that we want to draw ht as close to the true probability

p (ht |p dt , ht−1, mt−1) as possible in order to minimize Monte Carlo noise in the

particle filter. Unfortunately, the relationship between p dt and ht is nonlinear

(equations (1) and (4)). We can, however, use the following Taylor expansion

exp(2ht )≈ exp(2ρh ht−1)(1−2ρh ht−1) +2 exp(2ρh ht−1)ht (20)

which leads to an approximation (16) that is linear in ht

yt =µy +Z mt +Zv (exp(2ht )−exp(2σ2
h ))

≈µy +Z mt +Zv exp(2ρh ht−1)(1−2ρh ht−1) +Zv 2 exp(2ρh ht−1)ht . (21)
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This approximation, combined with the equation (15) and the definition of yt

lets us write a mini state space system

p dt = p d0+ ÃV ,t ht +σp dηp d ,t (22)

ht =ρh ht−1+σh

q

1−ρ2
h wt

where ηp d ,t ∼N (0, 1) i.i.d. and

p d0 =
�

0 0 1
�

�

µy +ZΦ(mt−1)mt−1+Zv exp(2ρh ht−1)(1−2ρh ht−1)
�

ÃV = AVσ
22 exp(2ρh ht−1)

σ̃p d =
�

0 0 1
�

ZΣs (mt−1).

In this approximation, ht |p dt , ht−1, mt−1 is normally distributed, and a one-

step Kalman filter gives the mean and variance. We use this distribution as

q (ht |p dt , ht−1, mt−1).

In principle, this approximation could be used to generate a proposal distri-

bution for all states [ht , st ]. But drawing ht separately lets us nest Schorfheide,

Song, and Yaron (2016)’s specification and helps error checking.

7.2.2. Proposal Distribution for mt ∼ p (mt |yt , ht , ht−1, mt−1)

We draw mt in a similar way to ht . The only difference is we draw mt given

ht , and thus yt is linear in the unobserved mt and so no approximations are

needed.

Explicitly, given ht , ht−1, the state space system

yt =µy +Z mt +Zv (exp(2ht )−exp(2σ2
h )) (23)

mt =Φ(mt−1)mt−1+Σs (mt−1)ηt

shows that p (mt |yt , ht , ht−1, mt−1) is normally distributed, and a one-step

Kalman filter gives the mean and variance of this distribution. We use this dis-

tribution to draw mt in the particle filter.

7.2.3. Simplifying the Update Factor

We simplify the particle filter update step by taking advantage of the condi-

tional Gaussian properties of the model and using Bayes’ theorem.
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The standard generic particle filter update follows

πt =πt−1update weight (24)

where the update weight is

update weight≡ p (yt |mt , ht )
p (mt , ht |mt−1, ht−1)

q (mt , ht |mt−1, ht−1, yt )

and q is the proposal distribution in the propogation step (see

Herbst and Schorfheide (2014)). In our case, p (mt , ht |mt−1, ht−1) and

q (mt , ht |mt−1, ht−1, yt ) can be broken up into mean and volatility compo-

nents

update weight= p (yt |mt , ht )
p (mt |mt−1, ht−1)

p (mt |yt , ht , mt−1, ht−1)
p (ht |ht−1)

q (ht |yt , mt−1, ht−1)
(25)

The above expression can be further simplified. First note that (mt , ht ) are suffi-

cient to determine the density of yt . Similarly, ht adds no information regarding

mt given (mt−1, ht−1). Thus,

update weight=
�

p (yt |mt , ht , mt−1, ht−1)
p (mt |ht , mt−1, ht−1)

p (mt |yt , ht , mt−1, ht−1)

�

p (ht |ht−1)
q (ht |yt , mt−1, ht−1)

(26)

The term in the brackets can be simplified using Bayes’ rule twice

p (yt |mt , ht , mt−1, ht−1)
p (mt |ht , mt−1, ht−1)

p (mt |yt , ht , mt−1, ht−1)

= p (mt |yt , ht , mt−1, ht−1)
p (yt , ht , mt−1, ht−1)
p (mt , ht , mt−1, ht−1)

p (mt |ht , mt−1, ht−1)
p (mt |yt , ht , mt−1, ht−1)

=
p (yt , ht , mt−1, ht−1)
p (mt , ht , mt−1, ht−1)

p (mt |ht , mt−1, ht−1)

=
p (yt , ht , mt−1, ht−1)
p (mt , ht , mt−1, ht−1)

p (mt , ht , mt−1, ht−1)
p (ht , mt−1, ht−1)

= p (yt |ht , mt−1, ht−1). (27)

Finally, combining equations (26) and (27) gives the update factor expression

in the particle filter algorithm (18).
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7.3. Particle smoother details

We use a variant of the backward-simulation particle smoother of Godsill,

Doucet, and West (2004). Our procedure explicitly takes care of the possibil-

ity that the transitional likelihood is degenerate whenever the habit innovation

λ (ut−1) = 0 is zero.

We start with a set of filtered particles
�

m i
t , h i

t

�

with weights πi
t , t = 1, . . . , T ,

i = 1, . . . , M . We then compute a set of smoothed particles
�

m̃ i
t , h̃ i

t

�

as follows.

• Draw ki T from the distribution πt . Set
�

m̃ i
T , h̃ i

T

�

=
�

m ki T
T , h ki T

T

�

.

• For t = T −1 . . . 1:

1. Check whether λ
�

u ki t+1
t

�

= 0:

– If it is, then the filtered particle drawn in t + 1 came from a de-

generate distribution, and so

π̃k
t = p

�

m k
t , h k

t | m̃
i
t+1, h̃ i

t+1, y o
1:T

�

= I (i = k )

where I () is an indicator function. Set ki t = ki t+1.

– If not, then

π̃k
t = p

�

m k
t , h k

t | m̃
i
t+1, h̃ i

t+1, y o
1:T

�

∼π j
t p
�

m̃ i
t+1, h̃ i

t+1 |m
k
t , h k

t

�

and these densities are finite. Draw ki t from the distribution π̃t .

2. Set
�

m̃ i
t , h̃ i

t

�

=
�

m ki t
t , h ki t

t

�

.

In particular, whenever λ
�

u ki t+1
t

�

> 0 we have that p
�

m̃ i
t+1, h̃ i

t+1 |m
k
t , h k

t

�

= 0 for

all k with λ
�

u k
t

�

= 0.

7.4. Bayesian MCMC Method

We wrap the filter in a standard Random Walk Metropolis-Hastings algo-

rithm in order to derive parameter estimates (Herbst and Schorfheide (2014)).

We run standard initial tuning runs of the algorithm in order to choose a good

proposal distribution. That is, we begin by finding a local maximum of the like-

lihood function using numerical optimization. We then run a chain of length

5,000 with a symmetric step direction and use the variance of the posterior as
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the step direction in the next steps. We also choose the step size such that the

acceptance rate is a little larger than 0.3. The final MCMC chain has length

500,000.

7.5. Baseline Posterior Destils

These figures show the distributions of the all posterior parameters in base-

line estimation (Table 1).

Figure 9: Baseline: Posterior Details 1 of 2.
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Figure 10: Baseline: Posterior Details 2 of 2.
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