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Abstract

We study how banks manage their default risk to optimally negotiate quantities and
prices of contracts in over-the-counter markets. We show that costly actions exerted by
banks to reduce their default probabilities are inefficient. Negative externalities due to
counterparty concentration may lead banks to reduce their default probabilities even
below the social optimum. The model provides new implications which are supported
by empirical evidence: (i) intermediation is done by low-risk banks with medium ini-
tial exposure; (ii) the risk-sharing capacity of the market is impaired, even when the
trade size limit is not binding; and (iii) intermediaries play the fundamental role of
diversifying the idiosyncratic risk in CDS contracts, besides increasing the risk-sharing
capacity of the market.
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1 Introduction

Counterparty risk is one of the most prominent sources of risk faced by market participants
and financial institutions in over-the-counter (OTC) markets. During the global financial
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crisis of 2007-2008, roughly two thirds of credit related losses were attributed to the market
price of counterparty credit risk, and only about one third to actual default events; see Bank
for International Settlements (2011). We develop a framework to investigate the implications
of risk management on trading decisions, characteristics of the intermediaries, and structure
of OTC markets.

We show that an inefficiency arises when each bank manages its default risk through
costly actions to maximize its private certainty equivalent. Because the system-wide benefits
of risk reduction are only partially reflected in bilaterally negotiated prices, banks’ decisions
on their default probabilities may deviate from the social optimum. Surprisingly, when banks
are restricted by a trade size limit and subject to low risk management costs, they may act
conservatively (e.g., implement stricter risk management strategies), and reduce their default
risk below the socially optimal level. These actions entail opportunity costs for forsaken
business activities deemed too risky. Thus, through the choice of default probabilities, banks
face a tradeoff between conservative strategies entailing these opportunity costs and high-risk
behavior decreasing earnings from trading in the OTC market.

Our theoretical findings highlight the critical role played by counterparty risk in shaping
the structure of OTC markets. We show that low-risk banks with medium initial exposure
endogenously emerge as intermediaries, profiting from price dispersion, and providing inter-
mediation services to banks with high or low initial exposures. These intermediaries have the
least need to trade for their own risk management as their pre-trade exposure is close to the
equilibrium post-trade exposure, and they also command a small counterparty risk. Using a
proprietary data set of bilateral exposures from the market of credit default swaps (CDSs),
we highlight the prominent role played by five banks acting as the main intermediaries (see
the network graph in Figure 2).

In our model, all banks engage in risk sharing through OTC contracts. However, high-risk
banks with low initial exposure impair the risk-sharing capacity of the market. Because they
are not guaranteed to fulfil the obligations towards their counterparties, they do not sell as
much insurance as they would if they were riskless. Intermediaries increase the participation
rate of the high-risk banks by diversifying counterparty risk. As a consequence of partial
risk sharing, post-trade exposures are closer together than initial exposures. In particular,
safe banks have the same post-trade exposure if the trade size limit is big enough, whereas
risky banks maintain diverse post-trade exposures. Safer banks maintain a higher post-trade
exposure in riskier markets because riskier banks prefer to buy protection from them to avoid
excessive exposure to counterparty risk.

Our paper contributes to the post-financial-crisis discussion on the role played by coun-
terparty risk in the network of OTC derivative transactions. Derivatives account for more
than two thirds of the banks’ most prominent USD asset classes.! The OTC market for
credit derivatives has been identified as the one that has contributed the most to the onset
and transmission of systemic risk during the global financial crisis.? Stulz (2010) highlights

LA breakdown of the amounts allocated by banks to different asset classes is presented by the Market
Participants Group on Reforming Interest Rate Benchmarks. In its final report released on March 17, 2014,
Figure 1 of the USD currency section highlights that the largest interbanking exposure on the US market is
through OTC derivative trading (69 percent), while bilateral corporate loans and syndicated loans account
for only 2 percent of the key asset classes that reference USD-LIBOR and T-bill rates.

2The most prominent solution proposed for reducing counterparty risk is the central clearing of OTC



that counterparty credit risk is the highest in CDS markets. This is because the event of
a joint default of the underlying reference credit and protection seller, unique to the class
of OTC credit derivatives, cannot be anticipated. Hence, collateralizing the contract at all
times to cover the full claim would require posting large amount of excess collateral, which
would be too costly and economically unfeasible (see also Giglio (2014) for further details).

Our framework is as follows. Before engaging into trading, each bank may choose to
reduce its default probability from a target regulatory level. Such an action is costly, depends
on the decisions made by other banks in equilibrium, and takes the subsequent trading
decisions into consideration. Once the default risk profile has been determined in equilibrium,
all banks are granted access to the same technology to trade contracts resembling CDSs. As
in Atkeson et al. (2015), each bank is a coalition of many risk-averse agents, called traders;
banks have heterogeneous initial exposures to a nontradable risky loan portfolio, which
creates heterogeneous exposures to an aggregate risk factor and determines the profitability
of the trade. The trading process consists of two stages. First, banks’ traders are paired
uniformly, and each pair negotiates over the terms of the contract subject to a uniform trade
size limit. The resulting prices and quantities are endogenous and depend on the risk profile
of market participants, the heterogeneity in their initial exposures, and the dispersion in
their marginal valuations. When a trader of a bank purchases a contract from a trader of
another bank, it pays a bilaterally agreed-upon fee upfront and receives the contractually
agreed-upon payment if the credit event occurs, provided the bank of its trading counterparty
does not default. In case of the counterparty’s default, the received payment is reduced by
an exogenously specified loss rate. Second, each bank consolidates the swaps signed by its
traders and executes the contracts. Because banks are risk averse, they value the risk of
not receiving the full payment from a defaulted counterparty more than the potential gain
obtained when they are protection sellers and default.

Our normative analysis identifies an inefficiency in the banks’ risk management decisions.
Because traders rely on their banks’ profitability, the value of a trader’s credit protection
decreases as other traders from the same bank purchase protection from the same counter-
party. This is because the purchasing bank increases the concentration of its exposure to the
selling bank. The decreased value of credit protection caused by counterparty concentration
is analogous to the snob effect in the consumption of luxury goods, which lose value because
of the reduced prestige when more people own them. Analogously to the snob effect, the de-
mand curve becomes less elastic. A decrease in the selling bank’s default probability reduces
the size of the negative effect caused by counterparty concentration, and in turn, makes the
demand curve more elastic. However, a more elastic demand curve means a smaller buyers’
surplus, which corresponds to the trade benefit for the protection buyers. The buyers’ sur-
plus is accounted for by the social planner, but not in the individual optimizations of the
protection sellers. Thus, the protection selling banks neglect the decrease in buyers’ surplus,
and as a result may find it optimal to lower their default probabilities below the socially
optimal level. Hence, an externality arises because sellers are only partially compensated for
their contribution to the system-wide risk reduction.

derivatives. The Dodd-Frank Wall Street Reform and Consumer Protection Act in the United States and the
European Market Infrastructure in Europe have mandated central clearing for standardized OTC derivatives,
including CDSs. The centrally cleared CDS market currently captures only approximately 55 percent of the
entire U.S. CDS market, as measured by gross notional.



Our findings have direct policy implications: alignment of private incentives with social
efficiency can be achieved by collecting a tax from CDS buyers and using it to compensate
CDS sellers for their contribution in reducing the system-wide risk exposure. The degree of
overinvestment in risk management is higher if the banks’ bargaining power is large when
they sell insurance. A policy maker can remedy this inefficiency by reducing the bargaining
power of the seller relative to that of the buyer, for example, by reducing concentration in
the provision of credit insurance. This is especially important for the CDS market, in which
the sell side is twice as much concentrated as the buy side; see Siriwardane (2018).> Our
findings suggest that merging safe banks with low initial exposure is not welfare-enhancing.
Because these banks are likely to be protection sellers, there would be a higher misalignment
between individually and socially optimal trading decisions.

The rest of paper is organized as follows. We review related literature in Section 2.
We develop the model in Section 3. We study the equilibrium trading decisions of banks
in Section 4. We study the normative implications of our model in Section 5. Section 6
concludes. Proofs of all results are delegated to the Appendix.

2 Literature Review

Our main contribution to the literature is the development of a tractable framework to study
counterparty risk in OTC markets, along with its implications on banks’ risk management
and bilateral trading decisions.

In our model, CDSs are used by banks to hedge against the default risk of a nontradable
loan portfolios. Oehmke and Zawadowski (2017) provide empirical evidence consistent with
this view. They show that banks with a high notional of outstanding bonds also have large
outstanding notional of CDS contracts. They also examine trading volumes in the bond and
CDS markets and observe a similar pattern—that is, hedging motives are associated with
comparable amounts of trading volume in the bond and CDS markets.

Our model implication that high-risk banks engage in imperfect risk sharing is supported
by empirical evidence provided by Du et al. (2016). They develop a statistical multinomial
logit model for the counterparty choice of buyers in the CDS market. They find that market
participants are more likely to trade with counterparties whose credit quality is high. Our
model predictions are also consistent with the empirical results of Arora et al. (2012), who
find a significant negative relation between the credit risk of the dealer and the prices at
which the dealer sells credit protection.

Our framework is based on that developed by Atkeson et al. (2015). The main deviation
from their setting is that the sellers of insurance might default without delivering the full
contracted amount. While Atkeson et al. (2015) focus on the effect of entry and exit decisions
of a continuum of banks on the structure of OTC markets, we consider a fixed finite number
of banks and allow them to decide on the level of their credit riskiness. The second, albeit
minor, difference is our specification of the aggregate risk factor. Unlike Atkeson et al.
(2015), who consider it to be a generic random variable, we model the aggregate risk factor

3The top five sellers of the CDS market account for nearly half of all net selling, and 50% of net selling is
in the hands of less than 0.1 percent of the total number of CDS traders net selling is handled by less than
0.1% of the total number of CDS traders.



using a binary random variable. Through this specification, we can parsimoniously capture
the joint default risk of the protection seller and the underlying reference credit. Relevant
for the valuation of the CDS contract is the seller’s default risk conditioned on the default
of the underlying reference credit. Our model accounts directly for this conditional default
risk, which has been shown by Giglio (2014) to be significantly different from the marginal
default risk. As in Atkeson et al. (2015), we also find that banks with medium initial
exposure endogenously emerge as intermediaries. However, the counterparty risk friction in
our model has important ramifications with regard to the market structure: First, bilateral
trading positions are unique in equilibrium because the counterparty risk of the sellers makes
the traded contracts imperfect substitutes. Second, the risk-sharing capacity of the market
is impaired, even when the trade size limit is not binding. Finally, intermediaries play the
additional role of diversifying the idiosyncratic risk in CDS contracts sold by banks, besides
increasing the risk-sharing capacity of the market.

The classical setup used to study OTC markets is the search-and-bargaining framework
proposed by Duffie et al. (2005), which models the trading friction characteristics typical of
these markets. Their model was generalized along several dimensions, including the relax-
ation of the constraint of zero-one units of assets holdings (see Lagos and Rocheteau (2009)),
the entry of dealers (see Lagos and Rocheteau (2007)), and investors’ valuations drawn from
an arbitrary distribution as opposed to being binary (see Hugonnier et al. (2018)). All these
studies do not allow for the inclusion of counterparty risk, mainly because the framework
cannot keep track of the identities of the counterparties for the continuum of traders.

The interactions between counterparty risk and derivatives activities are also studied by
Thompson (2010) and Biais et al. (2016). Thompson (2010) shows that a moral hazard
problem for the protection seller, whose type is exogenously given, causes the protection
buyer to be exposed to excessive counterparty risk. In turn, this mitigates the classical
adverse selection problem because the protection buyer is incentivized to reveal superior
information that it may have relative to the seller. In Biais et al. (2016), risk-averse protection
buyers insure against a common exposure to risk by contacting protection sellers. Differently
from our model, the protection buyers are risk neutral and avoid costly risk-prevention effort
by choosing weaker internal risk controls. It is precisely the failure of protection sellers to
exert risk-prevention effort that creates counterparty risk for protection buyers in our model.

Our paper is also related to the emerging literature on endogenous OTC networks. Wang
(2018) shows that the trading network which emerges endogenously in OTC markets is of the
core-periphery type. In his model, intermediaries exploit their central position to balance
inventory risk, while in our model they help diversify counterparty risk in the network. Gof-
man (2014) provides a network model to study the intermediation friction in OTC markets.
As in our model, trading decisions and bilateral prices are jointly determined in equilibrium.
Traders can only transact if they have a trading relationship and extract a surplus which
depends both on the private value of the buyer and on the resale opportunities of the asset.
While the focus of his study is on welfare losses due to intermediation frictions, we study
the negative externality originating from counterparty concentration. Babus and Hu (2017)
consider an infinite-horizon model of endogenous intermediation and analyze two important
frictions of OTC markets. The first is the limited commitment of market participants who
can renege on due payments, and the second is the opaqueness of OTC markets in which
participants have incomplete information on the past behavior of others.



A related branch of literature has studied the incentives behind the formation of interbank
loan networks.* Farboodi (2017) proposes a model of financial intermediation where profit-
maximizing institutions strategically decide on borrowing and lending activities. Her model
predicts that banks which make risky investments voluntarily expose themselves to excessive
counterparty risk, while banks that mainly provide funding establish connections with a
small number of counterparties in the network. A related study by Acemoglu et al. (2014-b)
analyzes the endogenous formation of interbanking loan networks. In their model, banks
borrow to finance risky investments, charging an interest rate that is increasing in the risk-
taking behavior of the borrower. They find that banks may overlend in equilibrium and
do not spread their lending among a sufficiently large number of potential borrowers, thus
creating insufficiently connected financial networks prone to defaults. Different from their
settings, our framework captures stylized features of derivatives trading in OTC markets,
as opposed to markets for interbanking loans. Meetings between traders are random, and
the equilibrium trading patterns are the outcome of bilateral bargaining that accounts for
counterparty risk.

3 The Model

There is a unit continuum of traders, that are risk-averse agents. They have constant absolute
risk aversion with parameter 1. The traders are organized into M banks, which are coalitions
of traders. All banks are granted access to the same technology to trade swaps.

The banks are heterogeneous in two dimensions: their initial exposures and their sizes.
They are exposed to an aggregate risk factor D, taking binary values 0 (no default) and 1
(default), with P[D = 1] = q. We denote by s; > 0 the size of bank ¢ and by w; the initial
exposure per trader of bank 7 to the aggregate risk factor. The traders are paired uniformly
across the different banks. Therefore, the frequency at which a trader of bank j # ¢ is paired
with a trader of bank 7 is proportional to s;, and we normalize it to be equal to s;. Both
the initial exposure w; and the size s; of bank 7 are exogenously specified and observable to
the traders. Because the size does not play a crucial role in our main results, we restrict the
main body of the paper to the case s; = 1. For completeness, we present the results and
their proofs in the Appendix for any s;.

Before trading begins, each bank manages its default risk at an exogenously specified
cost. We assume that given a realization D = 1 of the aggregate risk factor, bank i’s
default probability has a maximal value of p;. This value can be thought of as the default
probability of bank i if it meets the imposed regulatory standards, and does not engage in
risk management or hedging procedures to further reduce its default risk. To become a more
attractive trading counterparty in the OTC market, bank 7 can decrease its probability to
pi € [0,p;] at a cost C(p;). Therefore, depending on its initial exposure, each bank i needs
to decide before trading starts how much it is willing to pay (cost C(p;)) in order to reduce
its default probability to p;. These decisions also take into consideration the subsequent

4 Another branch of literature has studied counterparty risk in an ezogenously specified network of financial
liabilities. The focus of these studies is on how the topology of the network affects the amplification of an
initial shock through the network. Relevant contributions in this direction include Eisenberg and Noe (2011),
Elliott et al. (2013), and Acemoglu et al. (2014-a).



trading transactions that banks will establish and that are uniquely specified in terms of
bilateral prices and quantities (see Theorem 4.3 for details). For a bank i, we denote by A;
the event that the bank defaults with P[A;|D = 1] = p;. Because banks will trade contracts
of CDS type on the aggregate risk factor D, only the conditional default event A;|D = 1
of bank ¢ and not the unconditional default event A; matters to the trading counterparties
of bank 7. Therefore, it is precisely the conditional default probability p; to determine the
attractiveness of bank ¢ on the OTC market. We assume that the conditional events A;|D = 1
are independent but do not impose that the banks’ defaults themselves are independent. In
particular, each bank can have different default probabilities depending on the realization of
the aggregate risk factor. This setting allows for a dependence structure among the banks’
defaults. A special role will be taken by banks that choose p; = 0. We call such banks safe,
while banks with p; > 0 are referred to as risky.

When a trader from bank ¢ meets a trader from bank n, they bargain a contract similar
to a CDS. They agree that the trader of bank 7 sells v, ,, contracts to the trader of bank n. If
Vin > 0, bank n makes an immediate payment of v, ,,?; ,,, and at the end of the period, bank ¢
makes a payment of ; ,,D to bank n if bank ¢ has not defaulted by then; if it has defaulted,
the payment is reduced to r7;,R;,. In summary, the payment at the end of the period is
%’nD(]lA; +7r1y,) from bank ¢ to bank n if 7, , > 0. For the case 7;,, < 0, the roles of i and n
are interéhanged. Therefore, the bilateral constraint v;,, = —7,, holds. We further assume
that there is a trade size constraint per trader so that —k < ~;,, < k for some constant k£ > 0.
We call a set of contracts (7V;n)in=1,.. . feasible if both the bilateral constraint =, ,, = —vn,
and the trade size constraint —k < ;, < k hold for all ¢,n = 1,..., M. For notational
convenience, we will use the abbreviation v; := (v;1,...,7.m) to denote the collection of
contracts that bank ¢ has with the other banks.

At the end of the trading period, traders of every bank come together and consolidate all
their long and short positions. The consolidated per-capita wealth of bank ¢ with contracts

Vils -5 Vi, M 18
Xi=wi(1=D)+> Yin(Rim — DL g +rla,)Ly, co— D(L e +rla)Ly, 0),
n#i
where

e w;(1 — D) is the per-capita payout associated with the initial exposure.

® > .z Vinllin is the aggregate net payment received (if positive) or made (if negative)
during trading, corresponding to the CDS protection fees.

o —Dr,;,(1 At + 7l 4,)1,, <o is the per-capita payment that bank i will receive from
bank n. This payment will be executed only if the realization of the aggregate risk
factor is D = 1 and bank i net bought protection from bank n (v;,, < 0). In this case,
bank ¢ will receive —; ,, if bank n does not default (event AEL, namely, the complement
of the default event An) or —17;, if bank n defaults (event A,).

® Dvin(1 ¢ +rly,)1l,, 5o is the per-capita payment that bank 4 will make to bank n.
This payment will be executed only if the realization of the aggregate risk factor is



D =1 and bank ¢ net sold protection to bank n (7;, > 0). In this case, bank ¢ will
pay i if it does not default (event AE) or 1y, if it defaults (event A;)

We calculate the certainty equivalent z; of X; by solving U(x;) = E[U(X;)], which yields

T = w; + Z 77;7”]“22-,” - Fi(%‘,h cee 7%’,M>7 (1)
n#i

where

| 1
Py, yn) = log B {exp (nD (Wi + Y (L4714 Ty, 50+ (1 +T1An)1yn<o)>)] :

The following result gives an explicit formula for I'.

Lemma 3.1. We have

Fl<y1’ . 7yM) — 1 log (1 — q _.I_ qenwi+77f(zn;yn20 yTvai)+nzn;yn<0 f(y7L7p")>7
n

where )
fly,p) = Elog ((1 = p)e™ 4 pe”™). (2)

For p >0, the functions
_ 1
y—=Z2(y) = Elog(l —q+qe") and y f(yp)
are strictly increasing and strictly convex so that the function T%(yy,...,yn) is strictly in-

creasing and convex. If p, > 0, then the function T, viewed as a function of y,, is strictly
convex on (—o00,0). Moreover, the function f satisfies

S, o) + f(y2,p2) > f(yr +y3,p1) + f(y2 — y3, p2) (3)

for all y; < yo, y3 € (0, w;yl] and p; > ps.

The value f(y,p) quantifies how the exposure of bank i to the aggregate risk factor D
changes when it sells y (or buys y if y < 0) contracts to (from) bank n, where p is the default
probability of the bank selling the contracts. If the bank that sells the contracts is safe
(p = 0), then f(y,p) = y as the increase in exposure corresponds to the number of traded
contracts in this case. However, if the bank that is selling the contracts is risky (p > 0), the
increase in exposure is smaller given that

< %log (1 —p)e™ +pe™) =y ify>0
> %log ((1 —p)e” —l—pe"y) =y ify<DO.

% log ((1— p)e™” + pe”™) { (4)

The inequality (3) has a very intuitive interpretation. Suppose a bank buys CDS protection
from banks 1 and 2 with default probabilities p; > ps. If the bank were to buy additional
protection from bank 1, its certainty equivalent would be lower with respect to the case in
which it makes balanced purchases from the two banks.
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Remark 3.2. By analyzing the structure of (4), we observe that counterparty risk is ac-
counted for asymmetrically in the contract valuation. Assume that bank i is selling contracts
to bank n. Bank n takes the default risk of bank i into account by applying a credit valuation
adjustment (CVA) to the contract. The CVA is defined as the adjustment to the default-free
contract valuation made by bank n in the amount of the difference between (i) the value of
the contract if its counterparty bank i were safe and (ii) the actual contract value which ac-
counts for bank i’s default risk. Because of the CVA, the actual exposure of bank n to the
aggregate risk factor is reduced by less than the total volume purchased from bank i. The
reason for this smaller reduction is that bank i is risky and may not deliver the promised
payment to bank n if it defaults. Analogously to the CVA, the debit valuation adjustment
(DVA) is the adjustment made to the default-free contract valuation by bank i to account for
its own default risk. Because bank i may default and not deliver the payment promised to
bank n, its actual exposure is increases less than the nominal amount.

CVA and DVA are generally accepted principles for fair-value accounting (see also Duffie
and Huang (1996) and Capponi (2013)). Because of risk aversion, DVA and CVA are not
symmetric, i.e., DVA # —CVA. The loss incurred by the buyer for not receiving the payment
at default of the seller is higher than the gain of the seller for not making the promised
payment to the protection buyer. In the limiting case of risk-neutral investors, we recover

symmetry with DVA = —CVA.

The extent to which the change in exposure is reduced by trading CDS contracts depends
on the default probability p of the protection seller and its recovery rate r. Because of the
bank’s risk aversion, the change in exposure after trading is always smaller for a buyer (and
higher for a seller) compared with the case where investors are risk neutral. This asymmetry
means that risk-averse investors value their counterparty risk benefit (DVA) less than risk-
neutral investors when they are selling and value their counterparty risk cost (CVA) more
than risk-neutral investors when they are buying protection. Mathematically,

1 1
—log ((1 — p)e +penry> > = log (e(l—p)nyﬂ?nry) =y —(1—1r)py,
U U

using the strict convexity of the exponential function. For a buyer (y < 0), this means that
the negative quantity % log ((1—p)e™ +pe™¥) is smaller in absolute value than y— (1 —r)py.

4 Market Equilibrium Conditional on Banks’ Default
Risk

This section studies the market equilibrium, fixing the default risk profile of the banks in
the system. In Section 4.1, we establish the existence of such an equilibrium. In Section
4.2, we study the implications of counterparty risk on the banks’ post-trade exposures. In
Section 4.3, we analyze which banks emerge as intermediaries and how this depends on their
relative initial exposures and default risks.



4.1 Market Equilibrium Existence and Properties

Suppose that the default probability of bank ¢ is p;. Because traders are assumed to be small
relative to their banks, they only have a marginal effect. When bank i sells protection to
bank n, the cost of risk bearing increases by %nF;n (7i) for bank i and decreases by 7; I} ()
for bank n, where I'} (7,) denotes the partial derivative of I'(,) with respect to the i-th
component. Therefore, when traders of banks ¢ and n bargain, their trading surplus is given
by

%‘,n(FZi (Vn) — F;n (%))

This trading surplus is maximized by

=k if T () < T3 (),

k3

Vin | € [k, K] if TY (i) = Ty (), ° (5)

k3

Yy
= —k if I, (v:) > T (),

which is the traded quantity when two traders of banks ¢ and n meet. The unit price R;,, of
a CDS is decided via bargaining between a protection seller with bargaining power v € [0, 1]
and a protection buyer with bargaining power 1 — v. Hence,

Ry = vmax {I (7),17 ()} + (1 —v)min {T, (%), I} () }- (6)

If bank 7 sells contracts to bank n, it receives a fraction v of the trading surplus. Indeed,
bank 4’s cost of risk bearing increases by %-,nFZn (7:), but it receives a payment 7, ,R;, so
that the net effect on bank i is

- /yi,nl_‘iyn (7@) + ’yi,nRi,n
= Yim (vmax {T, (%), Ty, () } +(1 = v) min {I', (%), I}, ()} =T, (%))

=TIy, (v:) by (5) =T, (f;;) by (5)
=V % (T, () = T, (%)) -

~
trading surplus

Because of the translation invariance property of the exponential utility, the relative bar-
gaining power between buyers and sellers does not affect how traded quantities are chosen in

equilibrium. However, it has an effect on how banks choose their default probabilities before
trading starts, as we will see in Section 5.

Definition 4.1. Feasible contracts (Vin)in=1.. m build a market equilibrium if they are
optimal in the sense that they satisfy (5).

The following result shows that finding a market equilibrium is equivalent to solving a
planning problem.

°For 7;., = 0 where I'" is not differentiable with respect to y,, both one-sided partial derivatives must
match, ie., lim,, ~o0l7 (vs) = lim,, , 70 Ly, (yn) and lim,, , ~o I, (7s) = lim,, ;N0 Iy, (Yn)s a8 Yim = 0
needs to be optimal with respect to both positive and negative changes.
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Theorem 4.2. Feasible contracts (Vin)in=1...m are a market equilibrium if and only if they
solve the optimization problem

M
minimize ZFi(’yi) over 7y subject to v, = —Yn; and —k < v, < k. (7)
i=1

This result follows from the fact that certainty equivalents are quasi-linear so that feasible
contracts are a solution to the planning problem if and only if they are Pareto optimal for
the banks. Based on the quasi-linearity of certainty equivalents, Atkeson et al. (2015) find
that, conditional on entry decisions, the pairwise traded contracts are socially optimal.

In our model, a market equilibrium on the level of the individual traders is thus equivalent
to a Pareto optimal allocation for the banks. However, this holds only for given banks’ default
probabilities, and Pareto optimality for banks is only a statement about quantities and does
not characterize prices. In our model, prices are determined in each meeting between two
traders, as is standard in OTC market models.

Theorem 4.3. There exists a market equilibrium (Vin)in=1..m. The v;n’s are unique for
pn > 0 and v, < 0, or p; > 0 and 7, > 0. For every i, the value of Y i, is unique
in equilibrium, where the sum is over n such that p, = 0 and v, < 0, or p; = 0 and
Yim > 0. In particular, the values of I'(7y,,) ’s are uniquely determined for a market equilibrium

(%‘,n)i,n:L...,M.

Theorem 4.3 establishes the existence of a market equilibrium, and states that quantities
bilaterally traded with risky protection sellers are unique in equilibrium. This uniqueness
result contrasts with Theorem 1 of Atkeson et al. (2015), where bilaterally traded volumes
are not unique. As soon as counterparty risk is involved in a trade, bilaterally traded
volumes are uniquely pinned down in equilibrium. The reason is that counterparty risk
makes CDS contracts purchased from traders of different banks imperfect substitutes. Even
if banks have the same default probability, CDSs purchased from them cannot be perfectly
substituted due to counterparty concentration: because of risk aversion, if a trader buys two
CDS contracts, he/she prefers to choose the two trading counterparties from different banks,
rather than purchasing both contracts from traders of the same bank. However, if the seller
of protection is a safe bank, there is an indifference to increasing or decreasing the trading
volume as long as it can be balanced by other trades not involving counterparty risk. For
example, trades between three safe banks A, B and C could be increased without changing
the planning problem (7) if A buys n additional CDS contracts from B, B buys n additional
CDS contracts from C, and C buys n additional CDS contracts from A.

4.2 Post-trade Exposures

Suppose that each bank has decided on its default risk p; at cost C(p;), and denote by
(Vim)im=1,..m a market equilibrium from Theorem 4.3. We define the per-capita post-trade
exposure of bank 7 by

Q; == w, + f( Z %‘,mpi) + Z T (Vi Pn)s (8)

n:y; n>0 n:Y;,n <0

11



where f is defined in Lemma 3.1. Note that §; accounts for counterparty risk: if bank ¢ and
all its counterparties are safe, then 2; simplifies to w; + Zn# Vin, as in Atkeson et al. (2015).
Observe also that €; is uniquely determined by Theorem 4.3. If bank ¢ buys —;,, contracts
on average from each trader of a risky bank n, the exposure of bank 7 is effectively reduced
by less than «; , — namely by f(%in,pn) — to adjust for counterparty risk, taking the bank’s
risk aversion into consideration. Similarly, if bank 7 is risky and sells v, ,, contracts to each
trader of bank n, then its effective increase in exposure is less than ; ,, due to its own default
risk (DVA), as discussed in Remark 3.2.

The next result says that the post-trade exposures are increasing and closer together
than initial exposures. This result generalizes the first part of Proposition 1 of Atkeson et
al. (2015) to our counterparty risk setting, while we will see in our Proposition 4.5 below
that the second part of Proposition 1 of Atkeson et al. (2015) takes a quite different form in
our model.

Proposition 4.4. Assume that
pi=pj or p;i<1/2 or p; <1/2° (9)
We then have the following relations between initial and post-trade exposures:
1. If w; > w; and p; < pj, then ; > €1;.

2. If w; > w; and p; > pj, then w; — w; > ) — ;.
Under condition (9), Proposition 4.4 states that

1. The banks’ order in post-trade exposures is the same as that in the initial exposures,
provided that their default probabilities are ordered in the opposite direction.

2. Post-trade exposures are closer together than initial exposures if the bank with larger
initial exposure is at least as risky as the bank with smaller initial exposure.

To see why conditions on the default risks of the banks need to be imposed, consider two
banks 7 and j whose initial exposures w; > w; are smaller than the average initial exposure.
Because both banks have initial exposures below the average, they are interested in selling
protection and earning the CDS protection fee. These trading motives imply that their
post-trade exposures 2; and 2; are bigger than w; and wj, respectively. However, if bank ¢
is safer than bank 7, it is likely that the other banks will buy a higher amount of protection
from bank ¢ so that €); —w; > Q; —w;. This inequality stands in contrast with that in the
second statement of Proposition 4.4, noting that p; > p; does not hold, either. Yet if bank j
is safer than bank i, it is likely that the other banks will buy a larger amount of protection
from bank j, leading to €2; > €); even though the initial exposures had the reverse order. We
will graphically demonstrate later in Figure 1 that both of these cases can indeed happen
so that conditions on the default probabilities in Proposition 4.4 are needed. Building on
Proposition 4.4, we next analyze which banks engage in full risk sharing if the trade size
limit is big enough.

6The condition p < 1/2 is essentially used to avoid that the probability-weighted CDS protection payment
in the seller’s default event, rp, is higher than 1 — p, which is the probability-weighted payment if the
protection seller does not default.
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Proposition 4.5. Assume that the trade size limit is not binding and that there are at least
two safe banks.” Then

1. All safe banks have the same post-trade exposure, say, 2.

2. Risky banks with initial exposure above some threshold o also have the same post-trade
exposure §2. The threshold o depends only on the distribution of initial exposures and
not on the banks’ default probabilities.

3. Risky banks with initial exposure below o will have post-trade exposures strictly smaller
than .

The first part of the proposition is consistent with Proposition 3 in Atkeson et al. (2015):
if the trade size limit is big enough, safe banks perfectly share their risk to the aggregate
risk factor so that they all end up with the same post-trade exposure. Risky banks with
large initial exposures are active as buyers on the OTC market. Hence, their default risk
does not matter to traders of other banks and they have the same post-trade exposure as the
safe banks, as stated by the second part of the proposition. By contrast, risky banks with
small initial exposures would like to sell credit protection, but they are not very attractive as
trading counterparties because they bear high default risk. Consequently, they will have a
lower post-trade exposure than the safe banks, as stated in the third part of the proposition.

To highlight these findings, we construct a parametric example of 30 banks and show the
resulting post-trade exposures in Figure 1. Note that the dashed and dotted curves hit the
blue line at the same point, which means that the initial exposure needed to guarantee that
risky banks have the same post-trade exposure does not depend on their default probabilities.
This observation is a consequence of Proposition 4.5, and follows from the fact that the
threshold a in Proposition 4.5 does not depend on the banks’ default probabilities. This
is because when the bank’s initial exposure becomes sufficiently high, the bank will trade
in only one direction, buying (and not selling) protection against the aggregate risk factor.
As the protection fee is paid upfront, the default risk of the bank does not matter to the
seller. Proposition 4.5 implies that the post-trade exposure of safe banks is higher than their
average initial exposure, and this is visually confirmed in Figure 1.

An immediate consequence of Proposition 4.5 is the sensitivity of the post-trade exposures
to the banks’ default probabilities.

Corollary 4.6. If the trade size limit is big enough, the post-trade exposures of banks with
sufficiently high initial exposure are not sensitive to their default probabilities, while the post-
trade exposures of banks with small initial exposures are sensitive to their default probabilities.

The statement in Corollary 4.6 is intuitive. If the risk bearing capacity of the market is not
impaired by the presence of trade size limits, banks with sufficiently large initial exposures
are protection buyers and thus their own default probabilities do not matter. However, banks
with low initial exposures are protection sellers, so their default probabilities matter when
other banks decide to trade with them.

"For risk sharing, we need at least two banks. Because perfect risk sharing is done by safe banks, we
consider in the proposition a market environment with at least two safe banks.
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Figure 1: A market model consisting of 30 banks: for each initial exposure 1,2,...,10, we
consider three banks, respectively with default probabilities p = 0, p = 0.1 and p = 0.2.
For large enough k, all safe banks and all risky banks with big initial exposures have the
same post-trade exposure. The corresponding value 6.19 is higher than the average initial
exposure of the safe banks, 5.5 (= (1 4+ 2+ --- 4 10)/10). Risky banks with small initial
exposures have a smaller post-trade exposure than safe banks. Risky banks with p = 0.2
(dotted curve) have a smaller post-trade exposure than risky banks with p = 0.1 (dashed
curve). We set the risk aversion parameter n = 1, the recovery rate r = 0, the default
probability of the aggregate risk factor ¢ = 0.1, and the trade size limit £ = 2.

4.3 Intermediation Volume

We study which banks endogenously emerge as intermediaries. These banks participate
on both sides of the CDS market, as opposed to taking large net positions, either long or
short. We consider per-capita gross numbers of sold or purchased contracts, accounting for
counterparty risk similarly to the post-trade exposure in (8). For a trader of bank 4, these
quantities are given by

G:_:f( Z %,n;pi) and Gz_:_ Z f(’.)/i,nvpn)'

n:Y;,n >0 n:Y;n<0

If bank i is safe (p; = 0), then G = > max{7i,,0}. Similarly, we have G; =
> i max{—7;,,0} if all its counterparties n are safe. In general, however, the actual
exposure is obtained by adjusting for DVA and CVA so that G} < 37, max{v;,,0} and
G; < >,zimax{—7in,0}; see Remark 3.2. The per-capita intermediation volume of bank
i is defined as I; = min{G;", G; }. By Theorem 4.3, G and G; and thus the intermediation
volume I; are uniquely determined if all p,,’s are strictly positive. Hence, we work under this
assumption in this section. We analyze separately the effects of banks’ initial exposures and
default probabilities on their intermediation volume.
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Proposition 4.7. If the trade size limit k is small enough and there are at least three banks
with different initial exposures w;’s, then the intermediation volume I; as a function of w; is
a hump-shaped curve, taking its mazimum at or next to the median initial exposure.

Additionally, if (9) holds and two banks © and j have the same initial exposure, then
I; < I; for p; > py.

The most prominent implication of Proposition 4.7 is that banks with intermediate expo-
sures and small default probabilities are the main intermediaries. This prediction is consis-
tent with empirical data from the bilateral CDS market, as shown in Figure 2. We describe
the data set and the procedure followed to generate the intermediation plots in Appendix B.
As it appears from the figure, most of the traded CDS volume is either between two inter-
mediaries or between an intermediary and a non-intermediary. The volume of traded CDS
contracts between intermediaries is high, but each intermediary has large trading positions
with only a few, and not all, other intermediaries. There is high heterogeneity in the volume
of traded CDS contracts for the banks that are not intermediaries: some banks (mainly
those with very small initial exposures) trade a very small volume of CDSs, while others
are either large buyers or large sellers of CDSs. Figure 3 further highlights that the main
intermediaries are the banks with medium initial exposures and low default probabilities,
relative to all banks in the data set.

Figure 2: Network of banks’ bilateral CDS exposures. Each node corresponds to a bank.
The inner nodes are the 5 intermediaries, while the remaining 76 banks are arranged as
nodes on an outside circle. Both in the inner area and the outside circle, the nodes are
ordered by their initial exposures, which correspond to the sizes of the nodes. The darker a
node is, the higher is the default probability of the corresponding bank. The widths of the
edges are proportional to the banks’ bilateral net CDS volume. We use blue for the CDS
volume between two intermediaries; gray for CDS volume between two non-intermediaries;
light red for CDS protection sold by an intermediary to a non-intermediary; dark red for
CDS protection sold by a non-intermediary to an intermediary.
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Figure 3: Intermediation volume as a function of initial exposures, measured in trillion
USD ($ T), and default probabilities: each point denotes a bank. The higher the default
probability of a bank, the darker the color of the corresponding point.

5 Private versus Socially Optimal Default Risk Levels

In this section, we compare the banks’ decisions on their default probabilities with the socially
optimal levels. Recall that each bank i manages its risk by choosing the conditional default
probability p; € [0, p;], where p; is the given maximal value. Bank ¢ can lower its conditional
default probability to p; at a cost C'(p;). We assume that C : [0, p;] — [0, 00) is a decreasing,
convex, and continuous function. Let p; € [0,p;] be the decision of bank i. Theorem 4.3

yields that for given p, ..., py, there exists a market equilibrium (7; )i n=1,..am. As we focus
in this section on the choice of pq, ..., py, we write
xi(pla--'apM) :wi—{_ZPYi,nRi,n _Fl(fyl) (10)

to denote bank i’s per-capita certainty equivalent (1) in a market equilibrium.
Lemma 5.1. The value of z;(p1,...,pu) is uniquely determined.

Because each bank chooses individually its default risk, we are looking for a Nash equi-
librium.

Definition 5.2. A choice of p1 € [0,p1],...,pm € [0,Dr] is an equilibrium if

zi(p1, .-, pm) — C(ps) = $i<p17 ey Die1, Dis Dit 1y - - - ,pM) — C(pi)

for all i and p; € [0, p;].
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Proposition 5.3. If the cost function C is such that

argmax(xi(pl,...,pM) —C’(pi)) (11)
pi€[0,p;]
1s a conver set for each v, then there exists an equilibrium py, ..., pa-

The assumption that (11) is a convex set means that if p; and pf are maximizers of

zi(p1,-.-,pm) — C(p;), then so is any convex combination of p; and pf. Note that, in
particular, this assumption is satisfied if there is a unique maximizer.
We consider a social planner who chooses the banks’ default probabilities py,...,py

and the quantities of traded contracts (7;n)in=1,. m SO to maximize the banks’ aggregate
certainty equivalent minus the risk management costs. The planner maximizes the objective
function

in(pl,---,pM) —ZC(I%) (12)

OVer pp € [07p1]a <oy PM € [OaﬁM] and (fyi,n)i,nzl,...,M SUb.jeCt to Yin = —Vny and —k S Yi,n S k)
where

. Zi‘il xi(p1,-..,pm) is the aggregate certainty equivalent of the banks with default
probabilities p1,...,pum.

. Zf‘il C(p;) is the sum of the costs incurred to reduce the default risk probabilities to
the levels py, ..., pu-

It follows from v, , = —7v,,; and R;,, = R,,; that Zi\i1 zi(pry- .- PM) = Zf‘il wi—Z?il T (7).
Therefore, the social planner’s optimization problem (12) is equivalent to minimize

Z T () + Z C(p:)

over the same optimization variables p; € [0,p1],...,pm € [0, par] and (Vi )in=1,..nm. Hence,
the social planner minimizes the aggregate cost of pre-trade default reduction and the level
of post-trade risk.

Proposition 5.4. The social planner’s optimization problem has a solution.

We will next analyze when and how a solution chosen by the individual banks differs
from the social optimum. The difference between individual and social optimization prob-
lems comes from the buyers’ surplus, which corresponds to the trade benefit of the banks
purchasing CDS protection. This surplus is reflected in the social welfare, but is not taken
into account in the individual optimization problems of the CDS selling banks. As we will
demonstrate, this surplus depends on the banks’ default probabilities, and thus leads to
different choices of individually and socially optimal default probabilities, giving rise to an
externality. The buyers’ surplus is equal to the portion of the trading benefit that the CDS
buyer receives. When the trade size limit is binding, this portion depends on the seller
bargaining power v. To highlight the primary economic forces, we first consider the case
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where sellers have full bargaining power (i.e., v = 1), and we discuss later how the size of
this externality depends on v. When the trade size limit is binding, the buyers’ surplus
changes only because the elasticity of the demand curve varies, while traded quantities re-
main constant at the trade size limit. This is also illustrated in Figure 4, where it can be
seen that the buyers’ surplus decreases when the default probability decreases. This can be
explained by the fact that, below the trade size limit, the demand curve is more elastic when
the default probability of the protection seller decreases. This is because a higher credit
quality of protection sellers mitigates the risk due to counterparty concentration. We recall
here that counterparty concentration reduces the elasticity of the demand curve because
each additionally purchased CDS contract carries less value for the protection buyer. These
intuitions are formalized in the following lemma.

bank 2: demand curve for P, = 0.2
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Figure 4: The dependence of the buyers’ surplus on default probabilities. The protection
seller has full bargaining power, and a trade size limit £ = 2 is imposed. Interestingly, the
buyers’ surplus for bank 2 is higher when bank 1 has default probability 0.2 (area A) than
when it has default probability 0.05 (area B). We choose the risk aversion parameter n = 1,
the recovery rate r = 0, the default probability of the aggregate risk factor ¢ = 0.1, and the
initial exposures of banks 1 and 2 to w; = 0, and w, = 100, respectively.

Lemma 5.5. For large enough q, the demand curve for CDSs by traders of the same bank
becomes more elastic on the short end, if the default probability of the protection seller de-
creases.

A more elastic demand curve, combined with a binding trade size limit, means that the
buyers’ surplus decreases, as shown in Figure 4. Because of the decreasing buyers’ surplus
(reflected in the social welfare), the socially optimal default probabilities may be higher
than those individually chosen by each bank. The following result shows that a policy maker
may mitigate the inefficiency in the banks’ risk management decisions and enhance welfare
through a suitably designed tax and subsidy system.
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Theorem 5.6. A solution to the social planner’s optimization satisfies the first-order con-
ditions of an equilibrium if bank i receives a subsidy equal to S = Sy + k(1 — v)Sy with

Sti==> (Yl (vus0) +T"(vns0)), So = (T (a.p) = T}y (7,p)),
n#i nFi

where we highlighted the dependence on p = (p1,...,pym) in the above expressions.
Assuming a small enough trade size limit, we have %—SZ? > 0 and ‘g—ii < 0 for small
enough p; and large enough q. In this case, the privately chosen p;’s are lower than the
socially optimal ones if sellers have full bargaining power. The difference between the socially
and individually optimal choices of p; increases as a function of the seller bargaining power.

To induce optimal risk management, a policy maker needs to give a subsidy to some
banks and collect a tax from other banks in the amount of the difference between marginal
social and marginal private value. The tax would be collected from CDS buyers maximal
to the amount of the buyers’ surplus and given as a subsidy to CDS sellers to compensate
them for their social contribution in reducing exposure to the aggregate risk factor. Such a
tax would depend on the volume of traded CDS contracts and on the default probabilities
of the CDS sellers, which in turn depend on their initial exposures.

The first part of Theorem 5.6 states that the subsidy can be decomposed into a part (Sh)
that is independent of the bargaining power and a part (k(1—v)S;) that depends linearly on
the bargaining power. The second part of Theorem 5.6 relates the banks’ optimal choice of
default probabilities to the socially optimal choice. As the seller bargaining power increases,
a phase transition may occur: the banks’ choice of default probabilities may switch from
being above the socially optimal level to falling below it. This phenomenon can be explained
as follows. When the buyers have high bargaining power, their trade benefit may increase
if the sellers” default probabilities are reduced. By contrast, if the buyers’ bargaining power
is low, the benefits of bargaining are more than offset by the reduced surplus resulting from
the increased elasticity of the demand curve.

The threshold on the seller bargaining power at which a phase transition occurs depends
crucially on the banks’ initial exposures. This dependence is graphically illustrated in the
left panel of Figure 5 for a market consisting of three banks. Bank 1 has zero initial exposure,
wi = 0, and acts as a CDS seller. It chooses a smaller default probability than bank 2, which
has medium initial exposure, ws = 2, and intermediates between banks 1 and 3. Bank 3
has the highest initial exposure, w3 = 10, and thus chooses to purchase CDS protection.
Being a protection buyer, bank 3 does not reduce its default probability from the maximal
level p3 = 0.2. It can be seen from Figure 5 that a higher level of bargaining power is
necessary for bank 1 (v > 0.30) to reduce its default probability below the social optimum,
as compared with bank 2 (v > 0.22). The phase transitions occur at different levels because
the individually chosen default probabilities of banks 1 and 2 are closer together than their
socially optimal ones; see the left panel of Figure 5. Targeting the aggregated certainty
equivalents, the social planner chooses a lower default probability for bank 1 than for bank 2,
because a default of bank 1 affects the two other banks (banks 2 and 3), while a default of
bank 2 affects only bank 3. On an individual level, bank 1 will also reduce its default
probability more than bank 2. However, the difference in default probabilities resulting from
the banks’ equilibrium choices is smaller than what would be socially optimal. The right
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Figure 5: Left panel: individually and socially optimal choices of default probabilities. Right
panel: subsidy and tax required to make individual choices efficient. The bank with the
lowest initial exposure (Bank 1), acting as a CDS seller, chooses the lowest default probability
and receives the highest subsidy. The bank with the highest initial exposure (Bank 3), acting
as a CDS buyer, is the primary tax payer. The bank with the medium initial exposure (Bank
2), which intermediates between banks 1 and 3, receives a subsidy for acting as CDS seller
to bank 3 and pays a tax for being a CDS buyer from bank 1, resulting in the net subsidy
displayed on the right panel. We set the risk aversion parameter 7 = 1, the recovery rate
r = 0, the default probability of the risk factor ¢ = 0.1, the trade size limit k = 0.5, the cost
function C(p) = 1/p"%, and the maximal values of default probabilities p; = py = p3 = 0.2.
The banks’ initial exposures are w; = 0, wy, = 2 and w3 = 10.

panel of Figure 5 shows that a subsidy-tax policy that achieves efficiency would subsidize
bank 1 with the highest amount, as it acts on the sell side for both banks 2 and 3, and
impose the highest tax on bank 3. Bank 2, acting as an intermediary, would benefit from the
net effect of subsidies received for selling CDS contracts to bank 2 and tax paid for buying
CDS contracts from bank 1. Bank 2’s subsidy is much smaller than that of bank 1, but its
individually chosen default probability deviates more from the social optimum, relative to
that of bank 1. This is seemingly puzzling observation can be understood as follows: as an
intermediary, the choice of bank 2’s default probability is more sensitive to subsidies and
taxes than that of the protection selling bank 2.

6 Conclusion

How do participants of OTC markets account for counterparty risk when they negotiate
prices and quantities of traded contracts? Do they manage their own default risk to be
more attractive trading counterparties? Do market participants diversify counterparty risk
in OTC markets? If so, how can they achieve this? Answering these questions is of critical
importance to understand the structure of OTC markets, the risk management decisions of
their participants, and the social implications of their trading patterns.

In this paper, we study the incentives behind the choices of banks’ default probabilities,
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along with the role played by counterparty risk in influencing trading decisions and the
resulting structure of OTC markets. We show that banks’ trading and risk management
decisions arising in equilibrium are inefficient. Negative externalities arise because protection
selling banks are not exactly compensated for their contribution in reducing the system-wide
risk exposure. Our results show that banks may reduce their default probabilities below what
is socially optimal to benefit from higher fees. These decisions depend on the banks’ initial
exposures to an aggregate risk factor and on their bargaining power as sellers. Intermediaries
contribute to social welfare by reducing the frictions caused by the trade size limit, and
more importantly, counterparty risk. Our model predicts that the main intermediaries have
medium initial exposure and low default risk, and that banks engage in less risk-sharing in
a market with higher counterparty risk.

Our framework can be extended along several directions. A first extension is to construct
a model that can capture the dynamic formation of interbank trading relations, taking
counterparty risk into consideration. Secondly, it can be generalized to include a role for
the real economy. In such a model extension, banks might have obligations to the private
sector and, additionally, fees charged as a result of a CDS trade affect the lending activities
of the banks to the real economy. A third extension is to compare trading decisions when
market participants have the choice between bilateral OTC trading, which exposes them to
counterparty risk, and centralized trading. In the latter case, the clearinghouse insulates
banks from counterparty risk, but they would be required to additionally pay clearing fees.
A recent work by Dugast et al. (2018) studies the welfare implications of central clearing,
building on the framework of Atkeson et al. (2015). Their main focus is on the trading
capacity and costs of joining the centralized clearing platform. Our proposed work would
complement theirs by accounting for the netting and counterparty risk reduction benefits of
a clearinghouse.

A Results and their Proofs

This section contains the proofs of our results done for arbitrary sizes s; of the banks. When
the formulation of the statement is different from that in the case s; = 1, we restate the
result.

A.1 Proof of Lemma 3.1
Using P[D = 1| = ¢, we compute
Z. 1
M(yis - oym) = p log E {exp (nD (wz- + >y ((Lge + 714 Ty50 + (Lg + T]lAn)ﬂyn<o)>)]

1
- Elog (1 —q+qF [exp (nwi + nZyn((]lAE +rla) Ly, 0 + (L + T]lAn)]lyn<0)>)})
n#£i

1
= 5log (1 —q+ qenwiE[exp (n(]lAE +1rly,) Z yn)] H E[exp (77(]1,45 + rﬂAn)yn)}

n#i: yn >0 n#i: yn <0
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Using that p; = P[A;], we obtain

| |
T (y1,. ., yu) = —log (1 — g+ ge™ <(1 — pi)e’ Zmmzo¥n +pz~e”z”">°yn>
77

X H ((1 = pn)e™n +pnem’y")>,

n#t yn <0

which can be brought into the form T'(yy, ..., yas) written in the statement of Lemma 3.1.
To show the additional properties of T'(yi, ...,y ), we first note that the function =
given by

_ 1
=ly) = log (1—q+qe™) (13)
is strictly increasing and strictly convex. Indeed, we can calculate

(1 — q)gqne™
(1 —q+qem)?

qeny
1 —q+gew

=() =(y) =

Next, we consider
1
f(y.p) = log ((1 = p)e™ + pe™)
for p > 0 and calculate

(1 —p)e™ + rpe™
(1 —p)em + pen
(1 =p)e™ + pe™)((1 —p)e™ + r’pe”?) — ((1 — p)e™ + rpe™)?
((1 = p)emv + penry)?
p(1 = p)(1 —r)Zentny
((1 = p)em + perry)?

fo(y,p) = 0, (14)

fo(y,p) =1

> 0. (15)

These inequalities show that the function y — f(y, p) is strictly increasing and strictly convex
for p > 0. Because f(y, p) either equals y (if p = 0) or is strictly increasing and strictly convex
(if p > 0), we see that T(y1, ..., yar) is strictly increasing, and the statements on convexity
of T%(y1,...,yn) now follow from the fact that convexity is maintained under sums and
compositions with a convex, nondecreasing function.

Finally, to prove (3), let y1 < o, y3 € (0, %25%] and p; > po. We first note that (3) is
equivalent to

((1 —p1)e™ + plemyl) ((1 — p2)e™? + p2€my2)
> ((1 _ pl)en(yl-i-ys) + pleﬂr(y1+y3)) ((1 _ p2)e77(y2—y3) _1_1926777"@2—2/3))7

which can be further simplified to

_ n(y1+ryz) _ n(y2+ry1) _ n(y1+ry2+ys(1-r)) _ n(yz+ry1—y3(1-r))
(1—p1)p2e +(1—p2)pre > (1—p1)pae +(1—p2)p1e :
This inequality follows from

ae™ + be™? > qe®1 T 4 pe¥2 s (16)
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for all a < b, r1 < 29 and x3 € (0, ””2;2“] by choosing

a=(1—=pi)p2, b=1—=pa)p1, =1 =0 +71y2), z2=n(y2+ry), x3=nys(l—r),

where we note that py > po, y1 < yo, and y3 € (O, %} imply a < b, 1 < x5, and
r3 € (0, ”2;“} The inequality (16) can be seen from the convexity of the exponential
function or checked directly by calculating the partial derivative

ag(aexﬁ-z + bexz—z) _ aexﬁ-Z _ bexz—z S beg;1+z . ber_Z <0
y4

for all z € [0, £252). O

A.2 Results of Section 4.1 and their Proofs

Theorem A.1 (Theorem 4.2). Feasible contracts (Vin)in=1
and only if they solve the optimization problem

v are a market equilibrium if

.....

M
minimize Z siT'(vis)  over y subject to Vi = —Yni and —k < v, < k, (17)
i=1
where ;s := (%‘,181, e >%‘,MSM)-

Proof. The Lagrangian function corresponding to (17) is

M ' M M M _
Do sl (s) = Y sisnin (i i) = D sl (k=) = D sisaBia(k + in).
i=1

,m=1 ,n=1 ,n=1

The optimality conditions are

F?Zyn (’YZS) Qjp T Qg ﬁin + Bi,n? an > 07 Bi,n 2> 07 ( )
8 _ — 3 7 o 18
—z,n(k /yz,n) O’ z,n(k }i,n) = 0.

All of them are satisfied for

gm =B = 5 max {Fyn (7is) — T (9ms), 0}, Qin + Q= 5(I‘yn(%s) +1I (’YnS))
if v satisfies (5) and 7;, = —7n;. This means that if v is a market equilibrium, it is a

solution to (17). Conversely, if 7 is a solution to (17), then (18) implies

A 2 2 2 2 2 2 n 2 2
Fyn (718)<k - Wz,n) = (Oéi,n + an,i)(k - %,n) = (an,i + ai,n)(k - ’yn,z) = Fyi ("ynS)(k - 711,1)

This equation shows that if 7, # £k, we need I, (v;5) = I'y (7,5). In turn, T (v;s) #
I (yns) implies 7;,, = +k. Consider the case F_;n (vis) < I} (7ns) and assume v;,, = —K,
then v, ; = k; it follows from (18) that B, =0, pB,;,=0and

[y (Yis) = Qi + o+ B 2 Qi + i 2 i + @in — B, =T (),
which is a contradiction to I'y (vis) < T (7,s). Therefore, T} (vis) < I'y (y,8) implies

Yin = k. By symmetry, an (vis) > I}, (yms) implies 7;, = —k. This shows that a solution
to (17) satisfies (5) and thus is a market equilibrium. O
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Theorem A.2 (Theorem 4.3). There exists a market equilibrium (Vin)in=1.. .- The Yin
are unique for p, > 0 and 7;,, <0, or p; > 0 and ~;,, > 0. For every i, the value is the same
for > VinSn where the sum is over n such that p, = 0 and v;, <0, or p; =0 and 7;, > 0.
In particular, T'(vy,) are uniquely determined for a market equilibrium (Y, n)in=1,. M-

Proof. We prove first the existence of a market equilibrium. To this end, we will apply
Kakutani’s fixed-point theorem (see, for example, Corollary 15.3 in Border (1985)). Fix k,
set S = [—k, k)MM=1D/2 and define a mapping ® : S — 2° as follows, where 25 denotes the
power set of S, i.e., the set of all subsets of S. Each element in S corresponds to the lower
triangular matrix of (7, )in=1,.m, where we set the diagonal elements ~;; equal to zero and
the upper diagonal elements are defined by v;,, = —7,;. Let ®(y) consist of all (Yi,)in=1....:m
that satisfy ¥i, = —Vni, =k < ¥in < k, and

=k if I (vis) < Ty (7a5),
Yin § € [=h, k] T (vis) =Ty, (78),
= —k if F;n (vi8) > ry (Vn$)-

Note that these “if” conditions depend on v and not on 4. We can see that ®(+) is nonempty,
compact and convex. To show that ® has a closed graph, consider a sequence (W(m),ﬁ(m))
converging to (v,7) with 5™ € ®(7™) for all m. Because 7™ — 5 and 3™ € & (™),
we have 4;, = —%,; and —k < %;,, < k. Moreover, if an (vis) < Ty (yms), we have
r (%(m)s) <Ty (%(Lm)s) for all m big enough, as 7™ — ~. This yields 5/1.(;?) = k for all m
big enough; hence, ¥; , = k. Similarly, I', (v;s) > I'}, (7,s) implies 7;,, = —k. The condition
is also satisfied for the last case I'}, (7;s) = I'yt. (7n5), as we have already shown —k < %;,, < k.
Therefore, there exists v with ®(y) = v by Kakutani’s fixed-point theorem; hence, there is
a market equilibrium.

To prove uniqueness, we first apply Theorem 4.2, which says that finding a market
equilibrium is equivalent to solving (17). We then write the objective function in (17) as

M M
Z Sz'Fi(%;S) = Z 5;2 <wi + f( Z %,nsmpi> + Z f(%,nsnapn>>7
=1 =1 Y, nSn >0 Y nSn<0

where the function = is given in Lemma 3.1. The uniqueness statements now follow from
the statements on convexity in Lemma 3.1. 0

A.3 Results of Section 4.2 and their Proofs

Proposition A.3 (Proposition 4.4). Assume that at least one of the following conditions
holds:

(a) pi = pj, or
(b) pi S 1/2 and }_,. . o %Yiese = simaxyYig, or

(¢) pj <1/2 and ZZ:%,@ZO Yj.eSe > SjMmaxy Vi
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We then have the following relations between initial and post-trade exposures:
1. If wi > wj, pi <pj, and s; < s, then ; > Q.
2. If w; > wj, pi > pj, and s; > s;, then w; —w; > Q; — Q.
Proof. We first note that, for general sizes, the post-trade exposure is given by
Qi =w, + f( Z ’Yz',nsmpi) + Z F(VinSns Dn)-
i >0 N7, <0

We split the proof in several steps, starting with some preparation.
Claim 1a. For two banks ¢ and j, we have

Qj > = Vi < 0. (Cla)

Proof of Claim 1a. From Lemma 3.1, it follows that

. E/Q . nonsy Mg f 'i>07
t4 50 = {E O oo ns) 1 1
= ()nfy(vjisi i) if 754 <0,
with an analogous expression for F;j (7is). If 75, > 0 (and thus 7, ; < 0), we obtain
F;Z(fyjs) nfy( Z ansnypj>
n:Y5,n >0
nfy( Z ’ansmp]>
n:Yj,n >0
> E/(Qi>7]fy('7i,jsj7pj)
= FZJ- (7is)
by strict convexity of = and convexity of f(.,p;) from Lemma 3.1. However, this implies
v;: = —k by (5) in contradiction to the assumption 7;; > 0. Similarly, we obtain a contra-
diction for 7;; = 0, using Footnote 5, which concludes the proof of (Cla).
Claim 1b. For two banks ¢ and j, we have
Q> Q) = Yjn < Yin O ¥, = —k for all n with Q,, < Q,. (Clb)
Proof of Claim 1b. We distinguish the following three cases:
o If Q, € (2,Q;), we have v;,, <0 and 7, > 0 by (Cla) so that 7;, < 7;, holds.
o If 0, <, we have v;,, <0 and v, < 0 by (Cla); thus,
FgJJn (7]'3) = E/(Qj)nfy(vj,nsn7pn)u (20)
%, (is) = E/(Q)nfy (YinSns Pn), (21)
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FZJ_(% s) = nfy( Z %esz,pn) = FZZ-(%S)-

L: Tn, 20
Assume that v;,, # —k, which implies

L. (38) = Ty () = Ty (vas) < T}, (is)
by (5) and (22); thus,
=/(Q). .
1< ;(Q]) < fy(’%,nsnapn>

/(Qz) N fy(’)/j,nsnapn)
by (20) and (21). This is only possible if v;, < 7in

[

o If O, =, we argue as in the first item if v;,, > 0, or as in the second item if ; ,, < 0

Note that (C1b) holds regardless of the default risks of banks ¢ and j. This is because we

are considering banks n with smaller post-trade exposures; thus, banks that are seller of

protection by (Cla) so that the same counterparty risk p,, applies to trades with ¢ and j
Claim Ic. For two banks ¢ and j, we have

Q>0 = fy(Z&’Yj,eZO 73'7435717]')
J 7

fy(%,jsjapj)
Jy ( Zzzwzo i £S5 pi)

or 7v,; = —k for all n with €2,, > Q
fy(%,isiapz‘)

Proof of Claim Ic. €, > §; implies v;, > 0 by (Cla), and thus I'7 (

(Clc)
Yni 7 —Fk, it follows that T% (v;s) > ' (7,5); hence,
Iy, (ms) > T, (v;8) = Ufy( > %e%%) Ufy( > %zse,p;)
E’y g>0 E’\/ g>0
i fy(2£:7jg207j7€3€apj) n fy(Ze«y >0 'YMSE,pg)
=T, (ns) : > Ty, (7ns)
y( 22;72.‘420 'Yi,ésfapi)

fy( Zz 1,020 Vi €3£7pz)
which shows (Clc), as I') (vn8) = Z' ()0 fy(yn,isi, pi) and I (v,8) = E
Claim 1d. For three banks 7, j, and n, we have

E(Q)nfy(Vngsipj)-

Q; < Q; =Q, = v;n < Vin or (Clc) holds.

(C1d)
Proof of Claim 1d. If ~;, < 0, we obtain v;, < ¥in, as v, > 0 by (Cla). If v;, > 0, we
can argue as (Clc).

We can summarize (Cla)—(C1d)

for all 7, <0,

<
Qj > Qz — Tin = Yim (Cl)
for all ~;,, > 0.

(Clc) holds

Claim 2. For two banks i and j, we have

w; > wj, pj > pi, s; > S, and (a), (b) or (c) of the proposition holds = Q; > Q

(C2)
26
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Proof of Claim 2. We prove the claim by contradiction and assume that €; < ;. This
implies 7, < i, for all v, <0 by (C1); hence,

< Z ’Yjﬁslapj) - j Z f’}/]nsnapn>

£:74,¢>0 n:y4,n<0

> —w; — Z f(%,nsmpn)

n:’Y'i,7L<0

- f( > 7i,£5€>pi)

£ 020

> f< Z ”Vi,zsbpj)y

L:y;, 020

using (8), p; > pi, and that f(y,p) is decreasing in p for y > 0 because, using the definition
(2),

a 1 ny nry _eny _|_ e777“y
foly,p) = 8_p510g (1= p)e™ + pe™) = (T p)ew £ o) <0 fory > 0. (23)

Th%s yields Zf:w,ezo Vese > Zf:w,@O YieSe, asy — f(y, p;) is strictly increasing by Lemma 3.1.
This implies that there exists n with v;, > v, > 0; thus,

Mg < Yni <0 and 7,85 < Ynisi (24)

because s; > s; by assumption. Moreover, v;, > 0 implies €, > ; by (Cla). On the other
hand, ©; < €; implies by (Clc) and (C1d) that v, ; = —k (which stands in contradiction to
(24) because 7, ; > —k) or v;, < 7, (also a contradiction to (24)) or

fy ( sz,gzo Vil Se, pz‘) - fy( ZMMZO ViS¢, pj)
fy(’Yn,iSz‘,pi> fy(’Yn,ijypj)

(25)
We will show that (25) contradicts

pj = i, Z Vj.e5e > Z Yigse and Vn;s; < YniSi (26)
L5620 Ly 020

if one of the conditions (a)—(c) of the proposition holds.

As an auxiliary step, we next analyze the function p — ;ygzl’i and show that

gfy(ylap)
9p fy(y2,p)

Indeed, we use (14) and

>0 forallpel0,1/2] and y; > —y2 > 0. (27)

0 (1 —p)e™ + rpe™¥
ap (L —p)em + per

fow(y,p) =
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(1 —p)e™ + pe™)(—e™ +re™) — ((1 — p)e™ + rpe™)(—e + e'Y)
(1 —p)emnv 4 penrv)?

(r — 1)end+my

(U= p)ew + per)?

to deduce that

gfy(ylap) _ fy(y%p)fyp(ylap) - fyp(y%p)fy(yl,p)
9p fy(y2,p) (fy(y2,p))?

(1—p)e¥2 4rpev2 (r—1)en(1+m)y1 . (r—1)en(1+m)y2 (1—p)e1 4rpev1
_ ((=p)em™24pemv ((1—p)e¥i+peT1)2 — ((1—p)e2+peTv2)2 (1=p)e¥i+peT L

- (fy(y2:p))?

B (r —1)end+mn ((1 — p)e2 4 rpe””yz) ((1 —p)em™2 + penryz)
((]_ — p)eny1 + peﬁ"'yl)Q((l _ p)eﬂ'y2 _|_pe777’y2)2(fy<y27p)>2
(r — 1)en(+ry ((1 — pe™ + rpemyl) ((1 — p)e™ 4 pem"yl)

(1 = p)emn + pemrn)2((1 — p)emz + penrvz)(f, (yz, p))*
(1 — r)end+muity2)

- (1= p)emr + pemrv)2((1 — p)em= + per2)2(f,(ya, p) )
% <((1 = p)e" I ) (1= p+ pe T

— ((1 — p)en(l—v“)yz + T’p) (1 —p+ pe—n(l—v’)yz))'

From this, we obtain & Jy(y1.0) > () because
ap fy(y2.p)

((1 — p)en(lfr)yl + T‘p) (1 —p+ pe*n(lfr)yl) _ ((1 _ p)en(lfr)yz + T’p) (1 o+ pefri(lﬂ”)?ﬂ)
( ) n(1—r)y1 + Tp e —n(l-r)y1 _ (1 _ p)Qen(lfr)yQ . Terfn(lfr)W
Z rp (eﬁ(l T)Y1 +e —n(l-r)y1 _ eT](lfT)yQ _ 6777(1*"’)1/2)

0,

v

using (1 — p)? > rp? for p < 1/2 and y; > ¥, for the second last inequality, and e?!=")¥1 +
e M=t > en(l=mw2 4 o=1(="v2 for |y | > |y,| for the last inequality. This concludes the
proof of (27).

We now consider each of the three conditions (a)—(c) of the proposition.

Condition (a). From (26), we deduce

fy( Zz;yj,ézo j,e5¢5 pj) S Ty ( Ze;»yuz() YieSe, pj) Ty ( ZE:’YLZZO YieSe, pi)

Jy(Vn,jSi:Dj) - fy(Vnisi, j) B Jy(Vn,iSi, i)

Y

using the convexity of y — f(y,p;) by Lemma 3.1 and p; = p; in condition (a).
Condition (b). We apply (27) choosing p = p;, y1 = ZMNEO YieSe, and ya = yy,;5;. This
implies ’

fy(Zém,lzofﬁ,ésﬁapz) < fy(ZE;%’ZZO /y’L,éSZ?p‘]) < fy(ngyjlzo /y‘],é‘sg?pj)
Jy(VniSis i) - Jy(Wn,iSi, 0j) - Jy(VnjSis15)

)
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where we use (26) and the convexity of y — f(y,p;) for the second inequality.
Condition (c). This time, we apply (27) choosing p = p;, 11 = ZMMZO YjeSe, and
Y2 = Yn,jS;. We obtain ’

fy(zf:’yj,ez(] P)/j,fseapj) > fy(ZZ:'yj}gzo ’yj,esbpi) fy(Ze:%,ezo Vi,fséapi)
fy(m,i85,05) - fy(n,jsj, i) - fy(Ynisis pi)

9

where we again use (26) and the convexity of y — f(y,p;) for the second inequality.

Under each of the three conditions (a)—(c), we obtain a contradiction to (25). Hence,
); < Q; cannot hold, which concludes the proof of (C2).

Claim 3. For two banks ¢ and 7, we have

wi>wj, Dj sz, sjgsi:>Qi—wi<Qj—wj.

Proof of Claim 3. We proceed similarly to the proof of (C2). We prove the claim by
contradiction and assume that ; — w; > €2; — w;. This implies €; > €2;; hence, v;,, < Vjn
for all v;,, <0 by (C1) and 7, ; <0 < 7,, by (Cla), and thus

f( > ’Yj,eSe,pj) =Qi—wj— Y f(YinSn Pn)

L:y5,0>0 1n:Y5,n <0

n:Y3,n <0

= f( Z ’Yz‘,eSe,pi>

£:74,020

< f( Z %,ész,p])

£, 020

using p; < p; and (23), which yields ZMHZO VieSe < ZIZ:%,@ZO VeS¢ because y — f(y,p;) is
strictly increasing by Lemma 3.1. We conclude the proof in the same way as the proof of
(C2) after (24), with ¢ and j interchanged. ]

Proposition A.4 (Proposition 4.5). Assume that the trade size limit is not binding and that
there are at least two safe banks. Then

1. All safe banks have the same post-trade exposure, say, 2.

2. Risky banks with initial exposure above some level o also have the same post-trade
exposure ). The level o depends only on the distribution of initial exposures and sizes,
but not on the banks’ default probabilities.

3. Risky banks with initial exposure below o will have post-trade exposures strictly smaller

than €.
Proof. We define k; by

ki = inf {/{;>O:Qi:Qj for all 7, j with p; = p, :O}. (28)
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We can prove that 0 < k; < oo and that the infimum in (28) is attained along the same lines
as on page 2273 of Atkeson et al. (2015), restricting their arguments to the safe banks. We
choose k as the smallest number k > k; such that

Q< (29)

for all 4, j with p; > 0 and p; = 0. We next show that k is well defined. If (29) holds for
k = k1, we set k = ky. Moreover, (29) always holds for k big enough. Indeed, let i be with
p; > 0 and, working towards a contradiction, assume that

Q> Q, (30)

for some j with p; = 0. From (Cla) and (C1) in the proof of Proposition 4.4 with p; = 0, it
follows that 7; ; < 0 and v, , < 7, for all n; hence,

I7 (y;8) = = nfy< >y %nsn,pj) = EZ'(Q)n

gm0
< E'(Q)n = Z'(Q)nfy(vigs; ps) = Ty, (us)

using that f,(y,p;) = 1 because p; = 0, = is strictly increasing and €; > ;. Then v, ; = —k
follows from T'J (v;s) < T} (7:s) by (5), and thus

Qj =w; + f( Z P)/j,nsnapj> + Z f(f)/j,nsn?pn)

n:Yj,n >0 1n:Y5,n <0

> ks; +w; + f( > %’,nsmpz) + > f(inSnpn)

n:Y;,n >0 n:y;,n<0

:ksi—i-wj—wi—l—ﬂi.

However, for k > (w; — wj)/s;, this gives ©; > Q; in contradiction to (30). Hence, we have
(29) for k big enough. By a compactness argument similar to page 2273 of Atkeson et al.
(2015), we deduce that (29) holds for k& = k. By definition of k, for k < k, there exist i and
J with p; = 0 such that ; > Q,.

We now consider k > k and

- argmax (; if B(p, s) = Q; for j with p; =0,
B(p,s) = max Q; i(p,s)= { ipi=psi=s

EPi=P,Si=$ 0 otherwise.
0(p,s) = min w;, 6(p,s) = max = w;
( ) i€i(p,s) ( ) {i:p;=p,si=s}\i(p,s)
for p € {p1,...,pu} and s € {s1,...,sy} where the minimum (and maximum) over an

empty set equals +o0o and —oo by the usual convention. Several p; and s; for different j can
take the same values, and thus i(p, s) can be a set with several entries because the maximum
does not need to be attained at a unique i. We can choose a function a : (0, 1]x [0, 1] — [0, 00)
for all s such that §(p,s) < a(p,s) < d(p,s) for all p € {py,...,py} and s € {s1,...,51}.
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Note that a(p, s) may depend here on both arguments p and s, but in the next paragraph,
we will show that & can be chosen independently of p. From a(p, s) < d(p, s), it follows that
A(a) defined by

A(a) ={i : w; > a(si,pi) or pi =0}
contains all ¢ with €; = ; for j with p; = 0. To show that A(&) contains only such 1,
assume that there exists ¢ € A(@) with Q; < €; for j with p; = 0. This implies

w; > a(pi, si) > 0(pi, si);

hence, w; > wy for all w, with €, < Q;, which contradicts €; < ;. Therefore, all banks
i € A(a) have the same post-trade exposure §2; while banks ¢ ¢ A(&) have a strictly smaller
post-trade exposure. Thus, we can set Q = €, for some i € A(a).

Finally, we show that & can be chosen independently of p, consider k > k and i with
p; > 0and ; = Q; for j with p; = 0. Because of k& > k, we have Q; > Q, for all ¢, using (29).
In the case €; > €, we obtain v;, < 0 by (Cla). In the case ; = {2y, we argue similarly
to the proof of (Cla) to show v;, < 0. Indeed, to derive a contradiction, we assume that
vie > 0 and Q; = Q, which implies

Flyg(V’L >—‘—‘ 77fy( Z 71n3n7pz)

n:Yin >0
E QZ nfy( Z ’yznsnapz)
Ny, n=>0
> E(Qe)nfy(Yeisis pi)
=T}, (%)
by strict convexity of f(.,p;) from Lemma 3.1, using that p; > 0. However, this implies
vix = —k by (5) in contradiction to the assumption +; , > 0. Hence, we have v;, < 0, and

p; does not matter for the trading of bank 7. Indeed, Lemma 3.1 shows then that, for all ¢,
[(,s) does not depend on p; if v, < 0, and thus the objective function Zé\il 5T (78)
in (17) does not depend on p; in the optimum. Therefore, & can be chosen independently
of p. O

A.4 Proposition 4.7 and its Proof

For general sizes s;, the per-capita gross numbers of sold or purchased contracts are given

by
:f( Z Vi,nsnapi) and Gz_:_ Z f(’}/i,nsmpn)'

n:Y;n>0 n:Y4,n <0

Proposition A.5 (Proposition 4.7). 1. If the trade size limit k is small enough and there
are at least three banks with different initial exposures w;, then the intermediation volume I;
as a function of w; is a hump-shaped curve, taking its mazximum at or next to the median
1matial exposure.

2. Assume that at least one of the conditions (a)—(c) of Proposition A.3 holds. If two
banks i and j have the same initial exposure, then I; < I; for p; > p; and s; > s;.
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Proof. 1. If k is small enough, then w; < w; implies §2; < §2; and v, ,, equals £k for all 7 and
n with w; # w,; hence,
=k w; < Wy,
Yim § = —k Wi > Wy
€ k,—k] w;=w,
by (Cla) and (5). This yields

= f(k Z Sp + Z Sn%,mpi)y

n: Wn>w; n: W = W,
Yi,n >0
Z f(_ksnapn) - Z f(sn’Yi,mpn)'
n: wn<w; n: wp = wj,

Yi,n <0

As a function of w;, G is decreasing with zero at the largest value of w; and G is increasing
with zero at the smallest value of w; so that I; = min{G;", G; } is a hump-shaped curve. If
we order the banks by their initial exposures such that w; < ws < --- < wys and use the
values of G to determine the order when w; = w;, then the intermediation volume I; takes
its maximum at w;« or the next bigger w; where Gt > G..

2. If two banks ¢ and j have the same initial exposure, then p; > p; and s; > s; imply
2; < Q; by Proposition 4.4. Working towards a contradiction, we assume that

f( Z ’Yj,esz,pj> < f( Z %’,@Se,pi)- (31)
475,020 L3, 020
Together with €; < ); and w; = wj, this implies
> FGinsnipa) < Y F(VinSnPn)
n:Y4,n <0 n:7vj,n <0

by (8) so that there exists n with v;,, < 7,, < 0 because f, > 0 by (14); in particular,
Yin > —k. From (5) and (19), we thus obtain

[I]

nfy( Z Tn €3€7pn)

K'y g>0

nfy( Z Tn £3£7Pn>

Ly, 020

E,<Qj)77fy('7j,n5m pn) =

[I]

2 (Qi)nfy(VimSn, Pn) >

and hence _,
= (Q]) < fy(’)/i,nsnapn)

=/

() ~ fy('Vj,nSnapn).

However, this leads to a contradiction because €2; < €2; implies _:Eg; > 1 by (13) and

Yin < Vjm glves % < 1 because f,, > 0 by (15). Therefore, (31) does not hold,

which implies G;r > G. Next, we assume directly that there exists n with v;,, < v, <0,
which leads to a contradiction by the above arguments. Therefore, we deduce G; > G| and
thus ]j 2 ]z ]
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A.5 Results of Section 5 and their Proofs

Lemma A.6 (Lemma 5.1). For given $i,...,Sy, the value of x;i(p1,...,py) 18 uniquely
determined.

Proof. For general s;, (10) becomes

xi(pb ce 7pM) = wj + Z’V’i,nsnRi,n - Fl(%s)
n#i

Using the definition (6) of R;, and (5), we can write

ﬂ?i(pl, e ,PM) =Ww; — Fi(%s) + Z %,nSn(VFZi (%S) + (1 - V)FZH (’Yis))

n:Y;,n >0
+ D Fimsa (v, (is) + (1= )T ()
i, <0
=w; —'(ys) +v Z Yimsn (L) (ns) — T, (15))
’n:’Yi,n>0
+(L=v) D Yimsa (T (mms) = T4 (19)) + D YimsnT 'y, (:5)
n:Y4,n <0 n#i
=w; — ['(ys) + vk Z sn(Tp (ns) — T4, (7i5))
’ni'Y'L,n>0
—(1=v)k > su(I0(yns) — T (vi5)) + > Yimsall) (7:8)
n:Yi,n <0 pn > 0,7 < 0,0r
Pi > 0,7i,n >0
+ Fz (’}/ZS) Z Yi;nSn,
Pn = 0,'\/',,,7, < 0,o0r
Pi = 0,%i,n >0

where
qenw#nf(zn;ynzo YnsPi) 1 2 iy <0 f (Unspn)

L (y)::Pyn (y) = 1—q+ qenwﬁ-nf(zn;ynzo YnsPi) N iy <o F (Ynpn)

does not depend on the specific n for all n with p, =0 and ~;,, <0, or p; = 0 and v;,, > 0.
This means that F;n is the same for all banks n that are (I) default-free protection sellers to
i, or (II) protection buyers from 4, and i is default-free. All these pairwise transactions do not
bear any counterparty risk. Uniqueness of z;(p1, ..., par) now follows from Theorem A.2. [

Proof of Proposition 5.3. We first note that the mapping p; — z;(p1,...,py) is continu-
ous. This follows from the Envelope theorem using that I'* and its partial derivatives are
differentiable. For p_; = (p;);, we define set-valued functions

ri(p-i) = al"_%énﬁ]x(%(pb o DPM) — C(pi))’ r(p) = (Tl(p—1)> e ,TM(P—M))

so that r is a mapping from [0,p;] X -+ x [0, p,y] onto its power set. It has the following
properties:
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e [0,p1] x -+ x [0,y is compact, convex, and nonempty.

e For each p, r(p) is nonempty because a continuous function over a compact set has
always a maximizer.

e 7(p) is convex by assumption.
e It follows from Berge’s maximum theorem that r(p) has a closed graph.

Thanks to these properties, Kakutani’s fixed point theorem implies that there exists a fixed
point of the mapping r, which means that there exists an equilibrium. O

Proof of Proposition 5.4. Because the function

Z sil"(vis,p) + Z 5:C'(pi) (32)

=1

is continuous over the compact set [0,p1] X -+ X [0, pys], it has a maximum, which shows
the statement of the proposition, using that the social planner’s optimization problem over
(Vim)im=1,..m conditional on the choice of the default probabilities has a solution by Theo-
rems 4.2 and 4.3. O

Proof of Lemma 5.5. The demand of bank n on CDS contracts to bank i is given by the curve
—yi + I (y,p) for y; < 0 because the marginal cost of risk bearing decreases by I'} (y, p)
per unit purchased CDS. The slope of the demand curve is obtained by taking the negative
yi-partial derivative of the demand curve, resulting in —I'). (y,p). Hence, the demand curve
becomes flatter for decreased p; if —I'y. (y,p) < 0, or equivalently, I'}. = (y,p) > 0. We
show I'y. . (y,p) > 0 for small enough p; and big enough g.

By Lemma 3.1, we have

T (y,p) = 1 log (1 g+ qeananf(Ez:yézo Yepn)+1 20y, <0 f(wm))
n
1
= —log (1 —q+a(l —p;)e™ + apie’”"yi)
n

for y; < 0, where we use the abbreviation a = qe”“’"“’f iy >0 YePn) T D ptiny, <0 FWEP) 51 this

proof. Because I'"(y, p) is a smooth function, the order of taking partial derivatives does not
matter. For simplicity, we start with the p;-partial derivative, which equals

1 _aenyi _'_ aen’r‘yi _ 1 enTyi — enyi
nl—q+a(l—p)ew +apervi  nb+ (1 — p;)emi + pemryi’

I5.(y.p) = (33)

using the abbreviation b = (1 — ¢)/a. Next, we compute

(b+ (1 — p;)e™i + pel¥i)(re¥i — i) — (eM¥i — eWi)((1 — p;)e + rp;e™¥)
b+ (1~ pem + pemn
_ b(remyi — emi) 4 (r — rp; — p;)e" TV — (1 — p;)e i 4 rp ey
(b4 (L — ps)emi + pienvi)?

Ly 5 () =
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(]_ —Trp; — pi)en(l-f-?")yi _ (1 _ pi)eQnyi + rpiegnryi
(b+ (1 — p;)enyi + penmyi)2
b(remvi — eMi) + (r — 1)en(+7)v:

= . 34
(b + (1 — pi)enyi _|_piem"yi)2 ( )
Finally, we determine the third-order partial derivative
o (v.p) = (b4 (1 — py)e™: + p;e¥)2(b(r2em¥ — i) 4 (r2 — 1)en(147)v:)
yiyipi S P) =1 (b+ (1 — p;)em: + penrvi)
2((1 — py)e™ + rpe”¥) (b(rem¥i — i) 4 (1 — 1)en(1H7)w:)
(b+ (1 — p;)em: + penrvi)3
B (b+ (1 — p;)e™i + pienrw)(b(r?em‘yi —eMi) + (7"2 — 1)en(1+r)y¢>
B (b+ (1 — p;)emi + pyenryi)3
2((1 — p;)e™ + rpe”¥) (b(rem¥i — i) 4 (r — 1)e(1+7)v:)
! (04 (1 — pi)em: + pienrv)? '
For p;, = 0 and ¢ = 1, we have
FZi,yi:pi<yvp) =n(r— 1)2671(71”)% >0,
and hence, I}, (y,p) > 0 for small enough p; and big enough ¢ by continuity of |

Theorem A.7 (Theorem 5.6). The social planner’s optimization satisfies the first-order
conditions of an equilibrium if bank i receives a per-trader subsidy equal to S = S1+k(1—v)Ss
with

1 .
Si==> s, (%,nFZ,. (Yn$,p) + ;F"(%s,p)) o Sy =Ysa(Ty (v, p) = T, (30.p))- (35)

n#i n#i

Assuming a small enough trade size limit, we have % > 0 and 852 < 0 for small enough
p; and large enough q. In this case, privately chosen pl s are lower than the socially optimal
level if sellers have full bargaining power. The difference between the socially and individually
optimal choices of p; increases as a function of the seller bargaining power.

Proof. For the first part of the theorem, we compare the marginal social value M SV}, de-
fined as the partial derivative of the social planner’s objective function with respect to the
default probability p; of bank ¢ assuming that banks trade optimally, with the corresponding
marginal private value M PV;. To do so, we highlight the dependence on the banks’ de-
fault probabilities p = (p;)i=1,_n by using notations such as I'"(vy;s,p) and R, ,,(vis,p). For
arbitrary bank sizes, (12) becomes

Z $ixi(p1y- - D) — Z $;C(p;) (36)

so that the M SV, given as its p;-partial derivative, equals

M

i or" !
MSV an plaapM)_le (pz>:_zsn%(’ynsap)_szc (pl)7
n=1 v
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where we have used the equivalence between (32) and (36). The marginal private value M PV;
is the partial derivative of the bank i’s certainty equivalent (10) minus its risk-management
costs, with respect to its default probability p; —namely,

or? OR;
MPV; = —5,C'(p;) — 5 O (vis, p +sznz7éz% g (i85 VS, D)
The difference between marginal private and social value for bank i is
OR,; ,, or
MPV; — MSV; = %j Sn (smn oy (168 0s,0) 8—pi<vns,p)>

If 7, < 0, then we obtain from (6) that

Ri (78, s, p) = VF;,L(%&P) + (1 =)0y, (s, D).

We then have that Z-- o (1S, p) = “2 (38,15, p) = 0 because I (s, p), T, (vis, p),
and R; (7S, S, D) do not depend on p; for Yin < 0; if traders of bank ¢ are buying CDSs
from bank n, the default probability of bank ¢ does not affect the terms of trade between
traders of banks ¢ and n. For v, ,, > 0, we find

Ri (i85, 105 p) = VL) (s, p) + (1 — )T, (7, p)

by (5) and (6) so that

OR; ., orm
MPV; — MSV, = Z Sn (Si’Yi,na—pi(’YiS)’Ynsup) + a_anS,P))

7

5 s (s G o) + G )
= Sn | Si%in TnS, P - \TnS, P
>0 opi Ip;
or; orr
Yi
+ ) snsm,n(l—V)( g (15:P) — 5 (%s,p))
n%n>0
= an 5%y, (T, p) + T (s, p))
n;éz
a % n
* o > snsik(1—=v) (T, (is,p) = Ty (75, )),
¢ n#i
using for the last equality that %%(%s,p) =0, aar;)g: (Tns,p) = (%s p) = 0 for

Vi < 0 and T (vis,p) =Tt (s, p) for vin € (=K, k).
We next prove the second part of Theorem A.7. By Lemma 5.5, we have I'}. (y,p) >0
for small enough p; and big enough ¢. This implies

Ly pi (s, 0) < T ((Vemse)exi, ¥i): p) (37)
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forally; € (’Yn,iSi, 0) where ((%,nse)e;éi, yi) = (’71,n81, oo Yie1,nSi—1, Yir, Vit 1,0 Si+1, - - - a’YM,nSM)-
From I'7 (((7vense)exi; 0),p) = 0 by (33), we deduce

0

6 n n n n
api(smnFyi(%s,p) + (s, p)) = sl o (ns.p) — / Ly ((VemSe)ezis yi), p) dys
1 Yn,iSn

0
= / (FZi,pi (Yns,p) = Ty, 0, ((VenSe) e Yi),p)) dy;
Y

n,iSn

<0,

using (37). Hence, we obtain g—i? > 0 by the definition (35) of S;. To show %—‘Z? < 0 for small

enough p; and big enough ¢, we compare I'y (Vn,p) and an,pi (7vi,p). We first note that
Iy 0. (msp) =0and I, (7i,p) = 0 for ,; = Vi, > 0. For p; = 0 and ¢ = 1, we obtain
from (34) that

- B b(remVi — i) + (r — 1)677(14"’")% B nr—1)us
yiapi(y?p)|pi:()7q:1 T (b4 (1= py)emi + pemvi)? =(r—1)e
v v p;=0,q=1

for y; < 0. A calculation similar to (34) gives

Z)(Tenrze:y[zo Ye 67724;%20 ye) + (’I" _ 1)en(1+7’) Zz;yezo Ye

Fyn,pi@ap) pi=0,g=1 (i) N (1 _ pi)enzngo Ye +pienrzg:y[20 ye)Q

— (,r _ 1)677(T—1) ZZ:yezo Ye

pi=0,q=1

for y, > 0, where b = (1 — q)/(qe”“”Jr"E‘“w<O f(yé’”)). Therefore, for v,; = —7vin < 0, we
obtain

L 5 (s, D) |pi:0,q:1 < P;nypi (7is, p) }pi:O,qZI

and thus g—i? < 0 in this case. Using that the cost function C' is convex, it follows from g—i =

MSV; — M PV; that the individual choice of p; is lower than socially optimal if % >0. O

i

B Description of Data and Plot Generation Procedure

In this section, we test the empirical predictions of our model conditional on banks’ default
risk choices. We use different data sources for the bilateral exposures in the CDS market,
the initial exposures of banks, and their default probabilities.

CDS volume. CDS data come from the confidential Trade Information Warehouse
of the DTCC. We use position data from December 31, 2011. This data set allows for a
post-crisis analysis in which a large part of CDS trades were not yet centrally cleared.® We
eliminate from our data set the following transactions:

8Distortion on the CDS market due to the “London Whale” (large unauthorized trading activities in
JPMorgan’s Chief Investment Office) occurred only after December 31, 2011 and, thus, does not affect our
analysis.
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e All swaps with governments, states, or sovereigns as reference entities. We eliminate
these transactions because we expect the default risk profile of corporate reference
entities to have stronger dependence on the risk stemming from banks’ exposures than
on that of sovereign entities.

e All swaps with reference entities that are considered systemically important financial
institutions. By doing so, we avoid problems related to specific wrong-way risk, where
the seller of the transaction also happens to be the reference entity.

e All transactions done by nonbanking institutions. For nonbanking institutions, there is
no consistent way to measure initial exposures, which are needed in our analysis. While
we consider only banks, we adjust their initial exposures by including CDS trades done
with nonbanks. This procedure is consistent with our model and means that initial
exposures of banks are determined after they have traded with nonbanks.

e The transactions done by two small private banks for which there were no data available
on their initial exposures. Because these two banks are small players, the conclusions
of our analysis are not affected by their exclusion.

Other than these four restrictions, we do not make any further adjustments. In particular,
our data set also includes settlement locations outside of the United States, which allows
for a more complete coverage of CDS trades and, importantly, guarantees symmetry in the
inclusion of CDS trades (the transactions of both buyers and sellers are accounted for). The
resulting set consists of CDS data for 81 banks.

Initial exposure. For each of these 81 banks, we compute its initial exposure by using
2011 data from the Federal Financial Institutions Examination Council (FFIEC) form 031
(“call report”), as in Begenau et al. (2015). We compute the initial exposure of each bank
as the discounted valuation of its securities and loan portfolio, including CDSs traded with
nonbanks as explained above. For large banks that book their assets mainly in holding
companies, we use securities and loan portfolios at the bank holding company level. We
group the securities and loans into three categories and use a specific discount factor for
each group: less than one year (using the six-month U.S. Treasury rate to discount), one to
five years (using the two-year U.S. Treasury rate to discount), and more than five years (using
the seven-year U.S. Treasury rate to discount). Given the low interest rate environment in
2011, the precise choice of the discounting date and rate does not have a significant effect on
our results. For foreign banks that do not report to the FFIEC, we analyze individual annual
reports from 2011 to find the maturity profile of their securities and loans. Most of these
annual reports are dated December 31, 2011, making them consistent with the domestic
bank data. Some of them were released in March, June, or October of 2011, in line with the
respective country’s regulatory guidelines.

Default probabilities. The banks’ default probabilities are calculated using CDS
spread data from IHS Markit Ltd. (2018) via Wharton Research Data Services (WRDS).
Because the default probabilities that are relevant for the analysis are those around the time
of the transaction, we fix January 3, 2011 as the proxy date for CDS transactions and use the
spread on this date to infer the default probability. We use the average five-year spread for
Senior Unsecured Debt (Corporate/Financial) and Foreign Currency Sovereign Debt (Gov-
ernment) (SNRFOR). We compute the default probabilities from the CDS spreads applying
standard techniques (credit triangle relation), assuming a recovery rate of 40 percent. For
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19 among the 81 banks, CDS spread data were not available. For each of these banks, we
instead use Moody’s credit rating as of January 2011 for its Senior Unsecured Debt, and re-
late the ratings to default probabilities by using corporate default rates over the 1982-2010
period from Moody’s.

Intermediation volume. We compute the intermediation volume without taking the
counterparty risk into account. Table 1 shows that applying (4.3) with different values for
the risk-aversion parameter only has a minor effect on the results.

| [n=01][n=1[n=10]
total change 0.08% | 0.07% | 0.04%
biggest change across banks || 0.29% | 0.27% | 0.16 %

Table 1: Variation in intermediation volume for different levels of risk aversion.

Intermediaries. We define an intermediary to be a bank that provides at least 5 percent
of the total intermediation volume. Using this definition, we obtain 5 intermediaries among
the 81 banks. The selection of these 5 banks is not sensitive to the chosen threshold level
of intermediation volume. Indeed, it is evident in Figure 3 that 5 banks account for the
majority of the intermediation volume while the contributions of all other banks are small.

References

D. Acemoglu, A. Ozdaglar, and A. Tahbaz-Salehi (2014): Systemic Risk and Stability in
Financial Networks. American Economic Review 105, 564—608.

D. Acemoglu, A. Ozdaglar, and A. Tahbaz-Salehi (2014): Systemic Risk in Endogenous
Financial Networks. Working paper, Northwestern University.

N. Arora, P. Gandhi, and F.A. Longstaff (2012): Counterparty Credit Risk and the Credit
Default Swap Market. Journal of Financial Economics 103, 280-293.

A. Atkeson, A. Eisfeldt, and P.-O. Weill (2015): Entry and Exit in OTC Derivative Markets.
Econometrica 83, 2231-2292.

A. Babus and T.-W. Hu (2015): Endogenous Intermediation in Over-the-Counter Markets.
Journal of Financial Economics 125, 200-215.

Bank for International Settlements (2011): Basel Committee Finalises Capital Treatment
for Bilateral Counterparty Credit Risk. Press Release.

J. Begenau, M. Piazzesi, and M. Schneider (2015): Banks’ Risk Exposures. NBER Working
Paper No. 21334.

B. Biais, F. Heider, and M. Horova (2016): Risk-Sharing or Risk-Taking? Counterparty
Risk, Incentives, and Margins. Journal of Finance 71, 1669—1698.

K. Border (1985): Fixed Point Theorems with Applications to Economics and Game Theory.
Cambridge University Press.

39



A. Capponi (2013): Pricing and Mitigation of Counterparty Credit Exposure. In: Handbook
of Systemic Risk, edited by J.-P. Fouque and J. Langsam. Cambridge University Press.

W. Du, S. Gadgil, M. Gordy, and C. Vega (2016): Counterparty Risk and Counterparty
Choice in the Credit Default Swap Market. Finance and Economics Discussion Series
2016-087, Board of Governors of the Federal Reserve System.

D. Duffie, N. Garleanu, and L.H. Pedersen (2005): Over-the-Counter Markets, Fconometrica
73, 1815-1847.

D. Duffie and M. Huang (1996): Swap Rates and Credit Quality. Journal of Finance 51,
921-949.

J. Dugast, S. Uslii, and P.-O. Weill (2018): Platform Trading with an OTC Market Fringe.

L. Eisenberg and T. Noe (2011): Systemic Risk in Financial Systems. Management Science
47, 236-249.

M. Elliott, B. Golub, and M. Jackson (2013): Financial Networks and Contagion. American
Economic Review 104, 3115-3153.

M. Farboodi (2017): Intermediation and Voluntary Exposure to Counterparty Risk. Working
paper, Princeton University.

S. Giglio (2014): Credit Default Swap Spreads and Systemic Financial Risk. Working paper,
University of Chicago.

M. Gofman (2014): A Network-Based Analysis of Over-the-Counter Markets. Working Pa-
per, University of Rochester.

J. Hugonnier, B. Lester, and P.-O. Weill (2018): Frictional Intermediation in Over-the-
Counter Markets. Available at SSRN: https://ssrn.com/abstract=3233600

[HS Markit Ltd. Markit Credit Default Swap. Wharton Research Data Services (WRDS).
https://wrds-web.wharton.upenn.edu/wrds/about/

R. Lagos and G. Rocheteau (2007): Search in Asset Markets: Market Structure, Liquidity,
and Welfare. American Economic Review (Papers € Proceedings) 97, 198-202.

R. Lagos and G. Rocheteau (2009): Liquidity in Asset Markets with Search Frictions. Econo-
metrica 72, 403-426.

M. Oehmke and A. Zawadowski (2017): The Anatomy of the CDS Market. Review of Fi-
nancial Studies 30, 80—119.

E. Siriwardane (2018): Limited Investment Capital and Credit Spreads. Journal of Finance,
Forthcoming.

R. Stulz (2010): Credit Default Swaps and the Credit Crisis. Journal of Economic Perspec-
tives 24, 73-92.

40



J.R. Thompson (2010): Counterparty Risk in Financial Contracts: Should the Insured Worry
about the Insurer? Quarterly Journal of Financial Economics 125, 1195-1252.

C. Wang (2018): Core-Periphery Trading Networks. Working Paper, University of Pennsyl-
vania.

41



