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1 Introduction

Empirical evidence suggests that labor market mismatch may help to explain recent U.S.
unemployment dynamics. Sahin, Song, Topa, and Violante (2014), for example, estimate
that an increase in sectoral mismatch between vacant jobs and unemployed workers con-
tributed as much as one-third of the rise in the U.S. unemployment rate after the 2007-’08
global financial crisis. Beyond labor market dynamics, mismatch may also have important
distributional implications as idle workers shift job seeking behavior across different sectors,
industries, and occupations within the labor market.

This paper develops a tractable theoretical framework to understand the welfare im-
plications of skill-mismatch employment. Our starting point is to build a model in which
mismatch is a feature of the constrained efficient equilibrium. The notion of mismatch con-
sidered in this paper is one in which an unemployed worker with a college degree chooses
to accept a lower paying job that does not necessarily require post-secondary education to
perform (i.e., an engineer can chose to work as a waiter). The alternative is to search instead
for a high-tech job that requires post-secondary education and, hence, cannot be performed
by a low-skilled worker (a college degree is required to get a job as an engineer).

A key contribution of the paper is to show that efficient mismatch does not generally
emerge in the decentralized equilibrium. In the private economy, mismatch generates a
distortion owing to competition amongst heterogeneous job seekers searching for low-skilled
employment in a common unemployment pool. While our model of mismatch is stylized, a
virtue is that it is tractable. This tractability allows for a complete analytic characterization
of all the distortions operating in the model as well as a clear understanding of how they are
shaped by the underlying structure of the labor market.

Our framework builds on the body of literature that embeds Diamond-Mortensen-Pissarides
style labor search and matching frictions (Diamond, 1982; Mortensen and Pissarides, 1994;
and Pissarides, 2000) into a general equilibrium setting. We deviate from the standard

setup by introducing two-sided heterogeneity and segmented labor markets.! Low-skilled

'Examples of papers that focus on heterogeneity in job matching include, among others, Pissarides (1994),
Mortensen and Pissarides (1999), Albrecht and Vroman (2002), Gautier (2002), Shi (2002), and Pries (2008).
More recently this literature has expanded to include on-the-job search; some examples include Barlevy
(2002), Krause and Lubick (2006), Dolado et al. (2009), Menzio and Shi (2010), and Lise and Marc Robin



individuals are assumed to only be qualified to work in the low-tech sector while high-skilled
individuals can work in either the low- or high-tech sector. Hence, in our setup low- and
high-skilled job seekers are forced to compete in a common unemployment pool for job op-
portunities with a low-tech firm. Skill-mismatch employment (henceforth, mismatch) is a
situation in which a high-skilled worker endogenously chooses to enter into an employment
relationship with the low-tech firm.

Employment relationships are formed in one of two segmented labor markets, both of
which are characterized by search and matching frictions. The high-tech job market is a
standard search market with high-tech firms posting costly vacancies in order to match with
high-skilled job seekers. In contrast, the low-tech job market assumes that low- and high-
skilled job seekers compete in order to match with a given vacancy posted by the low-tech
firm. Once a vacancy is matched with an anonymous searching worker, there is random
assignment to worker type. That is, a vacant low-tech job is filled with either a low-skilled
worker or a high-skilled worker seeking mismatch employment with some probability. This
probability is an endogenous variable which depends on the labor force participation decisions
of low- and high-skilled households, respectively.

Our setup assumes only one type of low-tech job and does not consider the case in
which differentiated vacancies can be posted for low-skilled and mismatched workers. These
assumptions seem justified for two reasons. First, allowing for differentiated vacancies for
low-tech jobs implies a level of labor market segmentation which seems unrealistic. Second,
in our view, competition amongst different types of workers for a given job is at the heart of
the welfare relevance of mismatch employment. This competition is captured in our model
by the endogenous probability that a vacant low-tech job is filled with either a low-skilled or
mismatched worker. Under what circumstances does this competition result in an efficient
allocation of resources? Under what circumstances does it generate externalities? Who gains
and who losses from these externalities? Our framework allows us to answer these questions
by modeling job market competition explicitly through a common matching function for

low-tech jobs. In this sense, search and matching frictions are essential to our analysis.

(2017). Shimer (2007) presents a model of a mismatch with heterogeneous labor markets. Finally, some
recent contributions that study mismatch from an empirical standpoint include Sahin et al. (2014) and
Barnichon and Figura (2015).



We show that in the constrained efficient equilibrium, a planner that takes as given the
search frictions internalizes the competition for low-tech jobs by choosing the socially optimal
skill-composition of the unemployment pool. The resulting efficient level of mismatch equates
the productivity differential between low-skilled and mismatched workers employed in low-
tech jobs to the differential in the marginal rate of substitution between consumption and
leisure across the two types of households. The planner can achieve this outcome because
labor allocations are chosen from the perspective of a socially optimal value of leisure.

Heterogeneous households do not necessarily share this value of leisure; hence, the level
of mismatch that obtains in the decentralized economy is generally inefficient. This result
is established in a series of propositions which, taken together, provide a complete analytic
characterization of the distortions in the model. Intuitively, the mismatch distortion arises
because high-skilled workers searching for mismatch jobs in the low-tech job market do
not internalize the effect their search activity has on the labor market outcomes of low-
skilled workers. By the same token, low-skilled workers do not internalize the effect their
search activity has on high-skilled job seekers looking for mismatch employment. As long
as individual households make participation decisions based on their own heterogeneous
private valuation of leisure, the socially optimal skill-composition of the unemployment pool
for low-tech jobs will not obtain.

Ultimately, the welfare implications across households are determined by relative pro-
ductivity. When high-skilled workers are more productive in mismatch employment relative
to their low-skilled colleagues, their participation in the market for low-tech jobs is ineffi-
ciently low. There is too little search activity and mismatch job creation is too low relative
to the constrained efficient equilibrium. In contrast, low-skilled participation is inefficiently
high. The resulting welfare effects are distributional in that high-skilled households experi-
ence welfare gains that come entirely at the expense of low-skilled households. The opposite
intuition holds when low-skilled workers are relatively more productive.

Efficient mismatch only emerges in the private economy when low-skilled and mismatched
workers are equally productive. In this knife-edge case, both types independently share
a common view of the private value of leisure which happens to coincide with the social

optimum. The lack of any true heterogeneity across households means that private objective



functions coincide and there is no scope for competition to distort the labor market.

Our main results are derived under a labor market structure characterized by wage bar-
gaining. It should be clear, however, that this distortion generalizes to any environment in
which wages are determined by a time-invariant surplus sharing rule, regardless of the wage
setting protocol that delivers that rule. Moreover, we show that while it is theoretically pos-
sible to decentralize efficient mismatch using a market-based method of wage determination,
doing so requires a strong assumption regarding the ability of the firm to post wages. In
order to obtain efficient mismatch in a competitive search equilibrium a la Moen (1997), the
low-tech firm needs to be able to post differentiated wages in a way that allows competing
job seekers to trade off their individual labor compensation against type-specific job finding
probabilities. Effectively, this implies the firm has an ability to segment the low-tech labor
market in a way that eliminates job competition. In this sense, it is not surprising that wage
posting removes the mismatch distortion.

We close the paper by doing some simple quantitative exercises using a calibrated version
of the model to illustrate the distributional effects of the mismatch distortion. The calibrated
model is also used to help gauge the size of the mismatch distortion relative to more well
known distortions in the search and matching literature (i.e., those created through inefficient
bargaining and/or the presence of unemployment benefits).

Our paper is related to a broader literature that focuses on different notions of mismatch
unemployment as well as heterogeneity in job matching. Within this strand, our work
focuses more narrowly on matching efficiency. Similar papers include Albrecht, Navarro,
and Vroman (2010) and Gravel (2011), both of which show that inefficiencies arise in models
with endogenous participation and heterogeneity in the productivity of matches. Gavrel
(2012) shows inefficiencies in a model with two-sided heterogeneity where firms can rank their
applicants. In each of these papers, the inefficiency operates through the production function
as the firm does not internalize how its vacancy posting decision affects average match quality.
In our paper, average match quality is also distorted, but the source of the inefficiency comes
from job competition amongst heterogeneous job seekers. Gautier, Teulings, and van Vuuren
(2010) develop a model of mismatch with two-sided heterogeneity where, absent on-the-job

search, efficiency obtains with a constant returns matching technology, provided congestion



externalities are absent. They show introducing on-the-job search generates a distortion that
can be removed by wage posting with commitment. Menzio and Shi (2011) develop a model
with heterogeneous quality in job matches and on-the-job search where, upon meeting, a
worker and a firm observe a potentially imperfect signal regarding the productivity of the
potential match. In their framework, the unique decentralized equilibrium is efficient. Our
paper differs from both of these in that we show mismatch itself generates a distortion which
is unrelated to on-the-job search.

The remainder of the paper is organized as follows. The next section presents the model.
Section 3 describes decentralized equilibrium with wages determined via bargaining. The
main results are presented in Section 4 in a series of propositions. Section 5 presents results
in the competitive search equilibrium. Section 6 uses a parameterized version of the model

to illustrate some quantitative points. Finally, Section 7 concludes.

2 The Model

The model introduces two-sided heterogeneity for both workers and firms into the general
equilibrium labor search framework of Arseneau and Chugh (2012). This framework offers a
convenient benchmark for understanding the efficient equilibrium and the distortions associ-
ated with the decentralized search equilibrium. Note also that our model does not allow for
mismatched workers to transit to high-tech employment through on-the-job search. We have
shown in other work that on-the-job search only serves to amplify the mismatch distortion,

but does so at the expense of notably complicating the model.

2.1 Production

Production is divided into two sectors: a final goods sector and an intermediate goods sector.
The intermediate goods sector consists of two types of firms called high-tech and low-tech
firms, respectively. Regardless of firm type, labor is the only input into production. In order
to hire a unit of labor, intermediate goods producing firms must engage in costly search and
matching in order to form a long-lasting employment relationship.

Firm type is differentiated by the skill set required to do the job. High-tech intermediate



goods, denoted y(nf1) where the production function y’(.) is increasing and concave, can
only be produced by high-skilled workers, nf. In contrast, low-tech intermediate goods,
denoted yX(nf, nM) where y*(.) is increasing and weakly concave in both its arguments, can
be produced using either low- or high-skilled workers. In our notation, n’ denotes a low-
skilled worker employed by the low-tech firm and n denotes a high-skilled worker engaged
in mismatch employment in the low-tech production sector.

The final goods producer simply aggregates the intermediate goods into a single final
product, which is sold to, and ultimately consumed by, households, so Y; = F(yl, yH). Tt is
helpful to differentiate between three distinct cases depending on the relative productivity
of low-skilled versus mismatched workers in the production of low-tech goods. Letting y’
denote the derivative of with respect to the i input in the production function for the
low-tech intermediate good, the cases we focus on are:

(Case i) yy(ng,n") <yy(ng ng');
(Case i) yi(nf,ni") > yy (ng ni');
(Case iii.)  y(nF,nd) = yk(nk,ni).
As will become clear later in the paper, assumptions regarding the precise nature of

mismatch employment turn out to play a critical role in shaping our main results.

2.2 The Labor Market

The labor market is segmented into two distinct markets for low- and high-tech employment,
respectively, both of which are subject to search and matching frictions.

The search market for high-tech jobs is standard. Existing high-tech employment rela-
tionships exogenously terminate with probability p. Replenishing the stock of high-skilled
jobs requires costly effort on the part of workers and firms. High-skilled households spend
time searching, s”, for employment opportunities while high-tech firms must pay a fixed
cost, vH, to post vacancies in the high-tech market, v/7, in order to attract workers. There
is free entry in high-tech vacancy postings. New high-tech jobs are formed according to

H

a matching technology, m(sf v}!), which is constant returns to scale and increasing and

concave in both v/’ and s/’



The stock of high-tech jobs evolves according to
ng = (1= p")nly +m(sy’ vy’ (1)

The market for low-tech jobs is non-standard due to the introduction of mismatch em-
ployment. Low-tech jobs expire at exogenous rate, p*, and low-tech firms must pay a fixed
cost, v%, in order to post a vacancy, vf, to attract workers into employment in the low-tech
industry. As above, there is free entry in low-tech vacancy postings. However, a key differ-
ence is that, in contrast with high-tech jobs, low-tech production can be done using labor
supplied by both types of households. Let e, = si + sM denote total search effort in the
market for low-tech jobs, where s* denotes search by low-skilled households for low-tech jobs
and s™ denotes search by high-skilled houscholds for mismatched jobs.

New matches are formed according to a matching technology, m(e;, vF), which is constant
returns to scale and increasing and concave in both e; and vF. However, because the pool of
searching workers in the low-tech job market contains both low- and high-skilled job seekers,
we assume random assignment regarding whether a given low-tech vacancy matches with a
low- or a high-skilled worker.? Let 1, = s’/e; denote the share of low-skilled job seekers in
the market for low-tech jobs and 1 — 7, denote the share of high-skilled workers searching
for mismatched jobs.

Under these assumptions, new low-tech jobs form according to n,m(e;, vF), so the stock

of low-tech labor evolves according to
ny = (1= p")ni_y + nm(er, vy) (2)
and the stock of mismatch labor evolves according to

' = (1= p")mpty + (1= )m(er, vy). (3)

Assuming that both low- and high-skilled individuals obtain low-tech jobs through a

2Random assignment reflects an assumption that the market for low-skilled jobs is not further segmented
and that low-tech firms cannot rank applicants by skill level in the job matching process.



common matching technology captures the idea that mismatch creates spillovers across het-
erogeneous workers through competition in a common unemployment pool for these types
of jobs.

Finally, in terms of notation, let f# = m(s2, vf)/s; f£ = m(es, vF)/es; g = m(sH, o) /vE;
qF = m(e;,vF) /ok. Also, define 07 = v /s as market tightness in the high-tech sector and

0F = vl /e, as market tightness in the low-tech sector.

2.3 The Social Welfare Problem

The economy is inhabited by a unit mass of individuals, a fraction x of which are low-skilled
while the remaining 1 — x are high-skilled. Individuals are aggregated into two separate
households, differentiated by type. For the sake of convenience, we assume there is aggregate
risk sharing across individuals within a given household type.?

Regardless of type, households allocate their time between labor market activity (i.e.,
working or actively searching for employment) and leisure. In terms of notation, let the
mass of low-skill individuals participating in the labor force be given by IfpF = nl + sk —
n,m(e,vF).* Similarly, the mass of high-skill individuals participating in the labor force is
given by lfpfl + 1fpM, where: Ifpf = nlf + s — m(sf vf) denotes participation in the
market for high-tech jobs and [fpM = nM + sM — (1 — n,)m(e,vF) denotes participation in
the low-tech job market for mismatched jobs.

Household preferences are defined over consumption of the final good, denoted ¢ and
cH for low- and high-skilled households, respectively, and the disutility of labor market
participation. Any given household derives utility from consumption per the function u,
with % = u. > 0 and % < 0. In addition, any given household derives disutility from labor
force participation per the function h, with 8‘?—% =h >0 and % < 0.

The planner chooses allocations subject to the search frictions—so that the concept of

efficiency is one of constrained efficiency, or the “second best”—but internalizes the random

3The risk sharing assumption is common in search-theoretic general equilibrium models of the labor
market following Merz (1995) and Andolfatto(1996).

4Note that the timing of the model is such that successful search within the period, given by n,m(e, v})
for low-skilled individuals searching in the low-tech job market, is counted as part of the employment stock,
so it must be netted out to avoid double counting.



assignment of low-tech jobs between low-skilled and mismatched workers. It does this by
directly choosing the skill composition of the pool of unemployed workers seeking employment
in the low-tech industry.

The social welfare problem involves choosing a sequence of allocations, {cf, ¢, nl,

nM o pH sk sM sH yH oyl pll to maximize an equally-weighted sum of the utility of
low- and high-skilled households whose discounted lifetime expected value is denoted by U.

Specifically, the planner’s problem is
max U =B,y 5{ulcy) = h* (ny +sp —nym(e” o)) (4)
t=0
+u(e’) = b (nf! +s{f —m(s™,0")) = WM () + s — (1 —ny) m(e",vf))}

where: E, is the expectation operator; § € (0, 1) is the subjective discount factor.

The planner faces a resource constraint
Y, =cf +of +yRof + ol (5)

as well as the three different laws of motion for the respective stocks of employment given

by equations (1) through (3), and the definitions e¢; = s + sM and 7, = sl /e;.

2.4 Social Efficiency

The constrained efficient equilibrium is characterized by a set of six efficiency conditions
combined with the economy-wide resource constraint, the three laws of motion for the re-
spective labor stocks, and the definition of the share of low-skilled searchers in the market for
low-tech employment. All details regarding the derivation of these conditions are relegated
to a supplementary online appendix for expositional purposes.

The planner chooses allocations to equate the the marginal utility of consumption across

both households, so consumption risk sharing extends across as well as within households.

uﬁt = ugt = Ucy (6)

10



Efficiency in the high-tech job market is described by two separate efficiency conditions,

one static and one dynamic. The static efficiency condition is given by

Hr H

ht _ msyt H 7
=l (7)

Ue,t mv,t

This equation describes efficient job search in the market for high-tech employment.
Intuitively, at the optimum, the marginal rate of substitution (MRS) between consumption
and leisure for high-skilled households must equal the marginal rate of transformation of a
unit of leisure into a unit of consumption, holding output constant. As discussed in greater
detail in Arseneau and Chugh (2012), the term on the right hand side captures the idea that
leisure can be transformed into consumption statically within the period by going through
the matching function and effectively freeing up 1/m£{t units of vacancies which can be
transformed into consumption at the rate .

In addition, because an employment relationship is a long-lived investment, the following

dynamic efficiency condition must also be satisfied

1 hfll - H\s s Uet+s hg-/s _ G H\s s Uet+s
L3 e e ML shg e, (e L

ms,t uc,t s—1 uc,t uc,t+s R c,t

This equation describes efficient job formation in the high-tech sector. The left hand side
is the discounted sum of marginal rates of substitution between consumption and labor effort
over the anticipated life of the job (adjusted for the incremental search required to create
the job in the initial period). The right hand side is the discounted sum of the marginal
production of labor (MPL) over the anticipated life of the job.

Due to the existence of mismatch, the conditions that describe efficiency in the market
for low-tech jobs are somewhat more complicated and are described by three equations. The

first addresses static efficiency in the market for low-tech employment.

Lt hM/ mL
_I_ 1 _ t — ER 9
U (1 —m) s mitv (9)

In the market for low-tech jobs, both low- and high-skilled workers are forced to compete

in a common unemployment pool with random assignment of matches. The social planner

11



internalizes this by equating a probability weighted average of the marginal rates of substitu-
tion for low- and high-skilled job seekers, respectively, to the marginal rate of transformation
of a generic unit of leisure into consumption. In other words, the equation highlights the fact
that the social planner has in mind a specific notion of the socially optimal value of leisure
when it internalizes the composition of the low-skilled labor pool.

There are two separate dynamic efficiency conditions that govern the evolution of the

stock of low-tech and mismatched jobs in the economy, respectively, given by

1 < ML )h;wf) -1, (hth hf’) w0
msL,t tuc,t ! uc,t ftL Ue,t Ue g
+ i(l . pL)SEt {55 Uc,t—i—s htLJ,rs } _ i(l o pL)sEt {55 Uc,t-i—syvl’t_i_s}
s=1 Uet Uct+s s—0 Ue,t
and
L[, B ) L (1
— (e (=) ) ~ 11
msL,t ( tuc,t ( t) uc,t ftL uc,t uc,t ( )
+ i(l — p")E, {5S—uc’t+s —hﬁ/g } = i(l — pM)°E, {58 fetts Y2,t+s}
s=1 Uet Uct+s s—0 Ue,t

The general intuition for both expressions, which describe socially optimal low-tech and
mismatch job creation, respectively, is generally similar to that for equation (8) above.
Indeed, the second line of each equation equates the discounted sum of the MRS between
consumption and leisure to the discounted sum of the MPL over the life of the job. But,
equations (10) and (11) differ from equation (8) in two key respects. First, as with the static
efficiency condition, the planner has in mind a particular notion of the socially optimal value
of leisure given the nature of matching in the low-tech market. This is captured by the first
term in the top line of each equation, familiar from equation (9) above. In addition, the
second term on the top line of each equation captures the relative cost of shifting job search
activity for low-tech jobs between the low-skilled and high-skilled household.

The interpretation is more clear if we take the difference between equations (10) and (11)

12



to get the following expression:

1 hM/ hL/
# ) (12

uc,t uc,t
- s Uct+s hM/s - hL/s - s Uet+s
+Z(1 —p")°E, {5 ut: t+u t = } = Z(l —p")°E, {ﬁ ut: (Yorrs — Yl,t+s)}
s=1 ¢ Ctts s=0 &

While the planner forms jobs according to a socially optimal value of leisure, he or she
also understands that the resulting composition of the low-tech unemployment pool creates
spillovers across households due to the random nature of matching. This expression describes
how the planner internalizes these spillovers. It says that when the composition of low-tech
labor force is at the social optimum, the marginal cost of shifting the burden of labor effort
between low-skilled and mismatched workers must be exactly offset by the resulting shift in
productivity gains.

The relevance of Cases i through 4z outlined in Section 2.1 above become clear. For the
sake of intuition, consider steady state. When Y;—Y; > 0, the socially optimal composition of
the labor force must be such that the MRS between consumption and leisure for mismatched

_pL

workers exceeds that of low-skilled workers, so that hM/u—

c

> (0. The planner wants to take
advantage of the higher productivity of high-skilled individuals working in mismatched jobs
by requiring them to work more (driving up hu—]\jl relative to };—L/ as high-skilled households take
less leisure). The opposite intuition holds when Y; —Y5 > 0 in that the planner wants to shift
> 0.

the burden of production onto the more productive low-skilled worker, so that %

Finally, when Y; — Y5 = 0, the planner would like to allocate labor activity such that the
marginal rates of substitution between consumption and leisure are equated across low- and

_hJW/

high-skilled households, 2= = 0.

3 The Decentralized Search Economy

We describe the decentralized search equilibrium under wage bargaining.

13



3.1 Households

Individuals in the economy are separated into low- and high-skilled households.

3.1.1 Low-Skilled Households

The low-skilled household chooses sequences of consumption, ¢, real non state-contingent

bond, BF, and search activity to achieve a desired low-tech employment stock in order
to maximize discounted lifetime utility U* = E, Y ;7 6 (u(cf) — h (IfpF)). Low-skilled

households face the following budget constraint:
¢/ + Bf =winf +x"(1 - fF)st + RBE, + v(IIF + 117 — TF

where: w! is the wage received by a low-skilled individual employed in a low-tech job; x*
is an exogenous unemployment benefit; the real non state-contingent bond pays an interest
rate of Ry; 11X and 117 denote the profits of intermediate low- and high-tech goods producing
firms paid to the household in the form of a dividend, and T} is a lump sum tax levied by a
government to finance the unemployment benefit. We assume that households pay the lump
sum tax and receive a dividend from firm ownership in proportion to their share of the total
population.

In addition to the budget constraint, the household also faces a constraint on the perceived

law of motion for the stock of employment given by:
ng = (1—ph)ni s + fist

The first order conditions for ¢& and B can be manipulated into a standard bond Euler

uth+1
1 = ]Et ui/ Rt+1 5 (13)

c,t

equation:

which defines the stochastic discount factor for pricing the one-period, risk-free government
bond, Zy 1 = Bul,,, /ul,.

We can also use the first order conditions on s and nl to obtain the optimal labor-force

14



participation condition for low-skilled individuals:

hL/ _ f
B gt gt [t = ez {20 (22 o)) g
Uy T Uet+1

which says that the low-skilled household will search for low-tech employment up until the
point at which the probability-weighted cost of doing so, the disutility of search effort net
of the outside option, x”, is exactly offset by the probability weighted expected benefit of
getting a low-tech job. The expected benefit of low-tech employment is the wage plus the

continuation value of the long-lived employment relationship.

3.1.2 High-Skilled Households

High-skilled households choose sequences of consumption, ¢, non state-contingent bond

holdings, B, and search activity in both the market for low- and high-tech jobs, given by
sM and s, in order to achieve a desired stock of mismatch and high-tech employment, given
by nM and nf, respectively. These quantities are chosen in order to maximize discounted
lifetime utility, U =B, > o) B (u(cf) — b (Ifpf, Lfp")).
The high-skilled household faces the following budget constraint:
Ct +Bt —wz{{nf‘i‘wt nt "‘X [(1_ftL)5£]V[+(1_fzg{)3tH]
+RBI + (1= w) (I + 1) = T,
and perceived laws of motion for the stocks of mismatch and high-tech employment:

:(1—P )nt 1+f St )
and

n{—[:(l pH)nt 1+f 8t7
where: wil and w}M are the wages received by high-skilled individuals employed in high-tech

H is an exogenous unemployment benefit paid to high-skill

and mismatch jobs, respectively; x
workers who searched for jobs but did not find one, and T}¥ is a lump sum tax.

The first-order conditions over ¢ and Bf can be combined to yield a standard consump-

H
1=FE, { ”“Rm} (15)
u

c,t

tion Euler equation:

Noting that trade of the non-contingent real bond equates the marginal utility of con-
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sumption across the low- and high-skilled household, so that ﬁuét 41 /uCLt = ﬁugt 41 /uft =
Ei41)¢, we can use the first order condition for ni! to write the optimal participation condition

in the market for high tech employment as:

htH/ Hy\. H H| H H 1-— ftl-{-l hﬂl H
ul = (1 - fi )X + fi |:wt + (1 - p )Et5t+1|t { fH (uH — X )}} ) (16>
c,t t+1 c,t+1

Finally, the condition governing optimal participation for high-skilled individuals in the

market for low-tech jobs can be written as:

hiw/ L\ . H L|, M N = 1— ftLH h%rll H
o (1_ft )X + [ |w, +(1_P )Et:tﬂ\t fL T X (17)
ct t+1 U+

Intuitively, the interpretation of equations (16) and (17) are very similar to that of equa-
tion (14) above for the low-skilled household.

The tradeoff faced by the high-skilled household when deciding how to allocate search
activity across the two segmented labor markets can be highlighted by comparing equations
(16) and (17) in the steady state. For simplicity, assume no unemployment benefits, x = 0,
and that employment relationships form in the presence of search frictions, so fr < 1
and f% < 1, but they only last for a single period, so p* = pff = 1. In this case, the
high-skilled household allocates search activity so that the marginal rate of substitution
between participation in the high-tech and mismatch labor markets is equal to the probability
adjusted wage ratio across the two markets:

hH/ fH U}H
T~ L

Holding R’ /h™’" constant, a larger wage premium for working in high-tech employment
(higher w!! /w™) must be compensated by improved job finding prospects in the market for
mismatch employment (lower f/fL). In this sense, our model captures the idea that high-
skilled individuals are willing to accept a lower quality job to move out of unemployment

more quickly, but doing so comes at the cost of accepting a lower wage.
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3.2 Production

Production is divided into a final goods and an intermediate goods sector.

3.2.1 Final Goods Production

The representative final goods producer purchases both low- and high-tech intermediate
inputs and aggregates them into a final good using the technology, Y (yL,yf’). This final
good is then sold to households in a perfectly competitive market. The final goods producer

chooses intermediate inputs to solve the following problem:

[e.9]

max By Y Zene [Vl ul) — oyl — il
t=0
where: pl and pf are the prices of the low- and high-tech intermediate inputs, respectively,

relative to the final good. The demand for each intermediate input equates the marginal

product to the price, so that Y, ; = pF and Yy, = pf.

3.2.2 Intermediate Goods Production

Two types of firms engage in the production of intermediate goods. Each operates separately

in either the low- or the high-tech sector.

Low-tech Firms. For a given low-tech vacancy, the low-tech firm can match with and

hire either a low- or a high-skilled worker. Accordingly, the low-tech firm chooses the desired

stock of low-skill employees, nZ, the desired stock of high-skill employees, n}, and vacancies,

vE, to solve:

max B Y Evpe [pryt (nf,n)") — wing —wnd —yMof]
t
subject to the perceived laws of motion for low-skill and mismatch employment stocks,

respectively:

ng = (1—p")ngy +nralivg,

and M Ly, M L\ L L
1y :(1_p)nt—1+(1_nt)Qtvta
where: ¢ is the probability that a given vacancy posted in the market for low-tech jobs

is successful in finding a worker, regardless of whether the worker is low- or high-skill.
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Furthermore, the fraction of low-skill workers in the total pool of individuals searching for
low-skill jobs is given by nl = s'/(sl + sM). With this notation, the per period probability
that a low-tech vacancy turns into an employment match with a low-skill worker is 7,¢* and
the probability that a low-tech vacancy turns into a mismatch employment relationship with
a high-skill worker is (1 —n,)q".
The optimal vacancy posting condition is given by:

7 L L L\ M

Eznt‘]t_‘_(l_nt)‘]tv (18)
where: JI' and JM are defined by the Lagrangian multipliers on the perceived laws of motion
for low-tech and mismatch employment, respectively. Free entry implies that low-tech firm
posts vacancies up until the point at which the cost, v, is exactly offset by the expected
gain from making a match. The expected gain is the probability that a match is made in
the low-tech market, ¢~, times a probability weighted average of the value of a match with
a low-tech worker, nFJ¢, and a (mismatched) high-tech worker, (1 — nF)JM. Note that free
entry implies that it is always optimal for the low-tech firm to fill an open position with
any type of worker it encounters as long as the surplus associated with the employment

relationship is positive.

The job creation conditions for low-skill and mismatch employment are given by:

I¢ = vyt —wf + (1= p") B {Smpden ) (19)
and
Jiv[ = ptL?hL,t - wé‘/f + (1 - PL> E, {Et+1|tJ};\i1} . (20>

Both equate the value of a (low-skilled or mismatched, respectively) employee working in

the low-tech job to the present discounted value of the stream of marginal revenues that the

job produces, net of the wage, over the expected duration of the employment relationship.

High-tech Firms. High-tech firms can only employ high-skilled workers because they are
the only ones qualified to do the work. The high-tech firm chooses the stock of high-skill

employees, nl, and vacancies, v{?, to solves the following profit maximization problem:

max K, ZEtJrl\t [pf{yH(nf) —wilng’ - ’YHUﬂ 5
t
subject to the perceived law of motion for high-tech employment:

n = (1—p")nl, + ¢,
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where: ¢ is the probability that a given vacancy posted in the market for high-tech jobs is
successful in finding a worker.
The optimal vacancy posting condition is given by:
et = TI¢ (21)
where: JH is the Lagrangian multiplier on the law of motion for high-tech employment.

The job creation condition for high-skill employment is given by:
I =plyl, —w+ (1= p")E {1 dthe ) (22)

3.3 The Labor Market

In order to close the model, we need to address matching and wage determination in each

of the two segmented labor markets.

3.3.1 Matching

Labor market matches are formed according to the same constant returns matching tech-

nologies described in Section 2 for low-tech, mismatched, and high-tech jobs, respectively.

3.3.2 Wage Determination

Wages are determined through Nash bargaining. Let ¢ € (0,1) for i € (L, H) denote the
exogenous bargaining power of workers. Nash bargaining we well known in the literature, so
for the sake of brevity we present only the wage solution, leaving the details to the Appendix.

The wage for a low-skilled worker employed in a low-tech job is given by:

th = ¢LPtLZJ1L,t + (1 - IDL) XL + Q/JL(l - /)L)Et {Et+1\tf£r1J1If+1} . (23)

The wage paid by low-tech firms to low-skilled workers is a weighted average of the
present discounted value of the stream of marginal revenue that accrues to the low-tech firm
from hiring the additional employee and the outside option that accrues to the worker, given

by the unemployment benefit.
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The mismatch wage is given by the expression:

¢pry§t (1 - 7»/1H) XH + I/JH( Et {~t+1\tft+1‘]t+1 (24>

Finally, the wage for a high-skilled worker employed in a high-tech job is given by:

wt = @DprI?J{{t (1 - ¢H) XH + ¢H(1 - PH)]Et [Et+l|t (ff&-l‘]t}il)} . (25>

Note that because free entry into vacancy postings drives JH = =~/ qﬁl, the continua-

tion value in equation (25) can also be expressed as E{Z1,:(fH1 /a2 1))

3.4 Search Equilibrium

The equilibrium of the system is a sequence of allocations and prices {cF, cf, R;, nF, nM,
nd, sk M gH oL oH JU JMJH wk wM wi pE pH BE BL TE TH} that solves
the optimality conditions for: low-skilled households, summarized by equations (13) through
(14); high-skilled households, summarized be equations (15) through (17); low-tech interme-
diate goods producers, summarized by equations (18) through (20); high-tech intermediate
goods producers, summarized by equations (21) and (22).

We also have the demand for the low- and high-tech intermediate input, given by Y7, =
pF/Z, and Yy, = pf' /Z,, respectively; the laws of motion for respective employment stocks,
equations (1) through (3); the wages are pinned down by equations (23) through (25).

The bond market clearing condition is given by B}F + Bf = 0. There is a government
budget constraint that must be satisfied in order to finance the unemployment benefit,
KTE+ (1= R)TH = x (1 — fE)sF+ X7 [(1 = fF)sM + (1 — fH)sf']. The household budget
constraint pins down the level of bond holdings.

Finally, the economy-wide resource constraint is given by:

Yi=c + ¢ +ytof "] (26)
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4 Characterizing the Distortions

The distortions in the decentralized search equilibrium are characterized in a series of propo-
sitions. These propositions represent the main contribution of the paper. Taken as a whole,
they establish the mismatch distortion and show that it is unique from more standard sources
of inefficiency that commonly arise in search and matching models, such as from the presence
of unemployment benefits and/or inefficient wage bargaining.

Throughout the remainder of the paper, we assume the matching functions in both
the low- and high-tech labor markets are Cobb-Douglas and the parameter governing the
elasticity of matches with respect to search unemployment is given by &- and 7| respectively.

The first proposition establishes the conditions that ensure static and dynamic efficiency

in the high-tech labor market.

Proposition 1 In a search equilibrium with bargaining, the necessary and sufficient condi-
tions for static and dynamic efficiency in the high-tech labor market are given by:

(i.) No unemployment benefits, x = 0;

(ii.) The Hosios (1990) condition, &7 = ™.

Proof. See Appendix A.1. =

The labor market for high-tech employment is a standard search and matching market
and, as such, the conditions that deliver efficiency under bargaining are well documented in
the literature. Accordingly, we keep our discussion brief.

The next proposition addresses static efficiency in the market for low-tech jobs.

Proposition 2 In a search equilibrium with bargaining, the necessary and sufficient condi-
tions for static efficiency in the low-tech labor market are given by:

(i.) No unemployment benefits, x* = x* = 0;

(i.) The Hosios (1990) condition, &~ = i ;

(i4i.) Symmetry across labor markets, so that V" = ™.

Proof. See Appendix A.2. m
As with Proposition 1, conditions (i.) and (7i.) are standard in the literature. In contrast,

the third condition regarding symmetry is new and deserves further discussion. Intuitively,
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condition (ii.) delivers the efficient wage for low-skilled workers endowed with bargaining
power, ¥", while condition (7ii.) delivers the efficient wage for mismatched workers endowed
with bargaining power, ©". Given that the elasticity of the matching function with respect
to search unemployment, £¥, is common for both types of jobs (i.e., they are formed through
a common matching function), it must be that efficiency requires ¢* = o = ¢~ In this
sense, the symmetry condition is nothing more than an additional constraint that is required
to ensure bargaining efficiency across both types of jobs. When taken in conjunction with
Proposition 1, it highlights the fact that asymmetries in labor market institutions (i.e.,
Pt £ and/or el ¢H ) can lead to distortions that spill over across segmented labor
markets. This is true even in the case where ¥ = ¢& and v = ¢ holds for each market
individually.

The next proposition establishes the unique instance in which the decentralized economy

is able to achieve the constrained efficient outcome.

Proposition 3 The search equilibrium with bargaining achieves the constrained efficient

equilibrium if and only if yX, (nf,n") = y= (nf,n") and Propositions 1 and 2 both hold.

Proof. See Appendix A.3. m
The following corollary is a direct result of Proposition 3 and establishes a link between
productivity differentials and dynamic efficiency in low-tech and mismatch employment.

This is the mismatch distortion, which is a key result of the paper.

Corollary 1 In a search equilibrium with bargaining, productivity differential in low-tech
production (i.e., yF(nl,nM) # yL(nk nM) ) violate dynamic efficiency for both low-tech and
mismatch employment. In this case, the private equilibrium is not constrained efficient,

regardless of whether or not Proposition 1 and 2 both hold.

The mismatch distortion is a form of congestion externality that arises because low- and
high-skilled workers compete to match with a fixed number of low-tech vacancies. This
competition is distortionary as long as there is heterogeneity in the private valuation of

leisure. This heterogeneity only occurs when there is a productivity gap between the two
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labor inputs. In this case, high-skilled workers searching for mismatched jobs do not in-
ternalize the fact that increasing search effort can crowd in or crowd out the job finding
prospects of low-skilled workers who are looking to match with the same set of vacancies.
Similarly, low-skilled workers do not internalize the fact that their search behavior affects
the job finding prospects of high-skilled workers looking for mismatch employment. Neither
agent participates in the labor market in a way that is consistent with the planner’s view of
the social valuation of leisure.

When there is no productivity gap low- and high-skilled workers value leisure symmetri-
cally in a way that aligns with the social value of leisure. Accordingly, the intuition behind
Proposition 3 is straightforward: the mismatch distortion is eliminated due to the lack of

any meaningful heterogeneity in the objective functions of the two types of households.

5 Competitive Search Equilibrium

The mismatch distortion is derived assuming wages are determined via bargaining. This
raises the question of whether it is robust to other wage determination protocols.

In this section, we show that while it is technically feasible to decentralize the efficient
set of wages, doing so requires an extreme—an we think unreasonable—assumption about
the ability of the firm to effectively segment the low-skilled labor market.

We consider wage posting in a competitive search equilibrium (CSE) as described in
Moen (1997). The firm understands there is a tradeoff between the wage that it posts in a
given que and the number of workers that will join that que in order to try to match with
that particular posting. While posting a lower wage may increase the value of a potential
match to the firm, doing so makes that same match harder to fill because the lower wage is
less attractive to searching workers.

In order to implement wage posting, the high-tech firm chooses w{’ and 0? to maximize
the value of a high-tech vacancy, given by equation (21), subject to optimal participation

condition for high-skilled households, equation (16). The resulting surplus sharing rule is

WH-Ul ¢
JH 11—

(27)
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H

where: WH — U = % is the value of a high-tech job to a high-skilled worker as
defined by equation (16). THis equation implicitly determines the high-tech wage.

The low-tech firm chooses differentiated wages, wl and w}, as well as the effective que
lengths for each type of worker, by choosing HtL and 7,, in order to maximize the expected
value of a low-tech vacancy, given by equation (18), subject to the participation constraints
for low-tech and mismatch search activity, given by equations (14) and (17), respectively.

The solution to this problem gives rise to two conditions which, together, implicitly pin

down the wages for low-skilled and mismatch jobs. The first condition states that the firm

posts wages in a way that equates the value of low-skilled and mismatch workers.
Iy =J¢ (28)

The second condition gives rise to the following surplus sharing rule:

(Wi —Up) + (1 —n)(W' - U) ¢ (29)
e+ (1= 1) I 1-¢

L/ L, L
where: WL — UL = ht+Lu” is the value of a low-tech job to a low-skilled worker as defined
t Ye,t

by equation (14) and WM — UH = % is the value of a low-tech job to a high-skilled
worker as defined by equation (17). |

In order to solve for the CSE, we replace equations (23) through (25), which determine
wages in the search equilibrium with bargaining, with equations (27) through (29), which
determine the posted wages.

The results are summarized by the following proposition.

H — 0, the competitive search equilibrium with wage

Proposition 4 As long as x' = x
posting gives rise to a constrained efficient equilibrium. This is true regardless of the relative

productivity of low-skilled and mismatch workers.

Proof. See Appendix A.4. m
The proposition establishes that, in absence of an unemployment benefit, it is technically

feasible decentralize the constrained efficient equilibrium. Intuitively, the low-tech firm’s
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objective is to post differentiated wages that maximize the expected value of a match. In
solving this problem, the firm internalizes the distortion stemming from job competition and
posts wages in a way that elicits optimal search on the part of heterogeneous job seekers.

One reaction might be that Proposition 4 implies the mismatch distortion is nothing
more than an artifact of an arbitrary assumption regarding the structure of the frictional
labor market (i.e., it reflects wage bargaining). In other words, as long as wages are posted
in a competitive search equilibrium, the novelty of the result disappears.

This reaction is warranted provided the assumptions underlying the firm’s ability to post
wages in the CSE are reasonable. We argue they are not. In particular, implementing the
CSE requires the firm to post wages in a way that allows competing job seekers to trade off
their individual labor compensation against type-specific job finding probabilities.® Effec-
tively, this amounts to giving the firm the ability to segment the low-tech labor market. It is
not at all surprising that this resolves the mismatch distortion. Ultimately, the inefficiency
due to mismatch depends on job competition and segmentation eliminates this competition.

While Proposition 4 establishes that it is technically feasible to decentralize the efficient
equilibrium, doing so requires what we view as an unrealistic assumption with regard to
the power the firm has in posting wages. Viewed this way, it is more difficult to dismiss the
distortion as imply a function of the bargaining assumption. Indeed, the mismatch distortion
extends to any equilibrium in which wages are determined by a time invariant surplus sharing

rule, be it the solution of a bargaining problem or otherwise.

6 Quantitative Results

A calibrated version of the model is used to illustrate how the mismatch distortion affects

the labor market outcomes and welfare of low- and high-skilled households.

®Specifically, it does this by choosing not only w’ and w)}, but also the type-specific labor market
tightness through its simultaneous choice of 9tL and 7.
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6.1 The Benchmark Economy

The benchmark economy is socially efficient. There are no unemployment benefits, a sym-
metric Hosios condition is imposed across both labor markets, and low-skilled and mis-

matched workers are equally productive, so there is no mismatch distortion.

6.1.1 Parameterization

Our calibration, summarized in Table 1, is at the weekly frequency. We use data on educa-
tional attainment to calibrate worker heterogeneity and data on employment by occupation
to calibrate firm heterogeneity. Where applicable, we also use aggregate labor market data.

The empirical counterparts to our low- and high-tech sectors correspond to routine and
non-routine occupations, respectively, as per BLS occupational classifications. With this
dichotomy, we use the BLS occupational outlook handbook to obtain educational attainment
requirements for entry-level positions by occupation. Only 14 percent of routine jobs require
at least some post-secondary education, while the same is true for roughly 82 percent of
non-routine jobs. Accordingly, we interpret low-skill workers as those with at most a high
school degree and high-skill workers as those with at least some post-secondary education.
Moreover, data from the BLS shows that about one-half the U.S. population has at most a
high school degree, so we set k = 0.5.

With regard to preferences, because we assume that the time period is equal to one week
we set the discount factor f = 0.999, which is consistent with an annual interest rate of
5 percent. We assume a standard functional form for the sub-utility over consumption for

both low- and high-skilled individuals:
; 1 N .
u(cy) = T (ci)l for i € (H,L).
-0

and set 0 = 1 for i € (H,L).

The sub-utilities over labor activity for low- and high-skilled individuals, respectively are:

L ¢L L I AN/ 1+1/e
h(lfpt) (nt + (1 i )St) )

T 1+1/e
and i . ¢H/ (nf + (1 - ftH)SfI)Hl/g
h(lfp') +h(lfpl) = | F e |
UE) E I = |yl (ot 1= gyt
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where: ¢' > 0, for i € (H,L), and € > 1 are parameters.

In parameterizing preferences over labor market activity, quadratic labor disutility (so
that ¢ = 1) implies that aggregate labor force participation rate is highly inelastic with
respect to output per worker, which is in line with the data.® The average labor force par-
ticipation rate in the U.S. is 0.631. Moreover, BLS data show that the average participation
rate of individuals with at least some post-secondary education is 1.33 times higher than the
participation rate of individuals with at most a high school education. We calibrate the scal-
ing parameters, ¢~ and ¢, to target these participation rates. The scaling parameter for the
disutility of mismatch employment for high-skilled individuals, ¢™, is calibrated to target a
steady-state ratio of total employment in high- to low-tech jobs of n# /(nt 4+ nM) = 1.11,

which is the average ratio of employment in non-routine to routine occupations in the U.S.

Table 1: Baseline parameterization

Preference parameters

Discount factor, 3 0.999
Utility curvature, o 1
Elasticity of participation, 1
Scaling for disutility of low-skill participation, ¢ 9.592

Scaling for disutility of mismatch participation, ¢  79.732
Scaling for disutility of high-skill participation, ¢ 11.091
Production parameters

Aggregate technology, Z 0.278
Input-specific technologies, zf = 2 = zF 1

High-skill share in final goods, o 0.582
Final goods input substitutability, w 0.400

Labor market parameters

Fraction of low-skill population, x 0.500
Vacancy flow costs, v = % 0.200
Low-tech job destruction probability, p” 0.012
High-tech job destruction probability, p¥ 0.007
Low-tech matching efficiency, A” 0.185
High-tech matching efficiency, A7 0.158
Matching function elasticity, &€& = ¢7 0.500
Worker bargaining power, ¢y = T 0.500
Unemployment benefits, x% = x7 0

For production, we assume that output of final goods is a CES aggregate of the low- and

high-tech intermediate good, so that:
Yi=Z (o (ul)” +(1—0) (wF)*)'",

where: Z, is aggregate productivity; ¢ € (0,1) is the share of the high-tech intermediate input

60ur assessment of this elasticity comes from using quarterly data on real GDP from the Bureau of
Economic Analysis and data on aggregate employment and the aggregate labor force participation rate from
the BLS.
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in final goods production; and w governs the degree of substitutability between the high- and
low-tech goods in final goods production. In turn, production of the high-tech good is given
by yf! = znfl where: 2z is an input-specific technology parameter. Similarly, production
of the low tech good is linear in low-skill and mismatch employment relationships; in other
words, this good can be produced with only low-skill labor, only mismatch labor, or both:
v =g+

where: 2 and zM are input-specific technology parameters. The steady state values of 2z,
2% and zM are normalized to 1. In contrast, the value of Z is chosen to normalize steady
state aggregate output so that at quarterly frequency Y = 1.

The remainder of the production parameters are either chosen based on the existing
literature or calibrated to match empirically observed wage differentials. For final output
we follow Krusell, Ohanian, Rios-Rull, and Violante (2000) and set w equal to 0.4. Setting
2P = M equates the mismatch and low-skill wage and eliminates the mismatch distortion
(2 = 1 is a normalization). For the share parameter in the final goods aggregator o we
draw on occupational wage data from the BLS. The employment-weighted median wages of
individuals employed in nonroutine occupations is 1.35 times that of employment-weighted
median wages of individuals employed in routine occupations. Accordingly, we choose ¢ so
that w® /W% = 1.35, where WL = (wlink +wMnM)/(nL + n).

Turning to the labor market, we assume that both the low- and high-tech job markets
are characterized by a standard Cobb-Douglas matching function:

mi = A () ()7 for i € {L,H},
where: A’ is matching efficiency; and &" is the elasticity of the matching function with respect
to total search search activity in a market, which we denote by e’. We set ¢ = 0.5 for i € {L,
H}, which is broadly in line with Petrongolo and Pissarides (2001).

The matching efficiency parameters, A” and A, are jointly calibrated to hit empirical
targets that we obtain from both aggregate and sector-specific data on job finding probabil-
ities. Starting with the aggregate data and following the methodology in Elsby, Michaels,
and Solon (2009) and Shimer (2012), monthly data on unemployment since 1951 reveal that

the probability that an average unemployed individual matches with a job within a week is
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0.132. Thus, one calibrating target for the two matching efficiency parameters is the steady-
state value % = 0.132. Moving to the sector-specific data, we find that since 2000
the average job-finding probability of individuals last employed in routine occupations is
0.99 times that of individuals last employed in nonroutine occupations. Assuming that an
individual’s last occupation is roughly indicative of their skill level, our second calibrating
target for the matching efficiency parameters is the steady-state value: % = 0.99.

The exogenous job destruction probabilities p? and p are calibrated using BLS data on
aggregate and occupation-specific unemployment rates. These data show that the average
U.S. unemployment rate since 1951 is 0.058, so one of the job destruction rates is pinned
down by targeting the steady-state ratio (u” + uf)/(IfpY + Ifpf) = 0.058. In addition,
these data also show that the average unemployment rate of individuals last employed in
nonroutine occupations is about 1.62 times as high as that of individuals last employed in
nonroutine occupations. So, we pin down the second job destruction rate by targeting the
steady-state ratio l}%/l;ﬁ% = 1.62.

We assume symmetry in the vacancy posting costs, v/ = ~%, and calibrate these costs

vk + Tl
L= FE)sT 4+ (T4 fh)s

= 0.68. The target for this ratio results from using data on aggregate job openings from the

to target the ratio of aggregate vacancies to aggregate unemployment: (

BLS Job Openings and Labor Turnover Survey since 2000 (when first available) combined
with the Conference Board’s Help-Wanted Index from 1951 through 2000 together with time
series for aggregate U.S. unemployment.

Unemployment benefits are set to zero, x* = x* = 0, to ensure that the private equilib-
rium in the benchmark economy is efficient. Similarly, we assume symmetry in bargaining
power, so that ¢ = ¢’ = 0.5. This parameterization has the virtue that, absent any other
distortion in the model, ¥ = ¥ = ¢ = ¢¥ delivers both an efficient split of match surplus

(see Hosios (1990)) as well as cross-market efficiency.

6.1.2 Allocations in the Efficient Equilibrium

Table 2 presents allocations in the baseline economy in which the private equilibrium coin-

cides with the socially efficient equilibrium (that is, Case ii. in Section 2.1).
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Table 2: Benchmark Economy (Quarterly Frequency)

Efficient Private Equilibrium
Low-skilled Household — High-skilled Household
Aggregate Variables

1. cF, f 0.358 0.358
2. LFP rate (L,H) 0.542 0.719
Labor Market Variables
3. nt, n¥ 0.251 0.313
nM - 0.030
4. st sH 0.023 0.016
sM - 0.003
5. v, o 0.013 0.012
6. 0L, 07 0.509 0.710
7. fF 1 0.748 0.782
8. ¢F, ¢¥ 0.989 0.937
9. Unemp. rate (L,H) 0.075 0.046
10. n 0.893 -

Consumption is equal across the two households. Accordingly, all of the heterogeneity is
forced into the labor market with the participation rate for low-skilled households at 54 .2%
as opposed to 71.9% for high-skilled households. Vacancy postings are broadly similar across
the two segmented labor markets, but there is a notable difference in labor market tightness
reflecting relatively more job seeking activity in the market for low-tech jobs. The last line
of the table shows that low-skilled workers constitute only 89.3% of the unemployment pool
for low-tech jobs, with high-skilled workers seeking mismatch jobs making up the rest. High-
skilled participation in the low-tech labor market pushes down the effective job finding rate
for low-skilled workers. This (efficient) crowding out in the unemployment pool results in a

notable difference in the unemployment rate across the two types of workers, which stands

at 7.5% for the low-skilled household and 4.6% for the high-skilled household.

6.2 The Mismatch Distortion

We turn now to a quantitative illustration of the mismatch distortion, for which we focus
on steady states. The exercises that follow focus on how private allocations change as the
productivity of mismatched workers is altered relative to low-skilled workers, spanning the
three cases highlighted in Section 2.1.

Table 3 shows selected allocations in the presence of the mismatch distortion under two

different assumptions regarding relative productivity. Panel A presents the case where mis-
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match workers are 10% more productive than low-skilled counterparts in low-tech employ-
ment (that is, 2 /2L = 1.1, corresponding to Case 4. in Section 2.1). The first two columns
of Panel A present the efficient allocations while the second two show the allocations in the
private economy. When mismatched workers have comparative advantage in the production
of the low-tech good, the high-skilled household experiences a welfare gain on the order of
0.9% of steady state consumption. (Welfare differentials are measured in terms of consump-
tion equivalence: see table footnote for details.) This welfare gain comes almost entirely at
the expense of the low-skilled household, which suffers a cost of roughly equal magnitude
implying the distributional nature of the mismatch distortion washes out in aggregate.

The remaining rows in Panel A show the loss in consumption is negligible and shared
evenly across households. In contrast, the mismatch distortion operates largely through
differences in labor market activity. Participation for the (more productive) high-skilled
household is inefficiently low in the private equilibrium and for the low-skilled household it
is inefficiently high. Accordingly, the skill-composition of the low-tech unemployment pool
shifts in such a way that there are too many low-skilled workers. A social planner would like
to increase the participation of high-skilled households in mismatch job activity.

The distributional nature of the welfare effects stems from the fact that, on the one hand,
both households share the welfare costs associated with lower consumption in the private
equilibrium. But, at the same time, the high-skilled worker is able to exploit of his/her
comparative advantage in productivity by enjoying leisure and shifting an inefficiently high
burden of production onto the low-skilled worker.

Panel B presents the case where low-skilled workers are 10% more productive than mis-
matched workers (2 /2% = 0.9, corresponding to Case 4. in Section 2.1). The results are
somewhat similar quantitatively but, in this case, low-skilled households gain 0.8% percent
of steady state consumption at the expense of the high-skilled households.

Figures 1 through 5 shed additional light on the distributional nature of the welfare
effects. In all of the figures, we report differences in steady state allocations between the
efficient and the private equilibrium (either in levels or in percent, as noted) for 2/l €
[0.2,1.4]. This range for relative productivity includes the baseline economy (Case ii. pre-

sented in Table 2), which is denoted by the solid dots in each panel, as well as Cases i and
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it (as presented in Panels A and B of Table 3), denoted by the hollow dots to the right and

the left, respectively, of the solid dot in each panel.

Table 3: Allocations under the mismatch distortion (Quarterly Frequency)

Panel A. Panel B.
yi (ni,ni") < ws (nf,ni") yi (ng,ni") > vy (nf, ni")
Efficient Private Efficient Private
Equilibrium Equilibrium Equilibrium Equilibrium
Low  High  Low High Low  High Low High
Welfare Costs

1. Hh. welfare - ——  0.896 -0.88 —— - —0.768 0.777

2. Agg welfare —— 0.002 —— 0.002
Aggregate and Labor Market Variables

3. ¢k, 0.360 0.360 0.360 0.360  0.357 0.357  0.357  0.357

4. LFP rate (L,H) 0.476 0.761 0484 0.754 0.486 0.750 0.480  0.757

5. Unemp. rate (L,H) 0.091 0.052 0.091 0.052 0.092 0.051 0.092 0.052

6. n- 0.882 — 0.895 - 0.903 — 0.891 —

Notes: Welfare costs (gains) are calculated as percent of steady state consumption required to give to (take away
from) each household (low-and high-skilled, separately) in the private equilibrium to make them as well off as in the
socially efficient equilibrium. Aggregate welfare costs are an equally weighted sum of the costs to low- and high-skilled
households. Positive numbers indicate welfare costs and negative numbers indicate gains.

Figure 1 shows how the change in 2™ /2% affects the marginal product of labor for low-
skilled, mismatch, and high-skilled workers (left panel) as well as relative wages (right panel).
In the baseline economy, the MPL of low-skilled and mismatched workers is equal and the
corresponding wage ratio is given by w /w! = 1. At the same time, the wage premium for
high-tech employment is w® /w™ = 1.6. Moving to the right of the baseline, an increase in
M /2L pushes up the wage premium for mismatch over low-skilled workers, so w /w* > 1
while the high-tech premium declines getting closer to 1 as 2™ /2L approaches the upper
bound of its range in the exercise. Moving to the left of the baseline, as 2™ /2l decreases
low-skilled workers command a wage premium over mismatched workers, so that w™ /w® < 1,
and the high-tech wage premium increases sharply.

Components of the utility function are shown in Figure 2. Private consumption, in the left
panel, is equal across households and is inefficiently low for any point other than the baseline.
In contrast, the right panel shows heterogeneity in the response of labor force participation.
When mismatch workers have a comparative advantage in low-tech production participation
for high-skilled households is inefficiently low in the market for low-tech jobs. In contrast,
participation for low-skilled agents is inefficiently high. The opposite is true when low-skilled

workers have a comparative advantage.
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Figure 3 shows the distributional welfare effects. Low-skilled household suffer welfare
costs from mismatch when they are relatively less productive in low-tech production. When
low-skilled workers are relatively more productive they gain at the expense of mismatch
workers. That said, the dotted grey line in the center shows that these costs and benefits wash
out at the aggregate level suggesting that the mismatch distortion is largely distributional.

The implications for labor market tightness and unemployment rates are shown in the
bottom two panels of Figure 4. Market tightness is always inefficiently low in the low-
tech sector, which translates into excess unemployment for low-skilled workers. For the
high-skilled household, whether or not unemployment is too high or too low relative to the
constrained efficient equilibrium depends on relative productivity in the low-tech market.

Finally, Figure 5 shows that any deviation in the efficient composition of the low-tech
labor pool (right panel) shows up in the form of inefficiently low average match quality in
the low-tech firm (left panel). Together, the two panels suggest the planner’s objective is to

manage the composition of the low-tech labor pool to maximize expected match quality.

6.3 Wage Differentials: Bargaining vs. CSE

The differential between the bargained wage and the posted wage under the competitive
search equilibrium is shown in Figure 6 for each of the three job types as relative productivity
varies over the interval zM /2L € [0.75,1.25]. The high-tech wage differential, shown by the
solid line, is flat at zero because there is no distortion in the high-tech labor market, hence
under this parameterization the Nash wage and the efficient competitive wage coincide. In
the case of the low-tech labor market, the wage differential for low-skilled and mismatch jobs
both cross zero at 2™ /2l = 1, where the mismatch distortion is eliminated. To the right
of this point, where 2™ /2l > 1, the Nash wage is too high relative to the efficient wage for
low-skilled workers and it is too low relative to the efficient wage for mismatched workers.
The opposite is true for 2% /2L < 1.

One way to interpret the wage differentials is that they implicitly reveal something about
how optimal labor market policy would operate in the model. For example, it is feasible to
introduce a set of proportional wage taxes/subsidies that would allow the bargained wages

to replicate their efficient counterpart in the CSE. For cases in which 2™ /2F > 1, it is
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clear that the optimal tax policy would call for a tax on the low-skilled wage (to reduce
inefficiently high participation of the low-skilled household) and a subsidy on the mismatch
wage (to increase inefficiently low participation of the high-skilled household in the low-tech
labor market).” Note that, in order to restore efficiency, an optimizing fiscal authority would
need the power to levy differentiated taxes/subsidies on the two types of labor. This type

of distributional fiscal policy might not be feasible to implement.

6.4 The Size of the Mismatch Distortion

As a final exercise, we measure the welfare costs associated with each of the three different

sources of inefficiency in the model in order to gauge their relative size. For this section, let

xH =xt=xand " =" = .

Table 4: Welfare costs associated with distortions in the model

Parameterization
x=0;v=05 x=0;9%=055 x=0.059%=0.5
Panel A: 2 /28 =1

Low-skilled Hh. 0 1.7 30
High-skilled Hh. 0 0.2 2.4
Panel B: z2M /25 = 0.9
Low-skilled Hh. 0.9 1.0 28.8
High-skilled Hh. -0.9 0.9 3.8
Panel C: 2™ /22 =1.1
Low-skilled Hh. -0.8 2.6 31.3
High-skilled Hh. 0.8 -0.6 0.9

Notes: Welfare costs (gains) are calculated as percent of steady state consumption required to give to (take away
from) each household (low- and high-skilled, separately) in the private equilibrium to make them as well off as in the
socially efficient equilibrium. Positive numbers indicate welfare costs and negative numbers indicate gains.

Results are presented in Table 4. In the top panel, where 2z /2l = 1, the first column
shows that welfare costs are zero in the efficient equilibrium with y = 0 and ¢ = 0.5. Moving
to the second column, keeping the unemployment benefit at zero, y = 0, and introducing
the bargaining distortion in isolation, ¥ = 0.55 > & results in a roughly 2% welfare cost

for the low-skilled household, while the effect on the high-skilled household is more muted.

Finally, the third column shows the case in which the bargaining distortion is zeroed out, so

"Typically, optimal fiscal policy in a general equilibrium labor search model has the result that a pro-
portional labor tax and a vacancy subsidy are redundant tax instruments (i.e., both appear simultaneously
in the same efficiency conditions). It is interesting to note that this redundancy breaks down in this model.
Though its beyond the scope of the paper, it is clear that optimal labor market policy here calls for two
separate instruments to elicit optimal search from firms as well as heterogeneous job seekers.
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that ¢ = £, and only the distortion from the unemployment benefit operate, x = 0.05. The
welfare costs are considerably larger for both types of households. Panels B and C present
the same set of results varying relative productivity to 2™ /zl = 0.9 and 2 /2L = 1.1,
respectively. The size of the mismatch distortion is similar in magnitude to the bargaining
distortion.

Finally, Figure 7 shows there is an important nonlinear interaction between the three
distortions. For the case in which 2% /2l = 1, the welfare costs for both types of agents blow

up as y gets larger and as & gets farther away from its efficient parameterization.

7 Conclusion

A model is presented in which mismatch employment exists in a constrained efficient equi-
librium. However, in the private economy the presence of mismatch employment creates
a form of congestion externality. We provide an analytic characterization of the mismatch
distortion, assess the distributional nature of the associated welfare effects, and relate it to
the relative productivity of low- and high-skilled workers competing for similar jobs.

Our model emphasizes tractability. The assumptions that deliver this tractability nat-
urally open the door for a number of possible extensions. To keep the model simple, we
employ two-by-two heterogeneity in households and firms. It might be interesting to incor-
porate richer heterogeneity. A natural extension would be to allow firms to rank applicants
and select the ones most suitable for a job. Finally, it is also interesting to allow for on-the-
job search, which we examine in Arseneau and Epstein (2014), as well as the potential for

lock-in to mismatch employment due to skill deterioration in the spirit of Pissarides (1994).
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A  Proofs

The general approach for all proofs involves deriving a set of efficiency conditions in the
decentralized equilibrium and then comparing them to their socially efficient counterparts.
We sketch the derivation for both sets of efficiency conditions and relegate the algebraic
details to an online appendix. The proofs then amount to simply establishing the conditions
under which the private and social efficiency conditions coincide.

A.1 Proof of Proposition 1

To establish the necessary and sufficient conditions for efficiency in the high-tech labor
market, we need to show the conditions under which the both the static and dynamic private
efficiency conditions coincide with their socially optimal counterparts.

We begin by establishing static efficiency in high-tech job search. Combine the planner’s
first order conditions for vf7 and s to get the following expression:

H Hr
1 Mst ht
= = Al1l
vmi url ( )

which is equation (7) in the paper.

Deriving the privately optimal counterpart involves combining the high-tech firm’s first
order conditions for v and s along with the expression for the Nash wage, making use of
the fact that the high-skilled household’s optimal participation condition defines the value
of a high-tech job, W — UH. The resulting expression yields:

i 1y g
s (t_ﬁ) (A.1.2)

mfl, ot 1T\

Comparing (A.1.1) and (A.1.2), it is clear that static efficiency requires xy# = 0 and
Y = ¢ for the two to coincide, which are conditions (i.) and (.) in the proposition.

All we have left to do is to show that these same two conditions also deliver dynamic
efficiency. Start by combining the planner’s first order conditions for n and v}’ to get:

7H ( H) ’YH hfiﬁ
—_— = }/E’),t —|— 1 — p ]EtEt-i-l |: — :| (A13)
My m?[;,[t-&-l ugt-i-l

Note that using A.1.1 to substitute in for v /m,f{t on the left hand side and iterating the
resulting expression ahead recursively gives equation (8) in the paper.

The privately optimal analog is derived by combining the firm’s first order conditions for
v and s into a single job creation condition and then substituting the Nash wage into
the resulting expression. Finally, the last step involves substituting in equation (A.1.2) and
rearranging terms to get:

H H H H Hr
~y 1— % H\ o — Y 1—9 hy H

= Yo —x7 )+ (1—=p7) EiZtap - - X (A.14)
mqf;’(t 1—cH ( ) ( ) +1 mg{tﬂ 1—¢H ugt
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Comparing equation (A.1.3) and (A.1.4), it is clear that x” = 0 and ¢ = ¢ are
necessary and sufficient conditions for efficiency along both the static and dynamic high-
tech margins. §

A.2 Proof of Proposition 2

We establish the necessary and sufficient conditions for static efficiency in the low-tech job
market following a similar approach as above. In the socially optimal equilibrium, combine
the planner’s first order conditions on s, sM . e;, and v} to get the following expression:

L Lt My
1M 1 hy N
s =y — 4 (1 — , A21
" mk, " uk, ( e ) ull; ( )

which is equation (9) in the paper.

Deriving the private analog to equation (A.2.1) is a multi-step process. First, combine the
first order condition for vl with the low-skilled household’s participation condition, which
defines WL —UF. Next, substitute in the Nash wage paid to low-skilled workers and multiply
the resulting expression by the weight, 7,. In the second step, we do the same thing with
the high-skilled household’s optimal participation condition, which defines WM — UH and
apply the Nash wage for mismatched workers. Multiply the resulting expression by 1 — n,
and add it to the expression obtained in the first step.

The result is the static efficiency condition for search activity in the low-tech job market
in the private equilibrium:

Lmﬁt é’L L htLl I lwa . hi‘/f/ i\ 1o
metzl—gL["t (35 ) S+ (=) (B — ) S5 | (A.22)

Equations (A.2.1) and (A.2.2) coincide only when y» = x# =0, ¢ = ", and " = o,
which are conditions (4.), (4.), and (74.) in the proposition. i

A.3 Proof of Proposition 3

Dynamic efficiency in the low-tech job market is characterized by the social planner’s job
creation conditions for low-skilled and mismatched jobs, separately.

Substitute the planner’s first order condition for v} into the first order condition for n’
and then substitute in the first order conditions for sM, el and 7,. After rearranging and
making use of the static efficiency condition, equation (A.2.1), the result is the following
efficient condition for low-skilled job creation:

fYL 1 L FL — Y, 1 L E.= 7L htL-f/—l 1 L FL A 3.1
I ( - 77t) ¢ =Yt ( —-P ) t=t+1 I L ( - 77zt+1) 1 (A1)
mv,t mv,tJrl uc,tJrl

The derivation of the planner’s efficiency condition for mismatch job creation follows an
analogous approach starting with the first order conditions for v} and n and ultimately
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results in the following:

’YL

L L VL hi\/lll L L
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In both equations (A.3.1) and (A.3.2), define '} = (1/nf fE) (R [ull, —~ mst/mvt)
Note that substituting in the static efficiency condition on the left side of either expression
and iterating forward gives equations (10) and (11) in the main text.

Deriving the analogous private efficiency conditions requires substituting the appropriate
Nash wage expression into the firm’s first order condition for nl and n, respectively, and
combine the two using the firm’s first order condition for vF. The resulting expression can
be simplified using the Nash bargaining solution and ultimately gives:

1 H

L L
gl L= —¢
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Apply the conditions in Proposition 1 and 2, so that y* = y# = 0, ¢¥ = ¢, and
P = ™ allowing us to write the privately optimal low-tech job creation condition as:

— hi
=Y+ (1 — ) You +np(1—p")E, [ St (1 - st—H) ;L—H ] (A.3.3)
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Aslong as 0 < i, < 1, the only way in which equation (A.3.3) jointly coincides with both
equations (A.3.1) and (A.3.2) is when Yy, =Y5, = Y7 ;. 1

A.4 Proof of Proposition 4

Establishing efficiency in the competitive search equilibrium requires showing the conditions
under which the static and dynamic private efficiency conditions for both the high- and
low-tech labor markets coincide with their socially optimal counterparts.

Static and Dynamic Efficiency in the High-tech Labor Market. Equation
(27) implicity pins down the competitive wage. Substituting in the definitions of Jf' and
WH — U and solving the resulting expression for w’ reveals that the posted wage in the
CSE is equivalent to the Nash wage under the restriction " = ¢7. As such, the proof
to Proposition 1 applies directly. As long as x” = 0, both the static and dynamic private
efficiency conditions coincide with their socially efficient counterparts.

Static Efficiency in the Low-tech Labor Market. We first show that equation
(29) is equivalent to the static efficiency condition in the social planner’s problem given by

equation (9). Use the fact that with a CRTS matching function, Z—vz;i = 1EZH , to substitute

40



this in on the right side of equation (29) and rearrange to get the following

me’
FE [ (WE = UE) + (1 — ) (WL = UM = —L4¢f [, IE + (1 — n,) T

v,t

We can then use the free entry condition, given by equation (18), to write this as

fEm(WE=Ug) + (1 —n,) (W' = UM = %7L

Myt

)

Finally, using the definition of WL — UL and WM — U we have

L htL/ L L hM/ L Lt
_t ]_ — _ — 5, A4].
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The private static efficiency condition coincides with its socially efficient counterpart as
long as x* = x" = 0.

Dynamic Efficiency in the Low-tech Labor Market. Next, we need to show
that as long as the static efficiency condition holds, equation (28) implies that the dynamic
efficiency conditions given by equations (10) and (11) must also be satisfied.

In the competitive search equilibrium free entry implies J& = JM = % We can use

q
this, and the fact that ¢© = —-m,; to rewrite equation (19) as

1- 5
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Use equation (A.4.1) to plug in for WZ—th on both sides of the above equation to get

Ao ( (B — ) gy (2 YE ot
— - — — — —w
- 7]t Uc . X up Uc ] X 1, t
L — 1 L hily L hth H
+(1 = p")E; | Zppape(1 - 5)m . M1 uk X" )+ (1 - 77t+1) T X

c,t+1 c,t+1

Next, solve the low-skilled household’s optimal participation condition, equation (14), for
the low-tech wage, wl, and substitute the resulting expression in above to get
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Using the fact that m,; = £fF, we can simplify and rearrange to get
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As long as x = ¥ = 0, we can iterate this expression forward to get
gas X X p
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which is equation (10), proving dynamic efficiency for low-skill jobs.

An identical approach is used to establish dynamic efficiency of mismatch jobs starting
with equation (20). After plugging in the expression for the mismatch wage, w}, derived
from the high-skilled household’s optimal participation condition, equation (17), we get
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Using the fact that m,, = ¢ fF, simplifying and rearranging gives side, gives
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YQLt +x7 + (1-— pL)]Et (:t+1|t (u;}H — XH))

c,t+1

L _ 1 L ht+1 L L hﬁll H
+(1 — p)E, Sttt M1 L —-X" )+ (1 - 77t+1) o — X
Mest+1 Uct+1 Ue 11

hL hM!
(1 — pME, <~ M1 ( Lt+1 V. I;+1 +XH))

St f U U
t+1 c,t+1 c,t+1
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As long as x' = x* = 0, we can iterate this expression forward to obtain

mﬁ:t 77tuc,t nt uc,t ftL uc,t uc,t

- L\s s Uct+s hi‘-/{—ls = I\s s We t+s
3oy, (e MEY S g [ty
s=1

UC,t uc,t+8 s—0 c,t

which is equation (11), proving dynamic efficiency for mismatch jobs. §
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Figure 1: Marginal product of labor and wage ratios, by relative productivity (2" /z1)
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Figure 2: Consumption and labor force participation, by relative productivity (2% /zL)
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Notes: In each panel, a solid dot denotes private outcomes in the benchmark efficient calibration reported
in Table 2. The hollow dots denote outcomes in reported in Panels A and B of Table 3. In all cases,
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Figure 3: Welfare costs, by relative productivity (2 /z1)
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Figure 4: Labor market allocations, by relative productivity (2 /z1)

Market Tightness

=== Low-tech market High-tech market

1 0.6
0.5
i & 0.5
v 0 = . =N w
= T T oy T =
w ”,U A B W04
w 0.5 -7 S @
=} ol ™~ =]
c . c
& -~ o
] s o
k= a7 £
T -1.5 7’ T 0.2
E i E
8 2 L 2 01
a 7 o
@25 ’ i
= ' t ]
c ’ c
g 3 ’ g
=4 P =
& 45 | & 0.1
4 0.2

02 02 04 05 06 07 08 0% 1.0 11 1.2 13
Ratio of mismatch to low-skill productivity, z"/z'

Notes: In each panel, a solid dot denotes private outcomes in the benchmark efficient calibration reported

in Table 2. The hollow dots denote outcomes in reported

Unemployment Rates

= = = Low-skill == High-skill

02 03 04 05 06 07 08 0% 10 11 1.2 13
Ratio of mismatch to low-skill productivity, zM/z

in Panels A and B of Table 3. In all cases,

P =gt = =P and xt =x* =o0.
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Figure 5: Match quality and composition of labor pool, by relative productivity (2 /z1)
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Notes: In each panel, a solid dot denotes private outcomes in the benchmark efficient calibration reported
in Table 2. The hollow dots denote outcomes in reported in Panels A and B of Table 3. In all cases,
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Figure 6: Match quality and composition of labor pool, by relative productivity (2*/z%)
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Figure 7: Match quality and composition of labor pool, by relative productivity (2™ /z%)
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Notes: In each panel, a solid dot denotes private outcomes in the benchmark efficient calibration reported
in Table 2. The hollow dots denote outcomes in reported in Panels A and B of Table 3. In all cases,
=gl =¢" =" and x* =x" =0.
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