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Abstract

This paper examines which representations of persistence and nonlinearity are most
useful for forecasting realized volatility and whether machine learning adds value beyond
econometric models designed for long memory and regime dependence. We compare HAR,
ARFIMA, threshold HAR, smooth-transition HAR, and Markov-switching HAR with XG-
Boost and several neural-network models for the S&P 500 and 40 U.S. equities. Mod-
els are evaluated under a baseline information set using realized-volatility history and an
extended set of predictors selected by Elastic Net. Forecast performance is assessed us-
ing MSFE, MAE, QLIKE, Model Confidence Sets, Diebold-Mariano tests, realized util-
ity, and filtered-historical-simulation VaR and expected shortfall. The results reveal a ro-
bust horizon-dependent ranking: Markov-switching HAR performs best at short horizons,
ARFIMA generally leads at the monthly horizon, and the five-day horizon is intermediate.
Machine-learning models sometimes improve on HAR but do not systematically outper-
form the broader econometric set. These findings are robust across estimation windows,
re-estimation frequencies, richer information sets, log-volatility targets, and individual equi-
ties; stock-level results are also robust to an alternative realized-volatility measure. Overall,
forecast performance depends primarily on capturing the persistence and nonlinear dynam-
ics most relevant at each horizon.
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1 Introduction

Accurate volatility forecasts are central to asset pricing, portfolio allocation, risk measurement,
margin setting, and financial-stability surveillance. Since the seminal contributions of Engle
(1982), Taylor (1982) and Bollerslev (1986), a large literature has modeled conditional volatil-
ity using parametric time-series specifications. The increasing availability of high-frequency
data has shifted much of this work toward realized measures, which provide observable and
informative proxies for latent return variation (Andersen et al., 2001, 2003; Bauwens et al.,
2012; Takahashi et al., 2023). Realized volatility nevertheless remains difficult to forecast. It
is highly persistent, exhibits long-memory behavior, responds asymmetrically to adverse re-
turns, and can change abruptly across market regimes. These features suggest that forecasting
performance may depend critically on how a model represents persistence and nonlinearity.

Several modeling strategies have been developed to capture these properties. The heteroge-
neous autoregressive model (HAR) provides a parsimonious approximation to volatility persis-
tence across daily, weekly, and monthly horizons. Fractionally integrated models represent long
memory directly, while threshold, smooth-transition, and Markov-switching specifications allow
volatility dynamics to vary across observed or latent regimes. Machine-learning (ML) methods
offer a different form of flexibility: they can approximate nonlinear relationships without re-
quiring the researcher to specify their precise functional form in advance and can accommodate
rich predictor sets and complex temporal dependence. The empirical evidence on their forecast-
ing value is mixed. ML methods improve volatility forecasts in some applications, especially
when broad information sets or cross-sectional data are available, but several recent studies
find that carefully estimated HAR-type specifications remain difficult to beat (Audrino et al.,
2020; Christensen et al., 2023; Zhang etal. , 2023; Branco et al., 2024).

Against this background, the paper addresses a single central question: which representa-
tions of persistence and nonlinearity deliver reliable out-of-sample gains in realized-volatility
forecasting, and does the generic flexibility of ML provide incremental value beyond economet-
ric models specifically designed to capture long memory and regime dependence? This question
is broader than a comparison of ML methods with the standard HAR benchmark. An ML
model may improve on HAR while failing to outperform econometric models that more directly
represent the relevant features of volatility dynamics. A demanding comparison must therefore
evaluate ML methods against a broader econometric frontier and examine whether the relative
value of the competing representations changes with the forecast horizon.

We investigate this question through a broad out-of-sample comparison centered on S&P 500
realized volatility and complemented by a cross-sectional analysis of individual-equity realized
volatility. The econometric comparison set consists of the HAR model of Corsi (2009), an au-
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nonlinear HAR extensions: threshold HAR (THAR), smooth-transition HAR (STHAR), and
Markov-switching HAR (MSHAR). These models embody distinct representations of volatility
dynamics, ranging from parsimonious heterogeneous persistence and fractional long memory to
observed and latent regime dependence. The ML comparison set includes XGBoost, a feedfor-
ward deep neural network, a long short-term memory network (LSTM), LSTM with attention,
and a gated recurrent unit model with attention (GRU-A).

The models are evaluated under two information sets. In the baseline specification, fore-
casts rely exclusively on the past history of realized volatility. For the HAR-family and ML
models, this history is summarized by daily, weekly, and monthly realized-volatility compo-
nents, whereas ARFIMA represents the univariate history of realized volatility through its
autoregressive, moving-average, and fractional-difference structure. The extended information
set augments the core realized-volatility variables with daily macro-financial, uncertainty, senti-
ment, geopolitical-risk, factor, and return-asymmetry predictors. These auxiliary predictors are
selected using a common Elastic Net protocol under which the core realized-volatility variables
are always retained. Comparing the two information sets allows us to determine whether the
relative forecast performance of the competing models changes when they are given access to
a richer conditioning set. Throughout the paper, “baseline” and “extended” therefore refer to
the restricted and expanded information sets, respectively, whereas HAR refers exclusively to
the conventional heterogeneous autoregressive benchmark model.

The primary S&P 500 analysis uses a long time series and generates recursive forecasts from
2006 onward at horizons of one, five, and twenty-two trading days. Forecasts are constructed
under both expanding-window estimation and rolling 10-year estimation. The evaluation period
spans relatively tranquil conditions as well as major episodes of market stress, including the
Global Financial Crisis, the COVID-19 shock, and the post-pandemic inflation and monetary-
policy-tightening period. All models are evaluated on aligned out-of-sample observations using
mean squared forecast error (MSFE), mean absolute error (MAE), and QLIKE loss. Model
Confidence Sets and Diebold—Mariano tests are used to assess the statistical significance and
robustness of the rankings. We also examine the economic and risk-management implications of
the forecasts through realized-utility comparisons, filtered-historical-simulation Value-at-Risk
(VaR) coverage tests, and joint VaR—-expected-shortfall evaluation based on the FZ0 loss.

The S&P 500 analysis is complemented by a cross-sectional examination of the full set
of 40 individual U.S. equities available in the VOLARE stock database. This extension asks
whether the conclusions obtained for aggregate market volatility reflect features specific to an
index or apply more broadly to heterogeneous firm-level volatility processes. Individual stocks
provide a distinct forecasting environment because their volatility is affected by firm-specific
information, idiosyncratic shocks, differences in trading activity, and greater cross-sectional

heterogeneity. We apply the same model classes and broad recursive forecasting framework to



these equities over 2015-2025, using expanding and rolling 5-year estimation windows. The
extended candidate predictor set also includes stock-specific changes in trading volume and the
number of trades.

Because the stock histories are shorter and use a different rolling-window length from the
long-sample index analysis, we additionally estimate the models for the S&P 500 over the
same 2015-2025 period and under the same expanding- and rolling-window designs. This
matched-sample index exercise helps distinguish genuine differences between index and firm-
level volatility from effects attributable to sample length or estimation-window construction.
We also compare VOLARE realized-volatility series with corresponding TAQ measures for a
selected validation sample. The individual-equity analysis thus provides direct cross-sectional
evidence on the generality of the index-level findings rather than serving merely as a robustness
exercise based on a small number of selected firms.

The results point to a clear answer to the paper’s central question. Forecast performance
depends less on nonlinear flexibility in the abstract than on whether a model represents the
feature of realized-volatility dynamics that is most important at the relevant forecast horizon.
At the one-day horizon, MSHAR performs especially well, indicating that latent regime variation
contains forecasting information not adequately captured by the linear HAR benchmark, the
observed-threshold and smooth-transition specifications, or the more flexible ML architectures.
At the twenty-two-day horizon, ARFIMA generally performs best, highlighting the importance
of fractional long-memory persistence. The five-day horizon represents an intermediate case
in which the relative performance of MSHAR and ARFIMA varies more across loss functions
and estimation schemes. The central finding is therefore not simply that econometric models
outperform ML models. Rather, targeted representations of latent regime dependence and
fractional persistence are generally more effective than generic nonlinear flexibility, with their
relative importance varying systematically across forecast horizons.

This horizon-dependent pattern is remarkably stable across expanding- and rolling-window
estimation and across MSFE, MAE, and QLIKE loss. HAR remains a useful and parsimonious
benchmark, but it is not uniformly on the econometric forecasting frontier once models that
represent latent regimes and fractional integration are included. THAR and STHAR also
allow for nonlinear dynamics, but their performance is less consistently favorable than that
of MSHAR. These results demonstrate why the conclusions drawn from an ML-versus-HAR
comparison can depend critically on the breadth of the econometric benchmark set.

Expanding the baseline information set to include the auxiliary predictors does not mate-
rially alter the broad ranking of the model classes. Although these predictors improve perfor-
mance for some model-horizon combinations, the gains are not sufficiently systematic to allow
the ML models to displace the leading econometric specifications. The relative performance of
the ML methods therefore cannot be attributed solely to the breadth of the available predictor



set. Instead, the results again emphasize the importance of directly representing the persistent
and regime-dependent dynamics of realized volatility.

The economic and tail-risk evidence broadly reinforces the statistical findings. Realized-
utility comparisons preserve the principal horizon-dependent ranking, with MSHAR performing
especially well at short horizons and ARFIMA becoming more important as the horizon in-
creases. VaR coverage tests and joint VaR-ES comparisons provide a more calibration-oriented
assessment and generate less uniform rankings, but they offer no systematic evidence that the
ML specifications outperform the leading econometric models. FZ0-based Diebold—Mariano
comparisons provide their clearest support for MSHAR at the short horizon.

The cross-sectional evidence shows that the main conclusions are not peculiar to S&P 500
volatility. Across the 40 individual equities, MSHAR produces the strongest overall performance
at the short horizon, whereas ARFIMA becomes increasingly competitive and generally leads
at the monthly horizon. ML models sometimes improve on the basic HAR benchmark, but
such gains largely disappear when the comparison is made against the best model from the
broader econometric set. In particular, the best-performing ML model does not systematically
outperform the best econometric model across equities, horizons, estimation windows, and loss
functions. The matched-sample S&P 500 results indicate that this conclusion is not simply a
consequence of the shorter stock histories or the use of 5-year rolling windows.

A broad set of diagnostic and robustness exercises supports this interpretation. Quarterly
rather than annual model re-estimation does not overturn the rankings, indicating that the
relative performance of ML is not primarily driven by infrequent updating. The main findings
also remain intact when log realized volatility is used as the target and when realized variance
based on 5-minute returns is replaced by a realized-kernel measure. Neural-network training
and validation diagnostics indicate that early stopping, dropout, and weight decay operate as
intended, so the results cannot be attributed simply to uncontrolled overfitting. Increasing the
number of random ML initializations also leaves the main conclusions unchanged.

The paper’s contribution lies in the breadth and controlled nature of this comparison and
in the empirical interpretation that emerges from it. Existing studies have examined stronger
econometric alternatives to HAR, broader predictor sets, and various ML architectures. We
build on this literature by bringing several distinct representations of persistence and nonlinear-
ity into a common recursive forecasting design. In particular, the analysis jointly evaluates frac-
tional integration, observed thresholds, smooth transitions, latent Markov regimes, tree-based
learning, and neural-network architectures under common information sets, forecast horizons,
estimation schemes, and evaluation criteria. This design makes it possible to identify not only
which model performs best, but also which representation of volatility dynamics is most useful

at each forecast horizon.



The paper further extends the comparison along three dimensions. First, it examines
whether model rankings change when the information set is expanded through a common
predictor-screening protocol. Second, it evaluates whether statistical rankings carry over to
economically and operationally relevant criteria through realized utility and VaR-ES analysis.
Third, the 40-equity cross-sectional analysis, together with the matched-sample S&P 500 ex-
ercise provides direct evidence on whether the index-level conclusions extend to heterogeneous
firm-level volatility processes. Taken together, these elements provide a demanding assess-
ment of whether generic ML flexibility adds forecasting value beyond interpretable econometric
models designed around the principal empirical features of realized volatility.

The remainder of the paper is organized as follows. Section 2 reviews the related litera-
ture. Section 3 describes the forecasting framework, econometric and machine-learning models,
implementation protocol, out-of-sample evaluation design, and predictor-selection procedure.
Section 4 describes the data and presents summary statistics for realized volatility and the
predictor variables. Section 5 presents results for the S&P 500 under both the baseline and
extended information sets. It also reports cross-sectional evidence for 40 individual equities
and matched-sample S&P 500 comparisons using the extended information set. Section 6 con-
cludes. Results from robustness checks—including quarterly re-estimation, alternative realized-
volatility transformations and measures, and the sensitivity of ML results to the number of
seeds used for ensembling—are reported in Appendix A. Appendices B-E provide further de-
tails on the forecasting models, statistical tests, implementation and hyperparameter choices,
data and predictors, sample coverage, and equity summary statistics. They also report ML
feature importance, illustrative econometric parameter estimates, and neural-network training
and regularization diagnostics. An extended Online Appendix presents additional supporting
results, including a comparison of the relatively new VOLARE series with realized-volatility
measures constructed from NYSE Trade and Quote (TAQ) data.

2 Related Literature

This paper relates to three strands of research: econometric modeling of realized-volatility dy-
namics, machine-learning applications to volatility forecasting, and comparative studies that
evaluate whether flexible ML methods provide incremental forecasting value beyond conven-
tional and nonlinear econometric models. Across these strands, the central issue for our analysis
is how alternative models represent the persistence and nonlinearity of realized volatility and
whether the usefulness of those representations changes with the forecast horizon.

The first strand builds on the use of high-frequency returns to construct ex post measures of
return variation for forecasting and risk management. A prominent empirical feature of realized

volatility is its strong persistence, often characterized as long-memory behavior (Andersen et



al., 2001). Two econometric approaches have become especially important for representing this
persistence. ARFIMA models explicitly parameterize fractional integration and the resulting
slow decay of volatility shocks (Baillie , 1996; Andersen et al., 2003). The heterogeneous au-
toregressive model of Corsi (2009), by contrast, provides a parsimonious approximation to per-
sistent volatility dynamics through daily, weekly, and monthly realized-volatility components.
Its simplicity, interpretability, and forecasting performance have made HAR the conventional
benchmark in much of the realized-volatility literature. Subsequent HAR extensions incorpo-
rate asymmetry, signed variation, jumps, and macro-financial information (Corsi and Rend ,
2012; Patton and Sheppard , 2015; Izzeldin et al., 2019).

Although HAR and ARFIMA can both reproduce highly persistent dynamics, they embody
different representations of that persistence. HAR approximates long memory through a finite
collection of heterogeneous volatility components, whereas ARFIMA represents fractional per-
sistence directly. Evidence that fractional integration can remain relevant after controlling for
HAR-type dynamics suggests that the two approaches need not be empirically interchangeable
(Baillie et al., 2019). This distinction is particularly relevant in a multi-horizon forecasting
exercise: the parsimonious HAR approximation may be adequate at some horizons, while the
slower decay implied by fractional integration may become more important at others.

Persistence is not the only salient feature of realized volatility. Volatility dynamics can also
vary with market conditions, respond asymmetrically to shocks, and change abruptly during
periods of financial stress. Threshold and smooth-transition models represent such variation
as a function of an observed transition variable, with the former allowing discrete changes and
the latter allowing gradual adjustment. Markov-switching models instead treat the prevailing
volatility state as latent and probabilistic. These specifications consequently capture different
forms of nonlinearity rather than merely providing interchangeable extensions of HAR. Their
inclusion allows the forecast comparison to assess whether observed thresholds, gradual transi-
tions, or latent regime changes provide useful information beyond the linear HAR benchmark
and whether their performance differs across forecast horizons.

A second strand of the literature applies ML methods to volatility forecasting. The meth-
ods considered include regularized regressions such as LASSO and Elastic Net, boosted trees,
feedforward neural networks, and recurrent architectures such as LSTM. These methods can
accommodate nonlinear interactions, large information sets, and complex temporal relation-
ships without requiring the researcher to specify a particular form of regime dependence in
advance. Their empirical performance, however, varies substantially across applications. Some
studies emphasize low-frequency macro-financial predictors (Mittnik et al., 2015; Bucci , 2020),
while others exploit firm-level, panel, or cross-sectional information (Christensen et al., 2023;

Zhang etal. |, 2023), or large predictor sets constructed from order-book and news information



(Rahimika and Poon , 2024). These differences in information sets, sampling frequency, forecast
targets, and evaluation designs help explain why the reported gains from ML are not uniform.

The available evidence suggests that ML improvements are more likely when the forecast-
ing problem contains rich predictors, nonlinear interactions, or cross-sectional information that
cannot be summarized adequately by a small univariate model. In more conventional realized-
volatility forecasting settings, however, carefully estimated HAR-type specifications often re-
main highly competitive (Audrino et al., 2020; Branco et al., 2024). This evidence raises an
important interpretive issue. Failure to outperform HAR. does not necessarily imply that non-
linear modeling is unhelpful, just as outperforming HAR does not establish that generic ML
flexibility is superior to more targeted econometric nonlinearities. The appropriate conclusion
depends on the breadth of the econometric comparison set.

The third and most directly related strand therefore concerns the benchmarks against which
ML methods are evaluated. HAR is a natural reference model because of its established fore-
casting performance, and it features prominently in many comparative studies. Nevertheless,
comparisons centered primarily on HAR-class of models may not reveal whether apparent ML
gains arise from machine learning specifically or from the ability to capture dynamics omit-
ted by linear HAR. ARFIMA provides a direct representation of fractional persistence, while
threshold, smooth-transition, and Markov-switching models offer interpretable representations
of observed or latent regime dependence. A demanding assessment of ML forecasting value
should therefore determine whether ML methods outperform not only HAR, but also econo-
metric models designed to capture these features directly.

Several studies move in this broader direction, so our analysis should be viewed as extending
rather than initiating such comparisons. Bucci (2020), for example, compares neural-network
forecasts with a smooth-transition autoregressive specification, although the analysis is con-
ducted at monthly frequency and does not consider the broader collection of nonlinear HAR
models examined here. Other studies evaluate neural networks under wider information sets,
while recent work such as Branco et al. (2024) provides extensive comparisons involving HAR-
type benchmarks. These contributions demonstrate that both the information set and the
econometric benchmark matter for conclusions about ML performance. They also motivate
a comparison in which fractional integration, observed thresholds, smooth transitions, latent
regimes, tree-based learning, and neural-network architectures are evaluated under a common
forecasting protocol.

Our analysis builds on these literatures in three related ways. First, it places alternative
representations of persistence and nonlinearity within the same recursive out-of-sample design.
The comparison includes HAR, ARFIMA, THAR, STHAR, and MSHAR alongside XGBoost,
feedforward neural networks, and recurrent neural-network architectures. This broader model

set permits a more precise question than whether ML beats HAR: it allows us to examine which



representation of volatility dynamics is most useful at each forecast horizon and whether generic
ML flexibility provides additional value beyond targeted econometric structures.

Second, we evaluate the competing models under both a baseline information set restricted
to the past history of realized volatility and an extended-information set constructed using a
common Elastic Net screening protocol. This design helps separate gains attributable to addi-
tional conditioning information from those attributable to the forecasting model itself. The sta-
tistical comparison is supplemented by realized-utility and VaR—-expected-shortfall evaluations,
which assess whether differences in forecast loss carry over to economic and risk-management
applications.

Third, we examine whether the conclusions obtained for S&P 500 realized volatility extend
to the full set of 40 individual U.S. equities available in the VOLARE stock database. Existing
studies using firm-level and panel information show that cross-sectional data can create a setting
in which ML methods may be particularly valuable (Christensen et al., 2023; Zhang etal. |,
2023). Our stock-level analysis addresses a related but distinct question: whether the relative
usefulness of latent regime dependence, fractional persistence, and ML flexibility generalizes
across heterogeneous firm-level volatility processes when the competing models are evaluated
asset by asset under a common design. Matched-sample S&P 500 results help distinguish index—
equity differences from the effects of sample length and estimation-window construction. The
resulting framework connects the econometric and ML literatures by focusing on the economic
structure represented by each model, rather than treating the comparison solely as a contest

between model classes.

3 Empirical Methodology

This section describes the forecasting framework and the models used in the empirical compar-
ison. The organization follows the economic structure of the forecasting problem. Linear HAR
and ARFIMA models capture persistence and long memory. THAR and STHAR introduce
observable state dependence through threshold and smooth-transition mechanisms. MSHAR
allows latent regimes to govern the volatility process through a Markov chain. The ML models
provide flexible nonlinear alternatives based on boosted trees, feedforward neural networks, and
recurrent neural networks. Throughout, the purpose is not simply to compare “econometrics”
with “machine learning,” but to identify which representation of persistence, nonlinearity, and

information processing is most useful for realized-volatility forecasting.



3.1 Forecast setup and common notation

Let RV, denote the daily realized variance computed from intraday returns on trading day ¢.

Under standard assumptions, RV; estimates the integrated variance

t
[Vt:/ o?ds, (1)
t—1

where o, is the instantaneous volatility. With n intraday log returns r;, realized variance is

n P,
=300 =g ) @
s=1 5=

where P, and P,_; are transaction or quote prices at adjacent intraday sampling points.'
Following the realized-volatility literature, we use five-minute returns, which balance consistency
of the realized-variance estimator against market-microstructure noise (Andersen et al., 2001;
Barndorff et al. , 2002; Liu et al. , 2015).2

The primary forecasting target is daily realized volatility in percentage points,

yr = 1001/ RV;. (3)

For each horizon h € {1,5,22}, the statistical forecasting exercise predicts y;45 using infor-
mation available at date ¢. These horizons correspond to approximately one trading day, one
trading week, and one trading month. All statistical forecast losses are computed on the
percentage-volatility scale in (3); when a model is estimated on a transformed scale, its fore-

casts are mapped back to the level scale before evaluation.

3.2 Forecasting models

This subsection summarizes the forecasting specifications used in the empirical comparison. The
objective is not to provide a general methodological review of HAR, ARFIMA, regime-switching
regressions, or machine-learning algorithms, but to define the implemented models and to make
the comparison across model classes transparent. All models are estimated recursively and

produce direct forecasts of the same horizon-specific target y;1p, where h € {1,5,22}. The

'Note that s indexes intraday observations within day t.

*Liu et al. (2015) show that realized variance constructed from five-minute returns performs well relative to
measures based on alternative sampling frequencies. Nevertheless, to assess whether the results depend on the
particular measurement of realized volatility, we repeat the forecasting analysis using the realized kernel, which
is designed to be robust to market microstructure noise. The resulting model rankings and principal conclusions
remain broadly unchanged (see, Appendix A.3), indicating that the findings are not driven by the use of the
five-minute realized-volatility measure.
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forecast origin is date . Hence, all predictors are observed at or before ¢, while the realization
being forecast is dated ¢ + h.

This timing convention is especially important for the HAR variables. The HAR compo-
nents are computed using realized-volatility information available through the forecast origin
t: the daily component is ;, the weekly component is the average of the most recent five daily
observations ending at ¢, and the monthly component is the corresponding average over the
most recent twenty-two observations ending at ¢. Thus, the HAR variables are contemporane-
ous with the forecast origin, but they are predetermined relative to the forecast target y1p.
Additional predictors entering the HAR-X specifications are dated analogously so that they are
available at the forecast origin. This preserves the real-time nature of the forecasting exercise.

The model set is organized around three empirical mechanisms that are central to realized-
volatility forecasting: multi-scale persistence, nonlinear or state-dependent dynamics, and flex-
ible nonlinear approximation. The first group contains HAR and ARFIMA models. The sec-
ond group contains nonlinear HAR extensions with observed or latent regimes: threshold HAR
(THAR), smooth-transition HAR (STHAR), and Markov-switching HAR (MSHAR). The third
group contains machine-learning specifications: XGBoost, a feedforward neural network, LSTM,
LSTM with attention, and GRU with attention. Detailed estimation algorithms, transition-
variable screening procedures, neural-network architecture choices, and hyperparameter grids

are reported in Appendix B.

3.2.1 HAR and ARFIMA

The benchmark HAR model of Corsi (2009) approximates the strong persistence of realized
volatility through daily, weekly, and monthly realized-volatility components:

Yt+n = @+ B1Yy 1 + B5Yp s + B227s 20 + Etths (4)

where

w
Trw=w"Y tjp1,  we {1,522}
=1

The HAR specification is estimated by OLS and serves as the principal linear benchmark. In
the extended HAR-X specification, the HAR components are forced into the model and the
remaining candidate predictors are selected using the common Elastic Net screening protocol
described in Section 3.5.

The ARFIMA model provides an explicit fractional-integration alternative to the HAR

approximation of long memory (Baillie , 1996; Andersen et al., 2003). We use the parsimonious
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ARFIMA(0, d, 1) specification throughout the reported analysis:

(1= L) (Yrsn — ) = (1 + 0L)er 1, errn ~ N(0,0%), (5)

with d denoting the fractional-memory parameter. The corresponding ARFIMAX specifica-
tion allows EN-selected predictors to enter the conditional mean before fractional differencing.
The purpose of including ARFIMA is to test whether explicitly parameterizing long memory

improves on the HAR approximation, particularly at longer forecast horizons.?

3.2.2 Observable and latent regime dependence

The nonlinear econometric specifications are designed to assess whether realized volatility fore-
casts improve when the HAR relation is allowed to vary across states. The comparison is
disciplined by imposing the same predictor structure across the nonlinear HAR models. The

regime-switching block contains only the intercept and the daily HAR component,

X" = (L71),

while the weekly and monthly HAR components, together with any EN-selected HAR-X pre-
dictors, enter through a common-coefficient block xf™. This restriction allows the nonlinear
models to differ in how states are defined, while holding fixed the set of predictors that can
switch across states.

THAR defines regimes using an observed transition variable and an estimated threshold. In

the two-regime case used in the empirical analysis,
Yern = 1(ze < ) B3V + 1(2 > ) Byx™ + 8'x5™ + 4 (6)
STHAR replaces the discrete threshold with a smooth logistic transition:
Yerh = O'xg" + B + G237, ¢) %" + ey, G(z37,¢) = [1+exp{—y(z — )} 7'. (7)

Both models use the same recursively selected pool of RV-based transition candidates, so their
performance differences reflect the form of observable state dependence—sharp versus smooth

transitions—rather than different information sets.

3ARFIMA serves as a linear long-memory benchmark alongside HAR. We do not construct nonlinear exten-
sions of ARFIMA: unlike the HAR components, the fractional differencing operator does not decompose naturally
into a “switching” block, so threshold or smooth-transition ARFIMA models would require switching on d itself
or on the ARMA innovations — an approach that is computationally demanding and seldom used in realized
volatility forecasting (see Baillie , 1996, for the standard treatment) and Kili¢ (2011) for a nonlinear extension
to conditional variance. The nonlinear extensions are therefore applied exclusively to the HAR framework.
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MSHAR allows the regimes to be latent rather than determined by an observed transition

variable. The two-state specification is
Yt+n = ;txiw + 5/X§m + Etth, e | 8t ~ N(O, ai), (8)

where s; € {1,2} follows a first-order Markov chain. The out-of-sample forecast is the regime-
probability-weighted conditional mean computed from filtered probabilities using only informa-

tion available through the forecast origin:

2
~ ~ ALt !
Ytth = ZP(St =r|F;0)8,x5" + 0 xi™. (9)
r=1
The MSHAR specification therefore tests whether latent regime dependence is more useful than

observed threshold or smooth-transition mechanisms for forecasting realized volatility.

3.2.3 Machine-learning models

The machine-learning specifications provide flexible nonlinear benchmarks that do not impose
the HAR, fractional-integration, or regime-switching structure used by the econometric models.
Each ML model uses the same forecast target, forecast origins, and candidate information set
as the corresponding HAR-X specification. Predictors are standardized within each training
window; hyperparameters are selected using the time-series validation procedure described in
Section B.7.1; and neural-network models are trained with validation-based early stopping.

XGBoost represents the forecast as an additive ensemble of regression trees,

K
Yerh = ka(xt)7 fe € F, (10)
k=1

where F is the space of regression trees. This specification captures nonlinearities and interac-
tions among predictors while regularizing tree depth, leaf weights, and minimum leaf size.
The feedforward neural network maps the standardized feature vector x; into a scalar fore-

cast through a single nonlinear hidden layer:
Yepn = woDrop,, [0a (Wix; + by)] + b, (11)

where o(.) is the logistic activation and Drop,(-) denotes dropout regularization. The recur-
rent specifications—LSTM, LSTM with additive attention, and GRU with additive attention—
process the recent input history as a sequence rather than as a static feature vector. The

attention variants form a data-driven weighted average of hidden states before the final output
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layer, allowing the model to emphasize different parts of the recent history when forming the
volatility forecast.

For each forecast origin, the final neural-network and XGBoost forecasts are computed using
parameter estimates and preprocessing transformations learned only from the corresponding
training window. Forecasts from independently seeded neural-network fits are averaged to
reduce sensitivity to initialization. This common protocol ensures that differences in forecast
performance can be interpreted as differences across model classes rather than differences in
forecast timing, predictor availability, or evaluation samples. Additional details on ML models

and implementation are provided in Appendix B.

3.3 Out-of-Sample Evaluation Protocol
3.3.1 Recursive forecasting design

All models are evaluated in a recursive out-of-sample framework. For the aggregate S&P 500
series, the initial estimation sample covers 1996-2005 and the out-of-sample evaluation period
begins in 2006. At each re-estimation date, model estimation, predictor screening, hyperpa-
rameter tuning, standardization, validation, and early stopping use only observations contained
in the relevant training window. The fitted models then produce daily forecasts until the next
scheduled re-estimation date.

At each re-estimation date T', the horizon-h estimation sample includes only forecast-origin
observations s < T whose associated target ys45 has been realized before the new evaluation
period begins. This horizon-specific label-availability restriction ensures that no dependent-
variable realization from the subsequent out-of-sample period enters model estimation, predictor
screening, standardization, validation, or tuning.

Two estimation-window schemes are considered. The expanding-window scheme always
starts in 1996 and grows through time, whereas the rolling-window scheme uses the most recent
ten years of observations. The expanding design emphasizes estimation precision, while the
rolling design permits the model parameters to adapt more quickly to structural change.

For each forecast horizon h € {1,5,22}, the models use information available at forecast
origin ¢ to predict the daily realized volatility observed at t+h, denoted y;+1,. The out-of-sample
observations are indexed and assigned to calendar years according to the forecast-origin date
t, rather than the target date ¢t + h. Thus, a forecast formed near the end of a calendar year
remains part of that year’s evaluation sample even when its realization occurs in the following
year. The horizon-specific target is constructed over the continuous time series rather than
separately within each calendar year, so forecasts are not discarded merely because the target

date crosses a year boundary.
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Consequently, the number of forecasts in year Y is
Nf,h) =#{t: te€Y, X; and y., are available} ,

where X; denotes the information set available at the forecast origin. When the same set of
forecast-origin dates is available and the corresponding future realizations exist, N)(,h) is identical
across h = 1,5, and 22. It is therefore not generally equal to ny — h, where ny is the number of
observations in calendar year Y. Such a reduction would arise only if the target were constructed
separately within each year, if both ¢ and ¢ + h were required to fall in the same year, or near
the terminal date of the full sample when future target observations are unavailable. Detailed
estimation-sample sizes and annual out-of-sample forecast counts for the stock and S&P 500
exercises are reported in Appendix C.3. The reported sample sizes are the actual numbers of
aligned and evaluable forecast-origin observations after applying the relevant target-availability
and complete-case requirements.

The individual-equity exercise follows the same forecasting and indexing conventions but
uses asset-specific samples and a shorter five-year rolling window. This adjustment reflects the
shorter realized-volatility histories available for individual stocks and gives the models greater
flexibility to adapt to firm-level volatility dynamics. In all cases, models are estimated separately
by asset, forecast horizon, and window type.

The baseline implementation re-estimates the models once per year. A separate robustness
exercise uses quarterly re-estimation under the same rolling-window design and the same Elastic
Net predictor-screening protocol. This comparison isolates whether the main model rankings

are sensitive to the frequency with which the forecasting models are updated.

3.3.2 Forecast accuracy metrics

Forecast accuracy is assessed using three loss functions, all evaluated on the level of realized

volatility in percentage points:

MSFE = 7! Z(yt+h - Qt+h)2, (12)
t
MAE = 77! Z|yt+h — Yt+hl (13)
t
QLIKE=T7T"1%" [log Yth + Zf”"] : (14)
P Yt+h

MSFE emphasizes large errors, MAE summarizes average absolute forecast errors, and QLIKE
is a quasi-likelihood loss that is commonly used in volatility forecasting because it is robust

to noisy volatility proxies and penalizes underprediction relatively heavily (Patton , 2011).
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Pairwise comparisons are conducted with Diebold-Mariano tests (Diebold and Mariano , 1995)
using horizon-appropriate long-run variance corrections. Model Confidence Sets are computed
at the 5% level (Hansen et al., 2011) to identify models that cannot be statistically distinguished

from the best-performing specification.

3.3.3 Realized Utility

To complement statistical losses, we evaluate the economic value of volatility forecasts using
the realized-utility criterion of Bollerslev et al. (2018). The exercise considers a mean-variance
investor who scales risky-asset exposure using the model-implied volatility forecast. Following
the literature, we assume a constant conditional Sharpe ratio SR = 0.40 and relative risk
aversion 7 = 2, implying a target volatility of SR/y = 0.20. Let RV ETZ) denote model m’s
horizon-h variance forecast for target date ¢, and let RV, denote the corresponding realized

variance. Average realized utility is

Ttest

—(m RV, RV;
ROV = > | 008 | =55 — 0.04—¢ (15)
test t=1 th,h th,h

A perfect forecast satisfies RV ETZ) = RV, and yields RU Elm)

Higher values therefore indicate greater economic value from using model m in volatility-

= 0.04, or 4 percent of wealth.

targeted allocation.

3.4 VaR, Expected Shortfall, and FZ0-Based Forecast Comparison.

To evaluate tail-risk performance, we construct horizon-h Value-at-Risk (VaR) and Expected
Shortfall (ES) forecasts using filtered historical simulation (FHS). Let r; j, denote the cumulative

log return over horizon h ending at target date ¢:

h—1
ren = 15, he{l,522}
=0

For model m, the volatility forecast is converted into return units as

~(m)
&M _ Ui
th 100

4For each horizon h, the Diebold-Mariano test uses a Bartlett long-run variance estimator based on autoco-
variances through lag h — 1 and applies the Harvey—Leybourne-Newbold small-sample correction.
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The model-specific standardized return innovation is

(16)

For a forecast targeting date d, the historical innovation pool uses only observations available
through d — h,
(m) _ [ 5(m) .
zZi) = {an i<a-n}.

The VaR forecast at tail probability « is the empirical a-quantile of the rescaled distribution,

Vakyy"

— Q. (&flf';? zfl”,?) , (17)

and the ES forecast is the average of simulated returns below the VaR cutoff,

ES —E {&;7,? 5

glmstm) < ﬁﬁ%ﬂ’ﬂ . (18)
VaR calibration is assessed with the exception indicator
== (m,a)
I(%Zva) =1 {Td’h < VaRd,h } . (19)

We report exceedance rates and apply the unconditional- and conditional-coverage tests of
Kupiec (1995) and Christoffersen (1998). For h > 1, overlapping cumulative returns induce
mechanical serial dependence in adjacent exceptions, so formal coverage tests are applied to
non-overlapping target dates, while full-sample exceedance rates are reported for transparency.

Joint VaR-ES accuracy is evaluated with the FZ0 loss of Fissler and Ziegel (2016), following

(m,a) (m,@)

Patton et al. (2019). Under the left-tail convention Egd,;; < @d,h < 0, define i) =

dh
\Zﬁ%ﬂ’a) and eg';L’a) = EEEZZ’&). The period loss is

1
Lrzo(ran, U%’Q), 651%’&); a) = = —Hran < vﬁ’a)}(véﬁ’a) —Tapn)

d,h
(m:0) (20)
d,h (m.a)
(m,a) T log(_edtrflla ) -1
€dn

_l’_

This score is strictly consistent for the pair (VaR,, ES,), so lower average values indicate more
accurate joint tail-risk forecasts. Pairwise comparisons use Diebold—Mariano tests applied to
the FZO0 loss differential
ij 7@ )
ALzlj,h - LFZO(d7 h) - LFZO(d7 h)?
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with null hypothesis
Hy:E[ALY,| =0, H:E[ALY,] #0. (21)

Negative values in the upper-triangular DM tables favor the column model, while positive values

favor the row model.

3.5 Shared Predictor-Selection Protocol

Each model is evaluated in two variants. The baseline variant uses only the model’s core
realized-volatility predictors: the HAR block for HAR-type models, the relevant ARMA /fractional-
difference structure for ARFIMA, and the corresponding HAR variables supplied to the ML
models. The extended variant augments the core predictors with macro-financial, uncertainty,
sentiment, geopolitical-risk, factor, and return-asymmetry variables. The candidate set includes
log(V1X,;); Fama—French factors; short- and long-term interest-rate variables; EPU (Baker et
al., 2016); the Composite Indicator of Systemic Stress; the ADS business-conditions index
(Aruba etal., 2009); the San Francisco Fed news sentiment index (Buckman et al., 2020); a
geopolitical-risk index; and short-horizon negative-return averages. Variable definitions and
sources are reported in Section 4 and Appendix C.

The auxiliary predictor set is intentionally broad and contains correlated measures of fi-
nancial conditions, uncertainty, and market stress. To avoid unstable recursive estimates and
to keep the effective information set comparable across model classes, we screen the auxiliary
predictors with Elastic Net regularization (Zou and Hastie , 2005). The penalty applied to the

auxiliary coefficient vector ~ is

I—p
P(v;p, A) = A TH'Y||%+PH'YH1 ; (22)

where p € [0, 1] controls the Lasso-Ridge mix and A > 0 controls the overall amount of shrink-
age.

The core realized-volatility regressors are forced in and are not penalized. Operationally,
the target and each auxiliary predictor are first residualized with respect to the forced-in block.
Elastic Net is then applied to the residualized auxiliary predictors, and the final specification
is the union of the forced-in block and the selected auxiliary variables. This residualization
approach ensures that the screening step selects predictors for their incremental contribution
beyond the model’s core volatility dynamics rather than for their ability to proxy the HAR
terms.

The Elastic Net hyperparameters (), p) are selected by five-fold time-series cross-validation.
The mixing parameter is searched over {0.10,0.30,0.50,0.70,0.90,0.95,1.00}. A predictor is

retained only if it has a nonzero coefficient in the full-sample Elastic Net fit for that training
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window and is selected in at least three of the five cross-validation folds at the selected hyper-
parameters. This stability screen reduces the likelihood that a predictor enters the recursive

forecasting exercise because of a transient or fold-specific correlation.

4 Data & Summary Statistics

The realized-volatility series are constructed from cleaned high-frequency price data. For the in-
dividual stocks, we use the VOLARE database, which provides standardized realized measures
computed from ultra-high-frequency data using a documented asset-level pipeline that accounts
for trading calendars, timestamp precision, irregular observations, microstructure noise, and
outlier filtering (Cipollini et al., 2026). VOLARE obtains raw high-frequency data from Kibot
and applies the high-frequency price-cleaning procedure of Brownlees and Gallo (2006), includ-
ing outlier detection before regular sampling and realized-measure construction. The S&P 500
benchmark series is constructed and maintained by the Research and Statistics Division (R&S)
of the Federal Reserve Board (FRB) using raw tick-by-tick data for the S&P 500 index ob-
tained from LSEG Tick History (formerly Thomson Reuters Tick History). In constructing
this series, prices are screened for outliers, restricted to regular trading hours, and sampled on
a H-minute grid, producing 78 intraday intervals on a full trading day. Daily realized variance
is then computed as the sum of squared 5-minute log returns, with days containing missing
or irregular intraday observations adjusted according to the available valid grid returns. Be-
cause intraday realized variance captures only variation during market hours, the open-to-close
measure is rescaled by the ratio of the unconditional variance of daily close-to-close returns to
the average open-to-close realized variance, thereby incorporating an adjustment for overnight
volatility. The forecasting target throughout the paper is daily percentage realized volatil-
ity, : = 100v/RV;. Thus, the S&P 500 and stock-level analyses use comparable five-minute
realized-volatility measures, with the stock series obtained from VOLARE and the S&P 500
series constructed by Federal Reserve Board Research and Statistics using the same cleaning,
sampling, and realized-variance logic.

The long S&P 500 sample runs from 1996-01-02 through 2025-11-25 and is used for the
main index-level forecasting analysis. For the individual-equity extension, we use the full set
of 40 U.S. stocks available in the VOLARE high-frequency database (Cipollini et al., 2026).
Thus, the equities were not selected ex post on the basis of their volatility characteristics or the
forecasting performance of the competing models. The stock-level realized-volatility measure
is constructed from the 5-minute realized variance variable, rv5, and transformed as 100+/rv5;.
The matched stock sample covers 2015-01-02 through 2025-11-25. A matched-sample S&P 500
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series is reported alongside the stock results to facilitate comparison, but it is not included in
the 40-stock cross-sectional summaries.’

The predictor timing follows the forecast-origin convention used throughout the paper. For
a forecast made at date t, the HAR variables are computed using realized-volatility observations
available through ¢: the daily component is y;, while the weekly and monthly components are
rolling averages ending at ¢t. The extended predictors are likewise dated so that they are available
at the forecast origin. Thus, the regressors are predetermined relative to the forecast target
yern for b € {1,5,22}.% Detailed definitions, transformations, and sources for all predictors are
provided in Appendix C.

Table 1 summarizes the realized-volatility and predictor data used in the forecasting ex-
ercises. Panel A reports the long-sample S&P 500 variables. The realized-volatility series is
strongly right-skewed and leptokurtic, consistent with infrequent but large volatility spikes.
The HAR components are smoother than the daily series, but retain substantial dispersion
and tail behavior, reflecting the persistence of realized volatility. The extended variables cover
return asymmetry, option-implied volatility, macro-financial conditions, sentiment, uncertainty,
systemic stress, geopolitical risk, and Fama—French equity factors. Panel B summarizes the
40-stock cross section over the matched 2015-2025 sample. Individual-equity realized volatility
is higher on average than the matched S&P 500 series and displays substantial cross-sectional
heterogeneity. The stock-specific activity variables—daily changes in log trading volume and log
number of trades—are centered close to zero but have meaningful variation, which is consistent
with their role as proxies for firm-level information arrival and trading intensity. Ticker-level
descriptive statistics are reported in Appendix C.

Figure 1 reports sample autocorrelation functions for daily percentage realized volatility.
The figure plots the S&P 500 autocorrelation function together with the lag-by-lag minimum,
maximum, and average autocorrelations across the 40 stocks; the individual stock autocorrela-
tions are shown in the background. Realized volatility is highly persistent for both the market

index and individual stocks. The S&P 500 autocorrelation function decays more slowly than

®The 40-stock sample should not be interpreted as a random or representative sample of the U.S. equity
universe. Although we use all U.S. equities available in VOLARE rather than selecting firms according to their
realized-volatility behavior or forecast results, inclusion in the database and the availability of a consistent high-
frequency history over 2015-2025 may favor relatively large, liquid, and continuously traded firms. Requiring
a balanced sample may therefore introduce data-availability or survivorship-related selection. Accordingly, the
stock-level evidence is interpreted as showing whether the index-level findings extend across this set of contin-
uously observed equities, rather than as establishing their applicability to all U.S. stocks, particularly smaller,
less liquid, newly listed, or delisted firms.

S All predictors in the extended information set are observed at daily frequency; the analysis therefore does not
combine daily realized volatility with lower-frequency macroeconomic or survey data. Forecasts are formed after
the close of trading on date ¢, when y; and the date-t HAR-X predictors are observable. Accordingly, no date-t+1
or later information is used to forecast y:1,. We should also note that final-vintage daily series are used where
real-time vintages are unavailable and hence, the exercises with expanded information set should be interpreted
as pseudo-real-time with respect to foirecast-origin alignment, not as a full real-time-vintage evaluation.
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Table 1: Summary statistics for realized volatility and predictors

Variable Mean Median Std. dev. Min. Max. Skew. Ex. kurt.
Panel A. S&P 500 long sample (1996-2025) realized volatility & predictors
Real Vol(y:) 1.001 0.840 0.673 0.157 11.017  3.610 24.786
HAR weekly (%,5) 1.001 0.849 0.608 0.232  6.765  3.192 17.357
HAR monthly(g¢,22) 1.002 0.870 0.546 0.280  5.144  2.838 13.193
Downside return daily 7, -0.004 0.000 0.008 -0.128  0.000 -4.126 29.960
Downside return weekly r,, , -0.002 0.000 0.003 -0.040 0.000 -3.794 23.334
Downside return monthly r,, ,  -0.001 0.000 0.001 -0.019 0.000 -4.101 25.938
AT3M -0.000 0.000 0.046  -0.810 0.760 -0.506 58.766
T10Y3M 1.359 1.410 1.254  -1.780  3.850 -0.132 -0.649
log(VIXy) 2.942 2.925 0.348 2.213  4.415  0.567 0.445
ADS Index (ADS:) -0.174 -0.057 1.782  -26.681 9.640 -8.505 120.097
log(EPUy) 4.471 4.464 0.714 1.200 6.934 -0.040 0.422
News sentiment (NEWS, ) 0.023 0.040 0.191  -0.670  0.450 -0.554 0.150
log(C1SS:) 0.097 0.036 0.143 0.000  0.897 2.770 9.114
log(GPR{) 4.582 4.575 0.387  3.195  6.238  0.109 0.271
Rm_Rf: 0.039 0.080 1.220 -12.010 11.360 -0.202 9.179
SM By 0.003 0.010 0.642  -4.580  5.710 0.077 3.745
HML; 0.006 -0.010 0.757  -5.030 6.730 0.274 6.783
RMW; 0.014 0.000 0.531  -2.970 4.570  0.239 4.918
CMA; 0.010 0.000 0.455  -5.310 2480 -0.276 6.226
Panel B. Cross-section of 40 stocks: short sample (2015-2025)
Yt 1.339 1.177 0.726 0.376  10.298  4.425 37.901
Alog(Volumey) 0.000 -0.015 0.353  -1.545  2.062 0.328 2.288
Alog(trades:) 0.000 -0.016 0.281 -1.234 1.771  0.509 2.799

Notes: Panel A reports summary statistics for the daily percentage realized volatility and set of predictors.
See Appendix C for detailed definitions and sources of each series. The HAR variables are computed at forecast
origin ¢ using realized volatility through ¢. Panel B reports cross-sectional averages across the 40 individual
stocks of ticker-level daily realized volatility and additional stock-specific time-series statistics over 2015-2025.
Kurtosis is reported as excess kurtosis relative to normal distribution.
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Figure 1: Sample autocorrelation functions for daily percentage realized volatility

Autocorrelation Functions of Daily Realized Volatility: 40 Stocks and S&P 500 (lags 0--60)

1.0 Individual stocks = 40-stock average
= = 40-stock minimum m—— S&P 500
40-stock maximum  ---- 95% band

ACF

40-stock max
S&P 500

40-stock avg

40-stock mil

0 10 20 30 0 50 60
Lag
Notes: The figure reports autocorrelation functions through lag 60 for daily percentage realized volatility,
100y/RV;. The gray lines are the 40 individual stock autocorrelation functions. The green line is the average
autocorrelation across the 40 stocks, the dashed blue and orange lines are the corresponding lag-specific
minimum and maximum, and the red line is the S&P 500. Dashed horizontal lines denote approximate 95%
white-noise bands, :|:1.96/\/T, computed using the smallest sample size among the plotted series.

the stock average and remains close to the upper envelope of the stock cross section over much
of the reported lag range. This pattern supports the paper’s modeling strategy: realized volatil-
ity displays strong persistence in all series, but the aggregate market index exhibits materially

stronger long-lived dependence than the typical individual stock.

5 Empirical results

5.1 Results under the baseline

In the baseline specification, forecasts rely exclusively on the past history of realized volatil-
ity—summarized by the daily, weekly, and monthly components for the HAR-family models
and by the corresponding univariate lag structure for ARFIMA.”

5.1.1 Out-of-sample performance results

Tables 2 and 3 provide a compact summary of the baseline results. Table 2 reports average out-

of-sample MSFE, MAE, and QLIKE values by model, forecast horizon, and estimation window,

"Detailed results for both the baseline specification and specifications incorporating a EN expanded set of
predictors are reported in Online Appendices A-E for S&P500 and Appendices H and I for cross-section and
individual equities.
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together with the corresponding MCS results. In this and analogous loss tables, underlined
entries denote models included in the 5% MCS, while entries that are both boldfaced and
underlined identify the lowest-loss model among the MCS members. Table 3 complements
these average-loss comparisons by reporting the number of yearly test periods in which each
model is the lowest-loss member of the 5% MCS. Two broad conclusions emerge. First, the
substantive ranking of the models is remarkably stable across the expanding- and rolling-window
estimation schemes. Second, the relative performance of the leading econometric models varies
systematically with the forecast horizon: MSHAR performs best at short horizons, whereas
ARFIMA generally leads at the monthly horizon. These conclusions are consistent across all

three loss functions and therefore do not depend on a particular forecast-evaluation criterion.

Table 2: Average out-of-sample loss by window, horizon, and metric under the baseline information set

Window Horizon HAR THAR STHAR MSHAR ARFIMA XGB MLP LSTM LSTM-A GRU-A

Panel MSFE: average loss over 2006—2025

h=1 0.093 0.092 0.091 0.051 0.104 0.102 0.093  0.103 0.096 0.096
Expanding h=5 0.167 0.166 0.167 0.084 0.104 0.183 0.164 0.178 0.179 0.177
h =22 0.246 0.257 0.252 0.155 0.104 0.276  0.261 0.270 0.275 0.276
h=1 0.093 0.092 0.092 0.052 0.103 0.118 0.093  0.109 0.105 0.105
Rolling 10y h =5 0.168 0.170 0.169 0.096 0.103 0.213 0.170  0.189 0.192 0.186
h =22 0.240 0.255 0.247 0.154 0.104 0.270 0.275  0.282 0.277 0.266
Panel MAE: average loss over 2006—2025
h=1 0.179 0.177 0.178 0.149 0.198 0.183 0.180  0.179 0.177 0.177
Expanding h=5 0.241 0.239 0.241 0.189 0.198 0.247 0.239  0.238 0.240 0.241
h =22 0.300 0.305 0.301 0.240 0.198 0.313 0.303  0.299 0.298 0.307
h=1 0.178 0.176 0.177 0.151 0.194 0.188 0.177  0.181 0.180 0.180
Rolling 10y h =5 0.238 0.238 0.239 0.196 0.194 0.252 0.239  0.244 0.245 0.242
h =22 0.293 0.301 0.296 0.239 0.195 0.307 0.306  0.303 0.296 0.297
Panel QLIKE: average loss over 2006—2025
h=1 0.586 0.581 0.585 0.569 0.591 0.582 0.583  0.581 0.581 0.580
Expanding h =5 0.623 0.617 0.623 0.588 0.591 0.621 0.617  0.619 0.620 0.619
h =22 0.664 0.666 0.666 0.615 0.593 0.675 0.672  0.678 0.675 0.673
h=1 0.586 0.580 0.586 0.570 0.590 0.584 0.581  0.582 0.581 0.581
Rolling 10y h =5 0.624 0.619 0.624 0.593 0.590 0.625 0.619  0.625 0.625 0.622
h =22 0.666 0.670 0.668 0.620 0.592 0.678 0.702  0.696 0.683 0.679

Notes: Entries are the average out-of-sample (2006-2025) losses under each loss measure. Underlined entries
indicate models that belong to the 5% Model Confidence Set computed on the full pooled daily loss series
for the corresponding window, horizon, and metric. Entries that are both boldfaced and underlined are the
lowest-loss models among those in the MCS. Bootstrap design: stationary bootstrap, B = 5000, block length

VT

A useful starting point is the comparison across training-window designs. The identity of
the top-ranked model is unchanged across expanding and rolling 10-year estimation in seven
of the nine horizon—metric combinations reported in Table 2. The only departures arise at the
intermediate horizon, h = 5, where the rolling window shifts the ranking modestly in favor of
ARFIMA under MAE and QLIKE. Overall, however, the benchmark findings are qualitatively

invariant to whether the models are estimated using the full historical sample available at each
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forecast origin or only the most recent decade of data. This stability is important because it
indicates that the main conclusions are not an artifact of a particular choice of training window.

At the one-day horizon, MSHAR is the clear benchmark leader. It delivers the lowest
average loss in all six h = 1 cases in Table 2, covering the three loss functions under both
estimation windows. The win-count evidence in Table 3 (based on yearly test results reported
in detail in an Online Appendix) reinforces the same conclusion: MSHAR is the lowest-loss
model within the MCS in 19 of 20 yearly test periods under expanding windows for each loss
function, and in 18 of 20 yearly test periods under rolling windows. Hence, the superiority of
MSHAR at the short horizon is not driven by a small number of crisis observations or unusual
subsamples. Rather, it is a pervasive feature of the yearly out-of-sample record. This pattern
is consistent with the view that short-run realized volatility is especially sensitive to regime
changes and state-dependent nonlinearities.

An important qualification is that not all nonlinear econometric models perform equally
well. Although THAR and STHAR also allow for regime dependence, they rarely improve
materially on the linear HAR benchmark and almost never emerge as the lowest-loss member
of the MCS. In the benchmark sample, THAR records no yearly wins, while STHAR records
only a single win in the A = 1 panels. Their average losses are typically clustered near HAR
rather than near MSHAR. A plausible interpretation is that the relevant nonlinearity in realized
volatility is not well described by a single observed threshold or smooth transition variable. If
short-horizon volatility is governed by recurrent latent states that alter both the level and
persistence of volatility, then a Markov-switching specification has a natural advantage over
deterministic threshold and smooth-transition rules tied to one observed driver. Put differently,
the results suggest that allowing for nonlinearity per se is not sufficient; the form through which
nonlinearity is introduced is empirically consequential.

The ranking reverses at the monthly horizon. For h = 22, ARFIMA records the lowest
average loss in all six horizon—metric-window combinations and overwhelmingly dominates the
yearly win counts, with 16 to 18 wins out of 20 depending on the loss function and training
scheme. MSHAR remains the closest competitor at this horizon, but it is consistently second
to ARFIMA. This result accords with the economic interpretation of volatility persistence:
as the forecast horizon lengthens, long-memory dynamics become more important, while the
incremental gains from modeling regime-switching behavior diminish relative to the gains from
capturing highly persistent dependence in volatility.

The five-day horizon is the only case in which the benchmark ranking is not completely
uniform. Under MSFE, MSHAR remains the best-performing model under both expanding
and rolling estimation, both in terms of average loss and yearly win counts. Under expand-
ing windows, MSHAR also retains the lowest average MAE and QLIKE, although the MAE

win counts show that ARFIMA is nearly tied in practice. Under rolling 10-year estimation,
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Table 3: Win counts: number of yearly test periods in which a model is the lowest-loss member of the MCS

Window Horizon HAR THAR STHAR MSHAR ARFIMA XGB MLP LSTM LSTM-A GRU-A

Panel MSFE: yearly win counts (out of 20)

h=1 0 0 1 19 0 0 0 0 0 0
Expanding h=5 0 0 0 12 7 0 0 0 1 0
h =22 0 0 0 3 16 0 0 0 1 0
h=1 0 0 1 18 0 0 0 0 1 0
Rolling 10y h =5 0 0 0 11 8 0 0 0 0 1
h =22 0 0 0 3 17 0 0 0 0 0
Panel MAE: yearly win counts (out of 20)
h=1 0 0 1 19 0 0 0 0 0 0
Expanding h=5 0 0 0 8 8 0 0 1 2 1
h =22 0 0 0 1 17 0 0 0 2 0
h=1 0 0 1 18 0 0 0 0 1 0
Rolling 10y h =5 0 0 0 5 12 0 0 0 1 2
h =22 0 0 0 1 18 0 0 0 1 0
Panel QLIKE: yearly win counts (out of 20)
h=1 0 0 1 19 0 0 0 0 0 0
Expanding h=5 0 0 0 11 8 0 0 0 1 0
h =22 0 0 0 2 17 0 0 0 1 0
h=1 0 0 1 18 0 0 0 0 1 0
Rolling 10y h =5 0 0 0 8 11 0 0 0 0 1
h =22 0 0 0 2 18 0 0 0 0 0

Notes: For each year, window, horizon, and loss metric, a model receives a win if it is the boldfaced-and-
underlined entry in the corresponding yearly table, i.e., the lowest-loss model among those included in the 5%
Model Confidence Set. Yearly MSFE, MAE, QLIKE and MCS results are in Online Appendices. Each row
sums to 20 yearly test periods (2006-2025). Boldfaced counts identify the largest win total within each row.

ARFIMA moves into first place under both MAE and QLIKE and also records the larger
number of yearly wins for those criteria. The weekly horizon is therefore best viewed as a tran-
sition region: both regime dependence and long-memory persistence matter, and their relative
importance depends somewhat on the loss function and the estimation window.

The baseline evidence also helps place the machine-learning models in perspective. The
neural-network and boosting specifications occasionally register isolated yearly wins, but these
are sparse and do not translate into systematic gains in average loss. More importantly, none of
the machine-learning models consistently dominates THAR or STHAR, and none comes close
to challenging MSHAR at h = 1 or ARFIMA at h = 22. In several panels, HAR, THAR
and STHAR remain at least as competitive as the stronger machine-learning alternatives, even
though they fail to outperform MSHAR or ARFIMA. The implication is that the benchmark
ordering is not well described by a simple “econometric versus machine learning” contrast.
Rather, predictive performance appears to depend on whether the model structure is aligned
with the dominant feature of volatility at a given horizon: latent regime switching at short
horizons and long-memory persistence at longer horizons.

Taken together, the results in Tables 2 and 3 establish a coherent benchmark for the remain-
der of the paper. The principal findings are not sensitive to the training-window design, they
are robust across MSFE, MAE, and QLIKE, and they identify a simple horizon-specific pattern:
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MSHAR is the preferred benchmark at short horizons, ARFIMA is the preferred benchmark at
long horizons, and the weekly horizon lies between these two regimes. Equally important, the
results distinguish between different forms of nonlinearity. Threshold and smooth-transition
extensions of HAR provide only limited gains over the linear benchmark, whereas Markov-
switching dynamics yield substantial improvements at short horizons. This distinction will be
useful when interpreting the subsequent results for richer predictor sets and for the machine-
learning specifications.

We report episode-specific results for four stress periods: the Global Financial Crisis (De-
cember 2007-June 2009), the European sovereign debt crisis (January 2010-June 2013), the
COVID-19 shock (February 2020-April 2020), and the post-COVID inflation and monetary-
tightening episode (June 2021-December 2024). These windows are intended to capture distinct
volatility environments, ranging from systemic financial stress and sovereign-risk concerns to
the abrupt pandemic shock and the subsequent period of elevated inflation, rising interest rates,
and tighter monetary policy.

Table 4 reports episode-specific forecast losses under the rolling 10-year estimation window
for four economically salient subperiods: the Great Financial Crisis, the FEuropean sovereign
debt crisis, the COVID shock, and the recent inflationary episode. The corresponding episode
table under the expanding-window design is reported in the Online Appendix. This presenta-
tion strikes a useful balance between transparency and economy. The rolling-window table is
informative about performance under structural change and evolving local dynamics, whereas
the expanding-window results are qualitatively similar and do not alter the main conclusions.

Three findings stand out. First, the episode-level evidence strongly reinforces the full-sample
benchmark results reported earlier. At the one-day horizon, MSHAR is the best-performing
model in every episode and under all three loss functions. At the 22-day horizon, ARFIMA is
preferred in every episode and under all three loss functions. Hence, the short-horizon advan-
tage of latent regime switching and the long-horizon advantage of long-memory dynamics are
not artifacts of averaging across heterogeneous market environments. These ranking patterns
remain visible even when attention is restricted to crisis and post-crisis subperiods.

Second, the five-day horizon again emerges as the main region of competition between
model classes. During the Great Financial Crisis, MSHAR is preferred under MSFE, MAE,
and QLIKE, and the same conclusion continues to hold during the European sovereign debt
crisis under MSFE and MAE. By contrast, ARFIMA becomes the preferred specification at
h = 5 during the COVID shock and the post-2021 inflationary episode under all three loss
functions, while already edging ahead under QLIKE during the European sovereign debt crisis.
This intermediate-horizon pattern is consistent with the benchmark results from the full sample:

the weekly horizon appears to be the point at which short-run regime dependence and longer-
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Table 4: Episode-specific forecast loss comparison under rolling 10Y window

Episode Horizon HAR THAR STHAR MSHAR ARFIMA XGB MLP LSTM LSTM-A GRU-A

Panel A: MSFE

GFC 1 0.315 0.324 0.307 0.139 0.376 0.479 0.318 0.440 0.392 0.440
5 0.511 0.538 0.514 0.231 0.376 0.782  0.520 0.683 0.719 0.715
22 0.890 0.904 0.894 0.544 0.374 1.035 0.878 1.175 1.167 1.047
EDC 1 0.066 0.067 0.066 0.044 0.068 0.068  0.067 0.067 0.065 0.065
5 0.112 0.113 0.112 0.063 0.068 0.117 0.113 0.115 0.116 0.118
22 0.154 0.157 0.155 0.081 0.068 0.169  0.148 0.156 0.160 0.165
COVID 1 0.865 0.776 0.827 0.343 1.002 1.632 0.846 1.475 1.425 1.237
5 2.169 2.129 2.161 1.368 1.004 2.726  2.245 2.833 2.553 2.392
22 3.372 3.889 3.790 2.379 0.783 3.786 4.741 3.852 3.806 3.722
INF 1 0.059 0.054 0.058 0.032 0.056 0.060 0.055 0.053 0.053 0.053
5 0.095 0.090 0.096 0.059 0.056 0.093  0.089 0.086 0.086 0.087
22 0.131 0.120 0.131 0.098 0.057 0.123 0.124 0.124 0.117 0.119
Panel B: MAE
GFC 1 0.307 0.306 0.306 0.225 0.333 0.370  0.309 0.350 0.336 0.349
5 0.424 0.421 0.423 0.266 0.333 0.501  0.429 0.483 0.500 0.488
22 0.546 0.589 0.546 0.382 0.329 0.590 0.540 0.650 0.648 0.602
EDC 1 0.165 0.166 0.166 0.146 0.178 0.167 0.165 0.165 0.164 0.165
5 0.206 0.211 0.207 0.175 0.178 0.212 0.205 0.209 0.209 0.215
22 0.261 0.260 0.263 0.204 0.179 0.271  0.247 0.254 0.259 0.280
COVID 1 0.629 0.575 0.619 0.424 0.641 0.798 0.608 0.766 0.746 0.692
5 1.010 0.963 0.998 0.757 0.648 1.070 1.047 1.090 1.022 0.989
22 1.259 1.407 1.328 1.027 0.555 1.337  1.737 1.293 1.286 1.212
INF 1 0.170 0.163 0.169 0.139 0.165 0.169 0.161 0.162 0.161 0.161
5 0.221 0.213 0.222 0.186 0.165 0.217  0.209 0.206 0.207 0.209
22 0.255 0.247 0.258 0.225 0.166 0.253  0.248 0.251 0.242 0.244
Panel C: QLIKE
GFC 1 0.032 0.033 0.031 0.016 0.040 0.045 0.032 0.041 0.037 0.041
5 0.064 0.066 0.064 0.026 0.040 0.093 0.065 0.083 0.085 0.084
22 0.141 0.136 0.142 0.058 0.039 0.158 0.139 0.214 0.203 0.169
EDC 1 0.038 0.039 0.039 0.032 0.043 0.040 0.039 0.039 0.038 0.039
5 0.063 0.064 0.064 0.044 0.043 0.065 0.063 0.066 0.067 0.066
22 0.098 0.100 0.099 0.058 0.044 0.109  0.096 0.103 0.105 0.106
COVID 1 0.087 0.081 0.083 0.036 0.102 0.147 0.086 0.128 0.122 0.105
5 0.342 0.359 0.348 0.113 0.102 0.438 0.351 0.485 0.424 0.382
22 0.985 1.175 1.097 0.288 0.067 1.211  1.378 1.327 1.269 1.269
Inf 1 0.046 0.045 0.046 0.033 0.046 0.046  0.044 0.043 0.043 0.044
5 0.076 0.073 0.076 0.057 0.046 0.075 0.074 0.071 0.071 0.073
22 0.103 0.100 0.104 0.085 0.045 0.103  0.103 0.102 0.096 0.098

Notes: Panel A reports MSFE, Panel B reports MAE, and Panel C reports QLIKE. Within each panel, rows
are organized by selected episode and forecast horizon h = 1, h = 5, and h = 22. Entries are computed from
the daily forecast files using only observations whose dates fall within the stated episode. Underlined entries
indicate models included in the 5% Model Confidence Set for the corresponding episode, horizon, and metric,
using aligned daily losses. Entries that are both underlined and boldfaced are the lowest-loss models in that
row among the models included in the MCS. Bootstrap design: stationary bootstrap, B = 5000, block length

VT
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memory persistence are most closely balanced, so that their relative importance becomes more
sensitive to the underlying volatility environment.

Third, the episode results are informative not only about model ranking but also about the
overall difficulty of the forecasting problem. The level of the loss varies substantially across
subperiods, even when the identity of the best-performing model does not. In particular, losses
are markedly larger during the Great Financial Crisis and, especially, during the COVID shock
than during the European sovereign debt crisis or the inflationary episode. This feature is
visible across MSFE, MAE, and QLIKE. For example, under MSFE at h = 22, the best loss
rises from 0.057 in the inflationary episode and 0.068 during the European sovereign debt crisis
to 0.374 during the Great Financial Crisis and 0.783 during the COVID shock. Thus, the
episode analysis clarifies an important distinction: model ranking and forecast difficulty should
be interpreted separately. Some environments are simply much harder to forecast than others.

The episode table also sharpens the interpretation of the nonlinear and machine-learning
results. Although THAR and STHAR allow for regime dependence, they do not emerge as the
leading specification in any of the reported episode—horizon—loss combinations. Their losses
are often close to those of HAR and, in some rows, modestly below the linear benchmark, but
they do not systematically challenge MSHAR at short horizons or ARFIMA at long horizons. A
plausible interpretation is that the relevant nonlinearity in realized volatility is not well captured
by deterministic threshold or smooth-transition mechanisms alone. Instead, the data appear to
favor a more flexible latent-state representation at short horizons, as embodied by the Markov-
switching HAR specification. The machine-learning models deliver a similar message. They
occasionally narrow the gap relative to HAR and sometimes outperform THAR or STHAR, but
they do not dominate the benchmark comparisons in any systematic way. The evidence therefore
does not support a general claim that either nonlinear extensions of HAR or machine-learning
methods per se improve forecast performance. Rather, the form of the dynamics matters: latent
regime switching is most valuable at short horizons, whereas long-memory persistence is most
valuable at longer horizons.

Overall, the episode-level evidence strengthens the benchmark conclusions while adding
an important nuance. The main ranking is remarkably stable across very different market
environments, but the absolute size of the forecasting errors varies sharply across episodes,
and the five-day horizon remains the principal region in which the balance between regime-
switching dynamics and persistent dependence becomes most sensitive to the underlying state

of the volatility process.

5.1.2 Diebold—Mariano test results

Table 5 summarizes the full-sample two-sided Diebold—Mariano (DM) tests under the baseline

HAR predictor set. To keep the main text concise, the table reports only the pairwise com-
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parisons that are most relevant for the benchmark narrative. The complete full-sample DM
matrices by loss function and training window are reported in the Online Appendix.

The DM evidence strongly reinforces the conclusions from the loss and Model Confidence
Set tables. Panel A shows that the short-horizon advantage of MSHAR is not a marginal feature
of one particular loss criterion. MSHAR significantly outperforms HAR, THAR, and STHAR
under all three loss functions at all three horizons under both the expanding and rolling 10-year
estimation windows. The statistical evidence therefore points to a sharp distinction between
latent Markov switching and the deterministic threshold and smooth-transition mechanisms
embedded in THAR and STHAR. The data do not merely reward nonlinearity per se; they
reward a particular form of nonlinearity. Panel A also clarifies the horizon-specific role of
ARFIMA. Relative to HAR, ARFIMA is significantly worse at h = 1 under both training
schemes and all three loss functions, but significantly better at h = 5 and h = 22 in every
case. When ARFIMA is compared directly with MSHAR, the horizon pattern becomes even
sharper: MSHAR, dominates ARFIMA at h = 1 under all losses and both windows, whereas
ARFIMA dominates MSHAR at h = 22 in all cases. The only horizon at which the two leading
econometric models are not cleanly separated is h = 5, where MSHAR wins two of the three loss
functions under the expanding window, ARFIMA wins only QLIKE under the rolling window,
and the remaining comparisons are not statistically distinguishable.

Panel B sharpens the comparison with machine-learning models from the perspective of the
strongest short-horizon econometric benchmark. Across the full sample, MSHAR significantly
outperforms MLP, LSTM, LSTM-A, and GRU-A in all 18 horizon—loss—window comparisons,
and it significantly outperforms XGB in 17 of the 18 comparisons, with the sole exception
being QLIKE at h = 5 under the rolling 10-year window. Thus, the machine-learning models
do not merely fail to rank first on average; they also generally fail to eliminate the statistically
meaningful advantage of the best-performing short-horizon econometric model.

Panel C adds a complementary perspective by comparing ARFIMA with the machine-
learning models. Here the pattern is notably more horizon-dependent. At the one-day horizon,
ARFIMA is often significantly worse than several machine-learning models, especially MLP,
LSTM-A, and GRU-A, and its comparison with XGB is mixed across windows and loss func-
tions. By contrast, once the horizon extends to five or 22 trading days, ARFIMA significantly
outperforms every machine-learning specification under both training windows and all three loss
functions. Hence, the statistical evidence against the machine-learning models is even broader
than the ranking tables alone suggest: MSHAR dominates them where short-run regime changes
matter most, whereas ARFIMA dominates them where longer-memory dynamics become most
relevant.

Taken together, the DM results provide a useful statistical counterpart to the loss and

MCS evidence. Under the baseline HAR predictor set, the short-horizon gains are decisively
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concentrated in MSHAR, the long-horizon gains are decisively concentrated in ARFIMA, and
the five-day horizon remains the main intermediate case in which the two leading econometric
models are not uniformly separable across all criteria. This is precisely the pattern one would
expect if latent regime changes matter most for very short-run volatility forecasting, whereas

long-memory dynamics become increasingly important as the forecast horizon lengthens.

Table 5: Compact summary of full-sample two-sided Diebold—Mariano tests under the baseline information set.

Pairwise comparison ‘Window h=1 h=5 h =22
Panel A: Main econometric benchmark comparisons

HARvMSHAR RO e NSHAR (/9 NSHAR (3/3)  MSHAR (3/9)
THAR s MSHAR R MSHAR (33 MSHAR (3)  MSHAR (3%
STHARveMSHAR iR NSHAR (3 MSHAR (3)  MSHAR (3%
HAR s ARFIMA — pZB0RE HAR (573 ARFIMA (33 ARFIMA (3/3)
MSHAR vs ARFIMA - iSRS MGHAR (13 ARPIMA(/3)  ARFIMA (33

Panel B: MSHAR versus machine-learning models

MSHARwXGB b e NSHAR (/9 VSHAR (3/3)  MSHAR (573
MSHARvMLP R MSHAR (M) MSHAR (3)  MSHAR (3/%
MSHAR v LSTM e NSHAR (3 MOMAR (%)  MOHAR (/3
MSHAR v LSTMAA bR MSHAR (3/3) NSHAR (3/3)  MSHAR (573
MSHAR vs GRU-A iR e MSHAR (/9 VSHAR (3/3)  MSHAR (3/9)
Panel C: ARFIMA versus machine-learning models

ARFIMA v XGB TN ARFIMA (1)3) XGB (2/3)  ARFIMA (2/3)  ARFINA (3%
T T TP (39 ARFIMA (39 ARFIVA (515
ARFIMAwLSTH RS L ISINGJ)  ARPRIA (/9)  ARPNA (/)
ARFIMA v LSTMEA - iEbs o ISTMA (/3 ARFIMA (33)  ARFIMA (33
ARFDMA v GRUA R GRUA (/3 ARFIMA(3)  ARFIMA (3/%

Notes: Each entry reports which model significantly outperforms the other model in the stated pairwise
comparison, together with the number of loss functions for which the two-sided Diebold—Mariano null of equal
predictive accuracy is rejected at the 5% level. Counts are out of three loss functions (MSFE, MAE, and
QLIKE). For example, “MSHAR (2/3)” means that MSHAR significantly outperforms the comparator under
two of the three loss functions, while the remaining loss function yields no statistically significant difference. An
entry such as “ARFIMA (1/3), XGB (2/3)” means that the direction of statistically significant outperformance
differs across loss functions. The underlying full-sample DM matrices by loss function and training window
are reported in the Online Appendix.
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5.1.3 Realized utility

Table 6 shows that the realized-utility evidence closely mirrors the loss-based and Diebold-
Mariano results. At the one-day horizon, MSHAR delivers the highest utility under both
training schemes, with RU values of 3.931 under the expanding window and 3.929 under the
rolling 10-year window. Relative to HAR, these gains are modest in absolute terms—about
0.024 and 0.022 utility points, respectively—but they are remarkably consistent and again
indicate that short-run volatility forecasts benefit from latent regime switching.

At the intermediate horizon h = 5, the ranking remains transitional. Under the expanding
window, MSHAR continues to generate the highest utility, with RU = 3.896 versus 3.890 for
ARFIMA and 3.831 for HAR. Under the rolling 10-year window, however, ARFIMA moves
into first place with RU = 3.891, narrowly ahead of MSHAR at 3.884 and clearly above HAR
at 3.828. This pattern is fully consistent with the baseline loss results: the five-day horizon is
the one region in which short-run regime dependence and longer-memory persistence are both
empirically relevant.

At the monthly horizon h = 22, ARFIMA is the clear economic winner under both training
windows. Its full-sample RU equals 3.890 under both expanding and rolling estimation, com-
pared with 3.846 and 3.832 for MSHAR and only 3.739 and 3.730 for HAR. The implied utility
gains relative to HAR—roughly 0.151 under expanding and 0.160 under rolling estimation—
are economically more pronounced than at shorter horizons and reinforce the conclusion that
long-memory dynamics become increasingly important as the forecast horizon lengthens.

The threshold and smooth-transition HAR models yield utility levels that are generally very
close to HAR, and they do not deliver economically meaningful improvements over the linear
benchmark. This echoes the earlier loss-based evidence that allowing for nonlinearity per se
is not sufficient; rather, the form through which nonlinearity enters the model matters empiri-
cally. In these data, latent Markov switching is considerably more valuable than deterministic
threshold or smooth-transition specifications.

The machine-learning models likewise fail to overturn the benchmark ranking. At h = 1, the
best-performing ML models are close to HAR but remain below MSHAR under both training
windows. At h = 5, the ML models remain below the leading econometric specifications and
typically do not improve even on HAR by much. At h = 22, the gap widens markedly: all ML
models lie well below both MSHAR and ARFIMA, and several recurrent architectures fall no-
ticeably short of even the linear HAR benchmark under the rolling-window design. Accordingly,
the RU evidence supports the same central conclusion as the statistical loss measures: under the
baseline HAR predictor set, economic gains come primarily from MSHAR at short horizons and
from ARFIMA at long horizons, while threshold-based nonlinear models and ML alternatives

do not generate systematic improvements over the strongest econometric benchmarks.
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As with the loss metrics, the detailed yearly and episode-specific RU tables are presented
in the Online Appendix. Results in Appendix document how the level of realized utility varies
across subperiods—especially during crisis episodes such as COVID—rather than to alter the

core ranking, which is already summarized transparently by the full-sample results in Table 6.

Table 6: Full-sample realized utility under baseline information set

Model h=1 h=5 h=22
Panel A. Ezpanding window

HAR 3.907  3.831 3.739
THAR 3.906  3.832 3.726

STHAR 3.908 3.831 3.735
MSHAR 3.931 3.896 3.846
ARFIMA  3.890 3.890 3.890

XGB 3.904 3.824 3.707
MLP 3.902 3.830 3.715
LSTM 3.903 3.824 3.691

LSTM-A 3.905 3.822 3.696
GRU-A 3.906 3.826 3.705

Panel B. Rolling 10-year window

HAR 3.907 3.828 3.730
THAR 3.906 3.826 3.715
STHAR 3.907 3.826 3.725
MSHAR 3.929 3.884 3.832
ARFIMA 3.891 3.891 3.890

XGB 3.900 3.815 3.695
MLP 3.906 3.826 3.633
LSTM 3.903 3.809 3.645

LSTM-A 3.904 3.808 3.674
GRU-A 3.905 3.816 3.687

Notes: Entries report full-sample
realized utility (RU) computed
over the 2006-2025 out-of-sample
period under the baseline HAR
predictor set. The daily util-
ity measure is defined as RU; =

100 (0.08\/1%‘4/1/%\2 - 0.04(th/1/ﬂ7t)),

so that a perfect volatility forecast
yields RU= 4.000. Boldface identifies
the highest RU within each horizon
and training-window panel. Detailed
yearly and episode-specific RU tables
are reported in the Online Appendix.

5.1.4 Value-at-Risk exceedances

Table 7 reports full-sample 99% VaR exceedance rates obtained from the filtered historical
simulation procedure under the baseline HAR predictor set. In contrast to the loss-based and
utility-based exercises, the VaR results are primarily about tail calibration rather than broad
ranking across all models. The key message is that VaR performance depends strongly on both

the forecast horizon and the estimation window. In particular, the five-day horizon is the most
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stable from a coverage perspective, whereas the one-day and 22-day horizons display larger
departures from the nominal 1% exceedance rate under the rolling 10-year window.

Under the expanding window, the one-day results are relatively well behaved. MSHAR
delivers an exceedance rate of 0.99%, essentially on target, and is the only model at h = 1 for
which neither the unconditional- nor conditional-coverage test indicates a statistically significant
departure from nominal coverage. ARFIMA also performs reasonably well at 1.16%, with
no significant coverage-test departure, whereas HAR, THAR, STHAR, and most machine-
learning models exhibit exceedance rates somewhat above the nominal level and are more often
flagged by the Christoffersen conditional-coverage test. At the five-day horizon, however, the
differences across models narrow substantially: all exceedance rates lie in a relatively tight range
around 1.23-1.42%, and the full-sample coverage tests do not indicate significant departures
for any model. The 22-day expanding-window results remain above the nominal 1% rate,
but the full-sample backtests again do not indicate statistically significant departures from
the coverage nulls. Taken together, the expanding-window evidence suggests that the baseline
VaR implementation is reasonably calibrated in the full sample, with the strongest one-day
calibration delivered by MSHAR.

The rolling 10-year results show larger calibration departures at the short and long horizons.
At h = 1, all models cluster between 1.35% and 1.48%, so exceedance rates remain low in
absolute terms but are above the nominal 1% benchmark; the unconditional- and conditional-
coverage tests indicate statistically significant departures for all models in the full sample. At
h = 22, exceedance rates rise further, ranging from 1.70% for MLP to 2.45% for STHAR, and the
coverage tests flag departures from nominal calibration for most specifications. By contrast,
the five-day horizon again appears considerably more stable: exceedance rates remain in a
narrow range around 1.33-1.46%, and the full-sample tests do not indicate significant coverage
departures for any rolling-window model. Thus, the most robust feature of the VaR evidence
is not a single model ranking, but rather the horizon-specific calibration pattern whereby the
intermediate horizon is comparatively well behaved while the rolling-window implementation
exhibits larger deviations from nominal coverage at the shortest and longest horizons.

The model ranking under VaR calibration is therefore related to, but not identical with,
the ranking obtained from forecast-loss measures and realized utility. MSHAR remains espe-
cially notable at the one-day horizon under the expanding window, where it achieves essentially
exact nominal coverage in the full sample. At the 22-day horizon, ARFIMA yields the low-
est exceedance rate under both windows, although its rolling-window exceedance rate remains
above the 1% target and is flagged by the unconditional-coverage test. Threshold and smooth-
transition HAR models do not improve materially on HAR itself from a VaR-calibration per-
spective, while the machine-learning models do not provide systematic tail-risk gains relative

to the strongest econometric benchmarks.
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The year-by-year results, reported in the Online Appendix, further show that coverage-test
departures are not evenly distributed over time. Rather, statistically significant departures from
unconditional and conditional coverage occur more frequently during elevated-volatility periods,
especially in 2007-2008 and 2020, with additional pockets visible in later stressed conditions
such as 2025 for some specifications. In contrast, during calmer market environments—such
as 2012-2014 and 2017—exceedance rates are often close to 0.00 for several models, suggesting
that VaR forecasts can become conservative when tail risk is muted. This temporal asym-
metry is economically intuitive and helps explain why full-sample coverage-test flags are more
pronounced for estimation schemes—particularly the rolling 10-year window—that may be less
able to adjust smoothly to abrupt changes in return tails and, at the same time, may overstate

tail risk during tranquil periods.

Table 7: Full-sample VaR exceedance rates under filtered historical simulation at the 99% level

Horizon HAR THAR STHAR MSHAR ARFIMA XGB MLP LSTM LSTM-A GRU-A

Panel A. Ezxpanding window

h=1 128t 127t 1.28% 0.99 1.16 116t 1.20f 1.23+  1.27t  1.27%
h=5 142 1.33 1.39 1.37 1.31 1.29 140 1.23 1.29 1.27
h=22 175  1.68 1.77 1.74 1.57 153 121  1.51 1.55 1.60

Panel B. Rolling 10-year window

h=1  148% 1.44% 1.46%F  1.35%f  1.48%f  1.37% 1.39%f 1.42%f  1.42%f  1.44%f
h=5 1.46 1.40 1.46 1.42 1.42 1.33 1.40 1.35 1.40 1.33
h =22 241% 2.38*%F 2.45%} 2.32% 1.85% 2.15%F 1.70*t 1.87*f  1.79%y 2.08%t

Notes: Entries report full-sample VaR exceedance rates in percent using filtered historical simulation (FHS)
at tail probability = 0.01. The nominal exceedance rate is therefore 1%. For each model m and horizon
h, the historical innovation pool is model-specific and uses standardized residuals based on that model’s own
volatility forecast; historical information is truncated at d — h to avoid look-ahead bias. For h = 5 and h = 22,
the Kupiec unconditional-coverage (UC) and Christoffersen conditional-coverage (CC) tests are computed on
non-overlapping target dates. An asterisk (*) denotes rejection of the Kupiec null at the 5% level, and a
dagger (f) denotes rejection of the Christoffersen null at the 5% level. Detailed year-by-year results for both
estimation windows are reported in the Online Appendix.

5.1.5 Diebold—Mariano tests under the FZ0 joint VaR—-ES loss

Table 8 reports the full-sample Diebold-Mariano (DM) statistics under the rolling 10-year
estimation window using the FZ0 joint VaR-ES loss. We focus on this specification in the main
text because the rolling window is the more demanding design under potential structural change
and, under the FZ0 loss, it also provides the clearest tail-risk counterpart to the main forecasting
results. The corresponding expanding-window full-sample table, together with the episode-
specific DM results for both window schemes, is reported in the Online Appendix. Overall,
the FZ0-based DM evidence is consistent with the broader benchmark ranking established
earlier, although the statistical separation across models is naturally weaker here than under

the volatility-loss criteria.
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At the one-day horizon, the rolling-window FZO0 results strongly favor MSHAR. In par-
ticular, MSHAR significantly outperforms HAR, THAR, STHAR, and ARFIMA, and it also
significantly dominates all of the machine-learning benchmarks reported in the table. This
finding is important because it shows that the short-horizon advantage of MSHAR extends
beyond conventional forecast-loss criteria and remains visible when evaluation is based directly
on joint tail-risk forecasts for VaR and expected shortfall. At the same horizon, ARFIMA per-
forms poorly relative to the leading benchmark models: HAR, THAR, STHAR, and MSHAR
all dominate ARFIMA, with several differences statistically significant. Thus, under the FZ0
criterion the short-horizon evidence is unambiguous in identifying MSHAR. as the strongest
benchmark specification.

At the five-day horizon, the ranking becomes less sharply separated. MSHAR and ARFIMA
remain competitive relative to HAR-type alternatives and the machine-learning models, but the
pairwise differences among the leading econometric models are generally no longer statistically
significant under the rolling window. This intermediate-horizon result is consistent with the
earlier loss-based evidence, which also suggested that the five-day horizon is the main zone where
short-run regime dependence and longer-memory dynamics are both relevant. The expanding-
window DM results reported in the Online Appendix reinforce the same qualitative message,
although they deliver somewhat sharper evidence in favor of MSHAR at this horizon, including
a statistically significant advantage of MSHAR over ARFIMA in the full sample.

At the 22-day horizon, the full-sample rolling-window FZ0 table does not deliver a statisti-
cally decisive ranking among HAR, MSHAR, and ARFIMA. Nevertheless, the pattern of DM
statistics is still informative. First, the short-horizon weakness of ARFIMA does not carry over
to the long horizon. Second, ARFIMA tends to compare more favorably against the machine-
learning models at h = 22, and in several cases the ML alternatives are significantly inferior.
Taken together with the volatility-loss results, this suggests that ARFIMA remains the most
credible long-horizon benchmark even when the joint quality of VaR and ES forecasts is used
as the evaluation criterion, although the full-sample FZ0-based pairwise evidence is less sharp
than at h = 1.

The episode-specific DM results in the Online Appendix add useful nuance to the full-sample
picture. In particular, the strongest longer-horizon evidence in favor of ARFIMA emerges in
the European sovereign debt episode, where under the rolling window ARFIMA significantly
outperforms HAR, THAR, STHAR, and MSHAR at h = 22. By contrast, the GFC and
COVID episode tables exhibit much weaker statistical separation, especially at the medium
and long horizons, which is unsurprising given the shorter effective samples and the greater
difficulty of tail-risk evaluation in abrupt crisis environments. The inflation episode also points
to improved relative performance of ARFIMA at the long horizon, although there the strongest

statistically significant differences are concentrated in comparisons with the machine-learning
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Table 8: Diebold—Mariano tests for FZ0 VaR-ES loss, full sample under rolling10y window

Panel A: h=1

HAR THAR STHAR MSHAR ARFIMA XGB MLP LSTM LSTM-A GRU-A
HAR 1.165 1.427 -2.188* 9.233* 3.338%  4.145% 4.071%* 4.196* 3.889*
THAR 0.574 -2.355% 8.492* 3.176*  3.759* 3.716* 3.886* 3.553*
STHAR -2.628* 7.012% 3.040*%  3.421%* 3.573% 3.868%* 3.408%*
MSHAR 5.251% 4.192% 3.813* 4.435* 4.769* 4.472%
ARFIMA 0.273 -2.252%  _2.173* -1.429 -1.654
XGB -1.381 -1.918 -1.577 -1.970%*
MLP 0.094 0.622 0.473
LSTM 2.657* 1.165
LSTM-A -0.503
Panel B: h =5

HAR THAR STHAR MSHAR ARFIMA XGB MLP LSTM LSTM-A GRU-A
HAR 3.076%* -1.084 -0.146 0.855 2.775%  2.572% 3.374%* 4.280%* 3.483%*
THAR -3.338* -1.119 -0.341 2.507* 1.446 2.994%* 3.233%* 2.779%
STHAR -0.050 0.939 2.830%* 2.658* 3.411%* 4.344* 3.569*
MSHAR 1.336 2.255* 1.519 2.852* 3.317* 2.541%*
ARFIMA 1.946 1.015 2.399* 2.859* 2.096*
XGB -2.059* 0.197 -0.542 -1.412
MLP 2.107* 2.454* 1.868
LSTM -0.538 -1.411
LSTM-A -1.217
Panel C: h = 22

HAR THAR STHAR MSHAR ARFIMA XGB MLP LSTM LSTM-A GRU-A
HAR 0.188 1.249 -0.854 -0.246 1.793 -1.352 2.258* 2.059* 1.944
THAR 0.056 -0.730 -0.244 1.861 -1.563 2.246%* 2.050%* 1.977*
STHAR -0.928 -0.321 1.782 -1.379 2.255% 2.054* 1.933
MSHAR 0.679 1.586 -1.010 2.043* 1.903 1.676
ARFIMA 1.430 -1.041 1.968* 1.845 1.513
XGB -2.089* 1.669 1.727 -0.845
MLP 2.175% 2.053* 2.035*
LSTM 0.914 -2.292%
LSTM-A -2.030%*

Notes: Entries report the Diebold—Mariano statistic for pairwise comparisons under the FZ0 joint VaR—ES loss.
Only the upper-triangular elements are shown. A starred entry indicates rejection at the 5% level for the two-
sided Diebold-Mariano test. Negative (positive) values favor the column (row) model. For h =5 and h = 22,
the DM test uses the horizon argument h, the Bartlett long-run variance estimator, and the Harvey correction.
VaR and ES forecasts are computed using filtered historical simulation, where the historical innovation pool

for each model and horizon is formed from the model’s own standardised residuals 2;

5(h)

&t(fz) =1/ @52)/100, and the historical window truncated at d — h to avoid look-ahead.
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models rather than with the leading econometric alternatives. Across episodes, however, one
conclusion remains stable: the one-day horizon consistently favors MSHAR, whereas the longer-
horizon results are more supportive of ARFIMA, particularly in episodes where persistent tail
dynamics appear more important.

Taken together, the FZ0-based DM tests provide a tail-risk-based confirmation of the paper’s
main horizon-dependent message. MSHAR remains the clearest short-horizon benchmark, while
ARFIMA becomes progressively more competitive as the forecast horizon lengthens and, in some
episodes, emerges as the dominant long-horizon model. The expanding-window and episode
results reported in the Online Appendix are qualitatively consistent with this interpretation,
although the exact pattern of statistically significant pairwise rejections varies across windows

and subperiods.

5.2 Results under extended information set

Table 9 summarizes the full-sample results under the screened additional-predictor set. Two
conclusions emerge immediately. First, the extending the set of predictors leaves the main
horizon-dependent ranking largely intact. At the one-day horizon, MSHAR remains the clear
leader under both estimation windows and all three loss functions. At the 22-day horizon,
ARFIMA remains the clear leader under both windows and all three loss functions. Second,
the five-day horizon again behaves as the transition case. Under MSFE, MSHAR remains
the lowest-loss model under both windows, whereas under MAE and QLIKE ARFIMA moves
into first place under both windows. Thus, the additional predictors do not overturn the
core benchmark message; rather, they sharpen the intermediate-horizon split between regime-
switching dynamics and long-memory persistence.

Relative to the HAR~only baseline summarized in Table 2, the model ordering is remarkably
stable. The identity of the best model is unchanged in 16 of the 18 window-horizon—metric
cells. The only changes occur under the expanding window at h = 5, where ARFIMA overtakes
MSHAR under MAE and QLIKE. In all other cases, the leading model is the same as under
the baseline specification: MSHAR at h = 1, MSHAR at h = 5 under MSFE, and ARFIMA at
h = 22. This stability indicates that the gains from adding the screened extended predictors are
modest relative to the gains obtained from capturing the correct dynamic structure of volatility
itself.

A further point worth emphasizing is that the extending the set of predictors does not, in
general, lower forecast losses relative to the baseline. Comparing the minimum loss attained in
each cell of Table 9 with its counterpart in Table 2, the extending the set of predictors beyond
past history of realzied volatility delivers weakly higher minimum losses in all nine expanding-
window cells. The deterioration is especially visible at the long horizon, where the best QLIKE

value rises from 0.593 under the HAR benchmark to 0.629 under the extended-information set.
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Table 9: Average out-of-sample loss by window, horizon, and metric under extended set of predictors

Window Horizon HAR THAR STHAR MSHAR ARFIMA XGB MLP LSTM LSTM-A GRU-A

Panel MSFE: average loss over 2006—2025

Expanding h=1 0.086 0.087 0.086 0.058 0.132 0.094 0.127  0.086 0.091 0.088
Expanding h =5 0.178 0.189 0.188 0.095 0.104 0.186 0.298  0.172 0.176 0.172
Expanding  h =22 0.384 0.436 0.443 0.217 0.127 0.292 0934 0.276 0.305 0.270
Rolling 10y h =1 0.086 0.085 0.086 0.053 0.156 0.104 0.082  0.100 0.100 0.093
Rolling 10y h =5 0.166 0.173 0.174 0.099 0.103 0.210 0.176  0.193 0.194 0.188
Rolling 10y h =22 0.254 0.265 0.264 0.155 0.104 0.295 0.268  0.272 0.277 0.272
Panel MAE: average loss over 2006—2025

Expanding h=1 0.173 0.176 0.175 0.151 0.230 0.179  0.202  0.175 0.179 0.175
Expanding h=25 0.245 0.250 0.250 0.195 0.192 0.254 0.280  0.240 0.245 0.238
Expanding  h =22 0.342 0.351 0.357 0.256 0.207 0.329 0.389  0.298 0.314 0.299
Rolling 10y h =1 0.172 0.174 0.174 0.151 0.262 0.180 0.181  0.182 0.183 0.177
Rolling 10y h =5 0.240 0.245 0.244 0.201 0.193 0.259 0.255  0.249 0.250 0.248
Rolling 10y h = 22 0.303 0.314 0.313 0.241 0.191 0.321 0.311  0.299 0.303 0.303
Panel QLIKE: average loss over 2006—2025

Expanding h=1 0.583 0.584 0.584 0.575 0.674 0.585 0.591  0.583 0.584 0.584
Expanding h=5 0.625 0.632 0.633 0.594 0.593 0.628 0.630  0.623 0.625 0.623
Expanding  h =22 0.854 0.805 0.809 0.663 0.629 0.675 0.683  0.673 0.676 0.692
Rolling 10y h =1 0.583 0.584 0.585 0.575 0.760 0.585 0.586  0.585 0.586 0.584
Rolling 10y h =5 0.623 0.627 0.627 0.601 0.596 0.633 0.629  0.630 0.631 0.629
Rolling 10y h =22 0.674 0.678 0.678 0.624 0.593 0.685 0.699  0.698 0.711 0.699

Notes: Entries are the average out-of-sample (2006-2025) losses for each model under extended set of predictors.
Underlined entries indicate models that belong to the 5% Model Confidence Set computed on the full pooled
daily loss series for the corresponding window, horizon, and metric. Entries that are both boldfaced and
underlined are the lowest-loss models among those in the MCS.

Under rolling 10-year estimation with extended predictors, HAR produces only very limited
improvements: MAE falls slightly at h = 5 and h = 22, and MSFE at h = 22 is essentially
unchanged, while the remaining cells again display slightly higher losses. Hence, the additional
predictors do not generate a broad-based improvement in forecasting accuracy and may, in
some cases, add estimation noise rather than economically useful signal.

The relative performance of the nonlinear deterministic threshold models also changes lit-
tle under the extended predictor set. THAR and STHAR remain very close to HAR across
windows, horizons, and metrics, and they do not challenge either MSHAR. at short horizons
or ARFIMA at long horizons. The machine-learning models likewise fail to deliver systematic
gains. A few isolated cells show ML models matching or narrowly beating the leading econo-
metric specification—for example, LSTM is marginally best during the COVID episode at h = 1
under the expanding window, and some recurrent architectures remain competitive in a hand-
ful of yearly rows—but these exceptions do not alter the overall ranking. The broad lesson is
therefore the same as under the benchmark specification: nonlinearity per se is not sufficient,
and the form through which nonlinearity enters the model remains empirically decisive.

The episode-specific tables, although not reported in the paper for reasons of space, broadly
reinforce the full-sample interpretation and are available upon request. In the GFC, MSHAR
dominates at A = 1 and h = 5, whereas ARFIMA dominates at A = 22 under both windows and
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all three loss functions. The European sovereign debt episode delivers the same clean short-
versus long-horizon split, while the five-day horizon is mixed between MSHAR and ARFIMA
depending on the loss function and window. The COVID episode is the main exception: under
the expanding window, LSTM is preferred at h = 1, whereas ARFIMA clearly dominates at
h =5 and h = 22 under both window schemes. Finally, in the inflationary episode, MSHAR
again dominates at h = 1, ARFIMA dominates at h = 22, and the five-day horizon is mostly
favorable to MSHAR, with only minor exceptions under expanding-window QLIKE. These
episode patterns therefore reinforce the view that the main message is horizon-dependent rather

than episode-specific.

5.3 Do the main findings generalize to individual equities?

The preceding analysis establishes the relative forecasting performance of the models for ag-
gregate market volatility. An important question is whether the resulting conclusions reflect
features specific to index-level realized volatility or extend more broadly to the volatility dy-
namics of individual equities. We examine this question using the full set of 40 individual U.S.
equities available in the VOLARE stock file. This cross-sectional analysis provides a distinct
setting in which to assess the generality of the index-level findings, given the greater importance
of firm-specific information, idiosyncratic shocks, and heterogeneity in volatility dynamics at
the stock level. The S&P 500 remains the market-index series analyzed in the preceding sections
and is excluded from the cross-sectional aggregates reported here. Accordingly, the win shares,
MCS inclusion frequencies, loss ratios, and cross-sectional DM summaries in this section are
calculated exclusively across the 40 individual equities.

The stock-level design differs from the long-sample S&P 500 baseline in two respects. First,
the VOLARE stock histories begin in 2015, whereas the main S&P 500 analysis uses a sub-
stantially longer sample from 1996 to 2025. Second, because the individual-stock histories are
shorter, the rolling-window stock exercises use a 5-year estimation window rather than the 10-
year rolling window used in the long-sample S&P 500 analysis. The expanding-window and
rolling-window stock results should therefore be interpreted as evidence from a common 2015—
2025 individual-equity sample, not as direct replacements for the long historical market-index
results.

To make this distinction transparent, the Online Appendix reports a matched-sample S&P 500
analysis alongside the ticker-by-ticker stock results. Specifically, the appendix tables include the
S&P 500 under the same 20152025 design used for the individual equities, including the 5-year
rolling-window specification. These matched-sample S&P 500 results are not used when com-
puting the 40-stock cross-sectional summaries in the main text. Instead, they serve a separate
diagnostic purpose: they show whether the conclusions from the long-sample S&P 500 exer-

cise are sensitive to shortening the sample and changing the rolling-window length to match
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the stock-level design. The paper therefore contains two complementary S&P 500 compar-
isons: the main long-sample S&P 500 evidence based on 19962025, and the Online Appendix
matched-sample S&P 500 evidence based on the 2015-2025 stock-sample design.

The expanded stock-level exercise keeps the model comparison as close as possible to the
baseline forecasting analysis. For each stock, we estimate the same econometric and machine-
learning model classes and evaluate forecasts at horizons h = 1, h = 5, and h = 22 under
MSFE, MAE, and QLIKE losses. As in the baseline design, the HAR-type information set is
augmented with the same external predictors, and the high-dimensional predictor set used by
the machine-learning specifications is screened with the same Elastic Net protocol. All models
are estimated separately for each stock and evaluated using the stock’s available out-of-sample
realized-volatility observations.

The stock-level results are summarized in two steps. First, for each stock, window, hori-
zon, and loss function, we compute aligned full-sample losses and rank the competing models.
We then summarize the cross-section using win shares, average and median ranks, MCS inclu-
sion shares, and loss ratios relative to HAR and to the best econometric benchmark. Second,
we conduct ticker-level Diebold—Mariano comparisons for the machine-learning models relative
to HAR and relative to the best econometric benchmark. The full average-rank, win-count,
MCS-inclusion, loss-ratio, DM-summary, and ticker-by-ticker tables are reported in the Online
Appendix. Table 10 provides a compact main-text summary focused on the two leading econo-
metric specifications, MSHAR and ARFIMA, together with the cross-sectional DM evidence
for the best-performing machine-learning specification.

Several findings emerge. First, the stock-level results strongly reinforce the main S&P 500
evidence: the best-performing specifications are concentrated among the nonlinear and long-
memory econometric models rather than among the generic machine-learning architectures. At
the one-day horizon, MSHAR is the dominant model across individual equities. In Table 10,
MSHAR wins essentially all one-day comparisons across both estimation windows and all three
loss functions, while ARFIMA records no one-day wins. MSHAR also has median rank one at
h =1 in every window—loss combination and belongs to the MCS for all, or virtually all, stocks
at the one-day horizon.

Second, the horizon-specific pattern that appears in the market-index analysis is also clear
in the expanded stock-level evidence. MSHAR remains the leading specification at the five-day
horizon: its win share exceeds that of ARFIMA under both window schemes and all three
loss functions, and its median rank remains one. However, ARFIMA becomes the leading
model at the monthly horizon. At h = 22, ARFIMA has median rank one in every window—
loss combination and accounts for the large majority of stock-level wins. Its long-horizon win
share is especially high under MAE and QLIKE, where it wins close to or above 90 percent of

the stock-level comparisons in both expanding and rolling windows. This pattern supports the
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Table 10: Compact cross-sectional stock-level summary

Window Loss h=1

h=5

h =22

Panel A: Win share, MSHAR / ARFIMA

MSFE 97.5% / 0.0%
Expanding MAE 100.0% / 0.0%
QLIKE  100.0% / 0.0%
MSFE  100.0% / 0.0%
Rolling 5-year MAE 100.0% / 0.0%
QLIKE  100.0% / 0.0%

57.5% / 42.5%
75.0% / 25.0%
87.5% / 12.5%
60.0% / 40.0%
90.0% / 10.0%
95.0% / 5.0%

Panel B: MCS inclusion share, MSHAR / ARFIMA

100.0% / 77.5%
100.0% / 70.0%
100.0% / 55.0%

100.0% / 80.0%
100.0% / 70.0%
100.0% / 60.0%

1.000 / 2.000
1.000 / 2.000
1.000 / 2.000

1.000 / 2.000
1.000 / 2.000

MSFE 100.0% / 7.5%
Expanding MAE 100.0% / 0.0%
QLIKE 100.0% / 2.5%
MSFE  100.0% / 10.0%
Rolling 5-year MAE 100.0% / 0.0%
QLIKE 100.0% / 0.0%
Panel C: Median rank, MSHAR / ARFIMA
MSFE 1.000 / 9.000
Expanding MAE 1.000 / 10.000
QLIKE  1.000 / 10.000
MSFE 1.000 / 10.000
Rolling 5-year MAE 1.000 / 10.000
QLIKE  1.000 / 10.000

1.000 / 2.000

Panel D: DM summary, BEST_ML relative to HAR

20.0% / 80.0%
12.5% / 87.5%
10.0% / 90.0%

25.0% / 75.0%
5.0% / 95.0%
7.5% / 92.5%

100.0% / 97.5%
70.0% / 100.0%
95.0% / 97.5%

97.5% / 97.5%
52.5% / 97.5%
85.0% / 97.5%

2.000 / 1.000
2.000 / 1.000
2.000 / 1.000
2.000 / 1.000

2.000 / 1.000
2.000 / 1.000

MSFE 20.0 /0.0 /37.5 5.0/0.0/30.0 47.5 /2.5 / 15.0
Expanding MAE 12.5 /0.0 / 42.,5 30.0 /5.0 /175 65.0 / 17.5 / 17.5
QLIKE 25/0.0/625 5.0/0.0/525 30.0 / 2.5 / 25.0
MSFE 225 /25 /275 7.5/0.0/20.0 45.0 / 7.5 / 15.0
Rolling 5-year MAE  25.0 / 10.0 / 30.0 57.5/10.0 / 2.5 67.5 /175 /2.5
QLIKE 5.0/0.0/55.0 10.0/0.0/275 35.0/25 /175
Panel E: DM summary, BEST_ML relative to best econometric benchmark
MSFE 0.0/0.0/90.0 0.0/0.0/925 0.0/0.0/27.5
Expanding MAE 0.0/0.0/975 0.0/0.0/97.5 0.0 /0.0 /875
QLIKE 0.0/0.0/975 0.0/0.0/100.0 0.0 / 0.0 / 50.0
MSFE 0.0/0.0/950 0.0/0.0/85.0 0.0/0.0/375
Rolling 5-year MAE 0.0/00/975 00/00/975 0.0 /0.0 / 100.0
QLIKE 0.0 /0.0 /100.0 0.0 /0.0 /100.0 0.0 /0.0/62.5

Notes: Panels A-C report MSHAR / ARFIMA. Panels A and B report percentages; Panel C reports median
cross-sectional ranks, where lower ranks indicate lower loss. Panels D and E use the BEST_ML row from the
cross-sectional DM summaries. Each DM cell reports lower average loss / significantly lower loss / significantly
higher loss for BEST_ML relative to the indicated benchmark, in percent. The best econometric benchmark is
selected separately for each stock, window, horizon, and loss function from HAR, THAR, STHAR, MSHAR,
and ARFIMA. The cross-sectional stock summary is based on the 40 individual VOLARE stocks and excludes

the S&P 500 from the denominators.
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paper’s main interpretation: latent regime dependence is most useful for short-horizon volatility
dynamics, whereas fractional persistence becomes increasingly important as the forecast horizon
lengthens.

Third, the MCS evidence qualifies the simple win-count comparisons in a useful way.
MSHAR is included in the MCS for all stocks at h = 1 and h = 5, indicating that even
when another model has the lowest average loss for a particular stock, MSHAR is rarely sta-
tistically excluded from the superior set at short and medium horizons. ARFIMA, by contrast,
is included in the MCS much less often at A = 1, becomes more competitive at h = 5, and
is included for almost all stocks at A = 22. Thus, the MCS results do not merely reproduce
the win shares; they show that the econometric frontier shifts with the forecast horizon, from
a regime-switching HAR structure at short horizons toward long-memory dynamics at longer
horizons.

Fourth, the cross-sectional DM summaries show that the machine-learning models do not
displace the leading econometric specifications. Relative to HAR alone, the best machine-
learning model sometimes has lower average loss, particularly under MAE at longer horizons.
This indicates that the ML specifications can occasionally improve on a basic linear HAR bench-
mark. However, the stricter comparison is against the best econometric benchmark selected
separately for each stock, window, horizon, and loss function from HAR, THAR, STHAR,
MSHAR, and ARFIMA.® Under this comparison, the best ML model has a lower average loss
in none of the reported stock-level cells in Table 10, and it never significantly outperforms the
best econometric benchmark. In many cases, the best econometric benchmark significantly
outperforms the best ML model. This distinction is important: the relevant conclusion is not
simply that ML models fail to beat HAR in every setting, but rather that their apparent gains
relative to HAR disappear once the benchmark set includes nonlinear regime-dependent and
long-memory econometric alternatives.

In Table 11, we report median loss-ratios across 40 stocks with interquartile ranges under
rolling 5-year window estimation using MSFE loss. Results under MAE and QLIKE as well
as detailed results are are reported in Online Appendix I. The loss-ratio evidence in Table 11
and the Online Appendix as well as detailed out-of-sample losses by window, horizon, and loss
metrics in Online Appendix II confirm that these cross-sectional rankings are not driven only
by small numerical differences. Relative to HAR, MSHAR delivers the largest median loss
reductions at short horizons, whereas ARFIMA becomes increasingly favorable at the monthly
horizon. When losses are scaled by the best econometric benchmark selected separately for each
stock, window, horizon, and loss function, the machine-learning specifications do not display

systematic improvements. Thus, the magnitude evidence reinforces the same horizon-specific

8The best econometric benchmark is not fixed ex ante, but the selected benchmark is almost always MSHAR
at h = 1 and almost always ARFIMA at h = 22.
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Table 11: Cross-sectional loss ratios under rolling window using MSFE loss

Model

h=1

h=5

h =22

Panel A: Median loss ratio relative to HAR

HAR 1.000 [1.000,1.000] ~ 1.000 [1.000,1.000]  1.000 [1.000,1.000]
THAR 1.041 [1.011,1.073]  1.046 [1.021,1.072]  1.036 [1.013,1.072]
STHAR  1.053 [1.018,1.093]  1.039 [1.024,1.082]  1.028 [1.010,1.086]
MSHAR  0.588 [0.498,0.711]  0.634 [0.545,0.727]  0.644 [0.576,0.690]
ARFIMA  1.618 [1.231,2.380]  0.663 [0.609,0.746]  0.478 [0.442,0.551]
XGB 1.347 [1.164,1.579]  1.229 [1.104,1.365]  1.031 [0.994,1.082]
DNN 1.081 [1.034,1.197]  1.113 [1.055,1.193]  1.120 [1.080,1.285]
LSTM 1.347 [1.201,1.580]  1.123 [1.096,1.221]  1.043 [1.011,1.082]
LSTM-A  1.374 [1.202,1.552]  1.128 [1.081,1.219]  1.055 [1.030,1.105]
GRU-A  1.330[1.224,1.540] 1.110 [1.073,1.191]  1.049 [1.014,1.096]

Panel B: Median loss ratio

relative to best econometric benchmark

HAR 1.701 [1.406,2.007]  1.670 [1.597,1.836]  2.158 [1.903,2.262)
THAR 1.831 [1.473,2.168]  1.774 [1.686,1.969]  2.188 [1.990,2.447]
STHAR  1.869 [1.544,2.151]  1.785 [1.655,1.959]  2.183 [2.005,2.443]
MSHAR  1.000 [1.000,1.000]  1.000 [1.000,1.086]  1.319 [1.008,1.583]
ARFIMA  2.747 [2.175,3.771]  1.051 [1.000,1.364]  1.000 [1.000,1.003]
XGB 2.260 [1.923,2.696]  2.121 [1.937,2.431]  2.171 [1.965,2.418]
DNN 1.936 [1.518,2.490]  1.891 [1.717,2.174]  2.386 [2.125,2.808]
LSTM 2.209 [1.939,2.720]  2.007 [1.822,2.149]  2.216 [2.051,2.403]
LSTM-A  2.299 [1.988,2.736] 1.980 [1.871,2.171]  2.247 [2.032,2.412)]
GRU-A 2272 [2.007,2.721]  1.924 [1.794,2.126]  2.191 [2.025,2.403]

Notes: Entries report median loss ratios across stocks; interquartile ranges are in brackets. Ratios below one
indicate lower loss than the corresponding benchmark. The best econometric benchmark is selected separately
for each ticker, horizon, window, and metric from HAR, THAR, STHAR, MSHAR, and ARFIMA.

interpretation as the win-count, MCS, and DM summaries: latent regime dependence is most
useful at short horizons, while long-memory persistence is more important at longer horizons.

The matched-sample S&P 500 results in the Online Appendix provide an additional check
on the interpretation. Because those results use the same 2015-2025 sample span and the
same b-year rolling-window design as the individual stocks, they help separate two effects that
are otherwise confounded: the effect of moving from a long market-index sample to a shorter
common sample, and the effect of moving from the aggregate index to individual equities.
The appendix evidence shows whether the short-horizon MSHAR and long-horizon ARFIMA
pattern survives when the S&P 500 is placed on the same sample footing as the stock-level
exercise. We therefore use the matched-sample S&P 500 rows as a bridge between the main
long-sample S&P 500 analysis and the 40-stock cross-sectional analysis, while keeping the formal
stock cross-sectional summaries based only on individual equities.

Overall, the 40-stock exercise provides a stronger and more transparent robustness check
than the earlier selected-stock analysis. It removes the ad hoc nature of selecting a small number
of firms and evaluates the model rankings across the full individual-equity universe available in
the VOLARE stock file. At the same time, we interpret the results cautiously: the VOLARE
stock universe is a data-availability-based set of liquid U.S. equities rather than a random

sample of all listed firms. Within that universe, however, the evidence is clear. Moving from
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the S&P 500 to individual equities does not make the more flexible machine-learning models
systematically dominant. Instead, the stock-level evidence reinforces the central conclusion of
the paper: the most useful forms of complexity are economically structured forms of volatility
dependence—Ilatent regimes at short horizons and long memory at longer horizons—rather than

generic nonlinear prediction architectures.

6 Conclusion

This paper examines which representations of persistence and nonlinearity generate reliable
out-of-sample gains in realized-volatility forecasting and whether machine learning adds value
beyond econometric models designed to capture long memory and regime dependence. We
compare HAR, ARFIMA, THAR, STHAR, and MSHAR with XGBoost and several neural-
network architectures. The analysis covers a long S&P 500 sample and 40 individual U.S.
equities from VOLARE, using both realized-volatility history and an extended predictor set
selected by Elastic Net. Performance is evaluated using statistical losses, Diebold—Mariano
tests, Model Confidence Sets, realized utility, and VaR and expected-shortfall criteria.

The central finding is that forecast performance depends less on generic nonlinear flexibility
than on representing the volatility feature most relevant at a given horizon. MSHAR performs
most reliably at the one-day horizon, indicating that latent regime dependence contains use-
ful short-run predictive information. ARFIMA generally leads at the twenty-two-day horizon,
highlighting the importance of fractional persistence, while results at the five-day horizon are
more mixed. Thus, targeted representations of regime dependence and long memory are gen-
erally more effective than generic flexibility, with their relative value varying systematically
across horizons.

These rankings are broadly stable across expanding and rolling windows and across MSFE,
MAE, and QLIKE. HAR remains a useful and robust benchmark, but it does not define the
econometric forecasting frontier once ARFIMA and nonlinear HAR specifications are consid-
ered. ML models sometimes outperform HAR, but rarely displace the leading econometric
models. This distinction helps reconcile the apparent success of ML relative to HAR with its
weaker performance against a broader set of econometric benchmarks.

Expanding the information set does not materially alter this conclusion. Macro-financial,
uncertainty, sentiment, geopolitical-risk, factor, and return-asymmetry variables improve some
model-horizon combinations, but the gains are not sufficiently broad or stable to change the
overall rankings. The economic-value and tail-risk exercises yield less uniform results but
broadly reinforce the statistical evidence: realized utility preserves the horizon-dependent pat-
tern, and VaR and expected-shortfall comparisons provide no systematic evidence that ML

outperforms the leading econometric specifications.
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The cross-sectional results show that the main findings are not peculiar to aggregate S&P 500
volatility. Across 40 individual equities, MSHAR performs most strongly at the short horizon,
whereas ARFIMA becomes increasingly competitive and generally leads at the monthly horizon.
The best ML specification does not systematically outperform the best econometric model across
stocks, horizons, windows, and loss functions. Results for the matched-sample S&P 500 further
indicate that this pattern is not explained solely by shorter equity histories or 5-year rolling
windows.

A range of robustness exercises supports these conclusions. The principal rankings remain
intact under quarterly re-estimation, a log realized-volatility target, and a realized-kernel mea-
sure. Neural-network diagnostics and additional random initializations suggest that overfitting
or initialization instability is unlikely to explain the ML rankings. Moreover, comparisons with
corresponding TAQ measures show that the VOLARE series have similar distributional and
persistence properties and are highly correlated with TAQ, reducing concerns that the equity
results reflect peculiarities of the data source.

These findings should not be interpreted as evidence that MSHAR or ARFIMA represents
the true volatility-generating process, or that ML is inherently unsuitable for volatility forecast-
ing. Performance is conditional on the samples, predictors, architectures, and asset-by-asset
design considered here. ML may deliver larger gains with broader panels or richer order-book,
textual, options-based, or other high-dimensional information. Nevertheless, such gains should
be evaluated against econometric benchmarks that already capture the principal time-series
features of realized volatility, rather than against HAR alone.

The main implication is that interpretability and forecast accuracy need not conflict. Care-
fully structured econometric models can remain competitive with, and often outperform, more
flexible and computationally intensive alternatives. Useful structure is also horizon dependent:
latent regime variation is especially informative in the short run, whereas fractional persistence
matters more at longer horizons. Future research could use controlled simulations to iden-
tify when ML methods recover long-memory and regime-switching dynamics, develop hybrid
models combining these structures with flexible architectures, and examine whether pooling

information across assets allows ML to exploit common volatility dynamics more effectively.
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Appendices

A Robustness checks

A.1 Robustness to more frequent re-estimation under extended information

set

A natural concern is that the relatively weaker performance of some machine-learning models
may reflect infrequent parameter updating rather than limitations of the models themselves. To
address this issue, we re-estimate all models at a quarterly frequency while keeping the rolling-
window design, forecast horizons, predictor set, and Elastic Net screening protocol unchanged.
This exercise is intended to isolate the role of more frequent model updating relative to the
baseline yearly retraining scheme.

Table Al: Rolling-window robustness check under extended EN-screened predictor set: average QLIKE by
retraining frequency

Horizon HAR THAR STHAR MSHAR ARFIMA XGB MLP LSTM LSTM-A GRU-A

Panel A: Yearly retraining

h=1 0.583 0.584 0.585 0.575 0.760 0.585 0.586  0.585 0.586 0.584
h=5 0.623 0.627 0.627 0.601 0.596 0.633 0.629  0.630 0.631 0.629
h =22 0.674 0.678 0.678 0.624 0.593 0.685 0.699  0.698 0.711 0.699

Panel B: Quarterly retraining

h=1 0.580 0.581 0.581 0.575 1.667 0.583 0.583  0.584 0.583 0.582
h=5 0.624 0.629 0.628 0.601 0.594 0.633 0.628  0.631 0.628 0.627
h =22 0.681 0.687 0.687 0.632 0.594 0.682 0.703  0.709 0.725 0.721

Notes: Entries report the average rows from the rolling-window QLIKE tables under extended-information
set of predictors with Elastic Net screening. Panel A uses yearly retraining; Panel B uses quarterly retrain-
ing. Lower values indicate better forecasting performance. Bold-underlined entries denote the lowest average
QLIKE within each row. The full yearly and quarterly tables for MSFE, MAE, and QLIKE are reported in
the Online Appendix.

Table A1l summarizes the average rolling-window QLIKE results under yearly and quar-
terly retraining.” The most important finding is that increasing the retraining frequency does
not materially alter the qualitative ordering of the leading models. At the one-day horizon,
MSHAR remains the best-performing specification under both yearly and quarterly updating,
with average QLIKE equal to 0.575 in both cases. At the five-day horizon, ARFIMA remains
the best model, and its average QLIKE improves slightly from 0.596 under yearly retraining
to 0.594 under quarterly retraining. At the twenty-two-day horizon, ARFIMA again remains
the best specification, with average QLIKE essentially unchanged at 0.593-0.594. Thus, the

dominant conclusion from the baseline specification—namely that the strongest performance

9 Additional results are provided in online Appendix F.
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remains concentrated in the nonlinear econometric models at short horizons and in ARFIMA
at longer horizons—is robust to more frequent re-estimation.

The machine-learning models do not exhibit the kind of broad-based improvement that
would be needed to overturn the baseline ranking. At the short horizon, quarterly retraining
produces only very small changes in average QLIKE for MLP, LSTM, LSTM-A, and GRU-A,
and none of these changes is large enough to challenge the leading performance of MSHAR. At
the medium horizon, a few machine-learning specifications improve marginally, but the overall
ranking remains essentially unchanged and the best average performance continues to belong
to ARFIMA. At the long horizon, more frequent retraining likewise does not generate a sys-
tematic improvement in relative machine-learning performance; if anything, the longer-horizon
recurrent-network results remain slightly weaker than the leading econometric alternatives.

The broader quarterly results reported in the Online Appendix point to the same conclusion.
Across MSFE, MAE, and QLIKE, more frequent quarterly retraining produces only modest
changes in loss magnitudes and limited reshuffling among the middle-ranked models, while
leaving the identity of the strongest models largely intact. In particular, the quarterly results
do not suggest that the comparatively weaker performance of the machine-learning models
in the baseline exercise is mainly driven by yearly retraining. Rather, the evidence indicates
that the main performance differences across models are robust to increasing the frequency of
re-estimation.

Taken together, these findings imply that retraining frequency is not a first-order driver
of the main empirical conclusions. Quarterly re-estimation provides a useful robustness check,
but it does not materially change the relative standing of the main econometric and machine-

learning models under the extended information set.

A.2 Robustness to using log realized volatility

In order to assess whether the main conclusions depend on the scale of the forecasting tar-
get, we re-estimate models using log realized volatility as the target. We re-ran the rolling
extended-information set exercise using log realized volatility while keeping the information
set, forecast horizons, predictor-screening protocol, and yearly re-estimation design unchanged.
Table A2 compares the average rolling-window results under the baseline level target and the
log-transformed target.

The broad conclusions are robust to this transformation. At the one-day horizon, MSHAR
remains the best-performing specification under all three loss functions in both the level and
log-target exercises. At the twenty-two-day horizon, ARFIMA continues to dominate under
MSFE and QLIKE, while under MAE the comparison between ARFIMA and MSHAR be-
comes very tight, with MSHAR only marginally ahead under the log target. Thus, the main

qualitative pattern of the paper—namely that nonlinear econometric models dominate at short
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horizons and ARFIMA remains especially strong at longer horizons—is preserved under the log

specification.

Table A2: Rolling-window robustness check under extended EN-screened set of predictors: average losses for
level and log realized volatility targets

Horizon Target HAR THAR STHAR MSHAR ARFIMA XGB MLP LSTM LSTM-A GRU-A

Panel A: MSFE

he1 Level 0.086 0.085 0.086 0.053 0.156 0.104 0.082 0.100 0.100 0.093
Log 0.085 0.085 0.086 0.063 0.281 0.118 0.089 0.088 0.086 0.088
h—5 Level 0.166 0.173 0.174 0.099 0.103 0.210 0.176 0.193 0.194 0.188
Log 0.167 0.167 0.168 0.104 0.102 0.216  0.182 0.188 0.197 0.191
h— 22 Level 0.254 0.265 0.264 0.155 0.104 0.295 0.268 0.272 0.277 0.272
Log 0.253 0.264 0.263 0.166 0.135 0.286  0.280 0.290 0.291 0.267
Panel B: MAE
h=1 Level 0.172 0.174 0.174 0.151 0.262 0.180 0.181 0.182 0.183 0.177
Log 0.168 0.169 0.170 0.155 0.224 0.179 0.170  0.170 0.170 0.169
h—5 Level 0.240 0.245 0.244 0.201 0.193 0.259  0.255 0.249 0.250 0.248
Log 0.227 0.229 0.229 0.161 0.184 0.247 0.234  0.236 0.239 0.239
h =92 Level 0.303 0.314 0.313 0.241 0.191 0.321 0.311 0.299 0.303 0.303
Log 0.277 0.289 0.289 0.194 0.196 0.301  0.295 0.289 0.295 0.286
Panel C: QLIKE
h—1 Level 0.583 0.584 0.585 0.575 0.760 0.585 0.586 0.585 0.586 0.584
Log 0.582 0.581 0.582 0.573 0.599 0.586  0.582 0.583 0.583 0.582
he—5 Level 0.623 0.627 0.627 0.601 0.596 0.633 0.629 0.630 0.631 0.629
Log 0.623 0.625 0.624 0.582 0.590 0.635 0.627  0.629 0.630 0.628
h— 29 Level 0.674 0.678 0.678 0.624 0.593 0.685 0.699 0.698 0.711 0.699
Log 0.677 0.682 0.683 0.603 0.595 0.691 0.684 0.693 0.691 0.677

Notes: Entries report the average rows from the rolling-window extended-information set performance tables
with yearly retraining/re-estimation. “Level” denotes the baseline specification using realized volatility in
levels, while “Log” denotes the robustness check using log realized volatility as the forecasting target. Lower
values indicate better performance. Bold entries indicate the lowest average loss within each horizon-target
row. The full yearly and episode tables under the log-target specification are reported in the Online Appendix.

The main difference appears at the intermediate horizon. Under the baseline level target,
MSHAR is best under MSFE at h = 5, whereas ARFIMA is best under MAE and QLIKE.
Under the log target, this pattern shifts: ARFIMA becomes the best model under MSFE, while
MSHAR becomes the best model under MAFE and QLIKE. This change is economically modest
but indicates that the medium-horizon comparison between ARFIMA and MSHAR is somewhat
sensitive to the loss function once the target is log transformed. Importantly, however, the shift
occurs within the set of leading econometric models and does not alter the broader ranking of
model classes.

The machine-learning models do not exhibit a systematic improvement large enough to
overturn the baseline ordering. Their average losses move only modestly under the log transfor-
mation, and none of the machine-learning specifications becomes the best overall performer at
any horizon. Accordingly, the log-target robustness check does not support the view that the

baseline findings are an artifact of forecasting realized volatility in levels rather than logs. In-
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stead, it suggests that the principal conclusions are stable, with only limited reshuffling between

MSHAR and ARFIMA at the five-day horizon.'"

A.3 Robustness to alternative realized-volatility measure

A natural question is whether the model rankings depend on the particular realized-volatility
proxy used in the analysis. A consistently constructed realized-kernel series is not available for
the S&P 500 over the full 1996-2025 sample used in the main index-level exercise. We therefore
conduct the alternative-measure robustness analysis for the 40 individual equities, for which
VOLARE provides both the baseline five-minute realized-variance measure and a realized-kernel
measure over a common sample. Although this exercise does not provide an alternative-measure
comparison for the long-sample S&P 500 series, it offers a broad cross-sectional assessment
of whether the relative performance of the competing model classes is sensitive to realized-
volatility measurement. Specifically, we repeat the stock-level cross-sectional exercise using the
realized kernel as the forecasting target.'!

Table A3 summarizes the realized-kernel results. The qualitative message is unchanged.'?
At the one-day horizon, MSHAR remains the dominant specification across all three loss func-
tions. Its win share is 97.5% under MSFE and 100.0% under MAE and QLIKE, and it is
included in the 5% Model Confidence Set for all stocks and all loss functions. The median rank
of MSHAR is one under each loss, while ARFIMA performs poorly at this short horizon, with
median rank equal to ten under all three losses. This evidence is consistent with the baseline
conclusion that short-horizon stock volatility forecasts benefit most from allowing latent regime
dependence in the HAR dynamics.

The intermediate horizon continues to favor MSHAR, although ARFIMA becomes more
competitive. At h = 5, MSHAR has win shares of 95.0%, 92.5%, and 97.5% under MSFE, MAE,
and QLIKE, respectively, and is included in the MCS for all stocks under each loss. ARFIMA

obtains lower loss for a nontrivial subset of stocks at this horizon and has MCS inclusion

0The full rolling-window yearly and episode tables under the log-target specification are reported in online
Appendix G.

"The realized kernel is a high-frequency estimator of the ex post quadratic variation of prices that is designed
to remain robust in the presence of market microstructure noise. Unlike simple realized variance, which sums
squared intraday returns and can become biased when sampling too finely, the realized-kernel estimator combines
intraday return autocovariances using kernel weights,

H .
_ J ) )
RK; =70, + ;k(H T 1) (Vi +v=it),

where ~; ; denotes the j-th realized autocovariance of high-frequency returns on day ¢, k(-) is a kernel function,
and H is the bandwidth. The weighting of autocovariances provides a noise-robust estimate of daily integrated
variance (Barndorff-Nielsen et al., 2008, 2009).

12For brevity, we do not report full detailed tables under realized kernel-based measure. These detailed results
with ticker-by-ticker out-sample loss measures for all models with MCS test results are available upon request.
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Table A3: Compact cross-sectional stock-level summary: realized-kernel robustness

Window Loss h=1 h=5 h =22

Panel A: Win share, MSHAR / ARFIMA

MSFE  97.5% / 0.0%  95.0% / 40.0% 85.0% / 100.0%
Rolling 5-year MAE ~ 100.0% / 0.0%  92.5% / 60.0% 85.0% / 100.0%
QLIKE 100.0% / 0.0%  97.5% / 20.0% 85.0% / 100.0%

Panel B: MCS inclusion share, MSHAR / ARFIMA

MSFE 100.0% / 20.0% 100.0% / 80.0% 100.0% / 100.0%
Rolling 5-year MAE 100.0% / 0.0%  100.0% / 80.0% 90.0% / 100.0%

QLIKE 100.0% / 0.0% 100.0% / 60.0% 97.5% / 100.0%
Panel C: Median rank, MSHAR / ARFIMA

MSFE  1.000 / 10.000 1.000 / 2.000 1.000 / 1.000
Rolling 5-year MAE 1.000 / 10.000 1.000 / 1.000 1.000 / 1.000

QLIKE 1.000 / 10.000 1.000 / 2.000 1.000 / 1.000
Panel D: DM summary, BEST_ML relative to HAR

MSFE 12,5 /25 /525 7.5/0.0/20.0 425 /50 /75

Rolling 5-year MAE  20.0 /2.5 /57.5 47.5 /5.0 /2.5
QLIKE 7.5/0.0/70.0 15.0/0.0/35.0

65.0 / 27.5 / 2.5
32.5 /5.0 /125

Panel E: DM summary, BEST_ML relative to best econometric benchmark

MSFE 0.0 /0.0 /950 0.0/0.0 /950 2.5/ 0.0/ 52.5
Rolling 5-year MAE 0.0 /0.0 /975 0.0 /0.0 /97.5 2.5 /2.5 / 80.0
QLIKE 0.0 /0.0 / 100.0 0.0 / 0.0 / 100.0 2.5 /0.0 /57.5

Notes: The table reports the stock-level robustness exercise in which realized volatility is measured using
the realized-kernel variable rather than the baseline 5-minute realized-variance measure. Panels A—C report
MSHAR / ARFIMA. Panels A and B report percentages; Panel C reports median cross-sectional ranks, where
lower ranks indicate lower loss. Panels D and E use the BEST_ML row from the cross-sectional DM summaries.
Each DM cell reports lower average loss / significantly lower loss / significantly higher loss for BEST_ML
relative to the indicated benchmark, in percent. The best econometric benchmark is selected separately for
each stock, window, horizon, and loss function from HAR, THAR, STHAR, MSHAR, and ARFIMA. The
cross-sectional stock summary is based on the 40 individual VOLARE stocks and excludes the S&P 500 from
the denominators.
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shares of 80.0%, 80.0%, and 60.0% under MSFE, MAE, and QLIKE. Thus, the realized-kernel
exercise reproduces the same transition documented in the baseline results: regime-switching
HAR dynamics dominate at short horizons, while fractional long-memory dynamics become
increasingly relevant as the forecast horizon lengthens.

At the monthly horizon, the evidence points to a close role for MSHAR and ARFIMA.
ARFIMA has median rank one and 100.0% MCS inclusion under all three losses, while MSHAR
also has median rank one and remains in the MCS for 90.0% to 100.0% of stocks depending on
the loss function. The detailed loss-ratio tables reinforce this interpretation. Relative to HAR,
MSHAR has median loss ratios below one at all horizons and under all three losses. ARFIMA
is worse than HAR at h = 1 but improves on HAR at h = 5 and h = 22, with particularly
large gains at the monthly horizon. For example, as can be seen in Table A4, under MSFE the
median loss ratio relative to HAR is 0.620 for MSHAR at A = 1, while ARFIMA’s corresponding
ratio is 1.558; at h = 22, the ratios are 0.648 for MSHAR and 0.390 for ARFIMA. This pattern
confirms that the horizon-specific interpretation of the baseline results is not driven by the use
of the 5-minute realized-variance measure.

The realized-kernel results also leave unchanged the comparison between machine-learning
models and the stronger econometric benchmarks. The BEST_ML row shows that the best-
performing machine-learning model can improve on HAR for some stocks, especially at longer
horizons and under MAE. However, these improvements are not enough to overturn the econo-
metric ranking. Relative to the best econometric benchmark selected separately by stock,
horizon, and loss function, BEST_ML almost never delivers lower average loss: the share is
0.0% at h =1 and h = 5 for all losses, and only 2.5% at h = 22. In contrast, BEST_ML has
significantly higher loss than the best econometric benchmark for a large fraction of stocks,
ranging from 52.5% to 100.0% across horizons and loss functions. Thus, while flexible machine-
learning specifications can occasionally improve on the linear HAR benchmark, they do not
dominate the best econometric specifications once the comparison is made against models that
incorporate regime dependence or fractional integration.

Overall, the realized-kernel robustness exercise supports the same conclusions as the baseline
stock-level analysis. The evidence does not appear to be an artifact of measuring realized
volatility with 5-minute realized variance. Across an alternative realized-volatility proxy, the
dominant forecasting gains continue to come from parsimonious econometric structure: MSHAR
is strongest at short and intermediate horizons, ARFIMA becomes important at longer horizons,

and machine-learning models do not systematically improve on the best econometric benchmark.

A.4 Robustness of ML models results to number of seed ensembling

To address any concern that the neural-network results may be sensitive to the small number

of random initializations used in the baseline implementation, Table A5 compares the rolling
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Table A4: Cross-sectional loss ratios under rolling window using MSFE loss

Model

h=1

h=5

h =22

Panel A: Median loss ratio relative to HAR

HAR 1.000 [1.000,1.000] ~ 1.000 [1.000,1.000]  1.000 [1.000,1.000]
THAR 1.067 [1.012,1.102]  1.041 [1.021,1.070]  1.039 [1.018,1.097]
STHAR  1.065 [1.019,1.143]  1.046 [1.025,1.104]  1.050 [1.016,1.088]
MSHAR  0.620 [0.525,0.707]  0.661 [0.545,0.770]  0.648 [0.527,0.722]
ARFIMA  1.558 [1.177,2.459]  0.561 [0.548,0.639]  0.390 [0.348,0.422]
XGB 1.503 [1.203,1.703]  1.220 [1.096,1.411]  1.022 [1.012,1.067]
DNN 1.106 [1.068,1.267]  1.122 [1.074,1.222]  1.147 [1.075,1.311]
LSTM 1.459 [1.182,1.676]  1.142 [1.089,1.224]  1.041 [1.009,1.072]
LSTM-A  1.467 [1.248,1.788]  1.176 [1.101,1.275]  1.042 [1.019,1.093]
GRU-A 1434 [1.238,1.713]  1.144 [1.103,1.252]  1.047 [1.011,1.089)]

Panel B: Median loss ratio

relative to best econometric benchmark

HAR 1.613 [1.415,1.906]  1.561 [1.356,1.863]  1.580 [1.388,2.038)
THAR 1.662 [1.515,2.124]  1.622 [1.417,2.001]  1.762 [1.549,2.208]
STHAR  1.704 [1.544,2.088] 1.650 [1.406,2.052]  1.784 [1.569,2.233]
MSHAR  1.000 [1.000,1.000]  1.000 [1.000,1.000] 1.000 [1.000,1.000]
ARFIMA  2.638 [2.270,2.839]  1.038 [1.000,1.062]  1.000 [1.000,1.000]
XGB 2.295 [2.050,2.814]  2.007 [1.757,2.150]  1.695 [1.521,2.157]
DNN 1.834 [1.568,2.480]  1.806 [1.479,2.236]  2.062 [1.773,2.537]
LSTM 2.205 [2.025,2.779]  1.865 [1.623,2.195]  1.717 [1.474,2.198]
LSTM-A  2.233 [2.023,2.791]  1.926 [1.682,2.243]  1.693 [1.514,2.178]
GRU-A  2.260 [2.022,2.578]  1.809 [1.633,2.210]  1.699 [1.505,2.138]

Notes: Entries report median loss ratios across stocks; interquartile ranges are in brackets. Ratios below one
indicate lower loss than the corresponding benchmark. The best econometric benchmark is selected separately
for each ticker, horizon, window, and metric from HAR, THAR, STHAR, MSHAR, and ARFIMA.

five-year S&P 500 results at the one-day horizon under the baseline three-seed design and
an expanded design using 40 initial seeds for the machine-learning models. The econometric
forecasts are unchanged across the two designs and are included as benchmarks.

The results indicate that increasing the number of seeds does not alter the main ranking
MSHAR remains the lowest-loss model for MSFE, MAE, and QLIKE, and it

The machine-learning losses move

conclusions.
remains in the 5% MCS across all three loss functions.
somewhat across seed designs, as expected for stochastic training procedures, but the changes
do not lead any ML model to displace the best econometric benchmark. For example, the
expanded-seed design improves the MSFE of XGB and produces small improvements in several
neural-network MAE and QLIKE values, but the lowest losses continue to be delivered by
MSHAR. Thus, the evidence suggests that the paper’s main conclusions are not driven by the

use of a small number of random initializations in the baseline ML implementation.
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Table A5: Performance of ML models under small vs. large number of initial seed designs under rolling 5-year
window

Stock h HAR THAR STHAR MSHAR ARFIMA XGB MLP LSTM LSTM-A GRU-A
Panel A: MSFE

MSFE 0.116 0.123 0.135 0.097 0.232 0.162 0.119 0.147 0.170 0.160
No seeds=3 MAE 0.207 0.216 0.223 0.185 0.318 0.234 0.219 0.220 0.228 0.224
QLIKE 0.666 0.670 0.672 0.613 0.751 0.675 0.671 0.671 0.673 0.672
MSFE 0.116 0.123 0.135 0.097 0.232 0.157 0.115 0.148 0.168 0.156
No seeds= 40 MAE 0.207 0.216 0.223 0.185 0.318 0.229 0.213 0.219 0.225 0.220

QLIKE 0.666 0.670 0.672 0.613 0.751 0.667 0.664 0.664 0.666 0.665
Notes: Entries report average losses over the out-of-sample period 2020—2025 for S&P500 realized volatility
for the forecast horizon h = 1 day. The forecasting exercise is based on the extended predictor set with
EN screening specification. Rolling window starts with 2015-2019 as the initial estimation sample, while the
rolling specification uses a 5-year estimation window. Underlined entries indicate 5% MCS membership based
on aligned daily losses; bold-underlined entries denote the lowest loss among models in the MCS.
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B Forecasting Models: models, tests, and implementation specifics

B.1 Linear models
B.1.1 Heterogeneous Autoregressive (HAR) model

The HAR model of Corsi (2009) parsimoniously approximates the long-memory dynamics of
realized variance by regressing future realized volatility on rolling averages of past realized

volatility over daily, weekly, and monthly horizons:

Yernh = @+ 11 + BsTrs + B22Ur20 + €t (23)

where 7j; , = w™! > ie1 Yt—j+1 for w € {1,5,22}. The model is estimated by OLS, and the three
HAR averages serve as the forced-in regressors in the Elastic Net (EN) protocol (Section 3.5)

for the extended-information set variant.

B.1.2 ARFIMA model

Realized variance and its square-root transformation y; both exhibit long-range dependence
that the HAR model approximates through its multi-scale lag structure but does not explicitly
parameterize (Andersen et al., 2003; Baillie , 1996). The ARFIMA(p, d, ¢) model (Granger and
Joyeux , 1980; Hosking , 1981) provides an explicit fractional-integration framework for this

long memory. The model is

®(L) (1 - L) i = O(L)er, & ™ N(0,0%), (24)
where §; =y —p, ®(L) =1 — ¢ L — -+ — ¢pLP and O(L) = 1 + 61 L + --- + 6,L9 are the

AR and MA lag polynomials, and (1 — L)? is the fractional differencing operator with memory
parameter d € (—0.49,0.99). Values d € (0,0.5) correspond to stationary long memory, while
d € [0.5,1) allows near-integrated but mean-reverting dynamics. In the extended ARFIMAX

specification, EN-screened auxiliary predictors x; enter before fractional differencing;:

O(L)(1— L) (y — p— B'xs) = O(L) &4, (25)

with the ARMA lags serving as the forced-in block in the EN screen.'?

13We considered alternative ARFIMA specifications, including fixed choices of p and ¢ and specifications in
which the ARMA orders were selected by BIC over candidate values up to p = ¢ = 2. Based on log-likelihood
values, parameter estimates, AIC, BIC, and recursive forecasting diagnostics across training windows and infor-
mation sets, the parsimonious ARFIMA(O0, d, 1) specification was sufficient to capture both long-memory per-
sistence and short-run realized-volatility dynamics. We therefore use ARFIMA (0, d, 1) throughout the reported
analysis, both under the benchmark HAR information set and under the EN-screened extended predictor set.
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Estimation The fractional difference filter is approximated by its truncated Maclaurin expan-
sion, (1 — L)%z ~ Y b TkTt—k, Where mg = 1, m, = mp—1(k — 1 —d)/k for k > 1, and the
truncation lag is set adaptively as m = min(800, max(120, |[7"/2])) with T denoting the train-
ing sample size.!* The full parameter vector (d, ¢1,...,dp, 01, ...,04, 8, p,logo?) is estimated
by conditional maximum likelihood (CML) via numerical optimization of the Gaussian log-
likelihood evaluated from the recursively computed innovations. Stationarity and invertibility
of the ARMA component are enforced by a quadratic boundary penalty on the AR and MA
roots, added to the log-likelihood objective. Standard errors are obtained from the numerical

Hessian of the conditional log-likelihood at the optimum.

B.2 Observable Transition Regressions

The second econometric group consists of nonlinear HAR regressions in which the forecasting
relation changes with an observed transition variable. THAR allows sharp regime changes at
estimated threshold values, whereas STHAR allows coefficients to change smoothly through a
logistic transition function. The two models therefore represent different forms of observable
state dependence. To make the comparison disciplined, both models use the same pool of
transition-variable candidates and the same parsimonious division between regime-switching
and common-coefficient predictors.

Throughout the nonlinear HAR specifications, the regime-switching block is restricted to

the intercept and the daily HAR component,

X" = (L71)',

while the weekly and monthly HAR components enter as common-coefficient regressors. In the
extended-information-set, all EN-selected auxiliary predictors also enter through the common-
coefficient block. Thus, the nonlinear models differ in how regimes are defined—observed thresh-
olds, smooth observed transitions, or latent Markov states—but not in which predictors are

allowed to switch across regimes.

B.2.1 Threshold HAR (THAR) model

The THAR model (Hansen , 2000; Franses and van Dijk , 2000) partitions the sample into
m + 1 mutually exclusive regimes defined by m ordered thresholds ¢; < --- < ¢, on the

observed transition variable z;. Within each regime, only the intercept and the coefficient on

4The truncation rule follows standard practice (Baillie , 1996) and the conservative upper bound of 800 ensures
adequate approxiamtion for the range of d estimates obtained, typically in the range of 0.3-0.4.
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the daily HAR component are allowed to differ. The specification is

m+1
Yt+h = Z l(Zt S Rﬁ,@;x?w + 5/X§m + 5t+h> (26)
r=1
where R, = (¢—1,¢], with ¢g = —o0 and ¢p41 = +00. The vector x5V = (1,@71)’ contains

the regime-switching intercept and daily HAR component, while x{™ contains the weekly and
monthly HAR components and, in the extended-information set specification, any EN-selected
auxiliary predictors. Hence, the weekly, monthly, and auxiliary predictors are constrained to

. . =4
have common coefficients across regimes.!”

Estimation For a given threshold variable z; and threshold count m, the thresholds {¢,} are
estimated by sequential SSR minimization. At each sequential step, candidate threshold values
are restricted to the central [10,90] percentile range of z;, so that each tentative regime contains
a minimum number of observations. When m is not fixed a priori, BIC is minimized over
m € {0,1,..., M} for a specified maximum M. Conditional on the selected thresholds and
threshold variable, all coefficients are estimated jointly by OLS on the indicator-interacted

design matrix.

B.2.2 Smooth Transition HAR (STHAR) model

The STHAR model replaces the sharp regime changes of THAR with a continuous logistic
transition function (Terasvirta , 1994; van Dijk et al.; 2002). Using the same switching and

common-coefficient blocks as in the THAR specification, the model is
Yern = X"+ BX + G257, ¢) 6% + e, (27)

where
Glzv,e) = [1+exp{—(z— )}, 7>0, (28)

is the logistic transition function. The speed parameter v controls the sharpness of the tran-
sition: as v — oo, the transition approaches a threshold-type change, while as v — 0, the
model collapses to the corresponding linear HAR specification (see Granger and Terasvirta ,
1993; Terasvirta , 1994; Leybourne etal., 1998; Franses and van Dijk , 2000, for extensive dis-

15 As a robustness check, we also estimated less parsimonious THAR, STHAR, and MSHAR specifications in
which all HAR components were allowed to vary across regimes. The resulting forecasts were very similar to those
from the specifications reported in the paper, but the fully switching versions often produced imprecise coefficient
estimates, especially for the weekly and monthly HAR components. We therefore report the parsimonious
specification in which only the intercept and daily HAR component switch across regimes, while the weekly
and monthly HAR components enter with common coefficients. For comparability and parsimony, the nonlinear
specifications are restricted to two regimes: in THAR this corresponds to setting m = 1, in STHAR to a single
logistic transition function, and in MSHAR to a two-state Markov chain.
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cussions). The location parameter ¢ determines the midpoint of the transition. The effective
coefficient vector on the switching block is 8 when G = 0 and 3 + 8 when G = 1, with a
smooth continuum between the two regimes. As in THAR, the switching block consists only of
the intercept and daily HAR component, while the weekly, monthly, and EN-selected auxiliary

predictors enter with common coefficients.

FEstimation All parameters (a, 3, 6,7, ¢) are estimated jointly by minimizing the SSR (i.e. con-
ditional non-linear least squares as discussed in van Dijk et al., 2002). Initial values for the
nonlinear parameters (v, ¢) are obtained by a two-dimensional grid search: + is searched over
a geometric grid ranging from 0.01/6, to 25/6, (where &, is the training-sample standard de-
viation of z;), and c¢ is searched over a uniform grid spanning the central [10,90] percentile
range of z;. The grid pair achieving the lowest SSR initializes an L-BFGS-B refinement (Byrd
et al., 1995). The L-BFGS-B f refinement enforces box constraints to keep v within the grid
bounds and hence, maintains numerical stability. Conditional on the optimized (9, ¢), the lin-
ear parameters are recovered by OLS on the augmented design matrix [wy, xiV, Gy - xjV].
Heteroskedasticity-robust standard errors are computed from the linearized Jacobian of all pa-

rameters, including v and c.

B.2.3 Transition-variable candidates and linearity screening

For both THAR and STHAR, the transition variable is selected recursively within each training
window from a common pre-specified pool of RV-based candidates. In the current implemen-

tation, the active candidate set is

5) (22)}

_ (
Z = {er,h 2rv,25 Zrv,35 Zru,ds Zrv,5s Zry 19 Fry, 1

where the basic candidates are lagged percentage changes in realized variance,

RVi_g— RVi_q1
RV 41 ’

d=1,...,5, (29)

Zru,dit =

(22)

(5)
v rv,1

o1 and z

and z denote the corresponding 5-day and 22-day moving averages of 2., 1. More
generally, the code allows the transition-candidate set to be expanded through user-specified
additional columns, but in the baseline implementation reported here the search is restricted
to the RV-based candidates above.

The two nonlinear models use different linearity-screening procedures. For THAR, linearity
is assessed using a formal bootstrap sup-LR test of the null of a linear HAR model against
a one-threshold THAR alternative. Let SSRy denote the null-model sum of squared residuals

and let SSRi(z,c) denote the sum of squared residuals from the one-threshold model using
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candidate transition variable z and threshold value c¢. The test statistic is

SSRg
supLR = Zselg)c T10g<SSRl(z,c)) . (30)
Because the threshold is unidentified under the null, the finite-sample p-value is obtained by
wild bootstrap. In the empirical implementation, the bootstrap uses 499 replications and
Rademacher weights (Hansen , 1996). If the null is not rejected and the linearity gate is
activated, the model can be returned to the linear specification for that estimation window.
For STHAR, by contrast, the linearity screen is based on a Terésvirta-type test for smooth-
transition nonlinearity (Terasvirta , 1994). For each candidate z € Z, the linear benchmark is
augmented by auxiliary regressors formed from the switching block interacted with z;, 22, and
z}. The resulting LM and F statistics are computed candidate by candidate, and the transition
variable is selected according to the chosen screening rule. In the current implementation, the
decision is based on the LM p-value and the selected candidate is the one with the smallest p-
value. When the linearity screen is enabled, the STHAR model is then estimated either using the
test-selected transition variable or, if desired, by re-selecting the transition variable according
to the model-fit criterion (such as minimum SSR) within the smooth-transition specification
itself. Unlike THAR, therefore, the STHAR linearity screen is not based on the bootstrap

sup-LR test, but on a separate Terdsvirta-style smooth-transition test.

B.3 Latent Regime-Switching Regression
B.3.1 Markov-Switching HAR (MSHAR) model

The MSHAR model accommodates unobserved structural change in the realized-volatility pro-
cess by allowing the forecasting relation to depend on a latent state governed by a Markov chain
(Hamilton , 1989, 1994). Unlike THAR and STHAR, the regime at each date is not determined
by an observed transition variable; instead, it is inferred from the history of volatility through
filtered regime probabilities. To keep the specification comparable to the observable-transition
models, the same parsimonious switching block is used: only the intercept and the daily HAR
component are allowed to vary across latent states, while the weekly, monthly, and EN-selected
auxiliary predictors enter with common coefficients.

The two-regime specification is
Ytt+h = lstxiw + 8'x7™ + e44h, Evh | 8¢ ~ N(0, U?t), (31)

where s; € {1,2} is the latent regime indicator, x§* = (1,%, )", and x{™ contains the common-

coefficient regressors. The latent state follows a first-order homogeneous Markov chain with

67



transition probability matrix

P11 1—pn ) .
P = ( > ; pij = Pr(s; = j | si—1 = 1). (32)
1—p2  p2o

The predictor vector x; consists of the HAR block (¥ 1,¥; 5, Uz 22) in the benchmark specifica-
tion, or the corresponding semivariance components in the alternative variant, together with
any EN-screened auxiliary predictors in the extended model. A flexible parameterization allows

some coefficients to be common across regimes and others to be regime-specific.

Linearity test against Markov-switching alternatives Before estimating the nonlinear specifi-
cation, we also implement a linearity/constancy test of the linear HAR null against Markov-
switching alternatives. The procedure follows the logic of the score-type approach of Carrasco
et al. (2014), which is attractive in this setting because it avoids full estimation of the Markov-
switching model under the alternative hypothesis. Specifically, we first estimate the linear HAR
null and then construct a null-based score process for the subset of coefficients allowed to vary
across regimes. Let GGy denote the corresponding score vector under the linear null. The test ag-
gregates lagged score cross-products over a grid of persistence parameters p, yielding statistics

of the form )

L
TS(p) =T , (33)
/=1

1 T

¢

Pf E Gy ;—e
t=0+1

where || - || p denotes the Frobenius norm, so that || A||% = tr(A’A). Supremum- and exponential-

F

type statistics are then computed over the grid of p values. Because the finite-sample distri-
bution is nonstandard, p-values are obtained by a bootstrap carried out under the linear null.
Rejection of the null provides evidence in favor of regime-dependent dynamics and thus supports
the use of the MSHAR specification. In the empirical implementation, this test is computed
recursively in each training window and recorded as a diagnostic for model selection and inter-

pretation.

Estimation and forecasting Conditional on the selected specification, the MSHAR, model is es-
timated by maximum likelihood. The latent-state probabilities are updated recursively using
the Hamilton filter, and the fitted model delivers filtered regime probabilities for each date in
the estimation window. Out-of-sample forecasts are generated by appending the test-period
observations to the training sample and applying the filter with the training-window param-
eter estimates held fixed. The forecast for each test day is the regime-probability-weighted
conditional mean,

2
R A~ Al !
Uiy = g P(sy =1 | F;0)8,x3" + 6 xi™. (34)

r=1
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where F; denotes the information set available at date ¢ and 8 collects the parameter estimates
from the training window. This forecasting design preserves the real-time nature of the exercise,
since the regime probabilities used to form each prediction are conditioned only on data available

up to and including the forecast date.
B.4 Gradient Boosted Trees: XGBoost

B.4.1 Model.

Gradient boosted trees (Friedman , 2001; Chen and Guestrin , 2016) produce a forecast by ad-
ditively assembling K regression trees, each fitted sequentially to the negative gradient (pseudo-

residuals) of the current ensemble loss:

K
Jern =Y fe(xt), fr€F, (35)
k=1

where F is the space of regression trees. Fach tree is fitted using the histogram-based hist
split algorithm with the mean squared error objective. Complexity is controlled by capping tree
depth at dpax, imposing a minimum-child-weight threshold p on leaf nodes, and applying an
Lo leaf-score penalty A to the squared leaf weights. Relative to the linear econometric models,
XGBoost is attractive because it can capture nonlinearities and interactions among predictors

without imposing a specific parametric dynamic structure.

B.4.2 Implementation

Hyperparameters are selected by the CV procedure described above over the grid reported in
Table B1. The minimum split gain v = 0 and L; penalty o = 0 are fixed at their defaults
throughout. The final forecast for each test observation is the average of three independently
seeded fits.

B.5 Feedforward Neural Network

B.5.1 Model

The feedforward neural network is a single-hidden-layer multilayer perceptron (MLP) that maps
the standardized feature vector x; to a scalar forecast through one nonlinear hidden layer:
G+ = Wy Drop,(c(Wix + by)) + be, (36)

where Wy € R%>% is the hidden-layer weight matrix with d,, units, o(.) is the logistic sigmoid
activation and Drop,(-) is a dropout layer with rate p. The MLP serves as a flexible nonlinear

benchmark that can approximate complex interactions among predictors while treating the
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input at each forecast origin as a static feature vector (see, e.g., Cybenko , 1989; Goodfellow et
al., 2016).

B.5.2 Implementation

Weights are updated using the Adam optimizer (Kingma et al. , 2014) with Ly weight decay.
Overfitting is controlled by the three mechanisms described in Section B.7: a 20% validation
holdout, early stopping with patience 15 and maximum 200 epochs, and dropout. The hidden-
unit count d,,, learning rate 7, dropout rate p, and weight decay Ar, are all selected jointly by
CV.

B.6 Recurrent Neural Networks

B.6.1 LSTM

The single-layer LSTM (Hochreiter and Schmidhuber , 1997) processes each element of the
input sequence through input, forget, and output gates that regulate information flow into and

out of a cell state:

iy o
f, o he_1 .~
= W +b|, c=f0c_1+iyO¢, hr=0,0 tanh(Cg), (37)
Oy g Ty
Cy tanh

where o is the logistic sigmoid and ® denotes the Hadamard product. The LSTMs’ main
advantage is its ability to retain relevant information from earlier points in the sequence while
mitigating the vanishing-gradient problem (see also Goodfellow et al., 2016; Chung et al., 2014).
The forecast is produced by passing the final hidden state h; through a dropout layer and a
linear output head, ¢4 = WTDl“Opp(hL) +b.

B.6.2 LSTM with Additive Attention

Compressing all temporal information into the single vector h;, may be inadequate when the
relevant context is distributed across the entire window. The LSTM-Attention model augments
the LSTM with an additive attention mechanism (Bahdanau et al., 2015) that computes a
learned weighted average of all L hidden states H = (hy,...,hz):
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e =v' tanh(Wohy+b,), £=1,...,L, (38)
exp(e) L
Wy = L ’ C= 26:1 Wy hZa (39)
Zj:l exp(e;)
where W, € R%*dr and v € R% are learnable parameters. After the LSTM produces the
hidden-state sequence {h;_g11,...,h}, the attention layer forms a context vector as a weighted
average of these hidden states, with the weights determined endogenously from the data. This
allows the model to emphasize the most informative parts of the recent input history when
producing the volatility forecast. The context vector c is concatenated with the last hidden

state hy, before the output head,

gt-‘rh = W(—)rut Dropp([c H hLD + bouta (40)
so the output layer receives a 2dj,-dimensional input. The attention weights {wy} are averaged
across the OOS period and saved as a diagnostic on which lags in the context window receive
the greatest emphasis.

B.6.3 GRU with Additive Attention

The GRU (Cho et al., 2014) is a computationally lighter alternative to the LSTM that merges
the cell and hidden states and replaces the three LSTM gates with a reset gate ry, and an update

h,_ h,_
Xy Xy

h,_ -
Fee £1>, hy=(1—-12;)©hy 1 +2z ©hy.
Xy

gate zy:

(41)
flg = tanh (Wh

The GRU-Attention model applies the identical additive attention mechanism of equations
(38)—(40) to the GRU hidden states. The output head, training protocol, and hyperparameter
grid are identical to those of the LSTM-Attention; the attention projection dimension d, is
additionally searched over {16,32}.
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B.7 ML Models Implementation Details
B.7.1 Shared Implementation Protocol
B.7.2 Predictor construction and sequence formation.

XGBoost and the feedforward neural network use the feature vector x; at each forecast ori-
gin as a static predictor vector. The recurrent models instead use the ordered sequence
{Xt—1+1,.-.,%¢}, where L is the context length. Training sequences are constructed by a rolling
window over the standardized training data. For each test period, the last L — 1 observations
from the training sample are prepended to the test matrix. This bridge ensures that every
out-of-sample forecast is based on a complete context window and avoids a cold-start problem

for the first observations in each test period.

B.7.3 Predictor supply and standardization

Each ML model is estimated under the same two information sets used for the econometric
models. The benchmark variant uses only the HAR variables (¥; 1,5, 22). The extended
variant uses the auxiliary predictors selected by the Elastic Net protocol in Section 3.5. All
predictors are standardized within each recursive training window using only training-sample
moments; the same means and standard deviations are then applied to the corresponding
validation and test observations. This scaling rule avoids look-ahead bias and keeps the ML

and econometric exercises aligned.

B.7.4 Hyperparameter tuning

Hyperparameters are selected within each training window using five-fold time-series cross-
validation based on the TimeSeriesSplit scheme. The validation folds are ordered chronolog-
ically so that no future observation is used to tune a model for an earlier date. The tuning
objective is validation MSE. XGBoost and neural-network hyperparameters are searched over
the grids reported in Appendix Table B1. For the recurrent models, the sequence length L is
treated as a hyperparameter and searched over {5,22,66}.

Table B1 summarizes the default hyperparameter configurations and cross-validation search
grids for all five MLL models.

B.7.5 Multi-seed ensembling

All ML specifications are estimated independently under three random seeds, {1,2,3}. The out-
of-sample forecast is the arithmetic average of the seed-specific forecasts. For neural networks,
the seed affects weight initialization and dropout masks; for XGBoost, it affects the internal

random stream used in row and column subsampling. This light ensembling reduces forecast
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Table B1: Default configurations and hyperparameter search grids for the ML models. All grids are searched

exhaustively by 5-fold time-series CV with MSE as the tuning objective. Boldfaced values are the defaults used

when tuning is disabled.

Model Hyperparameter Default Search grid
Trees (K) 500 {50, 100, 300, 500, 600}
Max depth (dmax) 3 {2, 3, 4, 5}
Learning rate (n) 0.05 {0.03, 0.05, 0.10}
XGBoost Row subsample (§,) 1.0 {0.8, 1.0}
Col subsample (&) 1.0 {0.8, 1.0}
Min child weight (p) 1.0 {1.0, 5.0}
L, leaf penalty (M) 1.0 {1.0, 5.0}
Hidden units (d.,) 64 {32, 64, 128, 256}
MLP Learning rate (n) 1072 {1073, 5x 107}
Dropout rate (p) 0.10 {0.0, 0.10}
Weight decay (Ar,) 10~*% {1075, 10~}
Sequence length (L) 22 {5, 22, 66}
Hidden size (dy) 64 {32, 64, 128, 256}
LSTM Learning rate (1) 1073 {1073, 5x107*}
Dropout rate (p) 0.10 {0.0, 0.10}
Weight decay (Ar,) 107 {107°, 10~}
Sequence length (L) 22 {5, 22, 66}
Hidden size (dy) 64 {32, 64, 128, 256}
. Attention dim (d,) 32 {16, 32}
LSTM-Attention Learning rate (7) 1073 {1073, 5x107*}
Dropout rate (p) 0.10 {0.0, 0.10}
Weight decay (\r,) 1074 {107°, 107}
Sequence length (L) 22 {5, 22,,66}
Hidden size (dp) 64 {32, 64, 128, 256}
: Attention dim (d,) 32 {16, 32}
GRU-Attention Learning rate (n) 1073 {1072, 5x107*}
Dropout rate (p) 0.10 {0.0, 0.10}
Weight decay (\r,) 10~* {107°, 107}

Notes: All neural network models use the Adam optimizer (Kingma et al. , 2014),
MSE training loss, mini-batches of 128 observations in chronological order, early stop-
ping with patience 15 (maximum 200 epochs), a 20% validation holdout (minimum

100 observations), and three-seed ensembling over seeds {1, 2, 3}.
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variability arising from random initialization and stochastic training (Lakshminarayanan et al.
2017).

B.7.6 Overfitting control for neural networks

The neural-network models are implemented in PyTorch and use several safeguards against
overfitting. First, hyperparameters are selected by the time-series cross-validation procedure
described above, so that model capacity is chosen using only information available within each
recursive training window. Second, after the cross-validated hyperparameters are selected, the
final neural-network fit uses the most recent 20% of the training window, subject to a minimum
of 100 observations, as an internal validation sample for early stopping. Early stopping (Prechelt
, 1998) terminates training when validation loss fails to improve for 15 consecutive epochs, with
the maximum number of epochs capped at 200; before forecasting, the parameters are reset to
the checkpoint with the lowest validation loss. Third, dropout (Srivastava etal., 2014) and Lo
weight decay penalize overly complex fitted functions. Dropout rates, weight decay, learning
rates, and architecture-specific dimensions are selected jointly by time-series cross-validation.
Mini-batches are processed in chronological order without shuffling.

All neural-network specifications are intentionally parsimonious to control capacity in re-
cursive financial time-series samples. This design should not be interpreted as an attempt
to under-parameterize the ML benchmarks. Rather, it responds to the concern that deeper,
narrower architectures may be difficult to regularize when the effective sample size is limited
by strong persistence, sequence construction, validation splits, and the small number of stress
episodes. The MLP uses a single hidden layer with width selected by time-series cross-validation,
consistent with the universal-approximation result for sufficiently wide shallow networks (Cy-
benko , 1989; Hornik etal., 1989). The LSTM, LSTM-attention, and GRU-attention models
are also implemented with a single recurrent layer, so that temporal dependence is captured
through recurrent state dynamics and, where applicable, the attention mechanism rather than
through stacked recurrent depth. Model capacity is therefore controlled through cross-validated
hidden dimensions, sequence length, dropout, learning rate, Lo weight decay, early stopping,

and multi-seed averaging, rather than through additional hidden or recurrent layers.
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C Data, predictors, sample coverage, and summary statistics

for equities

C.1 Data and predictors

This appendix provides additional details on the predictors used in the extended-information set
specification and key relevant sample summary statistics.' The besaline information set con-
tains the standard HAR components, which summarize short-, weekly-, and monthly-horizon
realized-volatility persistence. The extended predictor set is designed to capture several eco-
nomically distinct channels that may affect future realized volatility: return asymmetry, option-
implied uncertainty, macroeconomic and monetary-policy conditions, policy uncertainty, news
sentiment, systemic financial stress, geopolitical risk, broad equity-market risk factors, and, in
the stock-level analysis, firm-specific trading activity.

The return-asymmetry variables are included because adverse returns are often associated
with stronger subsequent volatility responses than positive returns of similar magnitude. The
market-wide and macro-financial variables capture forward-looking risk appetite, business con-
ditions, the stance and slope of the yield curve, and uncertainty about policy and geopolitical
events. The Fama—French factors summarize broad equity-market risk conditions, while the
stock-specific volume and trade-count variables proxy for firm-level information arrival, investor
attention, and trading intensity. Table C1 summarizes the variables, definitions, economic in-
terpretation, and data sources.

All variables are aligned to the forecast-origin date. For horizon h € {1,5,22}, the target
is Y¢+n, while the HAR components and auxiliary predictors are measured using information
available no later than date ¢t. In particular, the HAR variables are computed at the forecast
origin: ¥;1 = Y, Y5 is the average over the most recent five trading days ending at ¢, and ;22
is the corresponding 22-day average ending at ¢. Thus, the HAR variables are contemporaneous

with the forecast origin but predetermined relative to the target yip.

C.2 Summary statistics for equities and matched S&P 500

Table C2 shows sample summary statistics for each of the 40 individual stocks plus the matched
S&P500 sample (2015-2025). Average realized volatility is generally higher for individual eq-
uities than for the matched S&P 500 series, reflecting the larger idiosyncratic component of
firm-level volatility. There is also meaningful cross-sectional heterogeneity: technology and
high-growth stocks such as AMD, TSLA, NVDA, and NFLX exhibit among the highest av-

16For expositional convenience, we refer to the baseline information set as the HAR information set. Un-
der ARFIMA, the benchmark specification is the univariate long-memory model; the ARFIMA-X specification
augments that structure with the same EN-screened auxiliary predictors used in the extended information set
exercises.
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Table C1: Description, relevance, and sources of variables

Variable Description Why relevant for RV forecast- Source
ing
Ui, 1-day moving average of realized Captures very short-run  LSEQ/FRB/VOLARE
volatility volatility persistence
Ut,5 5-day moving average of realized  Captures weekly volatility per- LSEQ/FRB/VOLARE
volatility sistence
Ut,22 22-day moving average of real- Captures monthly volatility LSEQ/FRB/VOLARE
ized volatility persistence and long-memory
behavior
L 1-day moving average of negative ~ Captures short-run asymmetric =~ LSEQ/FRB/VOLARE
log returns return-volatility effects
Topt 5-day moving average of negative  Captures medium-run asym- LSEQ/FRB/VOLARE
log returns metric return-volatility effects
Tt 22-day moving average of nega- Captures persistent downside- LSEQ/FRB/VOLARE
tive log returns risk effects
AT3M Daily change in 3-month Trea- Proxies for monetary-policy FRED
sury yield news and front-end rate condi-
tions
T10Y3M 10-year minus 3-month Treasury Captures the slope of the FRED
yield spread yield curve and broader macro-
financial conditions; ; may
help proxy expectations about
growth, policy, and recession
risk relevant for future volatil-
ity
log(VIXy) Log VIX index Measures forward-looking mar- CBOE / FRED
ket uncertainty and risk ap-
petite
ADS, Aruoba-Diebold—Scotti business Tracks high-frequency changes Philadelphia Fed
conditions index in aggregate business condi-
tions
log(EPU) Log Economic Policy Uncer- Captures policy-related uncer- Baker, Bloom, and
tainty index tainty affecting financial mar- Davis index
kets
NEW S, Daily News Sentiment Index Measures high-frequency news- Federal Reserve Bank
based economic sentiment of San Francisco
log(CISS:) Log U.S. Composite Indicator of Captures systemic financial ECB Data Portal
Systemic Stress stress across market segments
log(GPR{” ) Log AI-GPR index Captures geopolitical risk iden-  Tacoviello and Tong
tified from news text using AI  website / paper
methods
Rm_Rf: U.S. market excess return factor Measures broad equity-market Kenneth French Data
risk conditions Library
SM By Size factor Captures time variation in size- Kenneth French Data
related risk conditions Library
HML, Value factor Captures time variation in Kenneth French Data
value-growth risk conditions Library
RMW, Profitability factor Captures profitability-related Kenneth French Data
risk conditions Library
CMA,; Investment factor Captures  investment-related Kenneth French Data
risk conditions Library
Alog(Volume;)  Log daily change in trading vol- Proxies for firm-level informa- VOLARE
ume (stocks only) tion arrival and trading inten-
sity
Alog(Trades;) Log daily change in number of Proxies for investor activity VOLARE

trades (stocks only)

76nd market participation

Notes: The benchmark market RV series is based on 5-minute intraday S&P 500 data.

The stock-level

realized-volatility measures and stock-specific activity variables are obtained from the VOLARE database.
The U.S. New CISS series is the daily U.S. systemic-stress indicator provided by the ECB. The AI-GPR
variable is the daily Al-based geopolitical-risk index of Iacoviello and Tong (2026). The five Fama-French
factors are the market, size, value, profitability, and investment factors from Kenneth French’s Data Library.
The yield-curve slope is measured as the 10-year Treasury yield minus the 3-month Treasury yield. All
transformations are the authors’ own calculations. All non-HAR predictors are lagged by one day.



erage realized volatilities, while more defensive names such as KO, PG, JNJ, MCD, VZ, and
WMT are closer to the lower end of the distribution.

The realized-volatility series are strongly right-skewed and leptokurtic for all assets, consis-
tent with infrequent but large volatility spikes during stress episodes. The stock-specific activity
variables, measured as daily changes in log volume and log number of trades, have means close
to zero but nontrivial dispersion. This pattern is consistent with these variables capturing
short-run fluctuations in trading intensity and information arrival rather than persistent trends

in activity levels.

Table C2: Matched-sample stock and S&P 500 summary statistics

Asset RV mean RV std. RV skew. RV ex. kurt. AlogVol. mean AlogVol. std. AlogTrades mean AlogTrades std.
AAPL 1.264 0.675 3.396 20.960 -0.000 0.314 0.000 0.276
ADBE 1.477 0.720 2.623 12.892 -0.000 0.358 0.000 0.291
AMD 2.702 1.072 1.633 4.452 0.000 0.360 0.001 0.332
AMGN 1.340 0.727 6.315 75.473 -0.000 0.369 0.000 0.269
AMZN 1.511 1.037 5.485 57.354 0.001 0.332 0.001 0.300
AXP 1.240 0.719 3.835 25.105 -0.000 0.374 0.000 0.284
BA 1.628 1.088 4.835 44.670 0.000 0.401 0.000 0.350
CAT 1.406 0.638 3.232 20.838 -0.000 0.372 0.000 0.296
CRM 1.566 0.827 3.836 29.792 0.000 0.390 0.000 0.322
CSCO 1.129 0.598 4.973 42.576 -0.000 0.339 0.000 0.256
CVX 1.270 0.743 4.545 33.621 -0.000 0.323 0.000 0.244
DIS 1.219 0.684 3.537 21.900 0.000 0.366 0.000 0.302
GE 1.571 0.915 2.740 13.132 -0.001 0.360 -0.000 0.293
GOOGL 1.370 0.768 3.589 23.925 0.001 0.346 0.001 0.299
GS 1.343 0.647 4.240 33.210 -0.000 0.356 0.000 0.287
HD 1.162 0.673 5.591 51.790 -0.000 0.338 0.000 0.244
HON 1.059 0.620 5.290 50.171 0.000 0.354 0.000 0.264
IBM 1.063 0.568 4.062 28.453 -0.000 0.390 0.000 0.315
INJ 0.937 0.551 8.174 125.525 -0.000 0.337 0.000 0.245
JPM 1.189 0.656 4.646 36.500 -0.000 0.313 0.000 0.254
KO 0.880 0.492 6.013 60.165 -0.000 0.332 0.000 0.234
MCD 0.957 0.584 6.533 64.903 -0.000 0.341 0.000 0.254
META 1.563 0.779 2.259 10.504 -0.000 0.379 0.000 0.338
MMM 1.125 0.602 3.658 23.844 -0.000 0.369 0.000 0.266
MRK 1.134 0.543 3.888 27.535 0.000 0.359 0.000 0.263
MSFT 1.214 0.689 3.800 23.841 -0.000 0.315 0.000 0.262
NFLX 1.957 1.198 5.103 46.419 0.001 0.388 0.001 0.341
NKE 1.290 0.675 4.475 33.814 0.001 0.367 0.001 0.292
NVDA 2.111 1.015 2.221 8.612 0.001 0.331 0.002 0.315
ORCL 1.262 0.751 3.575 21.305 -0.000 0.357 0.000 0.283
PG 0.922 0.543 6.732 69.381 -0.000 0.335 0.000 0.227
PM 1.089 0.621 5.719 51.783 -0.000 0.362 0.000 0.267
SHW 1.302 0.681 4.649 39.360 0.000 0.374 0.001 0.275
TRV 1.094 0.581 4.479 36.869 -0.000 0.362 0.000 0.251
TSLA 2.553 1.232 2.556 11.232 0.001 0.349 0.001 0.357
UNH 1.294 0.695 4.017 28.165 0.000 0.364 0.001 0.280
A% 1.113 0.652 5.331 55.977 0.000 0.358 0.001 0.251
VZ 0.998 0.496 5.091 46.761 0.000 0.331 0.000 0.260
WMT 0.998 0.545 6.368 76.730 0.000 0.348 0.000 0.271
XOM 1.248 0.735 3.948 26.516 -0.000 0.303 0.000 0.236
S&P 500 0.870 0.640 4.250 31.547

Notes: The table reports the matched 2015-2025 sample. Realized volatility is measured as 100/ RV;, where
the stock realized-variance measure is the RV5 in the VOLARE dataset. The two stock-specific predictors are
daily changes in log volume and log number of trades.
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C.3 Sample coverage and forecast counts

Table C3 documents the effective estimation-sample sizes and out-of-sample forecast counts
used in the recursive forecasting exercise. Because all 40 individual equities share the same
matched sample dates and observation-count structure, the stock-level counts are reported
once rather than repeated separately for each ticker. The table also reports the corresponding
counts for the long-sample S&P 500 exercise to clarify differences in sample length and rolling-
window construction across the two applications. As explained in Section 3.3, the out-of-sample
evaluation sample is indexed by forecast-origin dates. For each trading day ¢ in a test year, the
models use information available at the forecast origin to predict y;+, and the forecast remains
assigned to the year containing ¢ even when the target date ¢ + h falls in the following calendar
year. The effective estimation sample is horizon specific: at each re-estimation date, a training
observation is included only if its associated target ;1 has already been realized, so that

no future target information enters model estimation. Accordingly, N, ()

train generaﬂy declines

with the forecast horizon. The number of valid out-of-sample forecasts, N(()h())sa is likewise
reported separately by horizon. These counts need not equal the number of observations in a
calendar year minus h and may differ across horizons because of target availability and complete-
case alignment of the predictor set, particularly near the end of the sample or when missing

observations propagate through rolling predictors.
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Table C3: Effective training-sample sizes and out-of-sample forecast counts

Test year

Expanding
N (1/5/22)

train

Rolling
N (1/5/22)

train

(1/5/22)
Noos

Panel A: 40 individual stocks, matched sample (expanding and rolling 5-year window)

2020 1,234 /1,230 / 1,213 1,234 / 1,230 / 1,213 253 / 253 / 253
2021 1,487 / 1,483 / 1,466 1,258 / 1,254 / 1,237 252 / 252 / 252
2022 1,739 / 1,735 / 1,718 1,258 / 1,254 / 1,237 251 / 251 / 251
2023 1,990 / 1,986 / 1,969 1,258 / 1,254 / 1,237 250 / 250 / 250
2024 2,240 / 2,236 / 2,219 1,257 / 1,253 / 1,236 250 / 250 / 250
2025 2,490 / 2,486 / 2,469 1,255 / 1,251 / 1,234 224 / 220 / 203
Total OOS - - 1,480 / 1,476 / 1,459

Panel B: S&P 500, long sample (expanding and rolling 10-year window)

2006 2,416 / 2,412 / 2,395 2,416 / 2,412 / 2,395 251 / 251 / 251
2007 2,667 / 2,663 / 2,646 2,468 / 2,464 / 2,447 251 / 251 / 251
2008 2,918 / 2,914 / 2,897 2,472 / 2,468 / 2,451 253 / 253 / 253
2009 3,171 / 3,167 / 3,150 2,480 / 2,476 / 2,459 252 / 252 / 252
2010 3,423 / 3,419 / 3,402 2,482 / 2478 / 2,461 252 / 252 / 252
2011 3,675 / 3,671 / 3,654 2,483 / 2,479 / 2,462 252 / 252 / 252
2012 3,927 / 3,923 / 3,906 2,512 / 2,508 / 2,491 250 / 250 / 250
2013 4,177 / 4,173 / 4,156 2,511 / 2,507 / 2,490 252 / 252 / 252
2014 4,429 / 4,425 / 4,408 2,513 / 2,509 / 2,492 252 / 252 / 252
2015 4,681 / 4,677 / 4,660 2,516 / 2,512 / 2,495 252 / 252 / 252
2016 4,933 / 4,929 / 4912 2,516 / 2,512 / 2,495 252 / 252 / 252
2017 5,185 / 5,181 / 5,164 2,517 / 2,513 / 2,496 251 / 251 / 251
2018 5,436 / 5,432 / 5,415 2,517 / 2,513 / 2,496 251 / 251 / 251
2019 5,687 / 5,683 / 5,666 2,515 / 2,511 / 2,494 247 / 247 / 246
2020 5,935 / 5,935 / 5,918 2,511 / 2,511 / 2,494 230 / 230 / 230
2021 6,164 / 6,160 / 6,142 2,488 / 2,484 / 2,466 252 / 252 / 252
2022 6,416 / 6,412 / 6,394 2,488 / 2,484 / 2,466 251 / 251 / 251
2023 6,667 / 6,663 / 6,645 2,489 / 2,485 / 2,467 236 / 236 / 236
2024 6,904 / 6,900 / 6,882 2,474 / 2,470 / 2,452 249 / 249 / 249
2025 7,153 / 7,149 / 7,131 2,471 / 2,468 / 2,450 224 / 220 / 203
Total OOS = - 4,960 / 4,955 / 4,937

Notes: Entries separated by slashes are reported in the order h = 1/5/22. Nt(rha)in is the effective number
of observations used to estimate the horizon-h model at the beginning of the corresponding test period.
The effective training sample is horizon specific: an origin-dated observation is retained for estimation only
when its associated target y:+n has been realized before the new out-of-sample period begins. Thus, the
reported training counts incorporate the horizon-specific target-availability embargo as well as the complete-
case alignment of the forecasting dataset. Nggs is the number of valid daily forecast-origin/target pairs
entering evaluation at horizon h. Evaluation years are indexed by forecast-origin date ¢, not by target date
t+ h. Accordingly, a forecast formed in year Y remains assigned to year Y even when its realization falls in the
following calendar year. The OOS counts are therefore not constructed as non-overlapping h-day blocks and
are not mechanically equal to the number of observations in a calendar year minus h. Counts can nevertheless
differ across horizons when complete-case alignment or future-target availability differs, particularly near the
end of the sample. Panel A reports the common matched-stock design using the AAPL count file as the
representative stock-level record. The stock forecasting exercise is evaluated over 2020-2025 under expanding
and rolling five-year windows. Panel B reports the long-sample S&P 500 exercise evaluated over 2006—2025
under expanding and rolling ten-year windows. The “Total OOS” row sums valid forecasts over the reported
test years; training counts are not summed because the recursive estimation windows overlap across test
periods.
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D Feature importance in ML models and parameter estimates

in econometric models

D.1 Feature importance and predictor selection in machine-learning models

To assess model explainability, this appendix summarizes how the machine-learning models
allocate importance across predictors under the rolling-window, yearly-retraining extended-
information set specification. For the neural-network models (MLP, LSTM, LSTM-A, and
GRU-A), feature importance is measured using mean SHAP importance aggregated across
re-estimation windows. For XGBoost, feature importance is measured using the gain-based
built-in importance metric, again aggregated across re-estimation windows. SHAP provides an
additive decomposition of a prediction into feature-level contributions and is therefore especially
useful for model explainability at both the local and global levels (Lundberg and Lee, 2017).
By contrast, XGBoost’s built-in importance is an internal tree-based diagnostic. Under the
default gain definition used by feature_importances_, a feature is important to the extent
that splits on that feature produce large average reductions in the objective function (XGBoost
Developers, 2025). Accordingly, the SHAP-based measures for the neural-network models and
the built-in XGBoost importance are not numerically identical objects, but both are informative
summaries of relative predictor relevance. In addition, we report predictor-inclusion frequencies
and average feature-rank heatmaps in order to summarize how often a predictor enters the final
training set and how highly it ranks within each model-horizon combination. The discussion
below focuses on the yearly rolling-window results reported in Figures D1-D4; qualitatively
similar patterns are obtained under the expanding-window specification, and those additional
figures are available upon request.

The main message is that the machine-learning models do not behave as black boxes in
the sense of relying on unstable or economically uninterpretable predictors. Instead, the same
broad set of variables repeatedly appears among the most important features across models and
horizons. In particular, log(VIX) is consistently one of the most important predictors across
all machine-learning architectures and forecast horizons; this is evident both from the horizon-
specific importance profiles in Figures D2-D4 and from the summary heatmaps in Figure D1.
The HAR persistence terms are also central, with ;1 and @5 especially prominent at short
and medium horizons, and ¥ 22 becoming relatively more important at the long horizon. At the
same time, the importance of broader macro-financial and sentiment variables rises with the
forecast horizon: NewsSInd, ADS, T'10Y3M, CISS, and several factor variables tend to rank
more highly at A = 22 than at h = 1; compare, in particular, Figures D2 and D4.

A second regularity is that short-horizon forecasts place comparatively greater weight on
asymmetric-return information. The negative-return aggregates, especially r_neg_avg_1, r_neg_avg_5,

and r_neg_avg_22, are selected frequently and often rank highly at h = 1 and, to a lesser ex-
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tent, at h = 5; see Figures D2 and D3. By contrast, their importance generally declines at the
22-day horizon, where the models place relatively more weight on longer-run HAR persistence
and macro-financial conditions. The term-structure and sentiment variables exhibit the oppo-
site pattern: they are present at shorter horizons but become more central at the medium and
long horizons, as can be seen by the stronger role of NewsSInd, ADS, T10Y3M, and CISS in
Figure D4.

These patterns are visible both in the horizon-specific bar charts and in the two heatmaps.
The predictor-inclusion heatmap in Figure D1 shows that a relatively stable subset of predictors—
especially log(VIX), HAR terms, and several macro-financial variables—enters the final train-
ing sets repeatedly across yearly rolling retrainings. The feature-rank heatmap in Figure D1
shows that the ordering of predictors changes systematically with the forecast horizon rather
than randomly across architectures. Taken together, Figures D1-D4 indicate that the machine-
learning models learn economically sensible relationships: near-term forecasts depend primarily
on short-run volatility persistence and current market conditions, whereas medium- and long-
horizon forecasts place greater weight on broader macro-financial and sentiment indicators. As
noted above, the corresponding figures under the expanding-window specification deliver the
same qualitative message and are available upon request.

Figure D1: Summary explainability diagnostics for machine-learning models under the rolling-window, yearly-
retraining extended-information set specification.

Feature-rank heatmap | Rolling | Yearly

(a) Predictor-inclusion frequencies across models and hori-

Zons (b) Average feature rank across models and horizons.

Notes: The left panel reports the fraction of re-estimation windows in which a predictor is included in the final
model. The right panel reports the average rank of each predictor within a given model-horizon combination,
where rank 1 denotes the most important predictor. For the neural-network models, ranks are based on mean
SHAP importance; for XGBoost, they are based on the built-in feature-importance measure.
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Figure D2: Mean feature importance at the 1-day horizon under the rolling-window, yearly-retraining extended-
information set specification. The neural-network bars are based on mean SHAP importance, while the XGBoost

bars use the model’s built-in feature-importance measure.
log(VIX), the short-run HAR terms, and asymmetric-return predictors.
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Figure D3: Mean feature importance at the 5-day horizon under the rolling-window, yearly-retraining extended-
information set specification. Relative to the 1-day horizon, short-run HAR persistence remains important, but
broader variables such as NewsSInd, ADS, CISS, and selected macro-financial indicators become more prominent.
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Figure D4: Mean feature importance at the 22-day horizon under the rolling-window, yearly-retraining extended
information-set specification. At the long horizon, the importance profile shifts further toward medium-run HAR
persistence and broader macro-financial and sentiment variables such as NewsSInd, ADS, T10Y3M, CISS, and
factor variables, although log(VIX) remains important across all models.
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D.2 Parameter estimates for econometric models

To provide additional transparency on the estimated econometric specifications, Table D1 re-
ports a representative set of parameter estimates for the rolling 10-year window, one-day-ahead
forecasts, and the 2025 test year. The table summarizes the HAR, THAR, STHAR, MSHAR,
and ARFIMA estimates using a common notation for the intercept and HAR coefficients, while
also reporting model-specific parameters such as threshold, transition, Markov-transition, and
long-memory parameters. The estimates are intended to illustrate the typical parameter magni-
tudes and the way regime dependence and long memory enter the forecasting models. Complete
yearly parameter estimates for all horizons, windows, and test periods are available upon re-

quest.
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Table D1: Parameter estimates for econometric models, rolling 10-year window, h = 1, test year 2025

Parameter HAR THAR STHAR MSHAR ARFIMA
0.067***  -0.015 -0.014 0.093***
Bo (0.019) (0.016) (0.028) (0.009)
0.117%%*  0.157**  0.485***
Bs (0.013) (0.065) (0.066)
0.507***  0.792%**  (.978%**  (.426***
81 (0.055)  (0.037)  (0.160)  (0.019)
0.527**%*  _(0.428*** (.928***
B (0.025)  (0.160)  (0.043)
0.377*%%  0.272%** (. 170%**  (.342%**
Bs (0.069) (0.035) (0.043) (0.027)
0.019 0.019 0.032 0.051%*
B22 (0.046) (0.024) (0.025) (0.021)
0.682%**
o (0.038)
0.301%***
d (0.011)
0.206***
0 (0.007)
-0.365
c -0.207 (0.247)
2.975%*
y (1.210)
0.973%**
P00 (0.005)
0.840%**
P10 (0.048)
pi1 =1—pio 0.160
0.044***
o2 (0.001) 0.089
Selected z¢ z_rv_1l z_rv_1

Notes: Entries are estimated using the rolling 10-year training
sample ending in 2024 and are associated with the 2025 out-of-
sample forecast period at horizon h = 1. HAC robust stan-
dard errors are reported in parentheses beneath coefficient esti-
mates. *, **, and *** denote significance at the 10%, 5%, and
1% levels. The notation By, 31, 85, and P22 refers to the inter-
cept and the coefficients on ¥:.1, ¥i,5, and ¢ 22, respectively. For
THAR and MSHAR, starred coefficients such as 83 and ] de-
note second-regime coefficients. For STHAR, 85 and 7 denote
smooth-transition increments to the intercept and daily HAR co-
efficient, so the limiting upper-regime coefficients are 8o + 85 and
61+ B7. For MSHAR, poo and p1o are the reported transition
probabilities; p11 is computed as 1 — pig.
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E Training/validation, early stopping, dropout diagnostics for

neural network models

To address the concern that the neural-network models may be prone to overfitting, we im-
plemented a common set of safeguards across the MLP, LSTM, LSTM-A, and GRU-A spec-
ifications. In each case, hyperparameter tuning is conducted by time-series cross-validation,
estimation uses dropout and Lo regularization, and training is monitored by validation loss
with early stopping; when validation loss ceases to improve for a fixed patience window, esti-
mation stops and the model parameters are reset to the best validation-loss checkpoint rather
than the final epoch. To document the realized training behavior, we compile diagnostics by
forecast origin and seed, including whether early stopping was triggered, the best stopping
epoch, the total number of epochs run, and the gap between the final and best validation loss.
These diagnostics are informative because pervasive overfitting would be expected to show up as
persistently late stopping, systematically widening train—validation gaps, and materially worse
validation behavior near the end of training.

Tables E1 and E2 summarize these diagnostics under extended-information set (EN screened
auxilary predictors). Several features are noteworthy. First, early stopping is triggered in
nearly all runs: under yearly retraining, the early-stopping rate is typically between 95 and
100 percent across models, windows, and horizons, and the quarterly rolling results show the
same pattern. Second, the median best epoch is generally well before the maximum number
of epochs run, which indicates that the stopping rule is active rather than simply allowing
estimation to continue to the epoch cap. Third, the mean deterioration in validation loss
between the final and best checkpoints, A,q;, remains small throughout, ranging from 0.0026
to 0.0380 under yearly retraining and from 0.0053 to 0.0243 under quarterly retraining. These
magnitudes imply that, even when training extends somewhat beyond the validation optimum,
the resulting deterioration in validation fit is modest rather than large. Results under HAR~only
predictors are qualitatively similar and are available upon request.

The loss-curve evidence in Figures E1 and E2 complements the tabular diagnostics. These
figures plot the mean training and validation losses across seeds for a representative case—yearly
retraining, h = 1, and test year 2025 (i.e., training/validation ending in 2024)—with one panel
for each neural-network architecture under the expanding and rolling windows, respectively.
The selected examples are representative: the qualitative behavior of the curves is similar
across other forecast origins and horizons. Across all eight panels, both training and validation
losses decline sharply during the early epochs, and the validation loss either flattens out or rises
only mildly once it reaches its minimum. Importantly, none of the panels displays the type
of pronounced and persistent divergence between training and validation loss that would be

expected under severe overfitting. Instead, the train—validation gap remains limited, and the
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Table E1: Summary training/validation and early stopping diagnostics for neural network models under yearly
retraining

Model Win. Hor. ES% Best ep. Run ep. Ayar
hl 98.3 54.5 69.5  0.0042

Expanding h5 100.0 42.0 57.0  0.0026

MLP h22 100.0 20.0 35.0 0.0121
hl 100.0 58.5 73.5 0.0078

Rolling h5 95.0 48.5 63.5 0.0037

h22 100.0 19.0 34.0 0.0117

hl 100.0 23.0 38.0 0.0139

Expanding h5 100.0 12.5 27.5 0.0143

GRU-A h22 100.0 3.0 18.0 0.0300
hl 100.0 38.5 53.5  0.0091

Rolling h5 100.0 9.5 24.5 0.0143

h22 100.0 6.0 21.0 0.0132

hl 100.0 28.5 43.5 0.0126

Expanding h5 100.0 14.0 29.0 0.0238

LSTM h22 100.0 5.0 20.0 0.0380
h1 100.0 44.0 59.0 0.0111

Rolling h5 100.0 7.5 22.5 0.0251

h22 100.0 5.0 20.0 0.0226

hl 100.0 28.0 43.0 0.0134

Expanding h5 100.0 14.0 29.0 0.0306

LSTM-A h22 100.0 4.0 19.0 0.0263
hl 100.0 41.5 56.5 0.0171

Rolling h5 96.7 8.0 23.0 0.0213

h22 100.0 5.0 20.0 0.0232

Notes: Each row summarizes diagnostics aggregated across fore-
cast origins and random seeds for the indicated model, window
setting, and forecast horizon. “% early stopped” is the share of
runs for which estimation terminated before the maximum epoch
limit. “Median best epoch” is the median epoch at which the
lowest validation loss was attained, while “Median epochs run” is
the median total number of epochs executed. The quantity Aya
denotes the mean of final validation loss minus the best valida-
tion loss, so values near zero indicate that training stopped close
to the validation optimum, whereas larger positive values indicate
that continuing to the final epoch would have worsened validation
performance, consistent with the logic of early stopping.
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Table E2: Summary training, validation and early stopping diagnostics for neural network models under quarterly
retraining)

Model Win. Hor. ES% Best ep. Run ep. Ayal
hl 100.0 44.0 59.0 0.0053
MLP Rolling h5 100.0 38.0 53.0 0.0061
h22 98.3 20.0 35.0 0.0166
hl 100.0 38.5 53.5 0.0101
GRU-A Rolling h5 100.0 10.0 25.0 0.0136
h22 100.0 6.0 21.0 0.0149
hl 100.0 34.0 49.0 0.0115
LSTM Rolling h5 100.0 10.0 25.0 0.0243
h22 100.0 6.0 21.0 0.0228
hl 100.0 41.0 56.0 0.0113
LSTM-A  Rolling hb 100.0 10.0 25.0 0.0198
h22 100.0 7.0 22.0 0.0216

Notes: See, notes for Table E1.

mild late-epoch increases in validation loss are precisely the cases that the early-stopping rule
is designed to handle by restoring the best checkpoint rather than retaining the final one.

The graphical evidence is especially informative for understanding why the neural-network
results should not be interpreted as artifacts of uncontrolled overfitting. In the rolling-window
examples, the training and validation curves become very close once losses have stabilized, in-
dicating that the models are not continuing to fit the training sample at the expense of sharply
worse validation performance. In the expanding-window examples, the train—validation gap
is somewhat larger in some panels, but the validation loss still remains stable and the post-
minimum deterioration is gradual rather than abrupt. Taken together with the high incidence
of early stopping and the small values of A,,, these patterns indicate that the implemented
regularization and stopping rules are functioning as intended. Accordingly, the relatively weaker
out-of-sample performance of the neural-network models cannot be attributed simply to un-
controlled overfitting in training; instead, it appears to reflect genuine differences in predictive

performance relative to the leading econometric specifications.
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Figure E1: Mean training and validation loss across seeds under the expanding window, yearly retraining, h = 1,
test year 2025.
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Figure E2: Mean training and validation loss across seeds under the rolling window, yearly retraining, h = 1,
test year 2025.
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