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Abstract

This paper provides an analytic characterization of the speed of convergence under

learning to a rational expectations equilibrium (REE) for a large class of multivariate

models. We show that learning is slower when people’s beliefs about model outcomes

are more self-fulfilling. The paper also investigates which features of a model economy

make beliefs more self-fulfilling, using variants of the simple new-Keynesian model and

a medium-scale DSGE model. For empirically plausible specifications of these models,

convergence of a learning equilibrium to the REE is so slow that analysis based on

rational expectations can be misleading.
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1 Introduction

The founders of the rational expectations (RE) revolution thought that, to be useful, ra-

tional expectations equilibria (REE) must be the outcome of learning equilibria.1 While

convergence to an REE may be a necessary condition for rational expectations to be a useful

model of expectations, it is not sufficient. As Vives (1993) stresses, in a changing world, for

all practical purposes, “‘slow’ convergence may mean no convergence.” The critical issue is

whether the speed of convergence is fast enough to render RE a useful guide for normative

and positive analyses. In this paper, we characterize, for a large class of models, the speed

of convergence of a learning equilibrium to an REE.

We depart from the RE framework and assume that people learn about their environment

by forming beliefs about future economic outcomes and updating those beliefs as data ar-

rive. We analytically characterize the speed of convergence in a broad class of non-stochastic

learning models. The models that we consider have two important characteristics. First, peo-

ple learn using either standard Bayesian methods or least-squares. Second, people’s beliefs

about model outcomes are central determinants of equilibrium outcomes. We demonstrate

that our results can be applied to a broad class of macroeconomic models that are solved

using linearization methods. This class includes medium-scale dynamic stochastic general

equilibrium (DSGE) models with shocks, like Christiano et al. (2005) (hereafter, CEE).

An important contribution of this paper is to provide a formal characterization of the

asymptotic rate of convergence for a broad class of nonlinear, non-stochastic multivariate

learning models studied in Evans and Honkapohja (2000). Proposition 1 of this paper shows

that a particular scalar statistic, b, of the system determines the asymptotic speed of conver-

gence to an REE. That parameter, which also determines the E-stability of an REE (b < 1),

can be calculated from the model solution (see Evans and Honkapohja (2000) for a discussion

of E-stability). A model exhibits slow learning when b is less than but close to unity. We

investigate the economic determinants of b, i.e., whether learning is fast or slow.

Our central finding is that, in empirically plausible new-Keynesian (NK) models, learning

equilibria converge slowly to REE. Indeed, learning can be extraordinarily slow. We develop

an asymptotically valid formula that depends only on b which approximates the time required

to close a given fraction of the gap between initial and RE beliefs. Using simulations, we show

that our formula is quite accurate for all the models considered. In the simple NK model,

1For example, in his seminal paper on asset pricing, Lucas (1978) writes ‘....the model described above
“assumes” that people know a great deal about the structure of the economy, and perform some non-routine
computations. It is in order to ask, then: will an economy with people armed with “sensible” rules-of-
thumb, revising these rules from time to time so as to claim observed rents, tend as time passes to behave
as described....’
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when wages and prices are sticky, progress to the REE is measured in decades.2 An even

stronger result holds for the benchmark DSGE model developed in Christiano et al. (2005):

meaningful convergence to the REE is measured in centuries. Even more dramatically, in

the simple NK model, when the zero lower bound (ZLB) is binding, progress is measured in

millennia. We argue that stickiness in wages and the parameters of the monetary policy are

the critical determinants of the speed of convergence.

The intuition behind our results is that people’s beliefs influence actual economic out-

comes. For example, suppose people revise their expectations of future inflation upward.

Wage setters, recognizing they would like higher nominal wages in the future, have an in-

centive to front-load those increases when wage stickiness is present. By increasing nominal

marginal cost, this rise in the current wage exerts upward pressure on current inflation. In

effect, sticky wages make inflation expectations at least partially self-fulfilling, much like in

the wage-price spiral literature (see Blanchard (1986)). The more self-fulfilling expectations

are, the slower people are to abandon initial priors (the higher is b) and the longer it takes

for expectations to converge. Monetary policy also plays an important role. The more (less)

aggressive the monetary authority’s response to inflation (the output gap), the less likely it

is that inflation expectations will be self-fulfilling.

Sections 5 and 6 analyze the robustness of our key conclusions to a variety of perturba-

tions. First, as noted above, those conclusions hold in empirically plausible DSGE models

like the model of Christiano et al. (2005).3 Second, we consider the speed of learning when

nominal rigidities arise from Rotemberg rather than Calvo-style nominal rigidities. Under

RE, Calvo-style and Rotemberg-style nominal rigidities are equivalent in a first-order approx-

imation to the model.4 However, they need not be equivalent in a learning equilibrium. As it

turns out, our key results about the speed of learning are robust across the two different ways

of modeling nominal rigidities. Third, our results are robust to whether or not the zero lower

bound (ZLB) on the nominal interest rate is binding. Fourth, we show that our results are

robust to whether people solve their problems using a version of Kreps (1998)’s anticipated

utility (our benchmark analysis) or internally rational learning. In the anticipated utility

framework, people update their beliefs at each period as new data comes in. But when they

make their decisions, they proceed as though their beliefs will never be revised.5 Under

internally rational learning, people fully integrate the fact that they are learning when they

2In this model there is no capital, no habit persistence in consumption, and a static Taylor rule.
3The nonlinear model underlying Smets and Wouters (2007) is the same as Christiano et al. (2005) up

to the specification of shocks, so our DSGE results also apply to that model. This is consistent with our
conclusion that learning is slow in estimated, empirically plausible NK models.

4See, for example, Born and Pfeifer (2020).
5This approach has been criticized for its internal inconsistency (see Adam and Marcet (2011)). See also,

Adam et al. (2017), Adam and Merkel (2019), Winkler (2020), and Caines and Winkler (2021).
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solve their problems, i.e., households and firms are internally rational in the sense defined

by Adam and Marcet (2011). Implementing internal rationality in the model’s nonlinear so-

lution is computationally challenging.6 The associated computational burden explains why

much of the learning literature works with a version of Kreps (1998)’s anticipated utility

approach. Because of computational challenges, we investigate the implications of the two

different learning models using the full nonlinear solution to the simple NK model when the

ZLB is binding. Fifth, we demonstrate that our results are robust to whether we work with

the fully nonlinear or linear approximations to model solutions. Again, for computational

reasons it is difficult to work with a fully nonlinear version of the DSGE model in Christiano

et al. (2005). So we use the simple NK model when the ZLB is binding. In the linear and

nonlinear versions of that model, the speed of convergence to the REE is very slow.

Section 7 analyzes the impact of learning on how fiscal and monetary policies impact

the economy. We show that the speed of convergence plays a crucial role in assessing the

efficacy of government policies, such as increases in government purchases. These results are

most stark in the simple NK model when the ZLB is binding.7 We make this case using

a nonlinear version of the NK model in which only prices are sticky. This model has been

widely used in the literature that analyzes the effect government purchases when the ZLB

is binding. In the model we consider, the effects of a rise in government purchases are much

smaller under learning than under RE. Under RE, the government spending multiplier is

very large when the ZLB binds because an increase in government purchases raises expected

inflation (see Christiano et al. (2011)). Because the nominal interest rate is fixed, this rise

generates a fall in the real interest rate, a rise in consumption, and a multiplier substantially

larger than unity. In the learning model, expected inflation is partially backward-looking

and changes little after an increase in government purchases. So, the real interest rate does

not fall by very much, the key driver of the large REE multiplier is effectively eliminated,

and the multiplier is close to unity.

We also consider the effects of monetary policy in the form of forward guidance when

the ZLB is binding. To convey intuition as transparently as possible, we consider a simple

form of forward guidance: the monetary authority commits to keeping the nominal interest

rate at zero for one period after the shock that makes the ZLB binding returns to its steady-

state level. Consistent with the existing literature (for example, Farhi and Werning (2019),

Del Negro et al. (2023), and Woodford (2012)), we find that even this simple form of forward

guidance is powerful under RE. As is well known, the power of forward guidance under RE

reflects its strong effect on expected inflation. Under learning, expectations are partially

6See Appendix F for details.
7See, for example, Eggertsson and Woodford (2003), Christiano et al. (2011), and Del Negro et al. (2023).
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backward-looking, and forward guidance is not very powerful. So, as with fiscal policy, an

REE-based analysis of monetary policy can be very misleading.

The models we work with have multiple REEs. Benhabib et al. (2001b) document that

NK models have two REE steady states. In one steady state the ZLB is binding, in the other

it is not. Mertens and Ravn (2014) and Bilbiie (2022) discuss ZLB REEs that are caused

by nonfundamental shocks. Throughout our paper, when we use linear approximations of

the model, we focus on learning equilibria that are local to E-stable REEs.8 We do so for

three reasons. First, E-stable REEs are the most-commonly studied in the related literature.

Second, a full treatment of equilibrium multiplicity in the NK model is beyond the scope of

this paper. Third, we find that learning can be very slow, even in learning equilibria that are

local to E-stable REEs. This finding poses a challenge to policy analyses based on E-stable

REEs that are the focus of the literature. We discuss equilibrium multiplicity in Appendix

G.

The remainder of this paper is organized as follows. Section 2 discusses the relationship

of our paper to the related literature. Section 3 presents our theoretical results regarding

the speed of convergence to an REE. Section 4 analyzes the speed of convergence in the

simple NK model when the ZLB is not binding. Section 5 analyzes the speed of convergence

in the CEE model when the ZLB is not binding. Section 6 discusses the robustness of our

analysis, including linear and nonlinear versions of the simple NK model when the ZLB is

binding, and versions of the model under anticipated utility and internally rational learning.

Section 7 considers whether learning matters for policy analysis. Finally, section 8 contains

concluding remarks.

2 Related Literature

Our paper is related to several literatures. First, a large literature studies the properties

of recursive estimators in learning models with decreasing gain.9 Ljung (1977) establishes

almost sure convergence. Marcet and Sargent (1989b; 1989a), Woodford (1990), Evans and

Honkapohja (2000; 2001), and others build on Ljung (1977) to study the conditions under

which learning equilibria converge to an REE. In contrast, we study the speed at which

learning occurs. Marcet and Sargent (1995) study the speed of convergence using numerical

8We study minimum-state-variable equilibria. McCallum (1983) offers arguments in favor of focusing on
minimum-state-variable equilibria. See Arifovic et al. (2018) for a different approach to learning under which
the ZLB steady state is stable under learning. See Eusepi (2005) for a discussion of learning equilibria that
converge to cycles.

9Another branch of the literature studies the properties of recursive estimators in learning models with
constant gain. See, for example, Marcet and Nicolini (2003). We focus on decreasing gain because it arises
naturally in the context of Bayesian learning about parameters.
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methods. In contrast, we provide analytic results for a large class of models. In addition,

our numerical results pertain to a class of empirically plausible DSGE models.

We work in a nonstochastic environment in which it is natural to focus on the rate of

convergence of deterministic sequences. The stochastic approximation literature focuses on

convergence in distribution. Benveniste et al. (1990) show that t1/2θt converges to a Normal

distribution with mean zero for b < 1/2.10 Christopeit and Massmann (2018) provide a

derivation of the speed of convergence in distribution of a learning equilibrium for b ∈ [1/2, 1).

They do so for a scalar linear regression model. Their theoretical results do not, in general,

hold for nonlinear, multivariate environments. We provide multivariate, nonstochastic results

on the speed of convergence of θt for b < 1 and apply them to the nonlinear NK model.

A third literature examines the speed of convergence in the simple NK model (see, e.g.,

Ferrero (2007)). We study rates of convergence in a range of models, including an empirically

plausible medium-sized DSGE model. Additionally, Ferrero (2007) uses the Euler equation

approach to learning.11 We consider that approach to learning as well as the anticipated

utility and internally rational approaches. In contrast to Ferrero (2007), we also study

convergence rates in linear and nonlinear versions of the NK model when the ZLB is binding.

Heemeijer et al. (2009) and Hommes (2011) study positive and negative feedback loops

from expectations to outcomes using laboratory experiments and univariate models with

constant gain. Their results provide experimental support for the class of learning models

considered in this paper.

A different literature assumes that people have RE and studies how people form beliefs

about exogenous variables when they have imperfect information. For example, Vives (1993)

asks: how quickly do people’s beliefs about an exogenous cost parameter converge? Other

authors like Erceg and Levin (2003), Gust et al. (2018), and Farmer et al. (2024) study how

people draw inferences about the movements in the unobserved transitory and persistent

components of an exogenous variable. In contrast, we study convergence rates for beliefs

about objects whose values depend on those beliefs. Other papers that study the dynamic

10Evans and Honkapohja (2001) discuss the speed of convergence in Chapter 7 of their book. They cite
Benveniste et al. (1990) regarding the rate of convergence of the stochastic learning algorithm to a non-
degenerate random variable for the case of b < 1/2. Evans and Honkapohja (2001) return to the speed of
convergence in Chapter 15.2. There, they cite Marcet and Sargent (1995) for simulation results that imply
learning can be very slow when [1/2 < b < 1).

11See Evans (2021) for a discussion of the Euler-equation approach to learning and Adam and Marcet
(2011) for a critique of that approach. An earlier version of our paper (Christiano et al. (2018)) followed the
Euler-equation approach to learning models (not the anticipated utility or the internally rational approaches
to learning). See Eusepi and Preston (2018) for a discussion of different approaches to learning. Our current
approach is more natural in models where people solve infinite-horizon optimization problems and learn by
Bayesian updating. Different approaches to learning can imply different speeds of learning (see Appendix C
for a discussion of the speed of learning under different assumptions).
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properties of Bayesian learning with incomplete or noisy information include Collin-Dufresne

et al. (2016) and Angeletos and Laó (2020). In this paper, we consider learning equilibria

along the lines of those studied in, for example, Eusepi and Preston (2018), and characterize

the rate of convergence of beliefs.

Another literature studies the policy implications of learning when the ZLB is binding.

Evans et al. (2008) study the effects of fiscal policy and alternative money supply rules for

Euler-equation learning equilibria when the ZLB is binding. Eusepi (2010) shows that central

bank communication can have an important impact on Euler-equation learning equilibria

when the ZLB is binding. Benhabib et al. (2014) and Evans et al. (2022) study convergence

in the nonlinear simple NK model with anticipated-utility learning. Eusepi et al. (2021)

discuss forward guidance when the ZLB is binding in the simple NK model with anticipated

utility. Preston (2005) and Eusepi et al. (2022) use the anticipated utility approach to study

the effects of monetary policies in linearized NK models under learning. In contrast to our

analysis, these papers do not characterize rates of convergence or consider internally rational

learning.

3 Learning in a Nonlinear Environment

In this section, we study the speed of convergence of learning in a non-stochastic environment.

Let θt be a k−dimensional vector of variables that summarizes people’s period-t beliefs about

the values of the parameters governing a perceived data-generating process. We interpret

θt as a deviation from a particular fixed point of beliefs in our learning algorithm.12 As in

Evans and Honkapohja (2000), the vector θt evolves according to

θt = θt−1 + γt [M (θt−1, γt)− θt−1] (1)

for t = 1, 2, 3, . . . where M (θt−1, γt) is a potentially non-linear function. Here, θ0 is given

and γt the learning gain. Let the k×k matrix D1M denote the derivative of M with respect

to the vector θt−1 and let b be the largest real part of the eigenvalues of D1M (0, 0). Similar

to Evans and Honkapohja (2000), we adopt the following two assumptions:

Assumption 1. The vector-valued function M : Rk×R→ Rk has the following properties:

(i) M (0, 0) = 0;

(ii) M is continuously differentiable in a neighborhood of the origin;

(iii) M (0, γt) = 0, for all t ≥ 1;

(iv) M (0, γt) is continuously differentiable in a neighborhood of (0, γt), for all t ≥ 1;

12We do not require that this fixed point be unique.
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(v) the real parts of the eigenvalues of D1M (0, 0) are strictly less than unity and no

eigenvalue of D1M (0, γt) is equal to 1− γ−1
t for all t ≥ 1.

Assumption 2. The scalar series, γt, satisfies the following properties:

(i) 0 < γt < 1, for all t ≥ 1;

(ii) limt→∞ tγt = 1.

Our environment is the same as Evans and Honkapohja (2000)’s, except that we have a

more-restrictive specification of γt.
13 They establish that for b < 1 and θ0 sufficiently close

to 0, ‖θt‖ converges to zero. We study the rate at which ‖θt‖ converges to zero.

We adopt the following definition of the asymptotic rate of convergence of a variable in a

nonstochastic environment. Our definition enables us to establish the precise sense in which

the parameter b determines the rate of convergence.

Definition 1. For b < 1, xt asymptotically converges to zero at the rate tb−1 (which we denote

by xt ' tb−1) if for any 0 < δ < 1− b, (i) limt→∞
‖xt‖
tb−1+δ = 0, and (ii) limt→∞

‖xt‖
tb−1−δ =∞.

Here, ‖·‖ denotes a norm on Rk. The first part of Definition 1 says that for any small,

positive δ, ‖xt‖ asymptotically converges no slower than tb−1+δ. The second part says that

‖xt‖ asymptotically converges no faster than tb−1−δ. In this sense, b characterizes the power

rate of convergence.

Christopeit and Massmann (2018) report results which imply that when M is linear and

θt is a scalar then t1−b ‖θt‖ → κ for 0 < κ <∞. Our concept of convergence in Definition 1

is weaker than convergence to a finite, nonzero constant limit. We work with our definition

because t1−b ‖θt‖ may not converge to a finite, nonzero constant in nonlinear or multivariate

cases.14

Conditions (i) and (ii) in Definition 1 describe a space of sequences. It is easy to verify

that it includes θt = κtb−1, 0 < κ < ∞. It also includes sequences that cycle around tb−1

with decreasing amplitude as t increases, e.g. θt = [2 + sin (t)] tb−1. In addition, it includes

sequences that deviate from tb−1 at a slow enough rate, such as θt = log (t) tb−1. Definition

1, in effect, defines a set of sequences that exhibit a power rate of convergence, up to slowly

varying terms. Consistent with this definition, all of the elements in the set of sequences

13Evans and Honkapohja (2000) assume that part (i) of Assumption 2 holds. Additionally, they assume
limt→∞ γt = 0 and limt→∞

∑t
j=1 γj =∞. Both of these properties are implied by part (ii) of Assumption 2.

14The following two examples illustrate this point. First, consider the linear multivariate case, k = 2.

Let θt = [xt, yt]
′

and suppose M (θt−1, γt) =

[
b 1
0 b

]
θt−1. By iterated substitution it can be shown that

xt/t
b−1 →∞ as t→∞. For our second example consider the nonlinear, univariate function, M (θt−1, γt) =

bθt−1− θt−1

log(|θt−1|) for θt−1 6= 0 and M (0, γt) = 0. This function satisfies our assumptions, and D1M (0, 0) = b.

Yet, it can be shown that xt/t
b−1 →∞ as t→∞. In both examples, xt ' tb−1 according to Definition 1.
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identified by Definition 1 converge to zero at a rate slower than a geometric rate (i.e., the

sequence λt, t = 1, 2, ..., for 0 < λ < 1).

Let U denote a neighborhood of the origin that has the property that every θ0 ∈ U

generates a sequence ‖θt‖ that converges to zero (Proposition 1 in Evans and Honkapohja

(2000) establishes that such a U exists). We now state our proposition, which is proved in

Appendix A.

Proposition 1. Suppose θt evolves according to equation (1), Assumption 1 holds (which

implies b < 1), and 2 holds. There exist uncountably many θ0 ∈ U that generate a sequence

θt ' tb−1, and for all θ0 ∈ U and any δ > 0, limt→∞
‖xt‖
tb−1+δ = 0.

For intuition, it is useful to consider the following special case: If M (θt−1, γt) = Mθt,

where M is a matrix and all the eigenvalues of M are real and distinct, then t1−b ‖θt‖
converges to a non-zero limit for θ0 in a dense subset of U .

Proposition 1 leaves open the possibility that there are values of θ0 ∈ U that do not have

the property, θt ' tb−1. An obvious, but uninteresting, example is θ0 = 0 which implies

θt = 0 for all t. A more informative example is given by:

θt = θt−1 + γt (M − I) θt−1, M =

[
b 0

0 a

]
,

where a < b < 1. Suppose that θ0 = [0, 1]′ , so that θt =
[

0,
∏t

j=1 (1 + γj (a− 1))
]′
. It

is straightforward to show that θt ' ta−1, so that the speed of convergence is faster than

tb−1.15 However, any nonzero perturbation to the first element of θ0, no matter how small,

gives rise to a θt sequence that has the property, θt ' tb−1. This example, in which there

are special initial beliefs that converge faster than tb−1, generalizes to any system in which

M is linear, satisfies Assumption 1, and has an eigenvalue with real part less than b. In any

such system, there are initial beliefs that are arbitrarily close to any θ0 that give rise to a

sequence θt ' tb−1.

In our analysis, the function, M , in equation (1) embeds the equilibrium map from be-

liefs, θt−1, and the gain, γt, to equilibrium outcomes under learning. It can be convenient to

approximate equation (1) around the limit points of θt and γt using perturbation methods.16

The first-order expansion of equation (1) implies θt = θt−1, so that there is no learning in

a neighborhood of the limit points. This property is a harbinger of the slow-learning re-

sults in this paper. A second-order expansion of equation (1) simply replaces M (θt−1, γt)

15To see this, note that log (θt) is approximately the partial sum of a harmonic series, log (θt) ≈
(a− 1)

∑t
j−1 γj ≈ (a− 1) [κ+ log (t)] ,where κ is a finite constant.

16Additional smoothness assumptions about M (·, ·), beyond what appears in Assumptions 1 and 2 are
required to apply perturbation methods (see Judd (1996)).
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in equation (1) with its first-order expansion, D1M (0, 0)θt−1.17 This result provides an in-

terpretation of a standard procedure that uses a linear approximation of M when solving

learning model.

4 The Speed of Learning in the Simple NK Model

In this section, we analyze the speed of learning in a simple textbook version of the NK

model that incorporates a version of Kreps (1998) anticipated utility.18 Our key finding is

that the degree of wage stickiness, as well as the parameters of the monetary policy rule,

play a central role in the speed of learning.

4.1 The Simple NK Model with Sticky Nominal Wages and Prices

In this subsection, we present a variant of the simple NK model in which both nominal wages

and prices are sticky. We model nominal price rigidities as in Calvo (1983). In the case of

wage rigidities, we work with a variant of Erceg et al. (2000).

4.1.1 Firms’ Problems

A final homogeneous good, Yt, is produced by a continuum of competitive, identical firms

using the technology Yt =
(∫ 1

0
Y

ε−1
ε

f,t df
) ε
ε−1

, where Yf,t denotes differentiated inputs and

ε > 1. The representative homogeneous-good firm chooses inputs to maximize profits, YtPt−∫ 1

0
Yf,tPf,tdf , where Pt denotes the time-t aggregate price level and Pf,t denotes the time t

price of the f th good. The representative firm’s first-order condition for the f th input is:

Yf,t =

(
Pf,t
Pt

)−ε
Yt. (2)

A monopolist produces the f th intermediate good with production technology Yf,t = Nf,t,

where Nf,t denotes labor hired by firm f . With probability ξp the monopolist sets its time-t

price equal to Pf,t−1. With probability 1 − ξP , the monopolist resets its price optimally to

17This can be seen by taking a second order expansion of equation (1) and noting that Assumption 1
part (iii) implies D2M (0, 0) = 0. In addition, a second-order approximation to the learning model involves
a second-order approximation to γt. This requires expressing γt in recursive form. In this paper, we work
with a standard representation of the gain, γt = 1

λ+t , where λ > 0. The recursive representation is given by

γt = γt−1 (γt−1 + 1)
−1

with initial value 0 < γ1 < 1. A second-order approximation to γt = γt−1 (γt−1 + 1)
−1

around γt−1 = 0 is given by γ̂t = γ̂t−1 (1− γ̂t−1). It can be shown that γ̂t satisfies Assumption 2 and that
γ̂t approaches γt from below.

18See Eusepi and Preston (2018) for additional discussion of anticipated utility.
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P̃f,t. It chooses P̃f,t to maximize the expected discounted value of profits:

Et
∞∑
j=0

βjξjPC
−1
t+j

(
P̃f,t
Pt+j

− (1− τf ) st+j

)(
P̃f,t
Pt+j

)−ε
Yt+j. (3)

Here, Et denotes the expectation operator under monopolists’ subjective beliefs at time t,

st+j denotes real marginal cost in period t+j, and C−1
t+j denotes the marginal value of profits

in units of the consumption good in period t + j. Finally, τf is a government tax subsidy

designed to eliminate the effect of monopoly distortions in the steady state.19

4.1.2 Households’ Consumption Problem

There is a continuum of identical households, h ∈ (0, 1). Each household enters a period

with a stock of bonds, bh,t−1 = Bh,t−1/Pt−1. Here, Bh,t−1 denotes the nominal payoff at the

beginning of period t to nominal bonds purchased in the previous period. In period t, the

household chooses consumption, Ch,t, and end-of-period bond holdings, bh,t, to maximize:

Et
∞∑
j=0

βj
{

log (Ch,t+j)−
χ

2

∫ 1

0

N2
i,h,t+jdi

}
(4)

subject to the budget constraints, for j ≥ 0,

Ch,t+j +
bh,t+j
Rt+j

≤ bh,t+j−1

πt+j
+

∫ 1

0

(1 + τw)wi,t+jNi,h,t+jdi− τt+j. (5)

Here, πt = Pt/Pt−1, τt denotes lump-sum taxes net of profits from the firms, and Rt denotes

the nominal rate of interest. The hth household has a variety of members, indexed by

i ∈ (0, 1), with imperfectly substitutable types of labor, Ni,h,t. The household takes wi,t and

Ni,h,t as given, for i ∈ (0, 1). We assume households have the same expectation operator,

Et, as monopolists. For reasons similar to those discussed in Adam and Marcet (2011) we

place an upper and lower bound on bh,t. When we work with the linearized version of the

model we mimic the effects of these bounds by adding the term, ϑ
2
b2
h,t+j, to the left side

of the household budget constraint, equation (5). In practice, we set ϑ to be a very small

number and no costs are actually paid (even in learning equilibria) because bh,t must be zero

for bond markets to clear.

4.1.3 Employment and Wage Determination

Corresponding to each i ∈ (0, 1) there is a single labor union. For every household, h, the

ith member belongs to that union. The union sets the nominal wage, Wi,t, subject to Calvo

19This subsidy satisfies (1− τf ) ε/ (ε− 1) = 1.
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frictions. With probability 1 − ξW , union i can reset Wi,t and we denote its choice by W̃t.

Otherwise the union must set Wi,t = Wi,t−1. Union i provides all labor demanded in equal

amounts from each household. Households must supply whatever amount of the ith type of

labor that union i requires.

A competitive, representative firm uses the labor, Ni,t =
∫ 1

0
Ni,h,tdh, supplied by union i ∈

(0, 1) , to produce a homogeneous labor service, Nt, using the technologyNt =
(∫ 1

0
N

ε−1
ε

i,t di
) ε
ε−1

,

ε > 1. The firm takes Wi,t as given and sells Nt at the price, Wt. In equilibrium, Wt =(∫ 1

0
W 1−ε
i,t di

) 1
1−ε

. Profit maximization by the competitive, representative firm implies:

Ni,t =

(
Wi,t

Wt

)−ε
Nt. (6)

The wage, W̃i,t, is chosen to maximize:

Et
∞∑
j=0

βjξjW

C−1
t+j

Pt+j
(1 + τw) W̃i,t

(
W̃i,t

Wt+j

)−ε
Nt+j −

χ

2

((
W̃i,t

Wt+j

)−ε
Nt+j

)2
 . (7)

We assume unions have the same expectation operator, Et, as households and monopolists. In

an REE, maximizing equation (7) corresponds to maximizing the utility of the representative

household.

4.1.4 Monetary, Fiscal Policy, and Aggregation

Aggregate output is given by:

Yt = Ct +Gt. (8)

Monetary policy sets the gross nominal interest rate, Rt, according to:

Rt = β−1 + απ (πt − 1) + αY
Yt − Y
Y

. (9)

Here, Y is the value of Yt in the target-inflation (πt = 1) REE steady state. The government

finances subsidies to households and firms with lump-sum taxes and balances its budget each

period. The government also purchases final goods, Gt = G.

The firm production function implies that gross output is given by:

Yt = p∗tNt, (10)

where p∗t is a measure of price dispersion given by (p∗t )
−1 =

∫ 1

0

(
Pf,t
Pt

)−ε
df (see Yun (1996)).
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4.1.5 The Evolution of Beliefs Under Anticipated Utility

For the period-t problems of households, unions, and firms to be well-defined, they must

have beliefs about the aggregate variables that determine their payoffs:

at+j =
[
Ct+j, πt+j, Rt+j, Yt+j, Nt+j, wt+j, τt+j, p∗t+j, Gt+j , st+j

]′
, (11)

where wt+j = Wt+j/Pt+j, for j = 0, 1, 2, .... . We describe a recursive mechanism that

characterizes people’s beliefs about {at+j}∞j=0.

To focus attention on learning about the data generating process of key variables that

are determined by intertemporal decisions, we work with a smaller set of variables, xt+j:

xt+j =
[
Ct+j, πt+j, wt+j

]′
. (12)

We assume people know seven aggregate equilibrium conditions of the model which map

from at+j−1 and xt+j to the non-xt+j elements of at+j.
20 We denote this mapping, together

with the relevant identities, by F :

at+j = F (xt+j, at+j−1) . (13)

Before people observe xt, their beliefs about xt+j are summarized by a density function,

D, parameterized by a finite dimensional vector Θt−1:

xt+j ∼ D (at+j−1; Θt−1) , (14)

for j = 0, 1, ... . The presence of Θt−1 in equation (14) for each j ≥ 0 reflects the anticipated

utility assumption. Under this assumption, people making time-t decisions act as if their

beliefs, Θt−1, will remain unchanged in the future, regardless of the data they see.

Equations (13) and (14) provide a recursive representation of people’s beliefs about

{at+j}∞j=0 in period t before observing at. These beliefs are conditional on at−1 and Θt−1.

After time-t decisions are made and markets clear, people use the observed xt to update

their beliefs, Θt−1, as follows:

Θt = L (Θt−1, xt, at−1; γt) . (15)

Under anticipated utility, people making their decisions in period t do not internalize that

they will update their beliefs at every future date according to equation (15). The form

of L depends on the assumed model of learning and decision making. The variable γt is a

20Specifically, people believe that st = wt, Gt = G, (p∗t )
−1

= (1− ξP )
(

1−ξPπε−1
t

1−ξP

)− ε
1−ε

+ ξPπ
ε
t

(
p∗t−1

)−1
,

τt = Gt+τwwtNt−
(

1− wt
p∗t

)
Yt and that equations (8), (9), and (10) hold. These are equilibrium conditions

in REE and, by construction, in our learning equilibria.
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decreasing gain and, in the models that we consider, takes the form γt = (λ+ t)−1 > 0.

4.1.6 Equilibrium

At the beginning of period t people observe the aggregate state, at−1. People make their

decisions, conditional on their individual beliefs, Θt−1, based on observing xt, which they

interpret as a draw from D in equation (14) for j = 0. They compute the remaining current

period aggregates, at, using equation (13). When people solve their period-t problems, beliefs

about the distribution of future aggregates, {at+j}∞j=1, are constructed using equations (13)

and (14). When aggregated, all these decisions give rise to an actual set of period-t aggre-

gates. A period t equilibrium is a fixed point of this mapping so that the observed xt is

consistent with the decisions people make. Formally,

Definition 2. Given Θt−1 and at−1, a period-t equilibrium is a set of values of at such that:

(i) Firms, households, and unions solve their time-t optimization problems by maximizing

equations (3), (4), and (7), respectively, given the mappings in equations (13) and (14);

monetary policy satisfies equation (9); Gt+j = G for j ≥ 0, and the government balances its

budget with lump-sum taxes.

(ii) Time-t bond, labor, and goods markets clear.

The seven aggregate equilibrium conditions used to construct F in equation (13) and the

three market-clearing conditions in (ii) determine the values of the ten period-t equilibrium

variables in at.
21

Definition 3. Conditional on Θ0 and a0, a learning equilibrium is a sequence, t = 1, ..., of

period equilibria in which beliefs are updated according to equation (15).

4.2 Solving the Model and Specification of Beliefs

We analyze the model’s properties using the second-order approximation of equation (1)

discussed in Section 3. That approximation works with the linearized map from period t− 1

beliefs to the period-t equilibrium.22

21We have already embedded Yt = Ct +Gt in the construction of F . However, for goods market clearing
to be consistent with optimization by final goods producers and by producers of homogeneous labor services,

it must be that P̃f,t/Pt =
(

1−ξPπε−1
t

1−ξP

) 1
1−ε

and that W̃i,t/Pt =

(
w1−ε
t −ξWπε−1

t w1−ε
t−1

1−ξW

) 1
1−ε

. These considerations

provide us with two additional equations. Clearing in the bond market provides our third equation, that the
demand for bonds is zero.

22Winkler (2020) discusses a related approach to approximating a learning equilibrium.
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Let ẑt denote the log deviation of the variable, zt, from the zero-inflation REE steady-

state value, z.23 In case z = 0, then ẑt = zt.

We assume that at the time people make their time-t decisions, they believe the aggregate

variables, x̂t+j, have the following law of motion:24

x̂t+j = µ+ Ωât+j−1 + νt+j, j = 0, 1, .... (16)

Here, µ is a 3 × 1 vector. People believe that the 3 × 1 vector, νt, is i.i.d. over time and

normally distributed with mean 0 and diagonal variance-covariance matrix. In Appendix B

we show that the REE has the form of equation (16) with µ = 0, a specific matrix Ω, and

νt ≡ 0. The presence of ât−1 in equation (16) reflects that the measure of price dispersion,

p∗t−1, and the lagged real wage, wt−1 are part of the state in a period-t equilibrium. Because

we work with a linear approximation, people’s belief about the variance of νt does not affect

their decisions. People’s believed value of µ is given by mt−1, so that mt−1 corresponds to

the vector Θt−1. For tractability, we assume that people believe that Ω is equal to its REE

value in a first-order approximation to the model. At the time people make their time-t

decision, they are perfectly certain in their beliefs about µ and Ω in the law of motion of

x̂t+j for j ≥ 0. The value of νt is then determined by the requirement that time-t markets

clear (see Appendix B for further discussion). Note that this means people’s assumption

that νt is an independent random variable is incorrect.

After seeing time-t aggregate outcomes, people update beliefs using Bayes’ rule:25

mt = mt−1 + γt (x̂t − Ωât−1 −mt−1) (17)

where γt = (λ+ t)−1.26

Appendix B shows that x̂t−Ωât−1 = Hmt−1 in a first-order approximation to the period-t

equilibrium. So, a second-order approximation to equation (17) is given by

mt = mt−1 + γt (Hmt−1 −mt−1) (18)

where γt = γt−1 (1− γt−1), 0 < γ1 < 1. A surprising feature of equation (18) is that only

the variables mt−1 and γt (and not the variables x̂t and ât) appear on the right-hand-side.

23The model has another steady state in which πt = β (see, Benhabib et al. (2001a)). This other steady
state is not stable under the learning we study in this paper. See Arifovic et al. (2018) for an approach to
learning in which that steady state is stable under learning.

24Equation (16) is the analog of equation (14).
25People never revise their belief about Ω.
26At the time that people make their decision, they believe x̂t − Ωât−1 = µ + νt, and think they know

the value of µ with perfect certainty (their priors are characterized by infinite precision). If that were so,
they would attribute all the deviation between x̂t − Ωât−1 and mt−1 to νt and set γt = 0. The internal
inconsistency in anticipated utility is that when people update their beliefs, they set γt > 0, indicating that
the precision in their priors is finite.
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This feature of the solution exploits our assumption that people are only uncertain about

intercept terms and not slope terms in equation (16).

Note that equation (18) is of the form of equation (1) with M (mt−1, γt) = Hmt−1. So,

we can apply our Proposition to this environment under Assumptions 1 and 2.

4.3 Speed of Convergence

In this subsection, we analyze the asymptotic speed of convergence using a calibrated version

of the simple NK model. We assume the following benchmark parameter values:

β = 0.995, ε = ε = 4, ξP = ξW = 0.85, χ = 1.25, απ = 1.5, αY = 0.25, G = 0.2Y, ϑ = 10−6.

We choose β so that the steady state real interest rate is about 2 percent at an annual

rate. We set ε = ε = 4 implying a steady state markup of 33 percent in product and labor

markets. These values are within the range of values considered in the related literature. We

set ξP = 0.85, απ = 1.5, αY = 0.25, which are also within the range of estimates considered

in the literature. For symmetry, we set ξW = ξP . The value of χ is chosen so that in the

target-inflation (π = 1) steady state labor supply is unity.

Table 1 reports the value of b in the benchmark model as well as in the following variants

of the model: (i) wages are flexible and the labor market is competitive; (ii) prices are

flexible; (iii) the coefficient απ in the Taylor rule is increased to 2.5; (iv) the coefficient απ

in the Taylor rule is reduced 1.01; and (v) the coefficient αY is reduced to 0.125.

We use our asymptotic results to develop intuition for the speed of convergence in the

benchmark NK model with sticky prices and wages. We exploit a result for an important

special case that applies to the models that we consider. For arbitrary mt−1, the evolution

of beliefs is determined by the full matrix H (see equation (18)). However, if the largest

real part of the eigenvalues of H, b, is real and not repeated, then Hmt−1 = bmt−1, if

mt−1 is proportional to the eigenvector, q, associated with b. Moreover, apart from special

exceptions, for any initial beliefs, m0, the non-b eigenvalues play a vanishingly small role in

the dynamics of mt for large t and eventually mt is very nearly proportional to q.27 At that

point, the period t equilibrium is in effect completely characterized by the scalar, b, and

equation (18) approaches:

mt = (1 + γt (b− 1))mt−1, (19)

where mt−1 is proportional to q. In the spirit of these asymptotic results, we consider initial

conditions, m0, which are proportional to q. We scale m0 so that ‖m0‖ = 1 and normalize

27By “special” we mean an m0 that suppresses the b eigenvalues. See Section 3 for an example.
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m0 so that the value of the intercept of the inflation process is positive.

Table 1 reports the values of m0 for each variant of the model that we consider. The

vector of initial beliefs has different lengths depending on the nature of nominal rigidities.

When both prices and wages are sticky, people have to form beliefs about aggregate inflation,

consumption, and the real wage. When only wages or prices are sticky, people only have to

form beliefs about aggregate inflation and consumption.

Table 1 reports that the value of b in the benchmark model (sticky wages and prices)

is 0.84. This value implies that asymptotic convergence to REE beliefs is very slow, with

convergence measured in hundreds of years. We simulate the model to find the number of

periods, T̂2/3, needed to close 2/3 of the gap, ‖m0‖ , by setting γ1 = 0.5 and iterating on

equation (19).28 We provide an alternative approximation that assumes ‖mt‖ is asymptot-

ically proportional to tb−1 (see the discussion after Proposition 1). Under this approxima-

tion, the amount of time needed to close 2/3 of an initial gap in beliefs from the REE is

T2/3 = (1/3)
1
b−1 . For the benchmark model, T̂2/3 and T2/3 are 2343 and 881 quarters or, more

than 500 and 200 years, respectively.

Table 1: b in the simple NK model with Calvo-style nominal rigidities

Initial beliefs

b T2/3 T̂2/3 [ mC,0 mπ,0 mw,0 ]
Sticky prices and wages 0.84 881 2343 [ −0.92, 0.38, −0.05 ]

Sticky prices, flexible wages 0.26 5 6 [ −0.93, 0.37, ]
Sticky wages, flexible prices 0.81 373 980 [ −0.93, 0.37 ]

Higher απ (απ = 2.5) 0.55 12 24 [ −0.99, 0.15, −0.07 ]
Lower απ (απ = 1.01) 0.97 1.5×1014 >1,000k [ −0.02, 1.00, 0 ]

Lower αY (αY = 0.125) 0.71 42 101 [ −0.97 0.22 −0.06 ]

Note: b corresponds to the largest real part of the eigenvalues of the learning model, as described in section 3; T2/3 is the
amount of time it takes to close 2/3 of the initial gap in beliefs in a simulation of the model starting with the initial beliefs

listed in the table. To calculate T̂2/3, we set γ1 = 0.5 and simulate the model using γt = γt−1 (1− γt−1). The latter is the

second-order approximation to γt = 1
1+t

. We denote the initial belief about the intercept in the process for Ct by mC,0. We

define mπ,0 and mw,.0 similarly.
Source: Authors’ calculations.

Below, we provide intuition for the forces governing the asymptotic speed of convergence

to an REE. We do so by considering the impact on b of several perturbations in model

parameters.

28When we simulate the model, we use the second-order approximation to γt = 1
1+t , which is given by

γt = γt−1 (1− γt−1). We also simulated the model using γt = 1
1+t . Our qualitative conclusions are robust

to using either specification. When we simulated the model with γt = 1
1+t , T̂2/3 is quantitatively a little

smaller than reported in Table 1. See footnote 17 for further discussion.
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Sticky Prices and Flexible Wages It is useful to begin by considering the case where

prices are sticky and wages are flexible. According to the value of m0 in Table 1, in period 1,

people believe that the intercept for consumption is lower and inflation is higher than in the

REE. Table 1 reports that expectations are not very self-fulfilling, b = 0.26, so that beliefs

converge quickly to their REE values: T2/3(T̂2/3) = 5(6) quarters.

Consider the effect of high expected future inflation. Firms understand that high future

inflation implies high future nominal wages, raising their desired future prices. In the pres-

ence of sticky prices, firms front-load price increases, thereby inducing upward pressure on

period-1 inflation.

Next, consider the effect of low expected future consumption. Low expected aggregate

consumption implies that households will have a high marginal utility of consumption and a

high labor supply in the future. Other things equal, firms expect low nominal wages in the

future. This expectation induces them to lower prices in period 1. Low expected aggregate

consumption means households expect low future labor income and profits. So, consistent

with firms’ expectations, households increase their labor supply and lower consumption.

Together, these labor-market effects exert downward pressure on period-1 inflation.

Because of the competing forces at work, the deviation of period 1 inflation from its REE

value could be higher or lower than its expected value, mπ,0. Suppose, as is the case for our

parameterized model and our specification of m0, that the actual deviation in inflation is

lower. Since period 1 inflation above its REE value and απ > 0, the nominal interest rate

rises above its REE value. The magnitude of that rise is moderated by the fact that αY > 0

and the fact that consumption is below its REE value. On net, the period 1 equilibrium

value of inflation is above its REE value but substantially below the level implied by mπ,0.

Actual consumption is lower than its REE value, but substantially above the level implied

by mC,0.

At the end of period 1, people update their expectations based on period 1 market out-

comes. The muted change in period-1 consumption and inflation, relative to initial expec-

tations, prompts people to substantially revise their expectations about future consumption

and inflation. This process continues in future periods. The net result is a positive, relatively

small value of b and quick convergence to the REE.

Sticky Wages and Flexible Prices Consider next the case when wages are sticky and

prices are flexible. Table 1 reports that convergence occurs much more slowly than the

sticky-price only case price: b = 0.81 and T2/3 (T̂2/3) ≈ 100 (250) years. The intuition for

this slow convergence is as follows. Initial beliefs, m0, are similar to their values in the

sticky-price-only case. High expected inflation in subsequent periods leads unions to set
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higher nominal wages in the initial period to avoid a low relative wage in the future. Absent

Calvo price frictions, firms set their nominal price as a markup over the nominal marginal

cost which is equal to the nominal wage rate. Because nominal marginal cost is higher than

in the sticky-price-only case, inflation is higher and more self-confirming. Other things equal,

the higher inflation in the sticky-wage-only case results, through monetary policy, in a higher

real interest rate. But that effect reinforces the household’s desire to reduce consumption.

Again, there are conflicting forces acting on the realized inflation rate. But, on net, the

equilibrium rate of inflation is higher, and consumption falls by more than in the pure sticky

price case. So, the data is more self-confirming, b is higher, and the speed of learning is

lower.

Sticky Wages and Sticky Wages (benchmark model) Table 1 shows that the bench-

mark model has a value of b that is similar to the sticky wage, flexible price model. Evidently,

the dynamics of sticky wages are the dominant factor determining the large value of b and

the extent to which beliefs are self-fulfilling.

Alternative Values of απ According to Table 1, learning is faster when απ is higher. As

indicated by m0,π, when απ = 2.5, initial beliefs about inflation are above their REE value.

As discussed above, the positive value of mπ,0 leads firms to raise period 1 prices. When απ

is large, monetary policy aggressively raises the interest rate in response to higher inflation.

Other things equal, this rise leads to a fall in aggregate consumption. That fall induces an

increase in labor supply and, a fall in the aggregate wage. The resulting decline in marginal

cost moderates the rise in inflation. All these effects are increasing in απ. So, other things

equal, a higher value of απ makes inflation beliefs less self-fulfilling and leads to a smaller

value of b.

Table 1 also reports that when απ = 2.5, initial beliefs about aggregate consumption

are below their REE value. As a consequence, individual households believe their income

will be lower than its REE value. So, they cut back on their spending and increase their

labor supply. The latter effect leads to a fall in the wage, marginal cost, and prices. When

απ is large, monetary policy cuts the interest rate aggressively, thus moderating the fall in

consumption and inflation.

The net effect of the compound experiment involving mπ,0 and mC,0 is that period 1

realized inflation and consumption are closer in period 1 to their REE values when απ is

equal 2.5 rather than 1.5. Consequently, when απ is larger people revise their expectations

by more, b is smaller, and convergence to the REE is quicker.

Consistent with the previous intuition, Table 1 reports that when απ = 1.01, b is higher
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than its benchmark value and convergence to the REE is extraordinarily slow.

The Impact of αY Finally, consider the case in which αY = 0.125 so monetary policy

reacts less to output than in the benchmark case. Table 1 reports that a smaller value of αY

reduces the value of b. As a result, learning is faster, with T2/3 and T̂2/3 falling to about 10

and 25 years, respectively. The intuition is that a lower value of αY acts like a higher value

of απ, which accelerates the rate of convergence. In the polar case of αY = 0, b falls to 0.64,

and T2/3 and T̂2/3 fall to about 5 and 0.5 years, respectively.

5 Speed of Learning in an Empirically Plausible DSGE

Model

In this section, we show that our results about the speed of convergence in the simple NK

model hold in an empirically plausible, medium-sized DSGE model. The model we analyze

is similar to the one in CEE and has the following features: sticky prices and wages, internal

habit formation in consumption, endogenous capital utilization rates, and adjustment costs

on investment. Monetary policy is governed by a Taylor rule with interest rate smoothing.

In Appendix D, we provide a detailed specification of this model. We set all non-policy

parameters are to the point estimates reported by CEE. For convenience, these values are

reported in Appendix D. For the monetary policy rule, we set the coefficients on the inflation

rate and the output gap to the values we used in the benchmark simple NK model analysis.

We set the interest rate smoothing parameter to 0.8, as in CEE.

We approximate the learning equilibrium using the same method as in the simple NK

model. As in the latter model, we assume that people know how aggregate prices and

quantities react to their lagged values. However, they must learn about the intercepts of

those processes. As above, we calculate the speed of convergence of those beliefs to their

REE values.

Table 2 reports the values of b, T2/3, and T̂2/3 for nine versions of the model. The speed

of convergence to the REE beliefs in the benchmark model, labeled “CEE (2005),” is very

slow. Measured by T2/3 and T̂2/3, it takes roughly 800 years to close 2/3 of the gap between

the initial beliefs and the REE beliefs. So, moving from the simple NK model to a more

empirically plausible model increases the time it takes to converge to the REE. The intuition

for the role of sticky prices and the monetary policy parameters, απ and αY , is qualitatively

similar to the intuition provided in the context of the simple NK model.

As in the simple NK model, the parameters of the monetary policy rule and sticky wages
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are key determinants of the speed of learning. Allowing wages to be flexible dramatically

reduces T2/3 from more than 33,000 to 22 (roughly 5 years). Table 2 reports that, condi-

tional on the monetary policy rule, removing interest rate smoothing, habit formation, and

adjustment costs on investment has little effect on the speed of convergence. Reducing αY

to 0.125 also does not signifcantly reduce the speed of learning. But, in the polar case of

αY = 0, b = 0.27 and learning is rapid (T2/3 is about one year). This extreme result depends

on habit formation. If we remove this feature from the model, b is equal to 0.55, essentially

the same value as in the simple NK model with αY = 0 and sticky wages and prices.

Table 2: b in variants of the CEE (2005) model with Calvo-style nominal rigidities

b T2/3 T̂2/3

CEE (2005) 0.89 33.1k 89.8k
Sticky prices, flexible wages 0.64 22 48
Sticky wages, flexible prices 0.89 15.6k 42.1k
No interest rate smoothing 0.88 12.2k 33.0k

No habit formation 0.90 37.3k 101k
No investment adjustment costs 0.90 44.3k 120k

Higher απ (απ = 2.5) 0.70 41 98
Lower απ (απ = 1.01) 0.98 2.3×1026 >1,000k

Lower αY (αY = 0.125) 0.81 376 990

Note: b corresponds to the largest real part of the eigenvalues of the learning model, as described in section 3, T2/3 is the

approximate time it takes to close 2/3 of the initial gap in beliefs using tb−1 as an approximation for ‖mt‖, T̂2,3 is the amount
of time it takes to close 2/3 of the initial gap in beliefs in a simulation of the model. To implement no sticky wages, no sticky
prices, no interest rate smoothing, no habit formation, and and no adjustment costs on investment, we divide the benchmark
values of the relevant parameters by 100. To calculate T̂2/3, we set γ1 = 0.5 and simulate the model using γt = γt−1 (1− γt−1).

The latter is the second-order approximation to γt = 1
1+t

.

Source: Authors’ calculations.

6 Robustness of the Analysis

In this section, we assess the robustness of our conclusions to various perturbations of the

benchmark analysis. The key perturbations involve model economies in which the ZLB is

binding. The ZLB is of particular interest because it allows us to analyze the role of the

Taylor principle in governing the speed of learning. For computational reasons, we adopt

Rotemberg (1982)-style rather than Calvo (1983)-style nominal rigidities. Subsection 6.1

assesses the robustness of our results for the benchmark NK model to this change. In

subsection 6.2 we analyze the speed of learning in the simple NK model when the ZLB is

binding. In subsection 6.2.1 we compute b using a linear approximation to the model. In

subsection 6.2.2 we redo the analysis of subsection 6.2.1 in the fully nonlinear version of the

simple NK model. Subsection 6.2.3 assesses the robustness of the results of section 6.2.2 to
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assuming that learning is internally consistent in the sense of Adam and Marcet (2011). We

find that our key conclusions about the speed of learning are robust to the perturbations we

consider.

6.1 Rotemberg-Style Nominal Rigidities

Under RE, Calvo-style and Rotemberg-style nominal rigidities are equivalent to a first-order

approximation (see, for example, Born and Pfeifer (2020)). However, they need not be equiv-

alent in a learning equilibrium (see Definition 3). We choose adjustment cost parameters so

that the model with Rotemberg-style nominal rigidities is equivalent to a first-order approx-

imation, in an REE, to the model with Calvo-style nominal rigidities. Wherever possible,

we maintain the notation used in Sections 4 and 5.

For the simple NK model with Rotemberg-style nominal rigidities, each household is a

monopoly provider of a differentiated labor input, Nh,t, that is aggregated by competitive

firms using the technology Nt =
(∫ 1

0
N

ε−1
ε

h,t dh
) ε
ε−1

. Households choose Ch,t, bh,t, and wh,t to

maximize

Et
∞∑
j=0

βj

{
log (Ch,t+j)−

χ

1 + ζ
N1+ζ
h,t+j −

ΦW

2

(
wh,t
wh,t−1

πt − 1

)2
}

subject to their budget constraints

Ch,t +
bh,t
Rt

≤ bh,t−1

πt
+ (1 + τw)wh,tNh,t − τt

and demand curves Nh,t =
(
Wh,t

Wt

)−ε
Nt. Because households are identical across h, they all

pick the same values for Ch,t, bh,t, and wh,t.
29

The intermediate goods firms set their prices, P̃f,t, to maximize

Et
∞∑
j=0

βjΛt+j

{(
Pf,t+j
Pt+j

− (1− τf )
Wt+j

Pt+j

)(
Pf,t
Pt+j

)−ε
Yt+j −

ΦP

2

(
Pf,t
Pf,t−1

− 1

)2

(Ct+j +Gt+j)

}
.

Because firms are identical across f , they all pick the same value of P̃f,t. Goods market

clearing implies Yt = (Ct +Gt)
(
1 + ΦP

2
(πt − 1)2). The rest of the model is the same as

the one in section 4.1 with p∗t = 1 and price adjustment costs subtracted from firm profits.

Beliefs are updated as in section 4.2, with Θt−1 = mt−1 =
[
mC,t−1, mπ,t−1, mw,t−1

]′
.

We implement Rotemberg-style adjustment costs in the CEE model in a similar way.

Table 3 reports the values of b in variants of the simple NK model and CEE model with

Calvo-style nominal rigidities and in the model with Rotemberg-style nominal rigidities. The

29We treat bond decisions in the same way as discussed in subsection 4.1.2.
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value of b for the two different ways of modeling nominal rigidities is very similar.

Table 3: b with Calvo-style and Rotemberg-style nominal rigidities

b (Calvo) b (Rotemberg)
Simple NK model 0.84 0.84

Simple NK model: only sticky prices 0.26 0.33
Simple NK model: only sticky wages 0.81 0.83

CEE (2005) 0.89 0.93
CEE (2005): only sticky prices 0.64 0.74
CEE (2005): only sticky wages 0.89 0.93

Note: The table displays values for b in the two models. b corresponds to the largest real part of the eigenvalues of the learning
model, as described in section 3. The values in the column labeled “b (Calvo)” are the same as those listed in Tables 1 and 2.
The values in the column labeled “b (Rotemberg)” are from the version of the model with Rotemberg-style nominal rigidities.
Source: Authors’ calculations.

6.2 The ZLB

In this subsection, we analyze the speed of learning when the ZLB is binding. Up to the

assumption of RE, the environment is the same as the one considered in Eggertsson and

Woodford (2003). To facilitate comparison with most of the related literature, we focus on

the case of sticky prices and flexible wages, ΦW = 0. We begin by analyzing the properties

of a linear approximation to the model’s solution at the ZLB.

Monetary policy sets the gross nominal interest rate, Rt, according to

Rt = max
{

1, β−1 + απ (πt − 1)
}
, (20)

where απβ > 1, and the max operator reflects the ZLB constraint.

In period t, households and firms discount next period’s utility by 1/ (1 + rt). In steady

state, rt = rss > 0. We assume that, until period 0, the economy has been in the non-

stochastic steady state REE in which the nominal interest rate is positive. At the end of

period 0, unexpectedly, people know that everyone’s discount rate has dropped, r1 = r` < rss.

People correctly understand that rt+1 is drawn from a two-state Markov chain:

Pr
[
rt+1 = r`|rt = r`

]
= p, Pr

[
rt+1 = rss|rt = r`

]
= 1− p, (21)

Pr
[
rt+1 = r`|rt = rss

]
= 0,

for t = 1, 2, .... . We assume that people know that when rt reverts to rss, the economy

returns to the steady state REE.30 This assumption allows us to focus attention on learning

while the ZLB is binding.

30There is another RE steady state in which deflation occurs and the ZLB is binding (see Benhabib et
al. (2001a)). We abstract from that steady state equilibrium for now. Our conclusions are robust to the
alternative assumption that households and firms know that they will return to the steady state emphasized
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We assume that, when people are confronted with the unprecedented drop in rt, they

become very uncertain about the distribution of aggregate variables. Arguably, it is reason-

able to assume that the priors of their means are centered on the historical values of those

variables (i.e., πss and Css). While prior variances were degenerate before the shock to rt,

they are large when people become aware of the drop in r. With this specification of initial

beliefs, we in effect focus on the real-time evolution of beliefs instead of only focusing on

asymptotics.

In the applications below, we use the same parameter values as in section 6.1. In addition,

we specify the two new parameters, p and r`, to be p = 0.8 and r` = −0.0015.31 In the

R > 1 steady-state REE, Css = 0.8, πss = 1, N ss = 1. We assume that the initial precision

of the priors is λ = 1. Appendix E describes the details of how we solve the learning model

using a second-order approximation method, which involves a first-order approximation to

the solution of the nonlinear NK model.

6.2.1 Speed of Convergence Using the Second-Order Approximation Solution

Method

Under RE, the ZLB equilibrium is characterized by constant values of consumption, C`, and

inflation, π`. The model has multiple equilibria when rt = r`. Here, we focus on the unique

learnable ZLB equilibrium and linearize the model around that equilibrium.32

Our assumption about the mean of people’s priors, m0, at the end of period 0 implies

that

m0 = [m0,C ,m0,π] =
[
log
(
Css/C`

)
, log

(
πss/π`

)]
.

Our parameterized model implies that b = 0.92. It turns that m0 is roughly proportional to

the eigenvector associated with b.

Our key result is that the learning economy converges very slowly when the ZLB is

binding: T2/3 = 1.7 million and T̂2/3 = 2.6 million. The reason is that, absent a policy

response to inflation in the ZLB, beliefs about expected inflation are very self-confirming.

To understand why, suppose people’s prior at the end of t− 1 is that inflation will be low in

period t, causing firms to want to lower prices in period t. When the ZLB binds, the nominal

by Benhabib et al. (2001a). We examined the case in which the economy jumps to the Benhabib et al.
(2001a) steady state when rt returns to rss and found similar results. This is perhaps not surprising because
the two steady states are relatively close to each other.

31It is well known that the REE is sensitive to different values of p. We find that b is an increasing function
of p. The value p = 0.76 is approximately the smallest value of p for which the ZLB binds in our model.
When p = 0.76, b = 0.81. Larger values of p result in slower convergence.

32See Appendix E for a discussion of the linearization procedure. See Christiano et al. (2018) and Appendix
G for further discussion on REE multiplicity.
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interest rate can’t adjust in the current period to prevent the fall in inflation. Consequently,

expectations are more self-fulfilling, and people only adjust their beliefs very slowly.

6.2.2 Speed of Convergence in a Fully Nonlinear Model

In this subsection, we assess the robustness of our results to using a fully non-linear solution

of the simple NK model. In the model, macroeconomic aggregates move by large amounts

when the ZLB is binding. This fact makes the ZLB environment particularly useful for

assessing the importance of nonlinearities.

As above, households and firms form beliefs about xt = [log (Ct) , log (πt)]
′. While rt = r`,

people believe that [
log (Ct)

log (πt)

]
=

[
µC

µπ

]
+

[
νC,t

νπ,t

]
(22)

where νC,t ∼ N (0, σ2
C), and νπ,t ∼ N (0, σ2

π). These distributions are independent across

time. The above expression is a special case of equation (14).

Our baseline assumption is that when people are confronted with an unprecedented ob-

servation, they become very uncertain about how market-determined variables will evolve.

Their prior about µi conditional on σ2
i is Normal, parameterized with a mean, mi, and vari-

ance, σ2
i /λi, where λi characterizes the precision of the prior about µi. The marginal density

of their prior for σ2
i is proportional to an inverse-gamma distribution, with shape and scale

parameters, αi and (ψ2
i (αi + 1/2)), respectively (see Appendix F.2.1 for further details). The

prior for σ2
i is not exactly an inverse-gamma distribution because we truncate the support

of σ2
i so that Et [Ct+1] and Et [πt+1] have finite values.33 We find it convenient to express the

scale parameter in this way because ψi is a consistent estimator for σi. The joint density

of µi, σ
2
i is proportional to the Normal inverse-gamma distribution. We collect the prior

parameters in the vector Θ0.

Under anticipated utility, at time t people set the values of µC and µπ equal to the ele-

ments ofmt−1 = [mC,t−1,mπ,t−1]′ . Similarly, they set σ2
C and σ2

π to ψ2
C,t−1, and ψ2

π,t−1,respectively.

In making their time-t decisions, people behave as though they know with certainty that those

parameters will remain unchanged in the future.

We set the initial value of Θ0 as follows:

Θ0 =
(
mC,0, mπ,0, 1/λC , 1/λπ, ψC , ψπ, αC , απ

)′
=
(

log (Css) , log (πss) , 1, 1, 0.02, 0.02, 1/2, 1/2
)′

33See Geweke (2001) for related discussion. Bakshi and Skoulakis (2010) analyzed truncation of the
distribution of the variance.
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These priors are diffuse in two senses. First, if ψC , ψπ were the standard deviation of logCt

and log πt, then the distribution of logCt and log πt would have a quarterly standard de-

viation of two percent. Second, the assumed values
(

1/λC 1/λπ 1/αC 1/απ

)
imply

low precision in people’s beliefs about both the mean and standard deviation of log (Ct) and

log (πt), in the sense that people’s beliefs are relatively responsive to new data. The posterior

distribution is also proportional to the Normal inverse-gamma distribution, and the function,

L, in equation (15) can be constructed using standard updating formulas (see Appendix F

for a detailed description of our computational approach to solving the nonlinear model).

The solid and dashed lines in Figure 1a display the evolution of inflation, consumption,

and the real interest rate after the drop in r under REE and learning, respectively. In this

figure, we assume that rt = r` throughout the period shown. Of course, after a few quarters,

this is a very low probability event. Nevertheless, it is useful to consider how the economy

would evolve in this event to analyze the speed of convergence at the ZLB. Throughout the

simulation, people behave as though rt will revert to rss with probability 1− p.
Two key features of Figure 1a are worth noting. First, the outcomes for consumption

and inflation are very different in the REE and the learning equilibria. In the REE, there

is a very large drop in inflation and consumption, and the real interest rate rises sharply.

The fall in inflation and consumption and the rise in the real rate are much smaller under

learning. Second, the learning equilibrium converges very slowly to the REE. People initially

change their views somewhat quickly because the small values of λi and αi for i ∈ {C, π}
imply that γ1 in equation (15) is relatively large. The rate at which they change their views

slows dramatically because γt becomes smaller as time passes (see Figure 1b).
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Figure 1: Learning equilibrium in non-linear model
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(b) Beliefs

0 4 8 12 16 20

6

4

2

0

2

lo
g(

)×
40

0

t=10,000 (red dot)

Aggregate Inflation Expectations
REE
Learning

0 4 8 12 16 20

8

6

4

2

0

lo
g(

C
/C

ss
)×

10
0

t=10,000 (red dot)

Aggregate Consumption Expectations

Note: Sub-figure (a) shows outcomes for inflation, consumption, and the real interest rate under learning and in an REE when

the natural rate of interest is low (rt = r` < rss). The natural rate of interest is low for the entire simulation. This is a very

low probability event because the simulations cover 20 quarters. People believe that the natural rate of interest will return to

its steady state level with probability 1− p. We use the simple NK model with only sticky prices and Rotemberg-style

nominal rigidities. Sub-figure (b) shows the values of Et log (πt+1) and Et log (Ct+1/Css) over the course of the simulation.
Source: Authors’ calculations.

The dot labeled t = 10, 000 in figure 1b displays people’s views about the variables after

10,000 quarters. Given our value, p = 0.8, r is expected to be low for only about 5 quarters.

The probability of staying at the ZLB for 10, 000 quarters is p10,000 ≈ 0. So, the fact that the

system converges to the REE is essentially irrelevant because the ZLB is likely to be over

well before that time. The crucial point is that in a typical ZLB episode, the associated REE

is very different from the learning equilibrium for an enormous amount of time. That is, our

results about slow convergence when the ZLB is binding are consistent with those that we

obtained with the hybrid log-linear approximation to the model’s solution in section 6.2.
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6.2.3 Speed of Convergence with Internalized Learning in a Fully Nonlinear

Model

In this subsection, we examine the robustness of our result to the assumption that people

make decisions based on internalized learning. For comparability with the results in the

previous subsection, we again work with the simple NK model when the ZLB is binding.

Recall that anticipated utility differs from internalized learning in three ways. First,

under anticipated utility, people do not update their beliefs based on current-period data

until after they have made their decisions in the current period. Second, under anticipated

utility, people ignore the fact that in the future they will update their views about the

distribution of unknown parameters as new data are observed. Third, under anticipated

utility, people ignore their uncertainty about the mean and variance of unknown parameters.

In internalized learning, people observe aggregate outcomes, then update their beliefs and

make their choices. In solving their problems, they fully internalize that they will update

their beliefs in response to new data. See Appendix F for a description of our computational

approach to solving the model under internalized learning.

Figure 2: Anticipated utility versus internalized learning
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Note: The figure shows outcomes for inflation, consumption, and the real interest rate under anticipated utility and under
internalized learning when the natural rate of interest is low (rt = r` < rss). The natural rate of interest is low for the entire
simulation. This is a very low probability event because the simulations cover 20 quarters. People believe that the natural rate
of interest will return to its steady state level with probability 1− p. We use the simple NK model with only sticky prices and
Rotemberg-style nominal rigidities. Notice that the dashed black lines, labeled “Anticipated utility,” in this figure are the same
as the dashed black lines in Figure 1(a).
Source: Authors’ calculations.

Figure 2 compares the evolution of the learning equilibrium under anticipated utility

(dashed black line) and internalized learning (dash-dot blue line). The figure also includes the

REE outcomes. The key takeaway is that we obtain the same slow-learning result regardless

of which approach we take to decision-making. However, consumption and inflation initially

fall somewhat more under internalized learning. The reason is that under anticipated utility

people do not update their beliefs in the initial period in response to low consumption

28



and inflation until after they have made their decisions. In internalized learning, people

update their beliefs before making decisions, leading them to expect lower future inflation

and consumption. Because the ZLB is binding, the real interest rate is higher, leading to

even lower inflation and consumption. In any event, consumption, inflation, and the real

interest rate are persistently very different than the REE outcomes. So, our results on slow

convergence when the ZLB is binding are robust to the use of internalized learning.

7 Does Learning Matter for Policy?

In this section, we discuss how slow learning affects the implications of monetary and fiscal

policy. It is well known that the policy implications of the ZLB are dramatic in REE.

For example, Eggertsson (2010) and Christiano et al. (2011) argued that the size of the

government purchases multiplier is much larger when the ZLB is binding. Additionally,

Del Negro et al. (2023) and others have argued that forward guidance about the nominal

interest rate is particularly effective when the ZLB is binding. They also emphasize the

forward guidance puzzle, according to which a promise to change the nominal interest rate

far in the future can have nearly the same effect as changing the nominal interest rate in the

current period. Because of these dramatic policy implications, we use the non-linear solution

to the simple NK model when the ZLB is binding, and people use internalize learning in

their decision-making. As it turns out, similar conclusions obtain if we work with anticipated

utility.

7.1 The Government Purchases Multiplier

In this subsection, we compare the efficacy of fiscal policy under RE and internalized learning.

We compute the government purchases multiplier by considering the effect on GDP, Ct+Gt,

of a 5 percent rise in government purchases relative to its steady-state level while rt = r`.

We define the multiplier in the ZLB at time t+ j as

∆Ct+j +∆Gt+j

∆Gt+j

. (23)

Here, ∆Gt+j = 0.05×G and ∆Ct+j is the difference between consumption in the equilibrium

when Gt+j is high relative to the steady state value of G.

In the REE, the multiplier in the ZLB for all j ≥ 0 is equal to 3.95 (see figure 3). The

multiplier is large when the ZLB is binding because a rise in G raises inflation and expected

inflation. Because Rt is constrained by the ZLB, this rise leads to a fall in the real interest

rate and a rise in Ct. So, in this case, the multiplier is bigger than unity.
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Figure 3: Equilibria with and without an increase in Gt

(a) Outcomes during ZLB
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(b) G multiplier during ZLB
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Note: Sub-figure (a) shows outcomes for inflation, consumption, and the real interest rate under internalized learning when

the natural rate of interest is low (rt = r` < rss) and Gt is either high or at it steady state value while rt = r`. Sub-figure (b)

shows the value of the multiplier defined in equation (23). The natural rate of interest is low for the entire simulation. This is

a very low probability event because the simulations cover 20 quarters. People believe that the natural rate of interest will

return to its steady state level with probability 1− p. We use the simple NK model with only sticky prices and

Rotemberg-style nominal rigidities.
Source: Authors’ calculations.

Under learning, expected inflation is partially backward-looking and does not move much

with a rise in Gt. As a result, the real interest rate falls only slightly, and the response in

consumption is small. Figure 3b displays the value of the multiplier over time in the REE

and under learning in the ZLB. Because learning is slow, the multiplier is close to 1 over the

20 quarters displayed.34

34Mertens and Ravn (2014) discuss the effects of fiscal policy in an REE that is caused by a nonfundamental
shock. They also discuss learning around that equilibrium using the Euler-equation approach to learning.
We discuss the equilibrium on which they focus in Appendix H.
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7.2 Forward Guidance About Rt

Under forward guidance, the monetary authority commits to keeping the nominal interest

rate at the ZLB for J periods after rt has returned to its steady-state level. To make our

point as simply as possible, we consider the case J = 1.

Figure 4: Forward guidance under learning and in the REE
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Note: The figure shows inflation, consumption, and the real interest rate paths under internalized learning when the natural

rate of interest is low (rt = r` < rss) with and without forward guidance about Rt. Under forward guidance, the monetary

authority credibly promising to set Rt = 1 for one period after rt = r`. The natural rate of interest is low for the entire

simulation. This is a very low probability event because the simulations cover 20 quarters. People believe that the natural

rate of interest will return to its steady state level with probability 1− p. We use the simple NK model with only sticky prices

and Rotemberg-style nominal rigidities.
Source: Authors’ calculations.

Forward guidance takes the following form. In period I, rt reverts to rss (I is stochastic)

and Rt = 1. In all earlier periods, when rt = r`, people know that in period I, Ct and πt are

equal to their REE values, CI and πI . People also know that, in period I + 1, the economy

reverts to the target-inflation REE steady state. In Appendix G we show that the number

of REE proliferates under forward guidance. We study the learning equilibrium during the

period when rt = r` using the same initial values for Θ0 as in section 6.2.2.35

Figure 4 shows that the learning equilibrium under forward guidance is very similar to

the learning equilibrium without forward guidance. The reason is that forward guidance has

small effects on inflation and consumption in the period I (the period when rt reverts to

rss). Those small effects have little impact on the learning equilibrium in which beliefs are

partially backward-looking. Clearly, there is no forward guidance puzzle under learning.36

That puzzle emerges under RE because of the strong effect of forward guidance on expected

inflation. Under learning, expectations are backward-looking, and forward guidance has little

influence on expected inflation. Moreover, the small effects of forward guidance persist for

35See Appendix F.4 for a discussion of our solution algorithm.
36For a discussion of the forward guidance puzzle, see Del Negro et al. (2023).
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many quarters because learning is slow.

8 Conclusion

In this paper, we consider the speed with which people learn about their environment. To

characterize the speed of convergence of people’s beliefs, we analytically extend results in

the literature to characterize the asymptotic convergence rate of nonstochastic, multivariate

systems. We then argue that the slow convergence result emerges naturally in empirically

plausible NK models, including canonical DSGE models similar to CEE (2005). When

learning is slow, analyses of fiscal and monetary policies under RE can be very misleading.

We leave several promising and related topics for future research, including: connecting

our results to the literature on Bayesian REE, investigating how heterogeneity may affect

the speed of learning, and analyzing how survey data might be used to inform estimates of

model parameters by empirically disciplining the speed of learning.
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A Proof of Proposition 1

Proposition 1 is an immediate result of two lemmas that we prove in this appendix. We

assume that θt evolves according to equation (1), and we maintain Assumptions 1 and 2

in the text. Recall that Assumption 1 implies that the largest real part of the eigenvalues

of D1M (0, 0), which we denote by b, is strictly less than unity. We also state the lemmas

in terms of any neighborhood of the origin, U , that has the property that every θ0 ∈ U

generates a sequence ‖θt‖ that converges to zero. Proposition 1 in Evans and Honkapohja

(2000) establishes that such a U exists. Our first lemma establishes that for every θ0 ∈ U the

implied sequence, θt, satisfies part (1) of Definition 1. Our second lemma establishes that

there exist uncountably many θ0 ∈ U that imply a sequence, θt, that satisfies part (2) of

Definition 1. The general strategy of the proofs of Lemmas 1 and 2 is similar to the strategy

of the proofs of Propositions 1 and 2, respectively, in Evans and Honkapohja (2000).

A.1 Lemma 1

Lemma 1. For any 0 < δ, if θ0 ∈ U then limt→∞
‖θt‖
tb−1+δ = 0.

Proof. As in Evans and Honkapohja (2000), write equation (1) as θt = (I + γtJ) θt−1 + γtrt,

where J = D1M (0, 0) − I and rt = M (θt−1, γt) − D1M (0, 0) θt−1. From Proposition 1 in

Evans and Honkapohja (2000), there exists neighborhood U1 such that for every θ0 ∈ U1, θt

converges to 0.

Let 1 + γtλ be an eigenvalue of I + γtJ . Here, λ = λr + iλc is an eigenvalue of J . Fix a

value of δ > 0. We now show that for t large enough, all of the eigenvalues of I + γtJ are

within a circle of radius 1 + γt(b− 1 + δ/4). Note that

|1 + γtλ| =
√

1 + 2γt (λr + δ/4)− 2γtδ/4 + γ2
t λ

2
r + γ2

t λ
2
c

For large enough t, 0 < 1 + 2γt (λr + δ/4) ≤ 1 + 2γt (b− 1 + δ/4), where the first inequality

requires t sufficiently large and the second inequality is true by definition of b. Additionally,

for large enough t, −2γtδ/4 + γ2
t λ

2
r + γ2

t λ
2
c < 0 < γ2

t (b− 1 + δ/4)2 . So, for large enough t,

|1 + γtλ| < 1 + γt(b− 1 + δ/4). (24)

As in step II of the proof of Proposition 5.2 in Evans and Honkapohja (1995), who use

results from Horn and Johnson (1985), there exists a matrix norm (and compatible vector

norm) so that for large enough t,

‖I + γtJ‖ ≤ 1 + γt

(
b− 1 +

1

2
δ

)
, (25)
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where ‖·‖ is the norm and we have used the inequality in 24.

Now consider rt, which is a function of θt−1 and γt. As in Evans and Honkapohja (1995),

the maintained assumptions imply local Lipschitz continuity of rt. Following Evans and

Honkapohja (1995), who use results from Coddington (1961), for large enough t (small

enough γt) there exists a neighborhood of the origin U2, where U2 ⊆ U1, such that for

θt−1 ∈ U2 we have ‖rt‖ ≤ δ
4
‖θt−1‖ and

‖θt‖ ≤ ‖I + γtJ‖ ‖θt−1‖+ γt ‖rt‖ ≤
(

1 + γt

(
b− 1 +

3

4
δ

))
‖θt−1‖ . (26)

The first inequality in 26 follows from sub-additivity and sub-multiplicativity of the matrix-

vector norm. The second inequality follows from the inequalities in 25 and the inequality

before the offset equation.

Consider θ0 ∈ U1. For large enough τ1, θt−1 ∈ U2 for t ≥ τ1 because θt converges to 0. For

t− 1 ≥ τ1, define θ̃t−1 = θt−1

(t−1)b−1+δ . For large enough t there exists a finite, positive constant

g so that ∥∥∥θ̃t∥∥∥ ≤ (1 +
1

t− 1

)1−b−δ (
1 + γt

(
b− 1 +

3

4
δ

))∥∥∥θ̃t−1

∥∥∥
≤

(
1 +

1− b− δ
t− 1

+ g

(
1

t− 1

)2
)(

1 + γt

(
b− 1 +

3

4
δ

))∥∥∥θ̃t−1

∥∥∥ (27)

The first line uses the inequality in 26 and follows from absolute homogeneity of the vector

norm. The second line follows by from Taylor’s theorem.

The strategy in what follows is similar to the one used in Evans and Honkapohja (2000),

except that we focus on θ̃t rather than θt. The inequality in 27 can be written as
∥∥∥θ̃t∥∥∥ ≤

k̃t

∥∥∥θ̃t−1

∥∥∥ where k̃t = 1 + 1−b−δ
t−1

+ γt
(
b− 1 + 3

4
δ
)

+ q̃t, and q̃t = 1−b−δ
t−1

γt
(
b− 1 + 3

4
δ
)

+

g
(

1
t−1

)2 (
1 + γt

(
b− 1 + 3

4
δ
))

. For t large enough, k̃t < 1. For all
∥∥∥θ̃t−1

∥∥∥ 6= 0∥∥∥θ̃t∥∥∥− ∥∥∥θ̃t−1

∥∥∥ ≤ (k̃t − 1
)∥∥∥θ̃t−1

∥∥∥ . (28)

So, there exists a τ2 > τ1 so that if t > τ2 then
∥∥∥θ̃t∥∥∥ is either strictly decreasing or equal

to zero. Furthermore, for t ≥ τ2 if
∥∥∥θ̃t−1

∥∥∥ = 0 then
∥∥∥θ̃t+s∥∥∥ = 0 for all s. So, if we have a

sequence θt−1 that equals zero for any t ≥ τ2, then
∥∥∥θ̃t−1

∥∥∥ converges to zero.

We now establish convergence of
∥∥∥θ̃t∥∥∥ assuming that θt−1 6= 0 for all t ≥ τ2. Following
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the strategy in Evans and Honkapohja (2000), we iterate the inequality in (28) to obtain

1−

∥∥∥θ̃τ2−1

∥∥∥∥∥∥θ̃τ2+s

∥∥∥ ≤
τ2+s∑
i=τ2

(
k̃i − 1

)
.

Note that lims→∞
∑τ2+s

i=τ2
|q̃t| < ∞. Additionally, for large enough i there exists a ω̃ >

0 so that 1−b−δ
i−1

+ γi
(
b− 1 + 3

4
δ
)
< −1

i
ω̃. So, lims→∞

∑τ2+s
i=τ2

(
k̃i − 1

)
= −∞, meaning

limt→∞

∥∥∥θ̃t∥∥∥ = 0.

A.2 Lemma 2

Lemma 2. For any 0 < δ, there exist uncountably many θ0 ∈ U so that limt→∞
‖θt‖
tb−1−δ =∞.

Proof. As in Evans and Honkapohja (2000), write equation (1) as θt = (I + γtJ) θt−1 + γtrt,

where J = D1M (0, 0)−I and rt = M (θt−1, γt)−D1M (0, 0) θt−1. Use the real and imaginary

parts of the generalized eigenvectors of J to form a basis for Rk. Define EA to be the

generalized eigenspace associated with eigenvalues with real parts less than b− 1 and EB to

be the generalized eigenspace associated with the eigenvalues with real parts equal to b−1.37

Note that Rk = EA ⊕EB. Define xt, rA,t ∈ EA and yt, rB,t ∈ EB to be the unique vectors so

that θt = xt + yt and rt = rA,t + rB,t. It is useful to note that there are matrices A = J |EA
and B = J |EB so that

M (θt−1, γt)− θt−1 = Axt−1 + rA,t +Byt−1 + rB,t,

and that the eigenvalues of A are the eigenvalues of J with real parts less than b − 1, and

that the eigenvalues of B are the eigenvalues of J with real parts equal to b − 1. Let s − 1

be the smallest real part of eigenvalues of J and let a − 1 (where a − 1 < b − 1) be the

second-largest real part. Following Evans and Honkapohja (2000) by applying the lemma

on page 145 of Hirsch and Smale (1974), for any δa, δb > 0, there exist bases so that the

corresponding inner product (Euclidean) norms on EA and EB satisfy

(s− 1− δa) ‖x‖2 ≤ 〈Ax, x〉 ≤ (a− 1 + δa) ‖x‖2 ∀x ∈ EA.

(b− 1− δb) ‖y‖2 ≤ 〈By, y〉 ≤ (b− 1 + δb) ‖y‖2 ∀y ∈ EB.

Here, 〈·, ·〉 is the inner product and ‖·‖ is the norm. Choose 0 < δa and 0 < δb so that

37To ease exposition, we assume that there are eignevalues with real part less than b − 1. If not, the
proof would proceed with straightforward modification. Note that Proposition 2 in Evans and Honkapohja
(2000) considers the case when b > 1, while we consider the case when b < 1. Evans and Honkapohja (2000)
partition the space by using eigenvectors associated with positive or negative real parts. We partition the
space by using the eigenvectors with real parts equal to b− 1 and those with real parts less than b− 1.
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a + δa < b − δb, b − 1 + 2δb < 1, and 2δb < δ, where δ is given in the statement of the

proposition. As in Evans and Honkapohja (2000), define ‖θ‖ =
√
‖x‖2 + ‖y‖2.

Define Bκ1 (0) = {θ : ‖θ‖ < κ1} to be an open ball around the origin. From Proposition 1

in Evans and Honkapohja (2000), there exists κ1 > 0 so that if θ0 ⊂ Bκ1 (0) , then θt

converges. We will only consider values of θ0 ⊂ Bκ1 (0).

As in Evans and Honkapohja (2000) for any ε > 0, there exists a κr < κ1 so that if

θt−1 ∈ Bκr (0) then ‖rt‖ ≤ ε ‖θt−1‖. Also as in Evans and Honkapohja (2000), for β > 0

define

Cβ = {θ : θ = x+ y, x ∈ EA, y ∈ EB| ‖y‖ ≥ β ‖x‖} .

For θt ∈ Cβ ∩Bκr (0), the Cauchy-Schwartz inequality implies[
(s− 1− δa)

β2
+ (b− 1− δb)− ε

]
‖θt‖2 ≤ 〈Axt +Byt + rt+1, xt + yt〉

〈Axt +Byt + rt+1, xt + yt〉 ≤
[

(a− 1 + δa)

β2
+ (b− 1 + δb) + ε

]
‖θt‖2

Select β large enough and ε small enough so that

(b− 1− 2δb) ‖θt‖2 ≤ 〈Axt +Byt + rt+1, xt + yt〉 ≤ (b− 1 + 2δb) ‖θt‖2 . (29)

Following the strategy in Evans and Honkapohja (2000), we now show that for large

enough t, and for any κ ≤ κr, if θt−1 ∈ Cβ ∩ Bκ (0) then θt ∈ Cβ. First, we establish

that there is a τ1 such that if t ≥ τ1 and θt ∈ Cβ ∩ Bκ (0), then θt+1 ∈ Bκ (0). Assume

θt ∈ Cβ ∩Bκ (0). Then the inequality in 29 implies

‖θt+1‖2 ≤ (1 + γt+12 (b− 1 + 2δb)) ‖θt‖2 + γ2
t+1 ‖Axt +Byt + rt+1‖2 . (30)

Note that

γ2
t+1 ‖Axt +Byt + rt+1‖2 ≤ γ2

t+1 (kA + kB + ε)2 ‖θt‖2 , (31)

where kA and kB are constants such that ‖Axt‖2 ≤ k2
A ‖xt‖

2 for any xt ∈ EA and ‖Byt‖2 ≤
k2
B ‖yt‖

2 for any yt ∈ EB. Then the inequalities in 30 and 31 imply that

‖θt+1‖2 ≤
(
1 + γt+12 (b− 1 + 2δb) + γ2

t+1 (κA + κB + ε)
)
‖θt‖2 .

There exists a τ1 ≥ 1, which does not depend on the value of κ ≤ κr, so that if t ≥ τ1 then(
1 + γt+12 (b− 1 + 2δb) + γ2

t+1 (κA + κB + ε)
)
< 1. Then for t ≥ τ1 we have that ‖θt+1‖2 ≤

‖θt‖2, which establishes that if t ≥ τ1 then θt+1 ∈ Bκ (0).

Now we show that there exists a τ2 ≥ τ1 and a κ ≤ κr so that if t ≥ τ2 and θt ∈ Cβ∩Bκ (0)

then θt+1 ∈ Cβ ∩ Bκ (0). We have already established that θt+1 ∈ Bκ (0), so we focus on
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showing that θt+1 ∈ Cβ. To do this, we follow the steps in the proof of Proposition 2 in

Evans and Honkapohja (2000) related to gβ.38 Assume θt ∈ Cβ ∩ Bκ (0) . Define gβ (θt) =

〈yt, yt〉 − β2 〈xt, xt〉. Notice that because θt ∈ Cβ we have that gβ (θt) ≥ 0. We aim to show

that there exists a τ2 such that if t ≥ τ2 and gβ (θt) ≥ 0, then gβ (θt+1) ≥ 0. Note that

gβ (θt+1)− gβ (θt) =2
(
〈yt, γt+1 (Byt + rB,t+1)〉 − β2 〈xt, γt+1 (Axt + rA,t+1)〉

)
+ 〈γt+1 (Byt + rB,t+1) , γt+1 (Byt + rB,t+1)〉

− β2 〈γt+1 (Axt + rA,t+1) , γt+1 (Axt + rA,t+1)〉

From the inequalities above

〈yt, γt+1 (Byt + rB,t+1)〉 − β2 〈xt, γt+1 (Axt + rA,t+1)〉

≥γt+1

[
(b− 1− δb) ‖yt‖2 − β2 (a− 1 + δa) ‖xt‖2 −

(
1 + β2

)
|〈θt, rt+1〉|

]
≥γt+1

[
(b− a− δb − δa)

(β−2 + 1)
‖θt‖2 −

(
1 + β2

)
‖rt+1‖ ‖θt‖

]
Then we can pick κ ≤ κr so that 〈yt, γt+1 (Byt + rB,t+1)〉 − β2 〈xt, γt+1 (Axt + rA,t+1)〉 ≥
γt+1

C1

2
‖θt‖2, where C1 > 0. Also from the inequalities above,

〈γt+1 (Byt + rB,t+1) , γt+1 (Byt + rB,t+1)〉 − β2 〈γt+1 (Axt + rA,t+1) , γt+1 (Axt + rA,t+1)〉

=γ2
t+1

[
‖Byt‖2 + 2 〈Byt, rB,t+1〉+ ‖rB,t+1‖2 − β2

(
‖Axt‖2 + 2 〈Axt, rA,t+1〉+ ‖rA,t+1‖2)]

≥γ2
t+1

[
−2 ‖Byt‖ ‖rB,t+1‖ − β2

(
‖Axt‖2 + 2 ‖Axt‖ ‖rA,t+1‖+ ‖rt+1‖2)]

≥γ2
t+1

[
−2kBε− β2

(
k2
A + 2kAε+ ε2

)]
‖θt‖2

Then, for C2 = 2kBε+β
2 (k2

A + 2kAε+ ε2) > 0, we have gβ (θt+1)−gβ (θt) ≥ γt+1 (C1 − γt+1C2) ‖θt‖2.

For t large enough gβ (θt+1)− gβ (θt) ≥ 0, meaning that if gβ (θt) ≥ 0, then gβ (θt+1) ≥ 0. So,

we can pick the values of τ2 and κ so that if t ≥ τ2 and θt ∈ Cβ∩Bκ (0) then θt+1 ∈ Cβ∩Bκ (0).

Pick a value of τ3 ≥ τ2 so that 1 + γτ32 (b− 1− 2δb) > 0. Consider a value of θτ3 ∈
Cβ ∩Bκ (0) with ‖yτ3‖ 6= 0. For t ≥ τ3, the first inequality in 29 implies that

‖θt+1‖2 ≥ (1 + γt+12 (b− 1− 2δb)) ‖θt‖2 . (32)

Notice that this inequality means that ‖θt‖ > 0 for all t ≥ τ3. Now consider θ̃t = θt
tb−1−δ .

For t ≥ τ3, the inequality in 32, the absolute homogeneity of the inner-product norm, and

38To match the notation of that part of the proof in Evans and Honkapohja (2000), set b1 ≡ s − 1 − δa,
b2 ≡ a − 1 + δa, and let a ≡ b − 1 − δb, where the right-hand-side variables in these definitions are in our
notation. Also, the roles of xt and yt are reversed in our notation relative to Evans and Honkapohja (2000).
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Taylor’s theorem imply that there exists a g > 0 so that∥∥∥θ̃t+1

∥∥∥2

≥
(

1 +
1

t

)2(1−b+δ)

(1 + γt+12 (b− 1− 2δb))
∥∥∥θ̃t∥∥∥2

>

(
1 + 2 (1− b+ δ)

1

t
− g 1

t2

)
(1 + γt+12 (b− 1− 2δb))

∥∥∥θ̃t∥∥∥2

.

Because 2δb < δ, if t is large enough then there exists a ω̃ > 0 so that
∥∥∥θ̃t+1

∥∥∥2

>
(
1 + ω̃

t

) ∥∥∥θ̃t∥∥∥2

.

So, it must be that limj→∞

∥∥∥θ̃j∥∥∥ =∞.
We need to establish that any neighborhood of the origin contains uncountably many

values of θ0 that generates a sequence for θt so that θτ3 ∈ Cβ ∩ Bκ (0) with ‖yτ3‖ 6= 0. The

argument involving the inverse function theorem given at the end of the proof of Proposition

2 in Evans and Honkapohja (2000) establishes this result.

B Linearization Under Anticipated Utility and Learn-

ing About Intercepts

Here we describe our strategy for linearizing models under anticipated utility and learning.

This strategy applies to our simple NK model and to our variant of the CEE (2005) model.

To fix notation, if a variable, xt has a steady state value x that is different from zero, then

we define x̂t = log(xt/x). Otherwise, we define x̂t = xt.

For a given model, we assume that there is a bounded linear REE in which

ât+j = Θ1,RE ât+j−1 + Θε,REεt+j (33)

for all j ≥ 0. Here, ât+j is a vector (length na) of aggregate variables in (log-)deviation from

steady state and εt+j is a vector (length nε, possibly empty) of standard Normal structural

shocks. In equation (33), and throughout this appendix, we use notation similar to that

used in Sims (2001). All matrices are assumed to be conformable.

In our learning model, people have beliefs about a vector (length nx) of aggregate vari-

ables, xt+j ⊆ at+j. We assume that those beliefs are of the form

x̂t+j = cx + Γ1,xât+j−1 + Ψx,εεt+j + Ψx,ννt+j. (34)

People are uncertain about cx and Ψx,ν . We assume that people know Γ1,x and Ψx,ε to be

their REE values, consistent with equation (33). Agents also think that there is another

vector (length nx) of shocks, νt+j, that could affect x̂t+j. Agents believe that νt+j is a

vector of independent standard Normal random variables. We assume that the matrix Ψx,ν
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is diagonal, reflecting the belief that the elements of νt+j only affect the associated element

of x̂t+j. In an REE each element cx and Ψx,ν is zero. Note that the elements of νt+j do not

appear in the dynamics of ât+j in equation (33).

Under the anticipated utility assumption, agents believe with certainty that

x̂t+j = cx,t−1 + Γ1,xât+j−1 + Ψx,εεt+j + Ψx,ν,t−1νt+j. (35)

for some vector cx,t−1 (length nx) and matrix Ψx,ν,t−1 (size nx×nx). Additionally, we assume

that agents know na − nx relationships that allow them to uniquely determine at+j given

xt+j through the relationship at+j = F (xt+j, εt+j, at+j−1), and that these relationships must

hold in each period. Here, F embeds the associated identities for the elements of xt+j. The

(log-)linear version of this mapping is given by

ât+j = F̂
[
x̂′t+j, ε′t+j, â′t+j−1

]′
, (36)

where F̂ is a conformable matrix.

In the model agents make a number of choices conditional on aggregate states and shocks.

For example, in the simple NK model, households choose household-specific bond holdings

that they contemplate being different from zero. We gather the agent-specific variables into

the vector ht+j (length nh). We specify ht+j so that it includes the versions of each element

of xt+j that would be implied by the agent-specific choices. An example of an element of ht+j

corresponding to an aggregate quantity in at+j in the simple NK model is household-specific

consumption (in ht+j) corresponding to aggregate consumption (in xt+j).

After (log-)linearization, we assume agent-specific optimality conditions and budget con-

straints can be written as nh equations of the form

Γ0,hĥt+j + Γ0,eêt+j + Γ0,aât+j =Γ1,hĥt+j−1 + Γ1,haât+j−1 + Γ1,hεεt+j. (37)

Here, the vector êt+j = [Et+jĥ′t+j+1,Et+j â′t+j+1]′ and Et+j is the expectation operator con-

ditional on agents’ beliefs and the information they will have at time t + j. Those be-

liefs are given by equation (35). Note that we assume that the model does not con-

tain any agent-specific shocks in the sense that all decisions makers are always solving

the same problem (though they do not know that). We emphasize that all of the ma-

trices in equation (37) take the values they would in an REE. Deviations from rational

expectations only appear through the coefficients in equation (35). Defining the vector

ηt+j = [(ĥt+j − Et+j−1ĥt+j)
′, (ât+j − Et+j−1ât+j)

′]′, we also need to impose the identity

ηt+j =
[
ĥt+j, ât+j

]′
− êt+j−1 (38)

Letting ŷt+j = [ĥ′t+j, â
′
t+j, ê

′
t+j]

′ (which has length 2 (nh + na)), the 2 (nh + na) equations
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in (35)-(38) can be written as

Γ0ŷt+j = Γ1ŷt+j−1 + Ccx,t−1 + Ψεεt+j + ΨνΨx,ν,t−1νt+j + Πηt+j. (39)

where the matrices without subscripts are independent of the values of cx,t−1 and Ψx,ν,t−1

and are equal to their values in an REE. Letting zt+j = [ε′t+j, ν
′
t+j]

′, this is exactly the form

of the system studied by Sims (2001). The solution to this system described in Sims (2001)

ensures that Et+jηt+j+1 = 0. The analysis in Sims (2001) is focused on RE models. It is

worth stressing that the methodology we outline here could be used to compute decision

rules for ht+j in an REE by setting cx,t−1 and Ψx,ν,t−1 to be their REE values.

Under the conditions discussed in Sims (2001), there is a unique solution to the system

of equations in (39) that can be expressed as

ŷt+j = Θ1ŷt+j−1 + ΘCcx,t−1 + Θεεt+j + ΘνΨνΨx,ν,t−1νt+j. (40)

This system represents how people believe they will act conditional on their beliefs. The

time j = 0 version of this equation represents how they will act in period t.

Importantly, equation (40) contains the mapping

ĥt = Θ1,hŷt−1 + ΘC,hcx,t−1 + Θh,εεt + Θh,νΨνΨx,ν,t−1νt (41)

that defines decision rules for ĥt that are optimal from the perspective of the agents in the

model, given ŷt−1, εt, and zt. It follows from equation (43)-(45) in Sims (2001) that because

Γ0, Γ1, Ψε, and Π in equation (39), are equal to their values used when computing an REE

it must be that Θ1,h, ΘC,h, and Θh,ε are also equal to their values in an REE. So, we do

not include a time subscript on these matrices.39 Unlike in an REE, the system contains

perceived shocks, νt. In the period equilibrium, the values of νt are determined by the

requirement that markets clear, which we discuss below.

In a learning equilibrium, we first note that the symmetry of the agents’ problems implies

that any agent-specific values up to period t− 1 are equal to their aggregate quantities. So,

we can write equation (41) as

ĥt = Θ1,haât−1 + ΘC,hcx,t−1 + Θh,εεt + Θh,νΨνΨx,ν,t−1νt. (42)

The vector êt−1 does not appear on the right-hand side of equation (42) because in the

solution to the linear model its terms are are a linear combination of νt and εt.

39To see this, note that Φ in equation (42) in Sims (2001) is determined only by Π, Γ0, and Γ1, which are
equal to their values used to compute an REE. It follow from equation (45) of Sims (2001) that Θ1 and ΘC

in equation (40) are equal to their REE value. Additionally, if we define Ψ = [Ψε,ΨνΨx,ν,t−1], then we can
use equation (45) of Sims (2001) (and the notation therein) to conclude that Θε and Θν are equal to their
values in an REE.
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To construct a period equilibrium, we impose the restrictions of market clearing. Those

restrictions take the form that the elements of x̂t must be equal to corresponding elements

of ĥt. An example of such a restriction in the simple NK model is that household-specific

consumption must equal aggregate consumption. We have nx such restriction, which is the

length of νt. We write these restrictions as

Rĥt =x̂t. (43)

Here, R is a matrix of ones and zeros. In a period equilibrium, equation (43) will hold. From

the perspective of the agents, we can use equations (35), (42), and (43) to obtain

(RΘh,νΨν − I) Ψx,ν,t−1νt =cx,t−1 −RΘC,hcx,t−1. (44)

If (RΘh,νΨν − I) is invertible, then the equilibrium values of Ψx,ν,t−1νt can be determined

uniquely. In practice we have not encountered an example in which invertibility fails. The

values Ψx,ν,t−1νt induce agents to make decisions that lead to market clearing.

In a learning equilibrium, after agents observe ât and εt and make their decisions in the

period equilibrium, they update their beliefs using Bayes rule. Recall that agents are only

learning about cx and Ψx,ν in equation (34) and that the elements of νt are perceived to be

independent of one another and over time. We assume that agents beliefs are proportional

to the Normal-inverse-gamma conjugate priors on each element of cx and the associated

element of Ψx,ν and that they have the same precision in these priors.40 Then

cx,t = cx,t−1 + γt (x̂t − Γ1ât−1 −Ψx,εεt − cx,t−1) = cx,t−1 + γtΨx,ν,t−1νt. (45)

Here, γt = 1/(λ0 + t) where λ0 determines the precision of the time 1 prior on each element

of cx. From equation (44), the values of Ψx,ν,t−1νt are do not depend on ât−1, εt, or Ψx,ν,t−1.

Therefore, in a learning equilibrium in which Γ1,x and Ψx,ε are believed with certainty to be

their REE values, the mean of agents’ beliefs about cx evolves in a non-stochastic manner

and cx,t does not depend on ât−1. We can write the evolution of cx,t as

cx,t = cx,t−1 + γt (H − I) cx,t−1. (46)

Equation (46) is in the form of equation (1) in the main text. Because M (·, ·) is linear in

cx,t−1 the smoothness assumptions stated in the text related to M (·, ·) hold.

40The priors are proportional to the Normal-inverse-gamma priors because we assume that agents only
contemplate variances for the elements of νt up to some finite upper limit. This ensures that expectations of
the levels of variables remain finite. At the expense of additional notation, the assumption about the same
precision across the priors can be relaxed. This change implies that M in equation (1) would take both
cx,t−1 and γt as arguments, and has no effect on the asymptotic rate of convergence of cx,t.

45



C A Comparison to Euler-Equation Learning

An alternative approach to learning is to start with aggregate Euler equations from the REE.

This approach has been widely used.41 The Euler-equation approach to learning stands in

contrast to the anticipated utility approach of Preston (2005) in which households and firms

solve their infinite horizon problems given beliefs.

C.1 The Linear Approximation to the Equilibrium in the Simple

NK Model with Only Sticky Prices Under Euler-Equation

Learning

Consider the simple NK model with only sticky prices. The aggregate Euler equations from

the REE are given by

Ĉt = −βαππ̂t + Et
[
Ĉt+1 + π̂t+1

]
π̂t =

2 (ε− 1)

Φ
Ĉt + βEtπ̂t+1.

These equations hold under either Calvo-style or Rotemberg-style adjustment costs so long

and Φ is chosen accordingly and we do not treat p∗t as a state variable in the Calvo model

because it is always equal to 1 in a first-order approximation around π = 1. Under the

assumption that people are learning about steady states (or means), the Euler equation

learning approach proceeds by assuming that EtĈt+1 = mC,t−1 and Etπ̂t+1 = mπ,t−1 so that

Ĉt = −βαππ̂t +mC,t−1 +mπ,t−1

π̂t =
2 (ε− 1)

Φ
Ĉt + βmπ,t−1.

The values of π̂t and Ĉt are calculated from these equations. Beliefs are updated so that

mx,t = mx,t−1 +
1

λ0 + t
(x̂t −mx,t−1) .

This updating equation (in vector form) has the same form as equation (1) in the main text

of our paper. When we compute the value of b under the Euler equation learning approach,

we get b = 0.95 and T2/3 ≈ 1.6 billion. Under the learning approach we take in the text,

and as reported in Table 1, when we assume households and firms solve their infinite horizon

problems given beliefs we get b = 0.26 and T2/3 = 5. We conclude that modeling agents

infinite-horizon decision problems, rather than using aggregate Euler equations from the

41An earlier version of our paper—Christiano et al. (2018)—used a version of the Euler-equation approach
to learning.
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REE, can have important implications for conclusions regarding the speed of learning.

C.2 Euler-Equation Learning and the ZLB

Consider the simple NK model with only sticky prices and Rotember-style nominal rigidities

when the ZLB is biding (as in Section 6.2). Let X̃t denote the value of Xt in period t when

rt = r` and the ZLB is binding. The aggregate version of the household intertemporal Euler

equation is

1

C̃t
=

1

1 + r`
Et

p

π̃t+1C̃t+1

+
1

1 + r`
Et

1− p
πssCss

.

The aggregate version of the firm optimality condition is

(π̃t − 1) π̃t =
ε− 1

ΦP

[
χC̃t

(
C̃t + G̃t

)(
1 +

ΦP

2
(π̃t − 1)2

)
− 1

](
1 +

ΦP

2
(π̃t − 1)2

)
+

p

1 + r`
Et (π̃t+1 − 1) π̃t+1

(
C̃t+1 + G̃t+1

C̃t + G̃t

)
C̃t

C̃t+1

.

The REE at the ZLB has no state variables. So, we can linearize these equations around

the values of aggregate variables taken in the REE and use the Euler equation approach to

learning. When we compute the value of b under the Euler equation learning approach, we

get b = 0.98. This is a larger value for b than under anticipated utility. So, learning is slow

using either approach when we have decreasing gain as in equation (1).

D The CEE (2005) Model with Calvo-Style Nominal

Rigidities

In this appendix we detail the version of the CEE (2005) model that we use in the main text.

The version of the model in this appendix has Calvo-style nominal rigidities. The simple NK

model and the models with Rotemberg-style nominal rigidities involve minor modifications

to these equations and use the parameter values discussed in the main text.

D.1 Households

There is a continuum of households indexed by h ∈ (0, 1) and a continuum of household

members indexed by i ∈ (0, 1). There is perfect consumption insurance within the household.

Household member i provides labor of type i. The wage rate and labor supply is set by a
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union, described below. Households maximize

Et
∞∑
j=0

βj

[
(Ch,t+j − γCh,t+j−1)1−σ

1− σ
− χ

1 + ζ

∫ 1

0

N1+ζ
h,i,t+jdi

]
(47)

by choosing Ch,t, bh,t, uh,t, Ih,t, and Kh,t+1 subject to the budget constraints, for j ≥ 0,

R−1
t+jbh,t+j +

ϑ

2
b2
h,t+j + Ch,t+j + Ih,t+j + a (uh,t+j)Kh,t+j ≤∫ 1

0

(1 + τw)wi,t+jNh,i,t+jdi+ rKt+juh,t+jKh,t+j − τt+j +
bh,t+j−1

πt+j

(48)

and the capital accumulation equations

Kh,t+j+1 = (1− δ)Kh,t+j +

(
1− φI

2

(
Ih,t+j
Ih,t+j−1

− 1

)2
)
Ih,t+j. (49)

If σ = 1, it is understood that the utility function for consumption takes the log form.

Here, Ch,t is household-specific consumption, bh,t are household-specific end-of-period real

bond holdings, uh,t is the household-specific capital utilization rate, Ih,t is household-specific

investment, and Kh,t is the begining-of-period household-specific capital stock. Rt is the

nominal interest rate on one-period nominal bonds, wi,t is the wage rate paid to labor-type

i, rKt is the rental rate of capital, τt are taxes net profits, and πt ≡ Pt/Pt−1. Note that

capital and utilization provide capital services, uh,tKh,t. The term a (uh,t)Kh,t represents

costs from utilization deviating from 1. In steady state, the form of a (·) ensures uh,t = 1.

The first-order conditions of household h are

Λh,t − (Ch,t − γCh,t−1)−σ + γEtβ (Ch,t+1 − γCh,t)−σ = 0 (50)

Λh,t + ϑRtbh,tΛh,t −RtβEh,t
1

πt+1

Λh,t+1 = 0 (51)

a′ (uh,t)− rKt = 0 (52)

Λh,t −

(
1− φI

2

(
Ih,t
Ih,t−1

− 1

)2
)
ηh,t + φI

(
Ih,t
Ih,t−1

− 1

)
Ih,t
Ih,t−1

ηh,t

−βEh,tφI
(
Ih,t+1

Ih,t
− 1

)(
Ih,t+1

Ih,t

)2

ηh,t+1 = 0 (53)

ηh,t + βEta (uh,t+1) Λh,t+1 − βEtrKt+1uh,t+1Λh,t+1 − βEtηh,t+1 (1− δ) = 0 (54)

Here, Λh,t is the Lagrange multiplier on the budget constraint and ηh,t is the Lagrange

multiplier on the capital accumulation equation.
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D.2 Monopolists

Monopolist f produces a differentiated good, Yf,t. Goods are aggregated by competitive

firms using the technology Yt =
(∫ 1

0
Y

ε−1
ε

f,t df
) ε
ε−1

. The price of Yt is Pt =
(∫ 1

0
P 1−ε
f,t df

) 1
1−ε

.

Monopolists face demand curves of the form given in equation (2). Production is done so

that

Yf,t = Nυ
f,t

(
K̃f,t

)1−υ
(55)

where K̃f,t are capital services purchased by firm f . Notice that monopolists will solve a

cost minimization problem that implies

wt
rKt

=
υK̃f,t

(1− υ)Nf,t

(56)

st =
wυt
(
rKt
)1−υ

υυ (1− υ)1−υ . (57)

Monopolists update their price with probability 1− ξP . When they update their price, they

choose P̃f,t to maximize the present-discount value of profits

Et
∞∑
j=0

βjξjPΛt+j

(
P̃f,t
Pt+j

− (1− τf ) st+j

)(
P̃t
Pt+j

)−ε
Yt+j. (58)

Here

Λt − (Ct − γCt−1)−σ + γEtβ (Ct+1 − γCt)−σ = 0 (59)

is the firm’s perception of how they should discount flows to the household, st+j is real

marginal cost in period t + j, and profits in period t + j are discounted by an aggregate

version of the household marginal utility of consumption. Assuming (1− τf ) ε
ε−1

= 1, the

first-order condition is
∞∑
j=0

βjξjPEtΛt+j

(
st+j − p̃f,t

Pt
Pt+j

)(
Pt
Pt+j

)−ε
Yt+j = 0 (60)

where p̃f,t ≡ P̃f,t/Pt. Let

FP,t =
∞∑
j=0

βjξjPEtΛt+j

(
Pt
Pt+j

)1−ε

Yt+j = ΛtYt + βξPEtπε−1
t+1FP,t+1 (61)
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Notice that we have assumed that the expectations of the firms satisfy the law of iterated

expectations. Similarly, let

ZP,t =
∞∑
j=0

βjξjPEtΛt+j

(
Pt
Pt+j

)−ε
Yt+jst+j = ΛtYtst + βξPEtπεt+1ZP,t+1 (62)

Then the first-order condition can be written as

p̃f,t =
ZP,t
FP,t

. (63)

D.3 Unions

We assume that each household has a continuum of members indexed by i ∈ (0, 1). Each

member consumes the same amount in every period (perfect consumption insurance). The

index i indicates the labor type provided by the household member. Members of type i

from all of the households belong to a union that sets the wage for type-i labor. With

probability 1− ξW a union is able to update the wage for its type. Each union provides all

labor demanded at the posted wage and demands equal amounts of labor from each union

member.

Labor is combined into a productive labor unit using the technology

Nt =

(∫ 1

0

(∫ 1

0

Nh,i,tdh

) ε−1
ε

di

) ε
ε−1

. A unit of Nt costs Wt =
(∫ 1

0
W 1−ε
i,t di

) 1
1−ε

. Demand for Nh,i,t is given by equation (6).

When a union sets its wage it does so by choosing W̃i,t to maximize equation (7).

We assume unions have the same expectation operator as households and firms. Addition-

ally, unions take the demand curve for their labor type as given. Assuming ε−1
ε

(1 + τw) = 1,

and defining w̃i,t ≡ W̃i,t/Pt and wt ≡ Wt/Pt, union i’s first-order condition is

Et
∞∑
j=0

βjξjW

[
Λt+jPtwt
Pt+j

(
w̃i,t
wt

)1+εζ

− χ
(

wt
wt+j

Pt
Pt+j

)−εζ
N ζ
t+j

](
wt
wt+j

Pt
Pt+j

)−ε
Nt+j = 0

(64)

Define

FW,t = ΛtNtwt + βξWEtπε−1
t+1

(
wt
wt+1

)1−ε

FW,t+1 (65)

ZW,t = χN1+ζ
t + βξWEtπε(1+ζ)

t+1

(
wt
wt+1

)−ε(1+ζ)

ZW,t+1. (66)
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Because the law of iterated expectations holds for the subjective beliefs of unions, the first-

order condition can be written as

FW,t

(
w̃i,t
wt

)1+εζ

= ZW,t. (67)

D.4 Aggregation and Government Policy

Aggregate output is given by

Yt = Ct + It +Gt +

∫ 1

0

a (uh,t)Kh,tdh. (68)

Integrating over demand curves for intermediate goods and firm-specific production functions

yields ∫ 1

0

Nυ
f,t

(
K̃f,t

)1−υ
df =

∫ 1

0

(
Pf,t
Pt

)−ε
dfYt. (69)

Aggregate capital services are given by

K̃t =

∫ 1

0

uh,tKh,tdh.

All firms pick the same capital-to-labor ratio, so

p∗tN
υ
t

(
K̃t

)1−υ
= Yt. (70)

From the definitions of p∗t and Pt,

(p∗t )
−1 = (1− ξP )

(
1− ξPπε−1

t

1− ξP

)− ε
1−ε

+ ξPπ
ε
t

(
p∗t−1

)−1
. (71)

Aggregate profits are given by∫ 1

0

(
Pf,t
Pt
− (1− τf ) st

)(
Pf,t
Pt

)−ε
Ytdf =

(
1− (1− τf )

st
p∗t

)
Yt. (72)

We assume the government runs a balanced budget period by period. So,

τt = Gt + τwwtNt −
(

1− st
p∗t

)
Yt. (73)

We assume

Gt = G (74)

and

Rt = (1− ρR)

(
β−1 + απ (πt − 1) + αY

Yt − Y
Y

)
+ ρRRt−1. (75)
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D.5 REE Steady State

It is either the case that R = β−1 and π = 1 or it is the case that R = 1 and π = β. We

choose χ so that N = 1 when π = 1. We also set G = 0.2Y where Y is the steady state

value when π = 1. The form of the function a (·) ensures that u = 1 in steady state. See

CEE (2005) for further discussion about a (·).

D.6 Beliefs and the Period-Equilibrium

Define

xt = [Ct, πt, wt, It]
′ , at =

[
Ct, πt, wt, It, p

∗
t , Rt, Yt, ut, st, r

K
t , Nt, Gt, Kt+1, τt

]′
ht = [Ch,t, bh,t, uh,t, Ih,t, Kh,t+1,Λh,t, ηh,t, p̃f,t, πf,t, w̃i,t, wi,t, FP,t, ZP,t, FW,t, ZW,t,Λt]

′

We include Λt in ht because it represents firms’ and unions’ perceptions of how to discount

flow to the household. We assume that agents form beliefs as in equation (35). So that the

bond market clears, we impose that it must be that Ĉh,t = Ĉt. So that the goods market

clears, we to impose that firm pricing decisions are consistent with aggregate inflation. To

do that, we find it useful to define πf,t and p∗f,t so that

1 = (1− ξP ) p̃1−ε
f,t + ξPπ

ε−1
f,t . (76)

We also need to impose that union wage-setting decisions are consistent with the aggregate

real wage. To do that, we find it useful to define

w1−ε
i,t = (1− ξW ) w̃1−ε

i,t + ξWπ
ε−1
t w1−ε

t−1 , (77)

which follows from the definition of Wt. Finally, we need to impose that Ih,t = It so that

investment is consistent with overall aggregate output.

We write the restrictions we impose on the period equilibrium as Ct = Ch,t, πt = πf,t, wt =

wi,t, It = Ih,t. It is now straightforward to put the model in the form discussed in Appendix B.

Agents believe with certainty that the static equations (68), (70), (71), (73), (74), and (75),

hold in each period. They also believe that the following equations hold with certainty

a′ (ut) = rKt , wt
rKt

= υutKt
(1−υ)Nt

, st =
wυt (rKt )

1−υ

υυ(1−υ)1−υ
, and Kt+1 = (1− δ)Kt +

(
1− φI

2

(
It
It−1
− 1
)2
)
It.

Here, Kt =
∫ 1

0
Kh,tdh. These equations are aggregate versions of equations that hold in

every period. These equation, along with the identities from xt to at, define the mapping

at = F (xt, at−1) and their (log-)linear form can be expressed as in equation (36).

To construct equation (37), we use (log-)linear versions of equations (48), (49), (50), (51),

(52), (53), (54), (59), (61), (62), (63), (65), (66), (67), (76), and (77).
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D.7 Parameter Values

We use the following parameter values for our version of the CEE (2005) model with Calvo-

style nominal rigidities.

Table 4: Parameter values for the CEE (2005) model

Parameter Value Description
β 1.03−0.25 Rate of time discounting
γ 0.65 Habit formation parameter
ε 6 Governs demand elasticity in demand for goods
ε 21 Governs demand elasticity in demand for labor
ξP 0.6 Calvo parameter for prices
ξW 0.64 Calvo parameter for wages
σ 1 Log utility
ζ 1 Governs elasticity of labor supply
ρR 0.8 Interest rate smoothing
απ 1.5 Coefficient on inflation in monetary policy rule
αY 0.25 Coefficient on output in monetary policy rule
υ 0.64 Cobb-Douglas parameter

a′′(1)
a′(1)

0.01 Capital utilization parameter

δ 0.025 Capital depreciation parameter
φI 2.48 Investment adjustment cost parameter
G
Y

0.2 Government purchases in steady state
ϑ 0.000001 Bond-holding cost parameter

E Linearization When the ZLB is Binding

Here, we describe how we construct the period equilibrium in the simple NK model with only

sticky prices and Rotemberg-style adjustment costs when the ZLB is binding. We maintain

the assumption that households and firms know the REE in the steady state. As a result,

households and firms know the decision rules they will use in the event that the economy

reverts to steady state.

To fix notation, we let X̃t be value of the variable Xt when rt = r` and let X̃ be its value

in an REE. Let ̂̃X t = log(X̃t/X̃). Note that we continue to use b̂h,t and p̂f,t at the ZLB,

because the REE values of those variables are equal to the same values at the ZLB and in

steady state. Households and firms form beliefs about C̃t and π̃t usinĝ̃Ct =m̃C,t−1 + σ̃ν,C,t−1ν̃C,t (78)̂̃πt =m̃π,t−1 + σ̃ν,π,t−1ν̃π,t. (79)
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Households and firms know that equations the following equations hold in every period:

Yt = Nt, Yt = (Ct +Gt) (1+ Φ
2
(πt−1)2), wt = χNtCt, τt = Gt−(1−wt)Yt+ Φ

2
(πt−1)2(Ct+Gt),

Gt = G, Rt = max
{

1, β−1 + απ (πt − 1) + αY
Yt−Y
Y

}
. The Euler equation is

1

C̃h,tR̃t

+ ϑb̃h,t =
1

1 + r`
Et

p

π̃t+1C̃h,t+1

+
1

1 + r`
Et

1− p

πCh,t+1

(
b̃h,t

) .
We emphasize that in the case that rt+1 = rss, we will have πt+1 = πss and Ch,t+1 is a known

function of household bond holdings. The firm’s pricing optimality condition becomes(
p̃f,t
p̃f,t−1

π̃t − 1

)
π̃t

p̃f,t
p̃f,t−1

=
ε− 1

ΦP

[w̃t − p̃f,t] p̃−εf,t
Ỹt

C̃t + G̃t

+
p

1 + r`
Et
(
p̃f,t+1

p̃f,t
π̃t+1 − 1

)
p̃f,t+1

p̃f,t
π̃t+1

(
C̃t+1 + G̃t+1

C̃t + G̃t

)
C̃t

C̃t+1

+
1− p
1 + r`

Et
(
pf,t+1

p̃f,t
π − 1

)
pf,t+1

p̃f,t
π

(
C +G

C̃t + G̃t

)
C̃t
C
.

We can now proceed as in Appendix B to solve for the log-linear approximation to the

period equilibrium. Note that we log-linearize X̃t around X̃. We need an approximation

in which households and firms contemplate variables at the ZLB that grow slower than

R̃−1π̃β̃−1p−1. Because of the probability of switching from the ZLB to the steady state, the

growth condition ensures that the unconditional expectation of each variable in the system

converges to zero as the horizon of the expectation goes to infinity. The growth condition is

satisfied by only one solution to the linear system, and we study that solution. Note that in

any learning equilibrium, b̃h,t = bh,t = 0 and p̃f,t = pf,t = 1 in every period.

F Solution Algorithm for Nonlinear NK Model When

the ZLB is Binding

In this appendix we detail our solution strategy for the non-linear NK model we consider in

our paper. We exploit the model’s structure to simplify its solution. In particular, because

the steady state is an absorbing state for the REE and the learning equilibria that we

consider, we can solve the steady state decision rules without reference to the period when

rt = r`. Here, we maintain the assumption that households and firms know the REE in the

steady state. With this solution in hand, we then turn to the period when rt = r`, which

is where we consider learning. We find it useful to represent the model recursively in this

appendix. This appendix explains how to solve the model under internalized learning. At

the end of the appendix, we explain how to solve the model using that solution to generate
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results for anticipated utility.

F.1 Steady State

In the steady state, there is no uncertainty. However, households still face a bond-holding

choice and firms still face a relative-price choice. In an REE, households will choose to hold

zero bonds and firms will choose to set their price to the aggregate price level.

F.1.1 Household Problem

In the steady state, the household value function is given by

V ss
h (bh,t−1) = max

Ch,t,Nh,t,bh,t

{
log (Ch,t)−

χ

2
(Nh,t)

2 + βV ss
h (bh,t)

}
subject to

Ch,t +
bh,t
Rss
≤ bh,t−1

πss
+ wssNh,t − τ ss.

Here, bh,t−1 and bh,t are household h’s real bond holdings chosen in the previous and current

period, respectively. The variables Ch,t and Nh,t are household h’s consumption and labor

supply. The aggregate variable Rss, πss, wss, and τ ss are the gross nominal interest rate, the

gross inflation rate, the real wage, and taxes net of transfers and profits. The values of these

aggregate variables are known to the household. We constrain households so that bh,t ∈
[
b, b
]
.

Implicitly, we have functions Ch,t = Css
h (bh,t−1), Nh,t = N ss

h (bh,t−1), and bh,t = bssh (bh,t−1).

Assuming the constraint on bh,t is not binding, household maximization implies

1

Css
h (bh,t−1)

= βRss 1

Css
h (bh,t) πss

(80)

χCss
h (bh,t−1)N ss

h (bh,t−1) = wss (81)

Css
h (bh,t−1) +

bssh (bh,t−1)

Rss
=
bh,t−1

πss
+ wssN ss

h (bh,t−1)− τ ss (82)

We define a grid over
[
b, b
]

and approximate the functions Css
h (bh,t−1), N ss

h (bh,t−1), and

bssh (bh,t−1) on that grid in the following way.42

(i) We conjecture a value for bssh (bh,t−1) at each grid point, which we denote by bss,ih (bh,t−1).

(ii) Note that equations (81) and (82) can be written as

χCss
h (bh,t−1)

(
Css
h (bh,t−1) +

bss,ih (bh,t−1)

Rss
− bh,t−1

πss
+ τ ss

)
= (wss)2 .

42In our implementation, we set −b = b = 1, which is equal to steady state output. We use a symmetric
grid with 25 points that includes zero and places more points near zero than at more extreme values because
bh,t−1 = bh,t = 0 in both REE and in learning equilibria.
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The left-hand-side is increasing in Css
h (bh,t−1) ≥ 0. For every bh,t−1, we solve for the

value of Css
h (bh,t−1) that makes this hold with equality. We call this the conjectured

value for Css
h (bh,t−1) and denote it by Css,i

h (bh,t−1). Note that with Css,i
h (bh,t−1), we

can back out N ss,i
h (bh,t−1) from equation (81).

(iii) For each grid point, bh,t−1, find bh,t that solves the following version of equation (80)

Ch,tβR
ss 1

Css,i
h (bh,t)

− 1 = 0

where Ch,t ≥ 0 solves

χCh,t

(
Ch,t +

bh,t
Rss
− bh,t−1

πss
+ τ ss

)
= (wss)2 .

We use linear interpolation to compute Css,i
h (bh,t) for values of bh,t that fall between

grid points. If the procedure would set b′h > b or b′h < b, we set bh,tto the respective

endpoint of the grid. We record the value of bh,t by updating the conjectured function

bssh (·) using bss,i+1
h (bh,t−1) = bh,t.

(iv) Having computed bss,i+1
h (bh,t−1) for every grid point, we check to see if∣∣bss,i+1

h (bh,t−1)− bss,ih (bh,t−1)
∣∣ < ε

at every grid point for some small ε. If yes, we say that we have solved the household

problem in steady state. If no, we set bss,ih (bh,t−1) = bss,i+1
h (bh,t−1) at each grid point

and repeat steps (ii), (iii), and (iv).

Because βR
ss

πss
= 1, it is not surprising that we find that bssh (bh,t−1) = bh,t−1.

F.1.2 Firm Problem

In the steady state, the firm value function is given by

V ss
f (pf,t−1) = max

pf,t

{
1

Css
(pf,t − (1− τf )wss) (pf,t)

−ε Y ss

− 1

Css

ΦP

2

(
pf,t
pf,t−1

πss − 1

)2

(Css +Gss) + βV ss
f (pf,t)

}
.

Here, pf,t−1 and pf,t are the ratio of firm f ’s price to the aggregate price level in the previous

and current period, respectively. The aggregate values πss, wss, Css, Gss, and Y ss are known

to the firm. We constrain firms so that log (pf,t) ∈
[
p, p
]
.43 Implicitly, we have a function

43In our implementation, we set −p = p = 1. We use a symmetric grid with 25 points that includes zero
that places more points near zero than at more extreme values because log (pf,t−1) = log (pf.,t) = 0 in both
REE and in learning equilibria.
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pssf (pf,t−1). Assuming the constraint on log (pf ) is not binding, firm optimality implies

ΦP

(
pssf (pf,t−1)

pf,t−1

πss − 1

)
1

pf
πss (Css +Gss) = (ε− 1)

(
wss

pssf (pf,t−1)
− 1

)(
pssf (pf,t−1)

)−ε
Y ss

+ βΦP

(
pssf
(
pssf (pf,t−1)

)
pssf (pf,t−1)

πss − 1

)
pssf
(
pssf (pf,t−1)

)(
pssf (pf,t−1)

)2 πss (Css +Gss) (83)

We define a grid over
[
p, p
]

and approximate the function pssf (pf,t−1) on that grid in the

following way.

(i) We conjecture a value for pssf (pf,t−1) at each grid point. Call the conjectured value

pss,if (pf,t−1).

(ii) For each grid point, pf,t−1, find pf,t that solves the following version of equation (83)

ΦP

(
pf,t
pf,t−1

πss − 1

)
1

pf,t−1

πss (Css +Gss) = (ε− 1)

(
wss

pf,t
− 1

)
(pf,t)

−ε Y ss

+ βΦP

(
pss,if (pf,t)

pf,t
πss − 1

)
pss,if (pf,t)

(pf,t)
2 πss (Css +Gss)

We use linear interpolation over log (pf,t) to compute pss,if (pf,t) for values of log (pf,t)

that fall between grid points. If the procedure would set log (pf,t) > p or log (pf,t) < p,

we set pf,t to the respective endpoint of the grid. We record the value of pf,t by updating

the conjectured rule for pssf (pf,t−1) using pss,i+1
f (pf,t−1) = pf,t.

(iii) Having computed pss,i+1
f (pf,t−1) for every grid point, we check to see if∣∣pss,i+1

f (pf,t−1)− pss,if (pf,t−1)
∣∣ < ε

at every grid point for some small ε. If yes, we say that we have solved the firm problem

in steady state. If no, we set pss,if (pf,t−1) = pss,i+1
f (pf,t−1) at each grid point and repeat

steps (ii) and (iii).

F.2 Solution when rt = r`

To address the case when rt = r`, we assume that we have the steady state decision rules in

hand and that households and firms know these decision rules with certainty.

F.2.1 Beliefs

Before presenting the household and firm problems, some comments about beliefs are in order

when rt = r`. To simplify the model, we assume households and firms have the same beliefs

(though they do not know that they have the same beliefs). Households and firms believe
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that so long as rt = r` , log (Ct) and log (πt), have uncorrelated Normal distributions with

unknown means and variances. That is, log (πt) ∼ N (µπ, σ
2
π) and log (Ct) ∼ N (µC , σ

2
C) .

We assume that households and firms have beliefs about the means and variances of the

distributions for log (Ct) and log (πt) that are characterized by density functions that are

proportional to Normal-inverse-gamma distributions. (See Zellner (1971) and Murphy (2007)

for a discussion of the Normal-inverse-gamma distribution). These beliefs are not exactly

Normal-inverse-gamma distributions because the households and firms embed in their beliefs

an upper bound on the variances. This upper bound is important because if variances were

unbounded, E [πt] = E [Ct] = ∞, which would challenge the applicability of an expected

utility framework (see Geweke (2001) for related discussion). The distributions characterizing

beliefs are independent across Ct and πt. That is, for i ∈ {π,C}, µi ∈ (−∞,∞) and

σ2
i ∈ [0, σ2

i ] we have

Pr
(
σ2
i |αi,t−1, βi,t−1

)
=

β
αi,t−1
i

Γ(αi,t−1)

(
1
σ2
i

)αi,t−1+1

exp
(
−βi,t−1

σ2
i

)
Γ(αi,t−1,βi,t−1/σ2

i )
Γ(αi,t)

,

Pr
(
µi|σ2

i ,mi,t−1, λi,t−1

)
=

√
λi,t−1√
2πσ2

i

exp

(
−λi,t−1

2σ2
i

(µi −mi,t−1)2

)
.

See Here, Γ (·) is the gamma function and Γ (·, ·) is the incomplete gamma function. Note

that Γ (·) = Γ (·, 0). Again, the advantage of truncating the prior of σ2
i is that E [πt] <∞ if

σ2
π <∞ and E [Ct] <∞ if σ2

C <∞.

Even though we truncate the distributions for σ2
i , we maintain the usual recursive up-

dating equations because the likelihoods associated with observations of πt and Ct are not

truncated. Beliefs about consumption and inflation are parameterized by four values, αi,t−1,

βi,t−1, mi,t−1, and λi,t−1 for i ∈ {π,C}. So, we have 8 total parameters. The recursive updat-

ing formulas (see Murphy (2007)) for these variables are λi,t = λi,t−1 + 1, αi,t = αi,t−1 + 1/2,

mi,t =
λi,t−1mi,t−1 + log (it)

λi,t−1 + 1
, βi,t = βi,t−1 +

λi,t−1 (log (it)−mi,t−1)2

2 (λi,t−1 + 1)
.

We need to include variables in Θt−1 that will fully capture the values αi,t−1, βi,t−1, mi,t−1,

and λi,t−1 for i ∈ {π,C}. First, we keep 1
t`

in Θt−1, which is the inverse of the 1 plus number

of periods that rt has been equal to r` up to period t− 1. We keep the inverse because it is

bounded between zero and one. From this value, we can trivially back out λi,t−1 and αi,t−1,

given their values in the first period when rt = r`. We set the initial value of λi,t−1 = 1 and

the initial value of αi,t−1 = 2. We keep mC,t−1 and mπ,t−1 in Θt−1. And we also keep

ψi,t =

√
ψ2
i,t−1

2αi,t
2αi,t + 1

+
λi,t−1

(λi,t−1 + 1)

1

2αi,t + 1
(log (it)−mi,t−1)2.
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Note that by setting βi,t = (ψi,t)
2 αi,t+1 it is clear that we recover the exactly recursive

structure of βi (given above). An advantage of using ψi,t in Θt rather than βi,t is that ψi,t is

a consistent estimator for the standard deviation, whereas βi,t generally grows without bound

(except when the standard deviation is zero). Keeping the values of Θt within bounded grids

will be important for the purposes of approximation. In total, Θt =
[

1
t`
,mπ,t,mC,t, ψπ,t, ψC,t

]
has five elements (where t` is the number of periods that the ZLB has persisted) and we

have a mapping from Θt−1 to αi,t, βi,t, mi,t, and λi,t for i ∈ {π,C}. We also have a law of

motion for Θt so that Θt = L
(
Θt−1, [πt, Ct]

′) .
An advantage of the Normal-inverse-gamma setup detailed above is that we can have

analytic expressions for the distribution for the variables log (πt) and log (Ct) conditional on

Θt−1. (See Zellner (1971) and Murphy (2007) for related discussion. See Bakshi and Skoulakis

(2010) for a discussion of truncating the distribution of the variance.) In particular

Pr (log (it) |Θt−1) =

(
λi,t−1αi,t−1

βi,t−1 (λi,t−1 + 1)

)1/2
Γ (αi,t−1 + 1/2)

Γ (αi,t−1)
√

2παi,t−1

×

1 +
1

2αi,t−1

(log (it)−mi,t−1)2(
λi,t−1αi,t−1

βi,t−1(λi,t−1+1)

)−1


−αi,t−1−1/2

κi,t
κi,t−1

, (84)

where κi,t = Γ (αi,t, βi,t/σ
2) [Γ (αi,t)]

−1 . Notice that κi,t depends on the point of evaluation

for log (it). If we ignored the ratio κi,t/κi,t−1, which would be correct in the case when

σ̄2
i =∞, the pdf for log (it) is a t distribution with location parameter mi,t−1, scale param-

eter
(

λi,t−1αi,t−1

βi,t−1(λi,t−1+1)

)−1/2

, and 2αi,t−1 degrees of freedom. If σ2
i is large, κi,t/κi,t−1 6= 1 but is

close to unity. For finite σ̄2
i , the ratio κi,t/κi,t−1 serves to thin the tails of the distribution of

log (it) by down-weighting the probability of extreme values for log (it).
44 Because the density

function of the t distribution is readily available and reliably computed in statistical soft-

ware and because κi,t−1 and κi,t are easily computed using readily available implementations

of the gamma and incomplete gamma functions, we can use equation (84) for quadrature

weighting. We use Gauss-Hermite quadrature with seven nodes to approximate integrals

based on equation (84).

F.2.2 Household Problem

When rt = r`, the household value function is given by

44We set σ̄2
i equal to the squared maximum value on the grid for ψi,t (described below).

59



Vh (bh,t−1,Θt−1, xt) = max
Ch,t,Nh,t,bh,t

{
log (Ch,t)−

χ

2
(Nh,t)

2

+
1

1 + r`
[pEtVh (bh,t,Θt, xt+1) + (1− p)V ss

h (bh,t)]

}
subject to Ch,t +

bh,t
Rt
≤ bh,t−1

πt
+ wtNh,t − τt. Here, xt = [πt, Ct]

′, V ss
h (·) is the steady state

value function for the household, which is defined above, and Et denotes expectations of

the household computed conditional on Θt−1 and xt. Given xt and Θt−1, we have Θt =

L (Θt−1, xt). So, the expectation of the household is taken with respect to xt+1, which is

believed to be iid. We assume that households know the monetary and fiscal policy rules. We

also assume that they correctly think that Yt = (Ct +Gt)
(
1 + ΦP

2
(πt − 1)2), Nt = Yt, and

wt = χCtYt. Given xt, with these assumptions Rt, wt, and τt can be computed. The steady

state values of aggregate variables are known to the household. We constrain households so

that bh,t ∈
[
b, b
]
. The household optimization problem gives us implicit functions for Ch,t =

Ch (bh,t−1,Θt−1, xt), Nh,t = Nh (bh,t−1,Θt−1, xt), and bh,t = bh (bh,t−1,Θt−1, xt). Considering

interior solutions for bh,t, we have

1

Ch (bh,t−1,Θt−1, xt)
=

1

1 + r`
R

[
pEt

{
1

πt+1Ch (bh,t,Θt, xt+1)

}
+ (1− p) 1

πssCss
h (bh,t)

]
(85)

wt = χCh (bh,t−1,Θt−1, xt)Nh (bh,t−1,Θt−1, xt) (86)

Ch (bh,t−1,Θt−1, xt) =
bh,t−1

πt
+ wtNh (bh,t−1,Θt−1, xt)− τt −

bh (bh,t−1,Θt−1, xt)

Rt

. (87)

Instead of approximating Ch (bh,t−1,Θt−1, xt), Nh (bh,t−1,Θt−1, xt), and bh (bh,t−1,Θt−1, xt) di-

rectly, we approximate

vh (bh,t,Θt) = Et
{

1

πt+1Ch (bh,t,Θt, xt)

}
.

We take this approach because it eliminates xt as a state variable in the approximation. We

define grids on the elements of Θt and use the grid defined for bh,t in the steady state. We

then approximate vh (bh,t,Θt) in the following way.45

(i) We conjecture a value for vh (bh,t−1,Θt−1) at each grid point in the cross product of the

45The grids for mi,t contain 12 points that are are not evenly spaced. They include each REE point as well
as the target-inflation steady state. The remaning points are bunched relatively close to the REE points.
The grid for ψC,t contains 11 points that are evenly spaced from 0 to 0.1. The grid for ψπ,t contains 11
points that are evenly spaced from 0 to 0.05. Note that inflation is expressed in quarterly terms, so a change
of 0.05 would be 20 percent if annualized.
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grids over the elements of bh,t−1 and Θt−1.46 Call the conjectured value vih (bh,t−1,Θt−1).

(ii) For a given grid point we use quadrature to get a value for Et−1

{
(πtCh,t)

−1} .To solve

for the expectation of interest, we need to solve for Ch,t given many different values for

xt. Conditional on a value for xt, equations (86) and (87) can be written as

χCh,t

(
Ch,t +

bh,t
Rt

− bh,t−1

πt
+ τt

)
= w2

t

The left-hand-side is increasing in Ch,t ≥ 0. For a given bh,t, we solve for the value of

Ch,t that makes this hold with equality. We then search for the value of bh,t that makes

the following version of equation (85) hold with equality:

1

Ch,t
=

1

1 + r`
R

[
pvih (bh,t,Θt) + (1− p) 1

πssCss
h (bh,t+1)

]
.

We use linear interpolation to compute vih (bh,t,Θt) for values of bh,t and Θt that fall

between grid points. If the procedure would set bh,t > b or bh,t < b, we set bh,tto the

respective endpoint of the grid for bh,t. We record the associated value of Ch,t and use

it in the quadrature to compute vi+1
h (bh,t−1,Θt−1) = Et−1

{
(πtCh,t)

−1}.

(iii) Having computed vi+1
h (bh,t−1,Θt−1) for every grid point, we check to see if∣∣vih (bh,t−1,Θt−1)− vi+1

h (bh,t−1,Θt−1)
∣∣ < ε

at every grid point for some small ε. If yes, we say that we have solved the household

problem when rt = r`. If no, we set vih (bh,t−1,Θt−1) = vi+1
h (bh,t−1,Θt−1), repeat steps

(ii) and (iii).

The grid that we use on 1
t`

is special. In particular, we let that grid be
[
0, 1

99
, 1

98
, . . . , 1

]
. The

first element of the grid corresponds to the case when infinite time has past. In this case

households think that they would update their beliefs so that Θt = Θt−1 because mi,t−1 and

ψi,t−1 are consistent estimators for the means and variances. In our numerical computations,

we utilize this fact to first approximate vh in this case. We then approximate vh in the

case where t` = 99. When t` = 99, we need to interpolate between the solution to the

case when t` = ∞ and the conjectured value of vih (bh,t−1,Θt−1) when t` = 99 to evaluate

vih (bh,t,Θt).
47 That is, when t` = 99 we have to find a fixed point of this interpolation,

which is computationally intense. When
(
t`
)−1

= 98, having approximated vh (bh,t,Θt) for(
t`
)−1

= 99 means that can evaluate vh (bh,t,Θt) exactly at
(
t`
)−1

= 99 without reference

to vih (bh,t,Θt). We approximate for vh (bh,t,Θt) when
(
t`
)−1

= 98 and work work back in

46There are 435, 600 = 12 × 12 × 11 × 11 × 25 points in the cross product of the grids for mi,t, ψi,t, and
bh,t. t

−1
` is handled in a way discussed below.

47When solving their model, Collin-Dufresne et al. (2016) assume that at some point in time the true
parameters become known.
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this way to
(
t`
)−1

= 1. This strategy fits this into the structure of steps 1-3 because we

know that the value of vh (bh,t−1,Θt−1) will not depend on its value at any any t` that is

smaller than implied by Θt−1. So, we have a block dependent structure to vh (bh,t−1,Θt−1) .

Additionally, we know that t` will only take integer values.

F.2.3 Firm Problem

When rt = r`, the firm value function is given by

Vf (pf,t−1,Θt−1, xt) = max
p′f

{
1

C

(
(pf,t − (1− τf )wt) (pf,t)

−ε Yt −
ΦP

2

(
pf,t
pf,t−1

πt − 1

)2

(Ct +Gt)

)
+

1

1 + r`
[
pEtVf (pf,t,Θt, xt+1) + (1− p)V ss

f (pf,t)
]

Here, xt = [πt, Ct]
′, V ss

f (·) is the steady state value function for the firm, which is defined
above, and Et denotes expectations of the firm conditional on Θt−1 and xt. Given xt and
Θt−1, we have Θt = L (Θt−1, xt). So, the expectation of the firm is taken with respect to
xt+1, which is believed to be iid. We assume that firms know the monetary and fiscal policy
rules. We also assume that they correctly think that Yt = (Ct +Gt)

(
1 + ΦP

2
(πt − 1)2),

Nt = Yt, and wt = χCtYt. Given xt, with these assumptions wt, Gt, and Yt can be computed.
The steady state values of aggregate variables are known to the firm. We constrain firms
so that log (pf,t) ∈

[
p, p
]
. Implicitly, from firm optimization we have a function pf,t =

pf (pf,t−1,Θt−1, xt). Considering interior solutions for pf,t, firm maximization implies

ΦP

(
pf (pf,t−1,Θt−1, xt)

pf,t−1
πt − 1

)
1

pf,t−1
πt (Ct +Gt) =

(ε− 1)

(
wt

pf (pf,t−1,Θt−1, xt)
− 1

)
(pf (pf,t−1,Θt−1, xt))

−ε
Yt

+
1

1 + r`
pEt

Ct
Ct+1

ΦP

(
pf (pf (pf,t−1,Θt−1, xt) ,Θt, xt+1)

pf (pf,t−1,Θt−1, xt)
πt+1 − 1

)
pf (pf (pf,t−1,Θt−1, xt) ,Θt, xt+1)

(pf (pf,t−1,Θt−1, xt))
2 π′ (C ′ +G′)

+
1

1 + r`

Ct
Css

(1− p) ΦP

(
pssf (pf (pf,t−1,Θt−1, xt))

pf (pf,t−1,Θt−1, xt)
πss − 1

)
pssf (pf (pf,t−1,Θt−1, xt))

(pf (pf,t−1,Θt−1, xt))
2 πss (Css +Gss) .

(88)

Instead of approximating pf (pf,t−1,Θt−1, xt) directly, we approximate

vf (pf,t,Θt) = Et
{

1

Ct+1

ΦP

(
pf,t+1

pf,t
πt+1 − 1

)
pf,t+1

pf,t
πt+1 (Ct+1 +Gt+1)

}
.

We take this approach because we can eliminate xt as a state variable in the approximation.

We use the same grids on the elements of Θt−1 that we use for the household problem and

the grid defined for log (pf,t−1) in the steady state and we approximate vf (pf,t−1,Θt−1) in

the following way.

62



(i) We conjecture a value for vf (pf,t−1,Θt−1) at each grid point in the cross product of the

grids over the elements of pf,t−1 and Θt−1. Call the conjectured value vif (pf,t−1,Θt−1).

(ii) For a given grid point we use quadrature to get a value for

Et−1

{
1

Ct
ΦP

(
pf,t
pf,t−1

πt − 1

)
pf,t
pf,t−1

πt (Ct +Gt)

}
.

To solve for the expectation of interest, we need to solve for pf,t given many different

values for xt. Conditional on a value for xt, we find a value of pf,t that solves the

following version of equation (88)

ΦP

(
pf,t
pf,t−1

πt − 1

)
1

pf,t−1

πt (Ct +Gt) =

(ε− 1)

(
wt
pf,t
− 1

)
(pf,t)

−ε Yt +
1

1 + r`
pvif (pf,t,Θt)

Ct
pf,t

+
1

1 + r`

Ct
Css

(1− p) ΦP

(
pssf (pf,t)

pf,t
πss − 1

)
pssf (pf,t)

(pf,t)
2 πss (Css +Gss) .

We use linear interpolation over log (pf,t) to compute vif (pf,t,Θt) for values of log (pf,t)

and Θt that fall between grid points. If the procedure would set log (pf,t) > p or

log (pf,t) < p, we set pf,t to the respective endpoint of the grid for pf . We record the

value of pf,t and the associated aggregate variables so that the quadrature procedure

can approximate

vi+1
f (pf,t−1,Θt−1) = Et−1

{
1

Ct
ΦP

(
pf,t
pf,t−1

πt − 1

)
pf,t
pf,t−1

πt (Ct +Gt)

}
.

(iii) Having computed vi+1
f (pf,t−1,Θt−1) for every grid point, we check to see if∣∣vif (pf,t−1,Θt−1)− vi+1

f (pf,t−1,Θt−1)
∣∣ < ε

at every grid point for some small ε. If yes, we say that we have solved the household

problem when rt = r`. If no, we set vif (pf,t−1,Θt−1) = vi+1
f (pf,t−1,Θt−1), repeat steps

(ii) and (iii).

Our use of the same grids as in the household problem allows us to exploit the same block

dependent structure in
(
t`
)−1

.

F.3 Learning Equilibria

Here we detail how we construct learning equilibria, given the solutions to the household an

firm problems—vh and vf .

(i) Set rt = r` and assume a value for Θt−1 for t = 1.

(ii) Conjecture a value for πt.
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(a) Find the value of Ct that would make the following equation hold

1

Ct
=

1

1 + r`
Rt

[
pvh (0, L (Θt−1, [πt, Ct])) + (1− p) 1

πssCss
h (0)

]
.

(b) Check to see if the following equation holds

ΦP (πt − 1) πt (Ct +Gt) = (ε− 1) (wt − 1) +
1

1 + r`
pvf (1, L (Θt−1, [πt, Ct]))Ct

+
1

1 + r`

Ct
Css

(1− p) ΦP (πss − 1) πss (Css +Gss) .

If yes, we have a period equilibrium for period t and we record πt and Ct. If no,

conjecture a different value for πt.

(iii) Set Θt+1 = L (Θt, [πt, Ct]) and repeat step (ii).

When we consider “anticipated utility,” we define Θ̃t to be Θt, but with 1
t`

= 0. We then

perform step 2 with Θ̃t instead of Θt. However, in step 3 we continue to use Θt. The switch

between Θ̃t and Θt highlights the way in which “anticipated utility” is not internally rational.

Because it is much less computationally demanding, the anticipated utility solution can also

be calculated directly using mi,t−1 and ψi,t−1 without relying on interpolation between grid

points of those variables.

F.4 Forward Guidance

When we implement forward guidance, we assume that households and firms know the

aggregate values of consumption and inflation in period I (the period that rt changes back

to rss but Rt remains at the ZLB). We denote these quantities by CI and πI . We also assume

that households and firms know how they will act in period I. However, they are unsure

about the period when rt = r`. They have to learn about the data generating process for Ct

and πt while rt = r`. With these assumptions, the model can now be cast as in the previous

three sub-sections, but with householding and firms thinking that with probability 1−p they

will be in period I and using the value functions and decision rules in period I.

G REE Multiplicity

In this appendix, we consider REE multiplicity in the context of the simple NK model with

only sticky prices that we study in the main text. Some of the material in this appendix

appeared in earlier versions of this paper (see Christiano et al. (2018)). We consider stability

under learning (E-stability) of the different REEs. See Evans and Honkapohja (2001) for

discussion of E-stability and its use in equilibrium selection. See Boneva et al. (2016) for
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a discussion of multiple REE at the ZLB. The first two sub-sections of this appendix work

with the model with Rotemberg-style nominal rigidities because that model has no state

variable, which simplifies the analysis. Because the specification of adjustment costs with

Rotemberg-style nominal rigidities is somewhat ad hoc, and because different specifications

lead to the same first-order approximation to the model, we also consider multiplicity in

the context of the model with Calvo-style nominal rigidities in the third sub-section. We

consider that model more micro-founded and, as a result, perhaps a better model for analysis

of equilibrium multiplicity. However, because of the similarities between the models with

Rotemberg-style nominal rigities and Calvo-style nominal rigidities, it is unclear that either

should be regarded as strictly better.

We consider equilibrium multiplicity in the fully nonlinear version of the simple NK

model. Note that analyses that linearize around the target-inflation steady state while also

maintaining the nonlinearity associated with the ZLB would not identify the multiplicity we

highlight.

G.1 Rotemberg-Style Nominal Rigidities

In this sub-section, we focus on the version of the model with Rotemberg-style adjustment

costs. Evans et al. (2008) consider a version of this model when there is no shock to the

natural rate of interest. They analyze the model’s two steady states (in one steady state,

π = 1, in the other π = β).48 They find that only the target-inflation steady state in which

π = 1 is stable under learning, and they argue that learning dynamics are affected by the zero

lower bound. Here, we focus on equilibria following a shock to the natural rate of interest,

as in Eggertsson and Woodford (2003). Specifically, we assume that rt is given as in section

6.2.

With Rotemberg-style adjustment costs, the model has no state variable. We consider

minimum-state-variable REEs (see McCallum (1983) for related discussion). An REE is a

set of values for output, employment, inflation, and consumption, Y `, N `, π`, C`, respectively,

when r = r`. We assume that the economy reverts to the unique rational equilibrium steady

state, Y ss, N ss, πss, Css, with Rss > 1 when r = rss.49

48See also McCallum (2002).
49Here we only consider equilibria in which quantities and prices are constant for a given value of r. For

example, we do not consider sunspot equilibria.
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The four equilibrium conditions associated with the four unknowns, π`, C`, R`, N `, are

1 =
1

1 + r`

[
p

1

π`
+ (1− p) C

`

Css

]
, (89)(

π` − 1
)
π`
(
C` +G`

)
=
ε− 1

φ

(
χN `C` − 1

)
N `

+
1

1 + r`
p
(
π` − 1

)
π`
(
C` +G`

)
, (90)

N ` =
(
C` +G`

)(
1 +

φ

2

(
π` − 1

)2
)

, and (91)

R` = max
{

1, 1 + rss + α
(
π` − 1

)}
. (92)

Equations (89) and (90) take into account that πss = 1. In addition, we verify and use the

fact that R` = 1. We compute Css using the steady state of the model. Equation (90) can be

expressed as one equation in the unknown, π`, after using equations (89) and (91), to express

C` and N ` as functions of π`. Then, we can find a candidate equilibrium by finding a value of

π` that sets a function, f
(
π`
)

= 0. To verify that a candidate value of π` is an equilibrium,

we must verify that the implied aggregate quantities and firm values are non-negative.

Our baseline parameters are the same as in the main text. In the R > 1 steady-state

REE, Css = 0.8, πss = 1, N ss = 1. While r = r`, we set G` = G(r`) = Gss. We also consider

an alternative specification for government purchases, given by

G` = G
(
r`
)

= 1.05×G (rss) . (93)

Figure 5: f
(
π`
)

Corresponding to the Target-Inflation Steady-State Equilibrium

0.88 0.90 0.92 0.94 0.96 0.98 1.00 1.02

0.006

0.004

0.002

0.000

0.002

f(
) A B

A' B'

G = Gss

G = 1.05 × Gss

Note: The zeros of the function f , which is defined in the text, identify REE values for π` assuming that the
economy goes to the target-inflation steady state after rt = rss. The dashed line is the case when G` is high.
Source: Authors’ calculations.
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Figure (5) displays the function f
(
π`
)

for a range of values of π` in the baseline (solid

blue line) and alternative (dashed blue line) cases. In each case, there are two values of π`

for which f
(
π`
)

= 0. Table 5 reports the values of C`, w`, N `, R` and π` at these zeros of

f . Each crossing corresponds to an interior equilibrium in which the ZLB binds.

Table 5: Equilibrium Values While rt = r`, Returning to Target-Inflation Steady State

REE A REE B

400(π` − 1) -35.78 -6.60
400(R` − 1) 0 0

C` 0.48 0.74
N ` 0.98 0.95
w` 0.59 0.88

(a) G` = Gss

REE A’ REE B’

400(π` − 1) -36.99 -3.00
400(R` − 1) 0 0

C` 0.47 0.77
N ` 1.00 0.98
w` 0.58 0.95

∆C+∆G
∆G

-0.17 3.95

(b) G` = 1.05×Gss
Note: This table reports

{
π`, R`, C`, N `, w`

}
for two equilibria indicated by A and B when G` = Gss (6a)

and when G` = 1.05Gss (6b). Each equilibrium returns to the target-inflation steady state as soon as r = rss.
The government purchases multiplier reported in the last line of panel is the change in GDP per unit increase
in G within each of the type A and B equilibria. Source: Authors’ calculations.

With regard to the fiscal multiplier, we calculate the effect of an increase in G comparing

A to A′ and B to B′–that is, comparing two Bad-ZLB equilibria and two Good-ZLB equilibria

(see Figure 5). Table 5 shows that the multiplier is very large in the latter case and very

small in the former case. Consistent with this observation, expected deflation is much larger

at A′ than at B′.

When we apply the methodology of section E, we find that the REE associated with B

is E-stable (b < 1) while the REE associated with A is not E-stable (b > 1).

G.2 Forward Guidance in the Model with Rotemberg-Style Nom-

inal Rigidities

In this subsection, we consider multiplicity of equilibria in the context of forward guidance,

as described in Section 7. We work with the simple NK model with only sticky prices and

Rotemberg-style nominal rigidities. The model has a shocks to the natural rate of interest,

as in the previous sub-section. The monetary authority commits to keeping the nominal

interest rate at the ZLB for J periods after the discount rate has returned to its steady-

state level. To make our point as simply as possible, we consider the case J = 1. In this

sub-section we show that the number of REE proliferates under forward guidance.

In period I, R = 1 even though rt = rss. People know that the economy will transition

to steady state in period I + 1. The equilibrium conditions in period I are equations (89)
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through (91) adjusted for forward guidance:

1 =
1

1 + rss
CI

πssCss
(94)

0 =
(
πI − 1

)
πI
(
CI +Gss

)
− ε− 1

φ

(
χN ICI − 1

)
N I (95)

N I =
(
CI +GI

)(
1 +

φ

2

(
πI − 1

)2
)
. (96)

Equations (94) and (96) define functions mapping πI to CI and N I . These functions

allow us to express the left-hand side of equation (95) as a function of πI . We denote this

function by f I
(
πI
)
. A candidate continuation equilibrium in period I is a value of πI such

that f I
(
πI
)

= 0 along with the associated values of CI , N I , wI , and the present value of the

intermediate good firm in period I. The four variables must be non-negative for a candidate

equilibrium to be an equilibrium. Figure 6 displays the f I function for a range of values

of πI . We find two continuation REE corresponding to the two zeros of f I displayed in

the figure (see points A and B).50 The REE at B features very high inflation, and price

adjustment costs are very unrealistically high.

Figure 6: Equilibria in Period of Switch from rt = r` to rt = rss Under One-Period Forward
Guidance

0.90 0.95 1.00 1.05 1.10 1.15 1.20 1.25
I

0.12

0.10

0.08

0.06

0.04

0.02

0.00

0.02

fI (
I )

1

0

Notes: Graph of the function, f I
(
πI
)
, discussed after equation (96). The two crossings with the zero line

correspond to REE in period I, the date when r switches from rt = r` to rt = rss. Monetary policy in
period I corresponds to one-period forward guidance–that is, the interest rate is held at zero in period I
and then reverts to Rss. The red star indicates the level of inflation in period I in the absence of forward
guidance.

We now compute the REE allocations in the periods before I, which we denote by I−1,

conditional on the continuation equilibrium starting in period I. The period I−1 equilibrium

50From equation (94) we see that CI does not vary with πI . It follows that fI is quadratic function of πI ,
so that the two solutions displayed in Figure 6 are the only zeros of fI .
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conditions are the appropriate analog of equations (89) through (91):

1 =
1

1 + r`

[
p
C`

π`C`
+ (1− p) C`

πICI

]
(97)

(
π` − 1

)
π`
(
C` +G`

)
− ε− 1

φ

(
χN `C` − 1

)
N `

− 1

1 + r`

[
p
(
π` − 1

)
π`
(
C` +G`

)
+ (1− p)

(
πI − 1

)
πI
C`

CI

(
CI +Gss

)]
= 0 (98)

N ` =
(
C` +G`

)(
1 +

φ

2

(
π` − 1

)2
)

(99)

Here, we impose the condition that R` = 1, which we verify.

Given CI and πI , equations (97) through (99) define a mapping from π` to C` and N `.

Now, we can express the left-hand side of equation (98) as a function of π`. We denote

this function by f I−1
(
π`; πI , CI

)
. There are two functions, f I−1 , conditional on the πI , CI

associated with the period I continuation equilibria, A and B.

Figure 7 displays both f I−1 functions for a range of values of π`; see the dotted and

dot-dashed lines. We chose the range of π` so that the graph only displays zeros of f I−1 that

correspond to equilibria. We find two equilibria corresponding to the f I−1 associated with

A (see A and B in Figure 7) and one associated with B (see C in Figure 7). So there are

three REEs with forward guidance. The two REEs without forward guidance can be seen in

the solid line in Figure 7 (we take this curve from Figure 5).

Figure 7: REE Equilibria at the ZLB with and without Forward Guidance

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000

0.006

0.004

0.002

0.000

0.002

0.004

fI
1 (

)

A B

C
Going to  in period I
Going to  in period I
No forward guidance

Notes: The solid line reproduces the solid line in Figure 5 and corresponds to the case of no forward guidance. The dashed and
dot-dashed lines correspond to the case of forward guidance. The dashed line corresponds to the case in which the economy
goes to point B in the period of the switch in rt to rss (period I). It crosses the zero line more than once, but the other
crossing involves very high inflation and is not an equilibrium because the present value of intermediate goods monopolists is
negative. The dot-dashed line corresponds to the case in which the economy goes to point A in period I (see Figure 6).
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G.3 Calvo-Style Nominal Rigidities

In this sub-section, we work with a model of Calvo-style nominal rigidities, but that is

otherwise the same as in the sub-section (G.1).51 The nonlinear equations defining an

REE in this model are 1
Ct

= Rt
1

1+rt
Et 1

πt+1Ct+1
, FP,t = Ct+Gt

Ct
+ 1

1+rt
ξPEtπεt+1FP,t+1, ZP,t =

χNt (Ct +Gt) + 1
1+rt

ξPEtπε−1
t+1ZP,t+1, p∗tNt = Ct + Gt, p̃t =

ZP,t
FP,t

, 1 = (1− θP ) p̃1−ε
t + ξPπ

ε−1
t ,

(p∗t )
−1 = (1− θP ) p̃−εt + ξPπ

ε
t

(
p∗t−1

)−1
, Rt = max {1, β−1 + απ (πt − 1)} . When rt = rss, we

assume that the system converges to the target-inflation steady state. In that solution, p∗t−1

is the only state variable. In that solution, let Xt = Xss (p∗t ). Because rt = rss is an ab-

sorbing state, we can solve for these decision rules without reference to the solution when

rt = r`.

When rt = r`, the nonlinear equations defining an REE in this model are the same as in

the previous paragraph, but we can write the first three as

1

Ct
= Rt

1

1 + r`
p

πt+1Ct+1

+Rt
1

1 + r`
1− p

πss (p∗t )C
ss (p∗t )

FP,t =
Ct +Gt

Ct
+

1

1 + r`
ξP
(
pπε−1

t+1FP,t+1 + (1− p) p [πss]ε−1 (p∗t )F
ss
P (p∗t )

)
ZP,t = χNt (Ct +Gt) +

1

1 + r`
ξP
(
pπεt+1ZP,t+1 + (1− p) p [πss]ε (p∗t )Z

ss
P (p∗t )

)
.

In the context of a nonfundamental shock, Mertens and Ravn (2014) noted that this system

of equations defines a nonlinear function of p∗t . Further, they noted that if the shock remained

in this state for a long time then p∗t−1 would converge to a constant (and so would the other

variables). Here, we have a fundamental shock, rt. However, the system still defines a

nonlinear function of p∗t−1 if rt = r` for a long time then p∗t−1 would converge to a constant

(and so would the other variables). If we consider only the point to which the system could

converge if rt = r` for a long time, and if we only consider interior equilibria, these equations

define a function fC
(
π`
)

that must be zero at any limit point of an REE.

Figure (8) displays the function fC
(
π`
)

for a range of values of π`. There are two values

of π` for which fC
(
π`
)

= 0. We also consider the case when G` = 1.05 × Gss (the dashed

lines). As was the case in the model with Rotemberg-style nominal rigidities, there are two

values of π` for which fC
(
π`
)

= 0. Additionally, only the crossings on the right are E-stable.

51Unlike in the model with Rotemberg-style nominal rigidities, we set
(
1 + r`

)−1
= 1.005 and p = 0.75.
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Figure 8: fC
(
π`
)

Corresponding to the Target-Inflation Steady-State Equilibrium
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0.15

fC
(

)

G = Gss

G = 1.05 × Gss

Note: The function, fC , is defined in the text. The dashed line is the case when Gt is high. Source: Authors’
calculations.

H The Learning Equilibrium Studied by Mertens and

Ravn (2014)

In this appendix, we explore the findings of Mertens and Ravn (2014) using the simple NK

model with only sticky prices and parameter values that we study in our paper. Mertens

and Ravn (2014) also study a simple NK model with Calvo-style nominal rigidities and only

sticky prices. They show that there exists a nonfundamental REE. In that equilibrium, the

natural rate of interest is always equal to its steady state value. Similar to the stochastic

process for rt in section 6.2, the nonfundamental shock, St, follows a stochastic process to

that

Pr [St+1 = 1|St = 1] = p, Pr [St+1 = 0|St = 1] = 1− p, (100)

Pr [St+1 = 1|St = 0] = 0.

Notice that St = 0 is an absorbing state. When St = 1, Mertens and Ravn (2014) show that

there is an REE where Rt = 1 while St = 1. In this section, we set p = 0.9.
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H.1 REE

When St = 1, the nonlinear equations defining an REE in this model are the same as in

Appendix G.3, but we can write the first three as

1

Ct
= Rtβ

p

πt+1Ct+1

+Rtβ
1− p

πss (p∗t )Css (p∗t )

FP,t =
Ct +Gt

Ct
+ βξP

(
pπε−1

t+1FP,t+1 + (1− p) p [πss]
ε−1 (p∗t )F

ss
P (p∗t )

)
ZP,t = χNt (Ct +Gt) + βξP

(
pπεt+1ZP,t+1 + (1− p) p [πss]

ε (p∗t )Z
ss
P (p∗t )

)
.

Mertens and Ravn (2014) noted that this system of equations defines a nonlinear function of

p∗t . Further, they noted that if St = 1 for a long time then p∗t−1 would converge to a constant

(and so would the other variables).

H.2 Euler-Equation Learning

Mertens and Ravn (2014) consider a learning equilibrium using the Euler equation approach

to learning (see Appendix C for a discussion of Euler equation learning). To implement

the Euler equation approach with the zero lower bound, Mertens and Ravn (2014) log-

linearize the equilibrium conditions around the target-inflation steady state but preserve the

nonlinearity in the monetary policy rule. Mertens and Ravn (2014) assume that agents know

that Ĉt = π̂t = 0 when St = 0. When St = 1, the system of equations an be written as

Ĉt = pEtĈt+1 + pEtπ̂t+1 −max {β log (β) , βαππ̂t}

π̂t =
(1− βξP ) (1− ξP )

ξP

[
(1 + C) Ĉt +GĜt

]
+ βpEtπ̂t+1

In a learning equilibrium, beliefs are set so that EtĈt+1 = mC,t−1 and Etπ̂t+1 = mπ,t−1. These

values are then updated according to

mi,t = mi,t−1 + γt

(̂
it −mi,t−1

)
.

Mertens and Ravn (2014) use constant gain learning (γt = 0.1). As in the rest of our paper,

we use decreasing gain and set γt = 1
t+1

.

As in Mertens and Ravn (2014) we define the government purchases multiplier to be
∆Ct+∆Gt

∆Gt
where ∆ indicates the difference relative to the case when Gt = 0. Mertens and

Ravn (2014) consider two experiements. In the first experiment, Mertens and Ravn (2014)

calculate the government purchases multiplier in the REE. In the second experiment, Mertens

and Ravn (2014) calculate the size of the government purchases multiplier under learning.

To calculate the multiplier under learning, Mertens and Ravn (2014) set Ĝt = 0 and initial
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beliefs about consumption and inflation to be somewhat above their REE values. They

then calculate a path for Ct . Then Mertens and Ravn (2014) set Ĝt = Ĝ > 0 and also

change initial beliefs to be lower, similar to the way initial beliefs are lower in the REE when

Ĝt = Ĝ > 0. The they calculate an alternative path for Ct and compute the multiplier.

We consider a third experiment in which Ĝt = Ĝ > 0 and initial beliefs are set to the

same initial value as in the learning equilibrium when Ĝt = 0. Figure 9a displays the value of

the government purchases multiplier in these three experiments under the assumption that

St = 1 for the entire duration of the period shown. Note that the REE multipler is low.

As in Mertens and Ravn (2014), we find that the compound, second experiment in which

beliefs and Gt change exhibits a low multiplier. In the third experiment, when we do not

change initial beliefs for the higher value of Gt, the multiplier is larger than unity. Figure 9a

is also consistent with the findings of Mertens and Ravn (2014) that Euler equation learning

is slow. The value of b for the system of equations associated with Euler equation learning is

1.03, which is consistent with expectations diverging from the nonfundamental equilibrium

(as reported by Mertens and Ravn (2014)), but at a slow rate.

Figure 9: Size of Government Purchases Multiplier

(a) Euler Equation Learning
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(b) Anticipated Utility
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Note: The figure shows the size of the government purchases multiplier under three experiments in our simple NK model with
only sticky prices. Experiment 1 is the REE. Experiment 2 changes intial expectations when Gt changes, as in Mertens and
Ravn (2014). Experiment 3 leave initial expectations unchanged when Gt changes. Panel (a) is constructed under Euler
equation learning, as in Mertens and Ravn (2014). Panel (b) is constructed under anticipated utility as outline in Appendix
E. The figure displays the value of the government purchases multiplier in learning equilibria and the REE under the
assumption that St = 1 for the entire duration of the period shown. This is a low probability event that would be surprising.
Source: Authors’ calculations.
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H.3 Anticipated Utility

Straightforward modifications of the approach outlined in Appendix E allow us to solve

for the linear approximation to the learning equilibrium under anticipated utility using the

methodology of Appendix B. Note that we solve for the limit point of p∗t (and the other

variables) while St = 1 linearize the equations around this limit point while St = 1.52 We

also linearize the equations once St = 0 around the target inflation steady state.

We conduct the same three experiments that we described in the previous section. There

are dynamics associated with the REE in Figure 9b because p∗t is a state variable of the

model and it is linearized around a value different from unity. The value of the multiplier in

the REE is somewhat different from the value in Figure 9a because we are linearizing around

the nonlinear REE, rather than around the target inflation steady state. As in the previous

sub-section, we find that the compound, second experiment in which beliefs and Gt change

exhibits a low multiplier but the multiplier is larger when we do not change initial beliefs

(experiment 3).

It is notable that the dynamics in Figure 9b are also consistent with slow learning under

anticipated utility in the compound second experiment. The value of b under anticipated

utility is 1.7. Because b > 1, the system diverges from the sunspot REE that Mertens and

Ravn (2014) study, however, as discussed above, this happens slowly for beliefs that are close

enough to the REE in the compound second experiment. For experiment 3 (when we do not

change beliefs at the same time that we change Gt at the ZLB), divergence from the REE

happens quickly because initial beliefs when Ĝt > 0 are not so close to the REE. In this

case, we only show the first few quarters of the simulation because the ZLB would no longer

be binding after that period in the simulation and the linearization of the model would then

have to incorporate the interest rate response from the Taylor rule.

52It turns out that the linear approximation to the REE when St = 1 is locally indeterminate. We resolve
the indeterminacy by requiring that in the REE all variables converge at a rate faster than 0.90t. This results
in a minimum state variable linear approximation to the REE, which we utilize to construct our learning
equilibrium as in appendix B. See McCallum (1983) for a discussion regarding reasons to select the minimum
state variable solution.
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