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Abstract

This paper provides an analytic characterization of the speed of convergence under
learning to a rational expectations equilibrium (REE) for a large class of multivariate
models. We show that learning is slower when people’s beliefs about model outcomes
are more self-fulfilling. The paper also investigates which features of a model economy
make beliefs more self-fulfilling, using variants of the simple new-Keynesian model and
a medium-scale DSGE model. For empirically plausible specifications of these models,
convergence of a learning equilibrium to the REE is so slow that analysis based on
rational expectations can be misleading.
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1 Introduction

The founders of the rational expectations (RE) revolution thought that, to be useful, ra-
tional expectations equilibria (REE) must be the outcome of learning equilibria.! While
convergence to an REE may be a necessary condition for rational expectations to be a useful
model of expectations, it is not sufficient. As Vives (1993) stresses, in a changing world, for

“slow’” convergence may mean no convergence.” The critical issue is

all practical purposes,
whether the speed of convergence is fast enough to render RE a useful guide for normative
and positive analyses. In this paper, we characterize, for a large class of models, the speed
of convergence of a learning equilibrium to an REE.

We depart from the RE framework and assume that people learn about their environment
by forming beliefs about future economic outcomes and updating those beliefs as data ar-
rive. We analytically characterize the speed of convergence in a broad class of non-stochastic
learning models. The models that we consider have two important characteristics. First, peo-
ple learn using either standard Bayesian methods or least-squares. Second, people’s beliefs
about model outcomes are central determinants of equilibrium outcomes. We demonstrate
that our results can be applied to a broad class of macroeconomic models that are solved
using linearization methods. This class includes medium-scale dynamic stochastic general
equilibrium (DSGE) models with shocks, like Christiano et al. (2005) (hereafter, CEE).

An important contribution of this paper is to provide a formal characterization of the
asymptotic rate of convergence for a broad class of nonlinear, non-stochastic multivariate
learning models studied in Evans and Honkapohja (2000). Proposition 1 of this paper shows
that a particular scalar statistic, b, of the system determines the asymptotic speed of conver-
gence to an REE. That parameter, which also determines the E-stability of an REE (b < 1),
can be calculated from the model solution (see Evans and Honkapohja (2000) for a discussion
of E-stability). A model exhibits slow learning when b is less than but close to unity. We
investigate the economic determinants of b, i.e., whether learning is fast or slow.

Our central finding is that, in empirically plausible new-Keynesian (NK) models, learning
equilibria converge slowly to REE. Indeed, learning can be extraordinarily slow. We develop
an asymptotically valid formula that depends only on b which approximates the time required
to close a given fraction of the gap between initial and RE beliefs. Using simulations, we show

that our formula is quite accurate for all the models considered. In the simple NK model,

3

IFor example, in his seminal paper on asset pricing, Lucas (1978) writes ‘....the model described above
“assumes” that people know a great deal about the structure of the economy, and perform some non-routine
computations. It is in order to ask, then: will an economy with people armed with “sensible” rules-of-
thumb, revising these rules from time to time so as to claim observed rents, tend as time passes to behave
as described....’



when wages and prices are sticky, progress to the REE is measured in decades.? An even
stronger result holds for the benchmark DSGE model developed in Christiano et al. (2005):
meaningful convergence to the REE is measured in centuries. Even more dramatically, in
the simple NK model, when the zero lower bound (ZLB) is binding, progress is measured in
millennia. We argue that stickiness in wages and the parameters of the monetary policy are
the critical determinants of the speed of convergence.

The intuition behind our results is that people’s beliefs influence actual economic out-
comes. For example, suppose people revise their expectations of future inflation upward.
Wage setters, recognizing they would like higher nominal wages in the future, have an in-
centive to front-load those increases when wage stickiness is present. By increasing nominal
marginal cost, this rise in the current wage exerts upward pressure on current inflation. In
effect, sticky wages make inflation expectations at least partially self-fulfilling, much like in
the wage-price spiral literature (see Blanchard (1986)). The more self-fulfilling expectations
are, the slower people are to abandon initial priors (the higher is b) and the longer it takes
for expectations to converge. Monetary policy also plays an important role. The more (less)
aggressive the monetary authority’s response to inflation (the output gap), the less likely it
is that inflation expectations will be self-fulfilling.

Sections 5 and 6 analyze the robustness of our key conclusions to a variety of perturba-
tions. First, as noted above, those conclusions hold in empirically plausible DSGE models
like the model of Christiano et al. (2005).> Second, we consider the speed of learning when
nominal rigidities arise from Rotemberg rather than Calvo-style nominal rigidities. Under
RE, Calvo-style and Rotemberg-style nominal rigidities are equivalent in a first-order approx-
imation to the model.* However, they need not be equivalent in a learning equilibrium. As it
turns out, our key results about the speed of learning are robust across the two different ways
of modeling nominal rigidities. Third, our results are robust to whether or not the zero lower
bound (ZLB) on the nominal interest rate is binding. Fourth, we show that our results are
robust to whether people solve their problems using a version of Kreps (1998)’s anticipated
utility (our benchmark analysis) or internally rational learning. In the anticipated utility
framework, people update their beliefs at each period as new data comes in. But when they
make their decisions, they proceed as though their beliefs will never be revised.® Under

internally rational learning, people fully integrate the fact that they are learning when they

2In this model there is no capital, no habit persistence in consumption, and a static Taylor rule.

3The nonlinear model underlying Smets and Wouters (2007) is the same as Christiano et al. (2005) up
to the specification of shocks, so our DSGE results also apply to that model. This is consistent with our
conclusion that learning is slow in estimated, empirically plausible NK models.

4See, for example, Born and Pfeifer (2020).

>This approach has been criticized for its internal inconsistency (see Adam and Marcet (2011)). See also,
Adam et al. (2017), Adam and Merkel (2019), Winkler (2020), and Caines and Winkler (2021).



solve their problems, i.e., households and firms are internally rational in the sense defined
by Adam and Marcet (2011). Implementing internal rationality in the model’s nonlinear so-
lution is computationally challenging.® The associated computational burden explains why
much of the learning literature works with a version of Kreps (1998)’s anticipated utility
approach. Because of computational challenges, we investigate the implications of the two
different learning models using the full nonlinear solution to the simple NK model when the
ZLB is binding. Fifth, we demonstrate that our results are robust to whether we work with
the fully nonlinear or linear approximations to model solutions. Again, for computational
reasons it is difficult to work with a fully nonlinear version of the DSGE model in Christiano
et al. (2005). So we use the simple NK model when the ZLB is binding. In the linear and
nonlinear versions of that model, the speed of convergence to the REE is very slow.

Section 7 analyzes the impact of learning on how fiscal and monetary policies impact
the economy. We show that the speed of convergence plays a crucial role in assessing the
efficacy of government policies, such as increases in government purchases. These results are
most stark in the simple NK model when the ZLB is binding.” We make this case using
a nonlinear version of the NK model in which only prices are sticky. This model has been
widely used in the literature that analyzes the effect government purchases when the ZLB
is binding. In the model we consider, the effects of a rise in government purchases are much
smaller under learning than under RE. Under RE, the government spending multiplier is
very large when the ZLB binds because an increase in government purchases raises expected
inflation (see Christiano et al. (2011)). Because the nominal interest rate is fixed, this rise
generates a fall in the real interest rate, a rise in consumption, and a multiplier substantially
larger than unity. In the learning model, expected inflation is partially backward-looking
and changes little after an increase in government purchases. So, the real interest rate does
not fall by very much, the key driver of the large REE multiplier is effectively eliminated,
and the multiplier is close to unity.

We also consider the effects of monetary policy in the form of forward guidance when
the ZLB is binding. To convey intuition as transparently as possible, we consider a simple
form of forward guidance: the monetary authority commits to keeping the nominal interest
rate at zero for one period after the shock that makes the ZLB binding returns to its steady-
state level. Consistent with the existing literature (for example, Farhi and Werning (2019),
Del Negro et al. (2023), and Woodford (2012)), we find that even this simple form of forward
guidance is powerful under RE. As is well known, the power of forward guidance under RE

reflects its strong effect on expected inflation. Under learning, expectations are partially

6See Appendix F for details.
"See, for example, Eggertsson and Woodford (2003), Christiano et al. (2011), and Del Negro et al. (2023).



backward-looking, and forward guidance is not very powerful. So, as with fiscal policy, an
REE-based analysis of monetary policy can be very misleading.

The models we work with have multiple REEs. Benhabib et al. (2001b) document that
NK models have two REE steady states. In one steady state the ZLB is binding, in the other
it is not. Mertens and Ravn (2014) and Bilbiie (2022) discuss ZLB REEs that are caused
by nonfundamental shocks. Throughout our paper, when we use linear approximations of
the model, we focus on learning equilibria that are local to E-stable REEs.® We do so for
three reasons. First, E-stable REEs are the most-commonly studied in the related literature.
Second, a full treatment of equilibrium multiplicity in the NK model is beyond the scope of
this paper. Third, we find that learning can be very slow, even in learning equilibria that are
local to E-stable REEs. This finding poses a challenge to policy analyses based on E-stable
REEs that are the focus of the literature. We discuss equilibrium multiplicity in Appendix
G.

The remainder of this paper is organized as follows. Section 2 discusses the relationship
of our paper to the related literature. Section 3 presents our theoretical results regarding
the speed of convergence to an REE. Section 4 analyzes the speed of convergence in the
simple NK model when the ZLB is not binding. Section 5 analyzes the speed of convergence
in the CEE model when the ZLB is not binding. Section 6 discusses the robustness of our
analysis, including linear and nonlinear versions of the simple NK model when the ZLB is
binding, and versions of the model under anticipated utility and internally rational learning.
Section 7 considers whether learning matters for policy analysis. Finally, section 8 contains

concluding remarks.

2 Related Literature

Our paper is related to several literatures. First, a large literature studies the properties
of recursive estimators in learning models with decreasing gain.® Ljung (1977) establishes
almost sure convergence. Marcet and Sargent (1989b; 1989a), Woodford (1990), Evans and
Honkapohja (2000; 2001), and others build on Ljung (1977) to study the conditions under
which learning equilibria converge to an REE. In contrast, we study the speed at which

learning occurs. Marcet and Sargent (1995) study the speed of convergence using numerical

8We study minimum-state-variable equilibria. McCallum (1983) offers arguments in favor of focusing on
minimum-state-variable equilibria. See Arifovic et al. (2018) for a different approach to learning under which
the ZLB steady state is stable under learning. See Eusepi (2005) for a discussion of learning equilibria that
converge to cycles.

9 Another branch of the literature studies the properties of recursive estimators in learning models with
constant gain. See, for example, Marcet and Nicolini (2003). We focus on decreasing gain because it arises
naturally in the context of Bayesian learning about parameters.



methods. In contrast, we provide analytic results for a large class of models. In addition,
our numerical results pertain to a class of empirically plausible DSGE models.

We work in a nonstochastic environment in which it is natural to focus on the rate of
convergence of deterministic sequences. The stochastic approximation literature focuses on
convergence in distribution. Benveniste et al. (1990) show that ¢'/20; converges to a Normal
distribution with mean zero for b < 1/2.1° Christopeit and Massmann (2018) provide a
derivation of the speed of convergence in distribution of a learning equilibrium for b € [1/2,1).
They do so for a scalar linear regression model. Their theoretical results do not, in general,
hold for nonlinear, multivariate environments. We provide multivariate, nonstochastic results
on the speed of convergence of 6, for b < 1 and apply them to the nonlinear NK model.

A third literature examines the speed of convergence in the simple NK model (see, e.g.,
Ferrero (2007)). We study rates of convergence in a range of models, including an empirically
plausible medium-sized DSGE model. Additionally, Ferrero (2007) uses the Euler equation

1 We consider that approach to learning as well as the anticipated

approach to learning.!
utility and internally rational approaches. In contrast to Ferrero (2007), we also study
convergence rates in linear and nonlinear versions of the NK model when the ZLB is binding.

Heemeijer et al. (2009) and Hommes (2011) study positive and negative feedback loops
from expectations to outcomes using laboratory experiments and univariate models with
constant gain. Their results provide experimental support for the class of learning models
considered in this paper.

A different literature assumes that people have RE and studies how people form beliefs
about exogenous variables when they have imperfect information. For example, Vives (1993)
asks: how quickly do people’s beliefs about an exogenous cost parameter converge? Other
authors like Erceg and Levin (2003), Gust et al. (2018), and Farmer et al. (2024) study how
people draw inferences about the movements in the unobserved transitory and persistent
components of an exogenous variable. In contrast, we study convergence rates for beliefs

about objects whose values depend on those beliefs. Other papers that study the dynamic

0Evans and Honkapohja (2001) discuss the speed of convergence in Chapter 7 of their book. They cite
Benveniste et al. (1990) regarding the rate of convergence of the stochastic learning algorithm to a non-
degenerate random variable for the case of b < 1/2. Evans and Honkapohja (2001) return to the speed of
convergence in Chapter 15.2. There, they cite Marcet and Sargent (1995) for simulation results that imply
learning can be very slow when [1/2 < b < 1).

HSee Evans (2021) for a discussion of the Euler-equation approach to learning and Adam and Marcet
(2011) for a critique of that approach. An earlier version of our paper (Christiano et al. (2018)) followed the
Euler-equation approach to learning models (not the anticipated utility or the internally rational approaches
to learning). See Eusepi and Preston (2018) for a discussion of different approaches to learning. Our current
approach is more natural in models where people solve infinite-horizon optimization problems and learn by
Bayesian updating. Different approaches to learning can imply different speeds of learning (see Appendix C
for a discussion of the speed of learning under different assumptions).



properties of Bayesian learning with incomplete or noisy information include Collin-Dufresne
et al. (2016) and Angeletos and Lad (2020). In this paper, we consider learning equilibria
along the lines of those studied in, for example, Eusepi and Preston (2018), and characterize
the rate of convergence of beliefs.

Another literature studies the policy implications of learning when the ZLB is binding.
Evans et al. (2008) study the effects of fiscal policy and alternative money supply rules for
Euler-equation learning equilibria when the ZLB is binding. Eusepi (2010) shows that central
bank communication can have an important impact on Euler-equation learning equilibria
when the ZLB is binding. Benhabib et al. (2014) and Evans et al. (2022) study convergence
in the nonlinear simple NK model with anticipated-utility learning. Eusepi et al. (2021)
discuss forward guidance when the ZLB is binding in the simple NK model with anticipated
utility. Preston (2005) and Eusepi et al. (2022) use the anticipated utility approach to study
the effects of monetary policies in linearized NK models under learning. In contrast to our
analysis, these papers do not characterize rates of convergence or consider internally rational

learning.

3 Learning in a Nonlinear Environment

In this section, we study the speed of convergence of learning in a non-stochastic environment.
Let 6; be a k—dimensional vector of variables that summarizes people’s period-t beliefs about
the values of the parameters governing a perceived data-generating process. We interpret
0, as a deviation from a particular fixed point of beliefs in our learning algorithm.'? As in

Evans and Honkapohja (2000), the vector 6; evolves according to

O = 01+ 7 [M (0r—1,7) — O1-1] (1)

for t = 1,2,3,... where M (6;,_1,7) is a potentially non-linear function. Here, 6 is given
and 7, the learning gain. Let the k x & matrix Dy M denote the derivative of M with respect
to the vector 6;_; and let b be the largest real part of the eigenvalues of D; M (0,0). Similar
to Evans and Honkapohja (2000), we adopt the following two assumptions:

Assumption 1. The vector-valued function M : R x R — R* has the following properties:
(i) M(0,0) =0;
(ii) M is continuously differentiable in a neighborhood of the origin;
(i) M (0,7) =0, for all t > 1;
(iv) M (0,7,) is continuously differentiable in a neighborhood of (0,;), for all ¢t > 1;

12WWe do not require that this fixed point be unique.



(v) the real parts of the eigenvalues of DiM (0,0) are strictly less than unity and no
eigenvalue of Dy M (0,~,) is equal to 1 — ;! for all ¢ > 1.

Assumption 2. The scalar series, 7;, satisfies the following properties:
(i) 0 <y <1, forallt > 1;

Our environment is the same as Evans and Honkapohja (2000)’s, except that we have a
more-restrictive specification of ;.13 They establish that for b < 1 and 6, sufficiently close
to 0, ||0:|| converges to zero. We study the rate at which ||6;]| converges to zero.

We adopt the following definition of the asymptotic rate of convergence of a variable in a
nonstochastic environment. Our definition enables us to establish the precise sense in which

the parameter b determines the rate of convergence.

Definition 1. For b < 1, x; asymptotically converges to zero at the rate t°~1 (which we denote

by x; ~ t*71) if for any 0 < § < 1 —b, (i) limy_e0 tb”f—fl; =0, and (ii) lim; Jzell - o,

Here, ||| denotes a norm on R*. The first part of Definition 1 says that for any small,
positive d, ||2|| asymptotically converges no slower than t*~!*%. The second part says that
||z¢|| asymptotically converges no faster than t*=1=%. In this sense, b characterizes the power
rate of convergence.

Christopeit and Massmann (2018) report results which imply that when M is linear and
0; is a scalar then t17||6;|| — & for 0 < k < oo. Our concept of convergence in Definition 1
is weaker than convergence to a finite, nonzero constant limit. We work with our definition
because 17 ||0;]| may not converge to a finite, nonzero constant in nonlinear or multivariate
cases.

Conditions (i) and (ii) in Definition 1 describe a space of sequences. It is easy to verify
that it includes 6§, = xt*!, 0 < k < oco. It also includes sequences that cycle around ¢*~*
with decreasing amplitude as ¢ increases, e.g. ; = [2+ sin (¢)]#*~!. In addition, it includes
sequences that deviate from t°~! at a slow enough rate, such as 6; = log (¢) t*~1. Definition
1, in effect, defines a set of sequences that exhibit a power rate of convergence, up to slowly

varying terms. Consistent with this definition, all of the elements in the set of sequences

13Evans and Honkapohja (2000) assume that part (i) of Assumption 2 holds. Additionally, they assume
limy_y00 ¢ = 0 and limy_, Z;Zl «v; = 00. Both of these properties are implied by part (ii) of Assumption 2.

1The following two examples illustrate this point. First, consider the linear multivariate case, k = 2.
b 1
0 b
2 /t*™1 = o0 as t — oco. For our second example consider the nonlinear, univariate function, M (6;_1,7;) =
b0;_1 — bg?‘teﬁ for 6;—1 # 0 and M (0,~;) = 0. This function satisfies our assumptions, and D; M (0,0) = b.
Yet, it can be shown that x;/t?~! — 0o as t — co. In both examples, z; ~ t*~! according to Definition 1.

Let 0; =[x, yt]/ and suppose M (0;—1,v) = [ ] 0;_1. By iterated substitution it can be shown that



identified by Definition 1 converge to zero at a rate slower than a geometric rate (i.e., the
sequence X', t = 1,2 ..., for 0 < A < 1).

Let U denote a neighborhood of the origin that has the property that every 6, € U
generates a sequence ||6;|| that converges to zero (Proposition 1 in Evans and Honkapohja
(2000) establishes that such a U exists). We now state our proposition, which is proved in

Appendix A.

Proposition 1. Suppose 0, evolves according to equation (1), Assumption 1 holds (which
implies b < 1), and 2 holds. There ezist uncountably many 6y € U that generate a sequence
0, ~ t*=1 and for all 8y € U and any § > 0, lim;_, tb“f% =0.

For intuition, it is useful to consider the following special case: If M (6;_1,v) = M6,
where M is a matrix and all the eigenvalues of M are real and distinct, then 1706
converges to a non-zero limit for 6y in a dense subset of U.

Proposition 1 leaves open the possibility that there are values of 6, € U that do not have
the property, 6, ~ t*~!. An obvious, but uninteresting, example is 6, = 0 which implies

6, = 0 for all t. A more informative example is given by:

0p =0 1+v(M—1)0,, leb 0];

0 a
where a < b < 1. Suppose that 6, = [0,1]', so that 6§, = [ 0, Hj.:l (147, (a—1)) ,. It
is straightforward to show that 6, ~ t*~!, so that the speed of convergence is faster than
t*=1.15 However, any nonzero perturbation to the first element of 6y, no matter how small,
gives rise to a f; sequence that has the property, 6; ~ t*~'. This example, in which there
are special initial beliefs that converge faster than t*~!, generalizes to any system in which
M is linear, satisfies Assumption 1, and has an eigenvalue with real part less than b. In any
such system, there are initial beliefs that are arbitrarily close to any 6y that give rise to a
sequence 6, ~ =1,

In our analysis, the function, M, in equation (1) embeds the equilibrium map from be-
liefs, 6;_1, and the gain, v;, to equilibrium outcomes under learning. It can be convenient to
approximate equation (1) around the limit points of §; and 7; using perturbation methods.!®
The first-order expansion of equation (1) implies 6; = 6,_1, so that there is no learning in
a neighborhood of the limit points. This property is a harbinger of the slow-learning re-

sults in this paper. A second-order expansion of equation (1) simply replaces M (6;_1,7;)

15To see this, note that log(6;) is approximately the partial sum of a harmonic series, log(6;) =~
(a—1) Z;_l v; = (a — 1) [k + log (t)] ,where & is a finite constant.

16 Additional smoothness assumptions about M (-,-), beyond what appears in Assumptions 1 and 2 are
required to apply perturbation methods (see Judd (1996)).



in equation (1) with its first-order expansion, D;M (0,0)6;_1.'" This result provides an in-
terpretation of a standard procedure that uses a linear approximation of M when solving

learning model.

4 The Speed of Learning in the Simple NK Model

In this section, we analyze the speed of learning in a simple textbook version of the NK
model that incorporates a version of Kreps (1998) anticipated utility.!® Our key finding is
that the degree of wage stickiness, as well as the parameters of the monetary policy rule,

play a central role in the speed of learning.

4.1 The Simple NK Model with Sticky Nominal Wages and Prices

In this subsection, we present a variant of the simple NK model in which both nominal wages
and prices are sticky. We model nominal price rigidities as in Calvo (1983). In the case of

wage rigidities, we work with a variant of Erceg et al. (2000).

4.1.1 Firms’ Problems

A final homogeneous good, Y;, is produced by a continuum of competitive, identical firms
using the technology Y; = < fol Yf};ldf>;, where Y}, denotes differentiated inputs and
¢ > 1. The representative homogeneous-good firm chooses inputs to maximize profits, Y; P, —
fol Y; . Prdf, where P, denotes the time-t aggregate price level and Py, denotes the time ¢

price of the f'* good. The representative firm’s first-order condition for the f** input is:

P -
Y, = d Y;. 2
I (Pt) ' 2)

A monopolist produces the f™ intermediate good with production technology Y;, = Ny,
where Ny, denotes labor hired by firm f. With probability £, the monopolist sets its time-t
price equal to Pr;—1. With probability 1 — £p, the monopolist resets its price optimally to

17This can be seen by taking a second order expansion of equation (1) and noting that Assumption 1
part (iii) implies Do M (0,0) = 0. In addition, a second-order approximation to the learning model involves
a second-order approximation to ;. This requires expressing 7; in recursive form. In this paper, we work

with a standard representation of the gain, v = where A > 0. The recursive representation is given by
-1

1
pEER
Ve = Ye—1 (Ve—1 + 1)71 with initial value 0 < 77 < 1. A second-order approximation to v = vy;—1 (yt—1 + 1)
around y;—1 = 0 is given by 4 = 44—1 (1 — 4:—1). It can be shown that 4; satisfies Assumption 2 and that
4+ approaches ~; from below.

18See Eusepi and Preston (2018) for additional discussion of anticipated utility.
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Py Tt chooses Py, to maximize the expected discounted value of profits:

N P P\
E ot [ =L — (1 - - L)y, 3
tzﬁ §pCty; ( P (1= 7f) 514 Prv t+j (3)

j=0

Here, [E; denotes the expectation operator under monopolists’ subjective beliefs at time t,
s¢+; denotes real marginal cost in period ¢+ j, and cl +; denotes the marginal value of profits
in units of the consumption good in period ¢ + j. Finally, 74 is a government tax subsidy

designed to eliminate the effect of monopoly distortions in the steady state.?

4.1.2 Households’ Consumption Problem

There is a continuum of identical households, h € (0,1). Each household enters a period
with a stock of bonds, by ;1 = Bj—1/FP;—1. Here, By, denotes the nominal payoff at the
beginning of period ¢ to nominal bonds purchased in the previous period. In period ¢, the

household chooses consumption, Cj;, and end-of-period bond holdings, by, to maximize:

E, Zﬁj {10g (Chytrs) / i } (4)

subject to the budget constraints, for 7 > 0,

bhivi _ bpisj— ! .
Chitj + < R / (14 7w) Wi 4 Nipp1jdi — Tigy. (5)
Ry T 0

Here, my = P,/ P,_1, 7; denotes lump-sum taxes net of profits from the firms, and R; denotes
the nominal rate of interest. The h'* household has a variety of members, indexed by

€ (0,1), with imperfectly substitutable types of labor, NV; 5 ;. The household takes w;; and
Nip+ as given, for i € (0,1). We assume households have the same expectation operator,
E;, as monopolists. For reasons similar to those discussed in Adam and Marcet (2011) we

place an upper and lower bound on b;,;. When we work with the linearized version of the

207 t+j0 to the left side

of the household budget constraint, equation (5). In practice, we set ¥ to be a very small

model we mimic the effects of these bounds by adding the term,

number and no costs are actually paid (even in learning equilibria) because by, must be zero

for bond markets to clear.

4.1.3 Employment and Wage Determination

Corresponding to each i € (0,1) there is a single labor union. For every household, h, the

i" member belongs to that union. The union sets the nominal wage, W;;, subject to Calvo

19This subsidy satisfies (1 —7¢)e/ (e — 1) = 1.

11



frictions. With probability 1 — &, union ¢ can reset W;, and we denote its choice by W,
Otherwise the union must set W;, = W;,_1. Union ¢ provides all labor demanded in equal
amounts from each household. Households must supply whatever amount of the i*" type of
labor that union ¢ requires.

A competitive, representative firm uses the labor, NV;; = fol N; ,+dh, supplied by union i €

el N
(0,1), to produce a homogeneous labor service, IVy, using the technology N, = ( fol N, dz’) ' ,
e > 1. The firm takes W;, as given and sells IV, at the price, W;. In equilibrium, W, =

_1
< fol VVllt_ Edi) ", Profit maximization by the competitive, representative firm implies:

The wage, W, ,, is chosen to maximize:

—€ - —€ 2
> . g O_l' ~ W t X W; t
E Y B 52 (I+7) Wi | =5 | Nej— 5 BNy | Y @
tjzz(; w F)t—i-j ( ) t Wt+j t+j 92 Wt-l—j t+g ( )

We assume unions have the same expectation operator, [E;, as households and monopolists. In

an REE, maximizing equation (7) corresponds to maximizing the utility of the representative
household.
4.1.4 Monetary, Fiscal Policy, and Aggregation
Aggregate output is given by:

Y, = Cy + G, (8)
Monetary policy sets the gross nominal interest rate, R;, according to:

Y,—Y
Ri=B8"4a;(m—1)+ay tY . (9)

Here, Y is the value of Y; in the target-inflation (m, = 1) REE steady state. The government
finances subsidies to households and firms with lump-sum taxes and balances its budget each
period. The government also purchases final goods, G; = G.

The firm production function implies that gross output is given by:

where p; is a measure of price dispersion given by (pf)_1 = fol (%’t>_ df (see Yun (1996)).
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4.1.5 The Evolution of Beliefs Under Anticipated Utility

For the period-t problems of households, unions, and firms to be well-defined, they must

have beliefs about the aggregate variables that determine their payoffs:

/
—_ *
i = | Ciijs Tevgy Beygy, Yirgs Nevsy, Wivgs Tevgs Pipjs Grag >5t+j] ; (11)

where wyy; = Wiy;/Peyy, for j = 0,1,2,.... . We describe a recursive mechanism that
characterizes people’s beliefs about {as;} .
To focus attention on learning about the data generating process of key variables that

are determined by intertemporal decisions, we work with a smaller set of variables, x.;;:

!/
Ty = | Cryjy Tiaj, wt+j]' (12)

We assume people know seven aggregate equilibrium conditions of the model which map
from a;y;1 and x,4; to the non-z;,; elements of a;;.** We denote this mapping, together
with the relevant identities, by F"

aryj = F (204, a045-1) . (13)

Before people observe x;, their beliefs about x;,; are summarized by a density function,

D, parameterized by a finite dimensional vector ©;_;:
Tiyj ~ D (ar4j-1:011) (14)

for j = 0,1,... . The presence of ©,_; in equation (14) for each j > 0 reflects the anticipated
utility assumption. Under this assumption, people making time-t decisions act as if their
beliefs, ©,_1, will remain unchanged in the future, regardless of the data they see.
Equations (13) and (14) provide a recursive representation of people’s beliefs about
{ai; };io in period t before observing a;,. These beliefs are conditional on a; ; and ©, ;.
After time-t decisions are made and markets clear, people use the observed z; to update

their beliefs, ©;_1, as follows:
Or = L(O1, ¢, a1-1; %) - (15)

Under anticipated utility, people making their decisions in period ¢ do not internalize that
they will update their beliefs at every future date according to equation (15). The form

of L depends on the assumed model of learning and decision making. The variable ; is a

208 pecifically, people believe that s; = wy, Gy = G, (pf) "' = (1 —&p) (1_1552;1)_: +&pmy (p;‘fl)f1 ,

7t = G+ Tpwe Ny — ( - %) Y; and that equations (8), (9), and (10) hold. These are equilibrium conditions
in REE and, by construction, in our learning equilibria.
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decreasing gain and, in the models that we consider, takes the form ~ = (A + t)_l > 0.

4.1.6 Equilibrium

At the beginning of period t people observe the aggregate state, a;_;. People make their
decisions, conditional on their individual beliefs, ©;_;, based on observing z;, which they
interpret as a draw from D in equation (14) for j = 0. They compute the remaining current
period aggregates, a;, using equation (13). When people solve their period-t problems, beliefs
about the distribution of future aggregates, {at+j};i1, are constructed using equations (13)
and (14). When aggregated, all these decisions give rise to an actual set of period-t aggre-
gates. A period t equilibrium is a fixed point of this mapping so that the observed x; is

consistent with the decisions people make. Formally,

Definition 2. Given ©,_; and a;_1, a period-t equilibrium is a set of values of a; such that:

(i) Firms, households, and unions solve their time-¢ optimization problems by maximizing
equations (3), (4), and (7), respectively, given the mappings in equations (13) and (14);
monetary policy satisfies equation (9); Gy4; = G for j > 0, and the government balances its
budget with lump-sum taxes.

(ii) Time-t bond, labor, and goods markets clear.

The seven aggregate equilibrium conditions used to construct F in equation (13) and the
three market-clearing conditions in (ii) determine the values of the ten period-¢ equilibrium

variables in a;.?!

Definition 3. Conditional on © and ag, a learning equilibrium is a sequence, t = 1, ..., of

period equilibria in which beliefs are updated according to equation (15).

4.2 Solving the Model and Specification of Beliefs

We analyze the model’s properties using the second-order approximation of equation (1)
discussed in Section 3. That approximation works with the linearized map from period ¢t — 1

beliefs to the period-t equilibrium.??

21'We have already embedded Y; = C; + G in the construction of F. However, for goods market clearing
to be consistent with optimization by final goods producers and by producers of homogeneous labor services,
1

—1, 1—¢\ T—¢
Wy

. ~ _ (1—gpmiT! == 5 _ [wi—bwng : ;
it must be that Py;/P;, = ( —%t— and that W; ,/P, = [ ———F—"*% . These considerations

1-¢p 1-&w
provide us with two additional equations. Clearing in the bond market provides our third equation, that the
demand for bonds is zero.
22Winkler (2020) discusses a related approach to approximating a learning equilibrium.
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Let Z; denote the log deviation of the variable, z;, from the zero-inflation REE steady-
state value, z.2% In case z = 0, then 2, = 2.
We assume that at the time people make their time-¢ decisions, they believe the aggregate

variables, #,;, have the following law of motion:*!

/ZE\H_]' :/L—FQZL\H_J'_l—’—VH_j, ] :O,l,.... (].6)

Here, i is a 3 x 1 vector. People believe that the 3 x 1 vector, 14, is ¢.i.d. over time and
normally distributed with mean 0 and diagonal variance-covariance matrix. In Appendix B
we show that the REE has the form of equation (16) with p = 0, a specific matrix €2, and
v; = 0. The presence of @;,_; in equation (16) reflects that the measure of price dispersion,
pi_,, and the lagged real wage, w;_; are part of the state in a period-t¢ equilibrium. Because
we work with a linear approximation, people’s belief about the variance of v; does not affect
their decisions. People’s believed value of i is given by m;_1, so that m;_; corresponds to
the vector ©,_;. For tractability, we assume that people believe that €2 is equal to its REE
value in a first-order approximation to the model. At the time people make their time-t
decision, they are perfectly certain in their beliefs about p and €2 in the law of motion of
Tyyj for 7 > 0. The value of v, is then determined by the requirement that time-¢ markets
clear (see Appendix B for further discussion). Note that this means people’s assumption
that v; is an independent random variable is incorrect.

After seeing time-t aggregate outcomes, people update beliefs using Bayes’ rule:2
my =M1+ 7 (T — Qa1 — my_1) (17)

where v, = (A +1)~".20
Appendix B shows that 7, —Qa;_; = Hm,_; in a first-order approximation to the period-¢

equilibrium. So, a second-order approximation to equation (17) is given by
my = my_1 + v (Hmy_y —my_) (18)

where v = 71 (1 — 1), 0 < v < 1. A surprising feature of equation (18) is that only

the variables m;_; and 7, (and not the variables Z; and ;) appear on the right-hand-side.

2The model has another steady state in which 7; = 3 (see, Benhabib et al. (2001a)). This other steady
state is not stable under the learning we study in this paper. See Arifovic et al. (2018) for an approach to
learning in which that steady state is stable under learning.

24Equation (16) is the analog of equation (14).

25People never revise their belief about €.

26 At the time that people make their decision, they believe Z; — Qd;_; = p + 14, and think they know
the value of u with perfect certainty (their priors are characterized by infinite precision). If that were so,
they would attribute all the deviation between Z; — Qa;_1 and my_1 to vy and set 74 = 0. The internal
inconsistency in anticipated utility is that when people update their beliefs, they set v > 0, indicating that
the precision in their priors is finite.
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This feature of the solution exploits our assumption that people are only uncertain about
intercept terms and not slope terms in equation (16).
Note that equation (18) is of the form of equation (1) with M (m;_1,v) = Hm_1. So,

we can apply our Proposition to this environment under Assumptions 1 and 2.

4.3 Speed of Convergence

In this subsection, we analyze the asymptotic speed of convergence using a calibrated version

of the simple NK model. We assume the following benchmark parameter values:
f=0.995,c=€e=4,p =&y =085,y = 1.25,a, = 1.5, ay = 0.25,G = 0.2Y, 9 = 107°.

We choose 3 so that the steady state real interest rate is about 2 percent at an annual
rate. We set ¢ = € = 4 implying a steady state markup of 33 percent in product and labor
markets. These values are within the range of values considered in the related literature. We
set &p = 0.85, a; = 1.5, oy = 0.25, which are also within the range of estimates considered
in the literature. For symmetry, we set £ = £p. The value of x is chosen so that in the
target-inflation (7 = 1) steady state labor supply is unity.

Table 1 reports the value of b in the benchmark model as well as in the following variants
of the model: (i) wages are flexible and the labor market is competitive; (ii) prices are
flexible; (iii) the coefficient a; in the Taylor rule is increased to 2.5; (iv) the coefficient o,
in the Taylor rule is reduced 1.01; and (v) the coefficient ay is reduced to 0.125.

We use our asymptotic results to develop intuition for the speed of convergence in the
benchmark NK model with sticky prices and wages. We exploit a result for an important
special case that applies to the models that we consider. For arbitrary m;_;, the evolution
of beliefs is determined by the full matrix H (see equation (18)). However, if the largest
real part of the eigenvalues of H, b, is real and not repeated, then Hm; 1 = bm;_q, if
my_1 is proportional to the eigenvector, ¢, associated with b. Moreover, apart from special
exceptions, for any initial beliefs, mg, the non-b eigenvalues play a vanishingly small role in
the dynamics of m, for large ¢t and eventually m, is very nearly proportional to ¢.2” At that
point, the period ¢ equilibrium is in effect completely characterized by the scalar, b, and

equation (18) approaches:
my = (1+’}/t (b— 1))mt,1, (19)

where m;_1 is proportional to ¢. In the spirit of these asymptotic results, we consider initial

conditions, mg, which are proportional to q. We scale mg so that ||mg|| = 1 and normalize

2TBy “special” we mean an mg that suppresses the b eigenvalues. See Section 3 for an example.
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myp so that the value of the intercept of the inflation process is positive.

Table 1 reports the values of mg for each variant of the model that we consider. The
vector of initial beliefs has different lengths depending on the nature of nominal rigidities.
When both prices and wages are sticky, people have to form beliefs about aggregate inflation,
consumption, and the real wage. When only wages or prices are sticky, people only have to
form beliefs about aggregate inflation and consumption.

Table 1 reports that the value of b in the benchmark model (sticky wages and prices)
is 0.84. This value implies that asymptotic convergence to REE beliefs is very slow, with
convergence measured in hundreds of years. We simulate the model to find the number of
periods, T2/3, needed to close 2/3 of the gap, ||mol|, by setting 73 = 0.5 and iterating on
equation (19).® We provide an alternative approximation that assumes ||m;|| is asymptot-
ically proportional to t*~! (see the discussion after Proposition 1). Under this approxima-
tion, the amount of time needed to close 2/3 of an initial gap in beliefs from the REE is
T3 = (1/3)ﬁ . For the benchmark model, Tg/g and T5/3 are 2343 and 881 quarters or, more
than 500 and 200 years, respectively.

Table 1: b in the simple NK model with Calvo-style nominal rigidities

Initial beliefs
b Ty3 153 [ mco Mo Muwo |
Sticky prices and wages | 0.84 881 2343 [ —-0.92, 0.38, —0.05 |
Sticky prices, flexible wages | 0.26 5 6 [ —0.93, 0.37, ]
Sticky wages, flexible prices | 0.81 373 980 [ —0.93, 0.37 ]
Higher «, (a, = 2.5) 0.55 12 24 [ —0.99, 0.15, —0.07 |
Lower ay (ay =1.01) | 097 1.5x10% >1,000k [ —0.02, 1.00, 0 ]
Lower ay (ay = 0.125) | 0.71 42 101 [ —097 022 —0.06 ]

Note: b corresponds to the largest real part of the eigenvalues of the learning model, as described in section 3; T3 is the
amount of time it takes to close 2/3 of the initial gap in beliefs in a simulation of the model starting with the initial beliefs
listed in the table. To calculate T2/3, we set y1 = 0.5 and simulate the model using v¢ = v¢—1 (1 — y¢—1). The latter is the
second-order approximation to v; = %H We denote the initial belief about the intercept in the process for Cy by mc,o. We
define my,0 and my,,.o similarly.

Source: Authors’ calculations.

Below, we provide intuition for the forces governing the asymptotic speed of convergence

to an REE. We do so by considering the impact on b of several perturbations in model

parameters.
28When we simulate the model, we use the second-order approximation to v, = %H, which is given by
v = Yt—1 (1 — v—1). We also simulated the model using ~; = %th Our qualitative conclusions are robust

to using either specification. When we simulated the model with v, = TQ /3 is quantitatively a little

smaller than reported in Table 1. See footnote 17 for further discussion.

1
I+t°
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Sticky Prices and Flexible Wages It is useful to begin by considering the case where
prices are sticky and wages are flexible. According to the value of mq in Table 1, in period 1,
people believe that the intercept for consumption is lower and inflation is higher than in the
REE. Table 1 reports that expectations are not very self-fulfilling, b = 0.26, so that beliefs
converge quickly to their REE values: Tj3(7% /3) = 5(6) quarters.

Consider the effect of high expected future inflation. Firms understand that high future
inflation implies high future nominal wages, raising their desired future prices. In the pres-
ence of sticky prices, firms front-load price increases, thereby inducing upward pressure on
period-1 inflation.

Next, consider the effect of low expected future consumption. Low expected aggregate
consumption implies that households will have a high marginal utility of consumption and a
high labor supply in the future. Other things equal, firms expect low nominal wages in the
future. This expectation induces them to lower prices in period 1. Low expected aggregate
consumption means households expect low future labor income and profits. So, consistent
with firms’ expectations, households increase their labor supply and lower consumption.
Together, these labor-market effects exert downward pressure on period-1 inflation.

Because of the competing forces at work, the deviation of period 1 inflation from its REE
value could be higher or lower than its expected value, m . Suppose, as is the case for our
parameterized model and our specification of mg, that the actual deviation in inflation is
lower. Since period 1 inflation above its REE value and «, > 0, the nominal interest rate
rises above its REE value. The magnitude of that rise is moderated by the fact that ay > 0
and the fact that consumption is below its REE value. On net, the period 1 equilibrium
value of inflation is above its REE value but substantially below the level implied by m .
Actual consumption is lower than its REE value, but substantially above the level implied
by mcp.

At the end of period 1, people update their expectations based on period 1 market out-
comes. The muted change in period-1 consumption and inflation, relative to initial expec-
tations, prompts people to substantially revise their expectations about future consumption
and inflation. This process continues in future periods. The net result is a positive, relatively

small value of b and quick convergence to the REE.

Sticky Wages and Flexible Prices Consider next the case when wages are sticky and
prices are flexible. Table 1 reports that convergence occurs much more slowly than the
sticky-price only case price: b = 0.81 and 753 (Tg/g) ~ 100 (250) years. The intuition for
this slow convergence is as follows. Initial beliefs, mg, are similar to their values in the

sticky-price-only case. High expected inflation in subsequent periods leads unions to set
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higher nominal wages in the initial period to avoid a low relative wage in the future. Absent
Calvo price frictions, firms set their nominal price as a markup over the nominal marginal
cost which is equal to the nominal wage rate. Because nominal marginal cost is higher than
in the sticky-price-only case, inflation is higher and more self-confirming. Other things equal,
the higher inflation in the sticky-wage-only case results, through monetary policy, in a higher
real interest rate. But that effect reinforces the household’s desire to reduce consumption.
Again, there are conflicting forces acting on the realized inflation rate. But, on net, the
equilibrium rate of inflation is higher, and consumption falls by more than in the pure sticky
price case. So, the data is more self-confirming, b is higher, and the speed of learning is

lower.

Sticky Wages and Sticky Wages (benchmark model) Table 1 shows that the bench-
mark model has a value of b that is similar to the sticky wage, flexible price model. Evidently,
the dynamics of sticky wages are the dominant factor determining the large value of b and

the extent to which beliefs are self-fulfilling.

Alternative Values of o, According to Table 1, learning is faster when a; is higher. As
indicated by myg , when a, = 2.5, initial beliefs about inflation are above their REE value.
As discussed above, the positive value of m,  leads firms to raise period 1 prices. When o
is large, monetary policy aggressively raises the interest rate in response to higher inflation.
Other things equal, this rise leads to a fall in aggregate consumption. That fall induces an
increase in labor supply and, a fall in the aggregate wage. The resulting decline in marginal
cost moderates the rise in inflation. All these effects are increasing in «a,. So, other things
equal, a higher value of a,, makes inflation beliefs less self-fulfilling and leads to a smaller
value of b.

Table 1 also reports that when a, = 2.5, initial beliefs about aggregate consumption
are below their REE value. As a consequence, individual households believe their income
will be lower than its REE value. So, they cut back on their spending and increase their
labor supply. The latter effect leads to a fall in the wage, marginal cost, and prices. When
o, is large, monetary policy cuts the interest rate aggressively, thus moderating the fall in
consumption and inflation.

The net effect of the compound experiment involving m,o and mep is that period 1
realized inflation and consumption are closer in period 1 to their REE values when « is
equal 2.5 rather than 1.5. Consequently, when «, is larger people revise their expectations
by more, b is smaller, and convergence to the REE is quicker.

Consistent with the previous intuition, Table 1 reports that when «, = 1.01, b is higher
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than its benchmark value and convergence to the REE is extraordinarily slow.

The Impact of ay Finally, consider the case in which ay = 0.125 so monetary policy
reacts less to output than in the benchmark case. Table 1 reports that a smaller value of ay
reduces the value of b. As a result, learning is faster, with T5/3 and Ty /3 falling to about 10
and 25 years, respectively. The intuition is that a lower value of ay acts like a higher value
of a,;, which accelerates the rate of convergence. In the polar case of ay = 0, b falls to 0.64,

and Ty/3 and TQ /3 fall to about 5 and 0.5 years, respectively.

5 Speed of Learning in an Empirically Plausible DSGE
Model

In this section, we show that our results about the speed of convergence in the simple NK
model hold in an empirically plausible, medium-sized DSGE model. The model we analyze
is similar to the one in CEE and has the following features: sticky prices and wages, internal
habit formation in consumption, endogenous capital utilization rates, and adjustment costs
on investment. Monetary policy is governed by a Taylor rule with interest rate smoothing.
In Appendix D, we provide a detailed specification of this model. We set all non-policy
parameters are to the point estimates reported by CEE. For convenience, these values are
reported in Appendix D. For the monetary policy rule, we set the coefficients on the inflation
rate and the output gap to the values we used in the benchmark simple NK model analysis.
We set the interest rate smoothing parameter to 0.8, as in CEE.

We approximate the learning equilibrium using the same method as in the simple NK
model. As in the latter model, we assume that people know how aggregate prices and
quantities react to their lagged values. However, they must learn about the intercepts of
those processes. As above, we calculate the speed of convergence of those beliefs to their
REE values.

Table 2 reports the values of b, T5/3, and fg /3 for nine versions of the model. The speed
of convergence to the REE beliefs in the benchmark model, labeled “CEE (2005),” is very
slow. Measured by 75,3 and T\g /3, it takes roughly 800 years to close 2/3 of the gap between
the initial beliefs and the REE beliefs. So, moving from the simple NK model to a more
empirically plausible model increases the time it takes to converge to the REE. The intuition
for the role of sticky prices and the monetary policy parameters, «, and ay, is qualitatively
similar to the intuition provided in the context of the simple NK model.

As in the simple NK model, the parameters of the monetary policy rule and sticky wages
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are key determinants of the speed of learning. Allowing wages to be flexible dramatically
reduces T/3 from more than 33,000 to 22 (roughly 5 years). Table 2 reports that, condi-
tional on the monetary policy rule, removing interest rate smoothing, habit formation, and
adjustment costs on investment has little effect on the speed of convergence. Reducing ay
to 0.125 also does not signifcantly reduce the speed of learning. But, in the polar case of
ay = 0, b = 0.27 and learning is rapid (73,3 is about one year). This extreme result depends
on habit formation. If we remove this feature from the model, b is equal to 0.55, essentially

the same value as in the simple NK model with ay = 0 and sticky wages and prices.

Table 2: b in variants of the CEE (2005) model with Calvo-style nominal rigidities

b 153 T2/3
CEE (2005) 0.89  33.1k 89.8k
Sticky prices, flexible wages 0.64 22 48

Sticky wages, flexible prices 0.89 15.6k 42.1k
No interest rate smoothing 0.88 12.2k 33.0k

No habit formation 0.90 37.3k 101k
No investment adjustment costs | 0.90 44.3k 120k
Higher o, (o = 2.5) 0.70 41 98
Lower o, (o = 1.01) 0.98 2.3x10%* >1,000k
Lower ay (ay = 0.125) 0.81 376 990

Note: b corresponds to the largest real part of the eigenvalues of the learning model, as described in section 3, Ty/3 is the

approximate time it takes to close 2/3 of the initial gap in beliefs using t®~1 as an approximation for ||m|, Tg’g is the amount
of time it takes to close 2/3 of the initial gap in beliefs in a simulation of the model. To implement no sticky wages, no sticky
prices, no interest rate smoothing, no habit formation, and and no adjustment costs on investment, we divide the benchmark
values of the relevant parameters by 100. To calculate T2/3, we set y1 = 0.5 and simulate the model using v¢ = v¢—1 (1 — y¢—1)-

The latter is the second-order approximation to v¢ = %-H

Source: Authors’ calculations.

6 Robustness of the Analysis

In this section, we assess the robustness of our conclusions to various perturbations of the
benchmark analysis. The key perturbations involve model economies in which the ZLB is
binding. The ZLB is of particular interest because it allows us to analyze the role of the
Taylor principle in governing the speed of learning. For computational reasons, we adopt
Rotemberg (1982)-style rather than Calvo (1983)-style nominal rigidities. Subsection 6.1
assesses the robustness of our results for the benchmark NK model to this change. In
subsection 6.2 we analyze the speed of learning in the simple NK model when the ZLB is
binding. In subsection 6.2.1 we compute b using a linear approximation to the model. In
subsection 6.2.2 we redo the analysis of subsection 6.2.1 in the fully nonlinear version of the

simple NK model. Subsection 6.2.3 assesses the robustness of the results of section 6.2.2 to
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assuming that learning is internally consistent in the sense of Adam and Marcet (2011). We
find that our key conclusions about the speed of learning are robust to the perturbations we

consider.

6.1 Rotemberg-Style Nominal Rigidities

Under RE, Calvo-style and Rotemberg-style nominal rigidities are equivalent to a first-order
approximation (see, for example, Born and Pfeifer (2020)). However, they need not be equiv-
alent in a learning equilibrium (see Definition 3). We choose adjustment cost parameters so
that the model with Rotemberg-style nominal rigidities is equivalent to a first-order approx-
imation, in an REE, to the model with Calvo-style nominal rigidities. Wherever possible,
we maintain the notation used in Sections 4 and 5.

For the simple NK model with Rotemberg-style nominal rigidities, each household is a

monopoly provider of a differentiated labor input, N, that is aggregated by competitive
el N
firms using the technology N, = (fol Nh; dh) " Households choose Cht, bnt, and wy, to

maximize

[e9) 2
~ X P W,
E) A {log(Ch,H—j) - mNiiﬁg - TW ( B — 1) }

5=0
subject to their budget constraints

b by -
c, hi o Ohi—1
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Rt y;

Wht
Wi

pick the same values for C, 4, by, and W p.2

)7 N;. Because households are identical across h, they all
9

and demand curves Nj; = (

The intermediate goods firms set their prices, ]E’f’t, to maximize
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Because firms are identical across f, they all pick the same value of ]5f’t. Goods market

clearing implies Y; = (Cy + Gy) (1 + C%P (7 — 1)2). The rest of the model is the same as

the one in section4.1 with p; = 1 and price adjustment costs subtracted from firm profits.

/

Beliefs are updated as in section 4.2, with ©;,_; = m;_; = [ MCt—1, Mai-1, Myt1 ] .
We implement Rotemberg-style adjustment costs in the CEE model in a similar way.
Table 3 reports the values of b in variants of the simple NK model and CEE model with

Calvo-style nominal rigidities and in the model with Rotemberg-style nominal rigidities. The

29We treat bond decisions in the same way as discussed in subsection 4.1.2.
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value of b for the two different ways of modeling nominal rigidities is very similar.

Table 3: b with Calvo-style and Rotemberg-style nominal rigidities

b (Calvo) b (Rotemberg)
Simple NK model 0.84 0.84
Simple NK model: only sticky prices 0.26 0.33
Simple NK model: only sticky wages 0.81 0.83
CEE (2005) 0.89 0.93
CEE (2005): only sticky prices 0.64 0.74
CEE (2005): only sticky wages 0.89 0.93

Note: The table displays values for b in the two models. b corresponds to the largest real part of the eigenvalues of the learning
model, as described in section 3. The values in the column labeled “b (Calvo)” are the same as those listed in Tables 1 and 2.
The values in the column labeled “b (Rotemberg)” are from the version of the model with Rotemberg-style nominal rigidities.
Source: Authors’ calculations.

6.2 The ZLB

In this subsection, we analyze the speed of learning when the ZLB is binding. Up to the
assumption of RE, the environment is the same as the one considered in Eggertsson and
Woodford (2003). To facilitate comparison with most of the related literature, we focus on
the case of sticky prices and flexible wages, &y = 0. We begin by analyzing the properties
of a linear approximation to the model’s solution at the ZLB.

Monetary policy sets the gross nominal interest rate, R;, according to
Rt:max{laﬁil"i_&fr (Wt—l)}7 (20)

where a3 > 1, and the max operator reflects the ZLB constraint.

In period ¢, households and firms discount next period’s utility by 1/ (1 + r;). In steady
state, 1, = r** > 0. We assume that, until period 0, the economy has been in the non-
stochastic steady state REE in which the nominal interest rate is positive. At the end of
period 0, unexpectedly, people know that everyone’s discount rate has dropped, r, = r¢ < r%°.

People correctly understand that 7., is drawn from a two-state Markov chain:

Pr[rp = | = rg] =p, Prirg=r"r = 7"6] =1-p, (21)

Pr [Tt+1 = rblry, = rss] =0,

for t = 1,2,.... . We assume that people know that when r; reverts to 7%, the economy
returns to the steady state REE.?® This assumption allows us to focus attention on learning

while the ZLB is binding.

30There is another RE steady state in which deflation occurs and the ZLB is binding (see Benhabib et
al. (2001a)). We abstract from that steady state equilibrium for now. Our conclusions are robust to the
alternative assumption that households and firms know that they will return to the steady state emphasized
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We assume that, when people are confronted with the unprecedented drop in r, they
become very uncertain about the distribution of aggregate variables. Arguably, it is reason-
able to assume that the priors of their means are centered on the historical values of those
variables (i.e., 7°° and C**). While prior variances were degenerate before the shock to 7y,
they are large when people become aware of the drop in r. With this specification of initial
beliefs, we in effect focus on the real-time evolution of beliefs instead of only focusing on
asymptotics.

In the applications below, we use the same parameter values as in section 6.1. In addition,
we specify the two new parameters, p and ¢, to be p = 0.8 and 7 = —0.0015.3! In the
R > 1 steady-state REE, C** = 0.8, 7% = 1, N** = 1. We assume that the initial precision
of the priors is A = 1. Appendix E describes the details of how we solve the learning model
using a second-order approximation method, which involves a first-order approximation to

the solution of the nonlinear NK model.

6.2.1 Speed of Convergence Using the Second-Order Approximation Solution
Method

Under RE, the ZLB equilibrium is characterized by constant values of consumption, C¢, and
inflation, 7°. The model has multiple equilibria when r, = 7*. Here, we focus on the unique
learnable ZLB equilibrium and linearize the model around that equilibrium.3?

Our assumption about the mean of people’s priors, mg, at the end of period 0 implies

that

mo = [mo,c, mo ) = [log (C**/C") ,log (7**/7)] .

Our parameterized model implies that b = 0.92. It turns that my is roughly proportional to
the eigenvector associated with b.

Our key result is that the learning economy converges very slowly when the ZLB is
binding: 75,3 = 1.7 million and @/3 = 2.6 million. The reason is that, absent a policy
response to inflation in the ZLB, beliefs about expected inflation are very self-confirming.
To understand why, suppose people’s prior at the end of t — 1 is that inflation will be low in

period ¢, causing firms to want to lower prices in period t. When the ZLB binds, the nominal

by Benhabib et al. (2001a). We examined the case in which the economy jumps to the Benhabib et al.
(2001a) steady state when 7, returns to 7*° and found similar results. This is perhaps not surprising because
the two steady states are relatively close to each other.

31Tt is well known that the REE is sensitive to different values of p. We find that b is an increasing function
of p. The value p = 0.76 is approximately the smallest value of p for which the ZLB binds in our model.
When p = 0.76, b = 0.81. Larger values of p result in slower convergence.

328ee Appendix E for a discussion of the linearization procedure. See Christiano et al. (2018) and Appendix
G for further discussion on REE multiplicity.
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interest rate can’t adjust in the current period to prevent the fall in inflation. Consequently;,

expectations are more self-fulfilling, and people only adjust their beliefs very slowly.

6.2.2 Speed of Convergence in a Fully Nonlinear Model

In this subsection, we assess the robustness of our results to using a fully non-linear solution
of the simple NK model. In the model, macroeconomic aggregates move by large amounts
when the ZLB is binding. This fact makes the ZLB environment particularly useful for
assessing the importance of nonlinearities.

As above, households and firms form beliefs about z; = [log (C) ,log (7)]". While r; = ¢,

log (C}) | me Ve
e ) =L |+ ®

where vo; ~ N (0,0%), and v, ~ N (0,062). These distributions are independent across

people believe that

time. The above expression is a special case of equation (14).

Our baseline assumption is that when people are confronted with an unprecedented ob-
servation, they become very uncertain about how market-determined variables will evolve.
Their prior about j; conditional on ¢? is Normal, parameterized with a mean, m;, and vari-
ance, o2 /\;, where ); characterizes the precision of the prior about ;. The marginal density
of their prior for o7 is proportional to an inverse-gamma distribution, with shape and scale
parameters, a; and (2 (o + 1/2)), respectively (see Appendix F.2.1 for further details). The
prior for o7 is not exactly an inverse-gamma distribution because we truncate the support
of 02 so that E; [Cy;1] and E; [, 1] have finite values.?®* We find it convenient to express the

scale parameter in this way because 1); is a consistent estimator for ¢;. The joint density

of i, 0? is proportional to the Normal inverse-gamma distribution. We collect the prior
parameters in the vector ©y.

Under anticipated utility, at time ¢ people set the values of uc and u, equal to the ele-
ments of my_1 = [mcy—1, Mry—1] . Similarly, they set 02 and 02 to 12 ,_;, and ¢2,_, respectively.
In making their time-t decisions, people behave as though they know with certainty that those
parameters will remain unchanged in the future.

We set the initial value of ©, as follows:

/
@0:<mc,07 Mmzo, 1/>\Cu 1/)\7” wCU wﬂv ac, aﬂ)

/
:(log(Css), log (%), 1, 1, 0.02, 0.02, 1/2, 1/2)

33Gee Geweke (2001) for related discussion. Bakshi and Skoulakis (2010) analyzed truncation of the
distribution of the variance.
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These priors are diffuse in two senses. First, if 1, ¥, were the standard deviation of log C}
and log 7, then the distribution of log C}y and logm; would have a quarterly standard de-
viation of two percent. Second, the assumed values < 1/Xe 1/A: 1/ac 1/a, ) imply
low precision in people’s beliefs about both the mean and standard deviation of log (C;) and
log (7), in the sense that people’s beliefs are relatively responsive to new data. The posterior
distribution is also proportional to the Normal inverse-gamma distribution, and the function,
L, in equation (15) can be constructed using standard updating formulas (see Appendix F
for a detailed description of our computational approach to solving the nonlinear model).

The solid and dashed lines in Figure la display the evolution of inflation, consumption,
and the real interest rate after the drop in » under REE and learning, respectively. In this
figure, we assume that r, = r* throughout the period shown. Of course, after a few quarters,
this is a very low probability event. Nevertheless, it is useful to consider how the economy
would evolve in this event to analyze the speed of convergence at the ZLB. Throughout the
simulation, people behave as though r; will revert to r** with probability 1 — p.

Two key features of Figure la are worth noting. First, the outcomes for consumption
and inflation are very different in the REE and the learning equilibria. In the REE, there
is a very large drop in inflation and consumption, and the real interest rate rises sharply.
The fall in inflation and consumption and the rise in the real rate are much smaller under
learning. Second, the learning equilibrium converges very slowly to the REE. People initially
change their views somewhat quickly because the small values of \; and «; for i € {C, 7}
imply that v in equation (15) is relatively large. The rate at which they change their views

slows dramatically because 4; becomes smaller as time passes (see Figure 1b).
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Figure 1: Learning equilibrium in non-linear model
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Note: Sub-figure (a) shows outcomes for inflation, consumption, and the real interest rate under learning and in an REE when
the natural rate of interest is low (r; = 7¢ < 7°°). The natural rate of interest is low for the entire simulation. This is a very
low probability event because the simulations cover 20 quarters. People believe that the natural rate of interest will return to
its steady state level with probability 1 — p. We use the simple NK model with only sticky prices and Rotemberg-style

nominal rigidities. Sub-figure (b) shows the values of E¢ log (7¢41) and E¢ log (Cy41/C?®%) over the course of the simulation.
Source: Authors’ calculations.

The dot labeled t = 10,000 in figure 1b displays people’s views about the variables after
10,000 quarters. Given our value, p = 0.8, r is expected to be low for only about 5 quarters.
The probability of staying at the ZLB for 10,000 quarters is p'®%%° ~ 0. So, the fact that the
system converges to the REE is essentially irrelevant because the ZLB is likely to be over
well before that time. The crucial point is that in a typical ZLB episode, the associated REE
is very different from the learning equilibrium for an enormous amount of time. That is, our
results about slow convergence when the ZLB is binding are consistent with those that we

obtained with the hybrid log-linear approximation to the model’s solution in section 6.2.
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6.2.3 Speed of Convergence with Internalized Learning in a Fully Nonlinear
Model

In this subsection, we examine the robustness of our result to the assumption that people
make decisions based on internalized learning. For comparability with the results in the
previous subsection, we again work with the simple NK model when the ZLB is binding.
Recall that anticipated utility differs from internalized learning in three ways. First,
under anticipated utility, people do not update their beliefs based on current-period data
until after they have made their decisions in the current period. Second, under anticipated
utility, people ignore the fact that in the future they will update their views about the
distribution of unknown parameters as new data are observed. Third, under anticipated
utility, people ignore their uncertainty about the mean and variance of unknown parameters.
In internalized learning, people observe aggregate outcomes, then update their beliefs and
make their choices. In solving their problems, they fully internalize that they will update
their beliefs in response to new data. See Appendix F for a description of our computational

approach to solving the model under internalized learning.

Figure 2: Anticipated utility versus internalized learning

Inflation Consumption ; Real Rate
0.
2 4 == Anticipated utility 64
=— - Internalized learning
- € -
0- —— REE g 2 g 5
o =t O
s ‘\ X F 44
X 24y N 2 34 -
3 S 2 i .~ _———
= RS Q mmm———————— T 24 / _--"
o Y N g —-64= i —— c ¢ e
~——_ 2 - g 1% -
. \/
—6 —8 01
T T T T T T T T T T -1 T T T T T
0 4 8 12 16 20 0 4 8 12 16 20 0 4 8 12 16 20

Note: The figure shows outcomes for inflation, consumption, and the real interest rate under anticipated utility and under
internalized learning when the natural rate of interest is low (r; = r¢ < 7°%). The natural rate of interest is low for the entire
simulation. This is a very low probability event because the simulations cover 20 quarters. People believe that the natural rate
of interest will return to its steady state level with probability 1 — p. We use the simple NK model with only sticky prices and
Rotemberg-style nominal rigidities. Notice that the dashed black lines, labeled “Anticipated utility,” in this figure are the same
as the dashed black lines in Figure 1(a).

Source: Authors’ calculations.

Figure 2 compares the evolution of the learning equilibrium under anticipated utility
(dashed black line) and internalized learning (dash-dot blue line). The figure also includes the
REE outcomes. The key takeaway is that we obtain the same slow-learning result regardless
of which approach we take to decision-making. However, consumption and inflation initially
fall somewhat more under internalized learning. The reason is that under anticipated utility

people do not update their beliefs in the initial period in response to low consumption
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and inflation until after they have made their decisions. In internalized learning, people
update their beliefs before making decisions, leading them to expect lower future inflation
and consumption. Because the ZLB is binding, the real interest rate is higher, leading to
even lower inflation and consumption. In any event, consumption, inflation, and the real
interest rate are persistently very different than the REE outcomes. So, our results on slow

convergence when the ZLB is binding are robust to the use of internalized learning.

7 Does Learning Matter for Policy?

In this section, we discuss how slow learning affects the implications of monetary and fiscal
policy. It is well known that the policy implications of the ZLB are dramatic in REE.
For example, Eggertsson (2010) and Christiano et al. (2011) argued that the size of the
government purchases multiplier is much larger when the ZLB is binding. Additionally,
Del Negro et al. (2023) and others have argued that forward guidance about the nominal
interest rate is particularly effective when the ZLB is binding. They also emphasize the
forward guidance puzzle, according to which a promise to change the nominal interest rate
far in the future can have nearly the same effect as changing the nominal interest rate in the
current period. Because of these dramatic policy implications, we use the non-linear solution
to the simple NK model when the ZLB is binding, and people use internalize learning in
their decision-making. As it turns out, similar conclusions obtain if we work with anticipated

utility.

7.1 The Government Purchases Multiplier

In this subsection, we compare the efficacy of fiscal policy under RE and internalized learning.
We compute the government purchases multiplier by considering the effect on GDP, C; + Gy,
of a 5 percent rise in government purchases relative to its steady-state level while r, = 7.

We define the multiplier in the ZLB at time ¢ + j as

ACys; + AGys,;
AGry

(23)

Here, AGyy; = 0.05 x G and ACy,; is the difference between consumption in the equilibrium
when Gy is high relative to the steady state value of G.

In the REE, the multiplier in the ZLB for all j > 0 is equal to 3.95 (see figure 3). The
multiplier is large when the ZLB is binding because a rise in G raises inflation and expected
inflation. Because R; is constrained by the ZLB, this rise leads to a fall in the real interest

rate and a rise in C}. So, in this case, the multiplier is bigger than unity.
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Figure 3: Equilibria with and without an increase in Gy
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Note: Sub-figure (a) shows outcomes for inflation, consumption, and the real interest rate under internalized learning when
the natural rate of interest is low (r; = r¢ < r°%) and Gy is either high or at it steady state value while 7, = r¢. Sub-figure (b)
shows the value of the multiplier defined in equation (23). The natural rate of interest is low for the entire simulation. This is
a very low probability event because the simulations cover 20 quarters. People believe that the natural rate of interest will
return to its steady state level with probability 1 — p. We use the simple NK model with only sticky prices and

Rotemberg-style nominal rigidities.
Source: Authors’ calculations.

Under learning, expected inflation is partially backward-looking and does not move much
with a rise in G;. As a result, the real interest rate falls only slightly, and the response in
consumption is small. Figure 3b displays the value of the multiplier over time in the REE
and under learning in the ZLB. Because learning is slow, the multiplier is close to 1 over the

20 quarters displayed.?*

34Mertens and Ravn (2014) discuss the effects of fiscal policy in an REE that is caused by a nonfundamental
shock. They also discuss learning around that equilibrium using the Euler-equation approach to learning.
We discuss the equilibrium on which they focus in Appendix H.
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7.2 Forward Guidance About R;

Under forward guidance, the monetary authority commits to keeping the nominal interest
rate at the ZLB for J periods after r; has returned to its steady-state level. To make our

point as simply as possible, we consider the case J = 1.

Figure 4: Forward guidance under learning and in the REE
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Note: The figure shows inflation, consumption, and the real interest rate paths under internalized learning when the natural
rate of interest is low (r; = ¢ < %) with and without forward guidance about R;. Under forward guidance, the monetary
authority credibly promising to set Ry = 1 for one period after r; = rf. The natural rate of interest is low for the entire
simulation. This is a very low probability event because the simulations cover 20 quarters. People believe that the natural
rate of interest will return to its steady state level with probability 1 — p. We use the simple NK model with only sticky prices

and Rotemberg-style nominal rigidities.
Source: Authors’ calculations.

Forward guidance takes the following form. In period I, r; reverts to r** (I is stochastic)
and R; = 1. In all earlier periods, when r; = ¢, people know that in period I, C; and 7, are
equal to their REE values, C! and 7. People also know that, in period I + 1, the economy
reverts to the target-inflation REE steady state. In Appendix G we show that the number
of REE proliferates under forward guidance. We study the learning equilibrium during the

! using the same initial values for Qg as in section 6.2.2.%

period when r; = r

Figure 4 shows that the learning equilibrium under forward guidance is very similar to
the learning equilibrium without forward guidance. The reason is that forward guidance has
small effects on inflation and consumption in the period I (the period when r; reverts to
r*%). Those small effects have little impact on the learning equilibrium in which beliefs are
partially backward-looking. Clearly, there is no forward guidance puzzle under learning.3¢
That puzzle emerges under RE because of the strong effect of forward guidance on expected
inflation. Under learning, expectations are backward-looking, and forward guidance has little

influence on expected inflation. Moreover, the small effects of forward guidance persist for

35See Appendix F.4 for a discussion of our solution algorithm.
36For a discussion of the forward guidance puzzle, see Del Negro et al. (2023).
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many quarters because learning is slow.

8 Conclusion

In this paper, we consider the speed with which people learn about their environment. To
characterize the speed of convergence of people’s beliefs, we analytically extend results in
the literature to characterize the asymptotic convergence rate of nonstochastic, multivariate
systems. We then argue that the slow convergence result emerges naturally in empirically
plausible NK models, including canonical DSGE models similar to CEE (2005). When
learning is slow, analyses of fiscal and monetary policies under RE can be very misleading.

We leave several promising and related topics for future research, including: connecting
our results to the literature on Bayesian REE, investigating how heterogeneity may affect
the speed of learning, and analyzing how survey data might be used to inform estimates of

model parameters by empirically disciplining the speed of learning.
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A Proof of Proposition 1

Proposition 1 is an immediate result of two lemmas that we prove in this appendix. We
assume that 6, evolves according to equation (1), and we maintain Assumptions 1 and 2
in the text. Recall that Assumption 1 implies that the largest real part of the eigenvalues
of D1 M (0,0), which we denote by b, is strictly less than unity. We also state the lemmas
in terms of any neighborhood of the origin, U, that has the property that every 6, € U
generates a sequence ||0;| that converges to zero. Proposition 1 in Evans and Honkapohja
(2000) establishes that such a U exists. Our first lemma establishes that for every 6y € U the
implied sequence, 6,, satisfies part (1) of Definition 1. Our second lemma establishes that
there exist uncountably many 6y € U that imply a sequence, 6;, that satisfies part (2) of
Definition 1. The general strategy of the proofs of Lemmas 1 and 2 is similar to the strategy

of the proofs of Propositions 1 and 2, respectively, in Evans and Honkapohja (2000).

A.1 Lemmal

Lemma 1. For any 0 < 9, if 0y € U then lim;_, tb”f—f'la =0.

Proof. As in Evans and Honkapohja (2000), write equation (1) as 6; = (I +vJ) 011 + Y74,
where J = DM (0,0) — I and r, = M (6;—1,v) — D1 M (0,0) 6;—;. From Proposition 1 in
Evans and Honkapohja (2000), there exists neighborhood U; such that for every 6y € Uy, 6,
converges to 0.

Let 1+ A be an eigenvalue of I + ~,J. Here, A = A, + ). is an eigenvalue of J. Fix a
value of § > 0. We now show that for ¢ large enough, all of the eigenvalues of I + v,J are
within a circle of radius 1+ ,(b — 1+ §/4). Note that

143 = /129 (A, +6/4) — 296 /4 + 2A2 + 4222

For large enough ¢, 0 < 1+ 27y, (A, +6/4) <1+ 27+, (b— 14 §/4), where the first inequality
requires t sufficiently large and the second inequality is true by definition of b. Additionally,
for large enough ¢, —2v,0/4 + VN2 + ¥ N2 <0< ~2(b— 1+ §/4)*. So, for large enough t,

T4+ 7A <1T4+%0b—-14+0/4). (24)

As in step II of the proof of Proposition 5.2 in Evans and Honkapohja (1995), who use
results from Horn and Johnson (1985), there exists a matrix norm (and compatible vector

norm) so that for large enough ¢,

1
1+l < 1+ (b— - 55) | (25)

37



where ||-|| is the norm and we have used the inequality in 24.

Now consider r;, which is a function of §,_; and ;. As in Evans and Honkapohja (1995),
the maintained assumptions imply local Lipschitz continuity of r;. Following Evans and
Honkapohja (1995), who use results from Coddington (1961), for large enough t (small
enough ;) there exists a neighborhood of the origin Uy, where Uy, C Uy, such that for
0;—1 € Uy we have ||| < 2 |6,—1] and

3
6 < 11 + 3Nl + bl < (15 (= 14 50) Y local. 0

The first inequality in 26 follows from sub-additivity and sub-multiplicativity of the matrix-
vector norm. The second inequality follows from the inequalities in 25 and the inequality
before the offset equation.

Consider 0, € U;. For large enough 7, 6;_1 € U, for t > 7 because 6, converges to 0. For

t—1> 7, define ,_, = (t_fgﬁ. For large enough ¢ there exists a finite, positive constant

1 1-b—0 3
< - — —
_(Ht_l) <1+%(b 1+45>)

1—b—9 1 \? 3
< - - - — —
_<1+ 1 +g(t_1>><1+%(b 1+46>)

The first line uses the inequality in 26 and follows from absolute homogeneity of the vector

g so that

Gt ét—l

0,1 (27)

norm. The second line follows by from Taylor’s theorem.
The strategy in what follows is similar to the one used in Evans and Honkapohja (2000),
except that we focus on 6, rather than 6,. The inequality in 27 can be written as ||6;]| <

01

Ky

where k= 1+ 3527 + 9 (b= 1+10) + G, and G = 5277 (0 —1+18) +

g (ﬁ)Q (1 + v (b -1+ %5)). For t large enough, k, < 1. For all ||6,_4 #0

i = ()

2

9,5 - étfl

. (28)

So, there exists a 75 > 71 so that if ¢ > 7, then is either strictly decreasing or equal

to zero. Furthermore, for ¢t > 7 if ‘ 9~t_1’ = 0 then §t+s = 0 for all s. So, if we have a

sequence 6;_; that equals zero for any t > 75, then

i

01 H converges to zero.

We now establish convergence of assuming that 6;,_; # 0 for all t > 7. Following

38



the strategy in Evans and Honkapohja (2000), we iterate the inequality in (28) to obtain

‘ ~7'2 1 T2 s
1— < Z ( )
97'2+s 1=To

Note that lim, . >.727%|G,| < oo. Additionally, for large enough i there exists a & >

i=To
0 so that %b;d + v (b -1+ %5) < —%(Ij. So, lim, o ZZZ; <I~CZ — 1> = —00, meaning
0;

= 0. [l

hmt—>oo

A.2 Lemma 2

Lemma 2. For any 0 < 9, there exist uncountably many 6y € U so that lim;_,, tb”0f||6 = 00.

Proof. As in Evans and Honkapohja (2000), write equation (1) as 6; = (I + vJ) 01—1 + Y74,
where J = DM (0,0)—1 and r, = M (0;—1, %) —D1M (0,0) 6;—1. Use the real and imaginary
parts of the generalized eigenvectors of .J to form a basis for R¥. Define E4 to be the
generalized eigenspace associated with eigenvalues with real parts less than b — 1 and Ep to
be the generalized eigenspace associated with the eigenvalues with real parts equal to b—1.37
Note that R* = E4 @ Ep. Define z,, ratr € Ea and y;, 7py € Ep to be the unique vectors so
that 6; = x4 + y; and r, = 144 + rps. It is useful to note that there are matrices A = J|g,
and B = J|g, so that

M (0i—1,v) — 01 = Axt_1 +Tar + Byro1 + rpy,

and that the eigenvalues of A are the eigenvalues of J with real parts less than b — 1, and
that the eigenvalues of B are the eigenvalues of J with real parts equal to b — 1. Let s — 1
be the smallest real part of eigenvalues of J and let a — 1 (where a —1 < b — 1) be the
second-largest real part. Following Evans and Honkapohja (2000) by applying the lemma
on page 145 of Hirsch and Smale (1974), for any d,,d, > 0, there exist bases so that the

corresponding inner product (Euclidean) norms on E4 and Ep satisfy

(s—1—20,) ||z]|* < (Az,2) < (a — 1+ 6,) ||z|? Vo € Ey.
(b—1—=6) [yl < (By,y) < (b—1+0) |y’ Vy € Ep.

Here, (-,-) is the inner product and ||-|| is the norm. Choose 0 < §, and 0 < 0, so that

37To ease exposition, we assume that there are eignevalues with real part less than b — 1. If not, the
proof would proceed with straightforward modification. Note that Proposition 2 in Evans and Honkapohja
(2000) considers the case when b > 1, while we consider the case when b < 1. Evans and Honkapohja (2000)
partition the space by using eigenvectors associated with positive or negative real parts. We partition the
space by using the eigenvectors with real parts equal to b — 1 and those with real parts less than b — 1.

39



a+ 0, <b—20,b—14+20, <1, and 20, < §, where 9 is given in the statement of the
proposition. As in Evans and Honkapohja (2000), define ||0]] = +/||z||* + [|ly|*.

Define B,, (0) = {0 : ||#]| < k1} to be an open ball around the origin. From Proposition 1
in Evans and Honkapohja (2000), there exists k1 > 0 so that if §y C B, (0), then 6,
converges. We will only consider values of 6y C By, (0).

As in Evans and Honkapohja (2000) for any ¢ > 0, there exists a k, < k; so that if
0,1 € By, (0) then ||ry]] < €]|6;—_1||. Also as in Evans and Honkapohja (2000), for 5 > 0
define

Co={0:0=u+y,x € Esyc Ep|lyll >5[}

For 6, € Cs N B,, (0), the Cauchy-Schwartz inequality implies

s—1—19,
( 32 ) + (b_ 1— 5b) - 6} H‘gtHQ < (Al’t + By + reg1, 1 +yt>
a—1+9,
(A + By + reg1, T + yr) < [(ﬂ—2)+(b—1+5b)+e AT

Select (3 large enough and € small enough so that
(b —1- 2(5},) ||¢9tH2 < <A37t + Byt + Tt41, Tt + yt> < (b -1+ 255) H@t”Q . (29)

Following the strategy in Evans and Honkapohja (2000), we now show that for large
enough t, and for any x < k,, if 6,1 € Cz N B, (0) then 6, € Cs. First, we establish
that there is a 7 such that if ¢ > 7 and 6, € Cz N B, (0), then 6,41 € B, (0). Assume
0, € C3N B, (0). Then the inequality in 29 implies

10e1)1* < (1 + 712 (b — 1+ 26,)) 16:1* + 771 | Az + By + rea || (30)
Note that
Ve l1Aze + By + 1o ||* < Afiy (ka + kg +€)° 167, (31)

where k4 and kg are constants such that ||Az,||> < k% ||z¢]|* for any z; € E4 and || By||” <

k2 ||ye||” for any y, € E. Then the inequalities in 30 and 31 imply that
10r]* < (1 4+ 7412 (b — 14 28,) + 770y (ka + rs + ) 16

There exists a 71 > 1, which does not depend on the value of k < k,, so that if ¢ > 71 then
(14 %412 (b—1+20,) + 2, (ka + £p +¢€)) < 1. Then for ¢ > 7 we have that 1041 <
16,]|?, which establishes that if ¢ > 7y then 6,4, € B, (0).

Now we show that there exists a 7 > 7 and a k < &, so that if t > 75 and 6, € CsN B, (0)
then 0,1 € Cs N B, (0). We have already established that 6, € B, (0), so we focus on
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showing that 6,4, € Cs. To do this, we follow the steps in the proof of Proposition 2 in

Evans and Honkapohja (2000) related to gz.>® Assume 6, € Cs N B, (0). Define gz (6;) =
(Y, yi) — B2 (x4, ;). Notice that because 6; € C we have that gz (6;) > 0. We aim to show
that there exists a 7 such that if ¢ > 7 and gg (6;) > 0, then gg (6,+1) > 0. Note that

98 Bri1) — 95 (0:) =2 ((yes Y1 (Bye + m8441)) — 57 (0, Vo1 (A +74441)))
+ (Ver1 (Bye + rBgs1) s Ve (Bye +7B441))
- /@2 (Vi1 (Azy + 7"A7t+1) s Ver1 (Amy + 7“A7t+1)>

From the inequalities above

(Y, Yer1 (Byr +rBiy1)) — 3 (@, Y1 (Aze +7ra41))
>Yp (0= 1= 6) lgell® = B2 (a = L+ 6a) [zl = (1+ B%) [(61, 7e41) ]

b—a—d,— 0,
O e IR - (148 Il 0

Then we can pick © < &, so that (y, ver1 (Byt +rpit1)) — B2, Vi1 (ATp +1a401)) >

ZV+1

Ver1 G 16,1?, where Cy > 0. Also from the inequalities above,

(Vo1 (BYye +71B441) s Vo1 (BYe +1B141)) — B2 (Yes1 (Azy + Tap+1) > Vert (AT +74441))
=i [1Byell® +2 (Bys, rpvn) + Irpenil” = 82 (| Aze]l® + 2 (A, raen) + [ragall”)]
>t [“211Byell sl = 87 (1A2:|1* + 2 | Azl [Irasall + Iresa )]
>v7 [—21{;36 — B (ki + 2k € + 62)} 16,17

Then, for Cy = 2kpe+52 (k% + 2kae + €2) > 0, we have g5 (i41)—95 (6;) > Vi1 (C1 — 141C5) 164>
For ¢ large enough gg (6:+1) — g5 (6:) > 0, meaning that if gg (6;) > 0, then gg (6;+1) > 0. So,
we can pick the values of 75 and & so that if ¢ > 75 and 6, € C3NB,; (0) then 6, € CsNB, (0).
Pick a value of 73 > 7 so that 1 + 7,2 (b—1—26,) > 0. Consider a value of 0,, €
Cs N By, (0) with ||y, || # 0. For t > 73, the first inequality in 29 implies that

161 = (14312 (b — 1 —26,) (|6 (32)

Notice that this inequality means that ||6;|| > 0 for all ¢ > 73. Now consider 9} = tbfﬁ.

For t > 73, the inequality in 32, the absolute homogeneity of the inner-product norm, and

38To match the notation of that part of the proof in Evans and Honkapohja (2000), set by = s — 1 — d,,
bo =a—1+446,, and let a = b — 1 — 0, where the right-hand-side variables in these definitions are in our
notation. Also, the roles of z; and y; are reversed in our notation relative to Evans and Honkapohja (2000).
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Taylor’s theorem imply that there exists a g > 0 so that

2

e 1\ 20-6+9)
Opa|| = (1 + ;) (147412 (b — 1 —24)) ’

2

11 5 |12
> (1+2(1—b+5)z—gt—2) (1+'7t+12(b_1_25b))‘9t

2

Because 20, < 9, if t is large enough then there exists a @ > 0 so that 0;

0

J

~ 2 -
|| > (1+2)]

= OQ.

So, it must be that lim;_, ‘

We need to establish that any neighborhood of the origin contains uncountably many
values of , that generates a sequence for 6, so that 6,, € Cs N B, (0) with ||y.,| # 0. The
argument involving the inverse function theorem given at the end of the proof of Proposition
2 in Evans and Honkapohja (2000) establishes this result. O

B Linearization Under Anticipated Utility and Learn-
ing About Intercepts

Here we describe our strategy for linearizing models under anticipated utility and learning.
This strategy applies to our simple NK model and to our variant of the CEE (2005) model.
To fix notation, if a variable, x; has a steady state value x that is different from zero, then
we define 7; = log(xy/x). Otherwise, we define z, = ;.

For a given model, we assume that there is a bounded linear REE in which

Aty = O1 REGt1j—1 + Oc REELY; (33)

for all j > 0. Here, a4 ; is a vector (length n,) of aggregate variables in (log-)deviation from
steady state and €, ; is a vector (length n., possibly empty) of standard Normal structural
shocks. In equation (33), and throughout this appendix, we use notation similar to that
used in Sims (2001). All matrices are assumed to be conformable.

In our learning model, people have beliefs about a vector (length n,) of aggregate vari-

ables, z/4; C a;4,;. We assume that those beliefs are of the form
Toyj = Co+Diglj1 + Vo ey + Vol (34)

People are uncertain about ¢, and ¥,,. We assume that people know I'; , and ¥, . to be
their REE values, consistent with equation (33). Agents also think that there is another
vector (length n,) of shocks, vyy;, that could affect 7, ;. Agents believe that v ; is a

vector of independent standard Normal random variables. We assume that the matrix ¥, ,
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is diagonal, reflecting the belief that the elements of 14, ; only affect the associated element
of Z4+;. In an REE each element ¢, and ¥, , is zero. Note that the elements of 1, do not
appear in the dynamics of @, ; in equation (33).

Under the anticipated utility assumption, agents believe with certainty that
Tipj=Cop1 + 1100 + Vo e + Vo i 1045 (35)

for some vector ¢, ;1 (length n,) and matrix U, ,, ; (size n, X n,). Additionally, we assume
that agents know n, — n, relationships that allow them to uniquely determine a;y; given
x4 through the relationship aii; = F(24;, €45, a1 j—1), and that these relationships must
hold in each period. Here, F' embeds the associated identities for the elements of z;,;. The
(log-)linear version of this mapping is given by

/

~ | / A1
Qg = F | Bhyjr €y Gpgor | (36)

where F' is a conformable matrix.

In the model agents make a number of choices conditional on aggregate states and shocks.
For example, in the simple NK model, households choose household-specific bond holdings
that they contemplate being different from zero. We gather the agent-specific variables into
the vector hyy; (length ny). We specify h,i; so that it includes the versions of each element
of z,,; that would be implied by the agent-specific choices. An example of an element of k. ;
corresponding to an aggregate quantity in a,4; in the simple NK model is household-specific
consumption (in Ay ;) corresponding to aggregate consumption (in ;).

After (log-)linearization, we assume agent-specific optimality conditions and budget con-

straints can be written as n; equations of the form

Lonhevj + DocCiys + Toatirj =T1nherj1 + Tipalerj—1 + Tipe€oyy (37)

-~

Here, the vector ey, ; = [E¢yjhi, ., Eepjay, ;4] and Eqp; is the expectation operator con-
ditional on agents’ beliefs and the information they will have at time ¢ + 5. Those be-
liefs are given by equation (35). Note that we assume that the model does not con-
tain any agent-specific shocks in the sense that all decisions makers are always solving
the same problem (though they do not know that). We emphasize that all of the ma-
trices in equation (37) take the values they would in an REE. Deviations from rational
expectations only appear through the coefficients in equation (35). Defining the vector
Mtj = [(ﬁtﬂ — Et—}—j—l/ﬁt-',-j)/, (@t+j — Eipj_1ary;)'], we also need to impose the identity

!
Ni+j = [ht-&-jv 5t+j] — €1 (38)

Letting g4, = [ﬁ;ﬂ,agﬂ,é\;ﬂ]’ (which has length 2 (nj, + n,)), the 2 (n, + n,) equations
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in (35)-(38) can be written as
Lotirj =Tihisjo1 + Ceppr + Ve + Vo Wy vy + g (39)

where the matrices without subscripts are independent of the values of ¢, ;1 and ¥,
and are equal to their values in an REE. Letting 2, ; = [e;,;, 14, ;]’, this is exactly the form
of the system studied by Sims (2001). The solution to this system described in Sims (2001)
ensures that E,y;m4 ;11 = 0. The analysis in Sims (2001) is focused on RE models. It is
worth stressing that the methodology we outline here could be used to compute decision
rules for h;y; in an REE by setting ¢,;—1 and ¥, ,; 1 to be their REE values.

Under the conditions discussed in Sims (2001), there is a unique solution to the system

of equations in (39) that can be expressed as
Yirj = O1Yitrj—1 + OcCr—1 + Oc€ry; + OV, U,y g1y (40)

This system represents how people believe they will act conditional on their beliefs. The
time 7 = 0 version of this equation represents how they will act in period ¢.

Importantly, equation (40) contains the mapping
ht = @1,}13715—1 + GC,hcx,t—l + 6)h,eet + G)h,quu‘lla:,u,t—lyt (41)

that defines decision rules for ﬁt that are optimal from the perspective of the agents in the
model, given y;_1, €, and z;. It follows from equation (43)-(45) in Sims (2001) that because
[y, I'y, ¥, and II in equation (39), are equal to their values used when computing an REE
it must be that ©,, O¢, and O, are also equal to their values in an REE. So, we do
not include a time subscript on these matrices.®® Unlike in an REE, the system contains
perceived shocks, v;. In the period equilibrium, the values of v; are determined by the
requirement that markets clear, which we discuss below.

In a learning equilibrium, we first note that the symmetry of the agents’ problems implies
that any agent-specific values up to period ¢t — 1 are equal to their aggregate quantities. So,

we can write equation (41) as
ht - @l,haat—l + @C,hcm,t—l + @h,th + @h,ylpquz,u,t—lyt' (42)

The vector e;—; does not appear on the right-hand side of equation (42) because in the

solution to the linear model its terms are are a linear combination of v; and ¢;.

3970 see this, note that ® in equation (42) in Sims (2001) is determined only by II, Ty, and T'y, which are
equal to their values used to compute an REE. It follow from equation (45) of Sims (2001) that ©; and O¢
in equation (40) are equal to their REE value. Additionally, if we define ¥ = [¥,, ¥, ¥, ,, 1], then we can
use equation (45) of Sims (2001) (and the notation therein) to conclude that ©, and ©, are equal to their
values in an REE.
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To construct a period equilibrium, we impose the restrictions of market clearing. Those
restrictions take the form that the elements of ; must be equal to corresponding elements
of ﬁt. An example of such a restriction in the simple NK model is that household-specific
consumption must equal aggregate consumption. We have n, such restriction, which is the

length of 4. We write these restrictions as

Here, R is a matrix of ones and zeros. In a period equilibrium, equation (43) will hold. From

the perspective of the agents, we can use equations (35), (42), and (43) to obtain
(R@h,y‘yz/ - I) \I]x,u,t—lyt =Cgt—1 — R@C,hcx,t—l- (44>

If (RO, ¥, —I) is invertible, then the equilibrium values of ¥, , ;174 can be determined
uniquely. In practice we have not encountered an example in which invertibility fails. The
values V¥, ., 114 induce agents to make decisions that lead to market clearing.

In a learning equilibrium, after agents observe a; and ¢; and make their decisions in the
period equilibrium, they update their beliefs using Bayes rule. Recall that agents are only
learning about ¢, and V¥, , in equation (34) and that the elements of v, are perceived to be
independent of one another and over time. We assume that agents beliefs are proportional
to the Normal-inverse-gamma conjugate priors on each element of ¢, and the associated

element of W, , and that they have the same precision in these priors.“C Then
Cot = Cop1+ Y (T — D@1 — Vo cer — Cop1) = Copo1 + 1 Vari 1tk (45)

Here, v, = 1/(X\g + t) where )y determines the precision of the time 1 prior on each element
of ¢,. From equation (44), the values of ¥, ,,; 114 are do not depend on @1, €, or W, ,; ;.
Therefore, in a learning equilibrium in which I'y , and ¥, . are believed with certainty to be
their REE values, the mean of agents’ beliefs about ¢, evolves in a non-stochastic manner

and ¢, does not depend on a@;—;. We can write the evolution of ¢, as
Cet = Cpi—1 + Y (H - I) Cet—1- (46)

Equation (46) is in the form of equation (1) in the main text. Because M (-,-) is linear in

¢z +—1 the smoothness assumptions stated in the text related to M (-, -) hold.

40The priors are proportional to the Normal-inverse-gamma priors because we assume that agents only
contemplate variances for the elements of v; up to some finite upper limit. This ensures that expectations of
the levels of variables remain finite. At the expense of additional notation, the assumption about the same
precision across the priors can be relaxed. This change implies that M in equation (1) would take both
czt—1 and y; as arguments, and has no effect on the asymptotic rate of convergence of c; +.
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C A Comparison to Euler-Equation Learning

An alternative approach to learning is to start with aggregate Euler equations from the REE.
This approach has been widely used.*! The Euler-equation approach to learning stands in
contrast to the anticipated utility approach of Preston (2005) in which households and firms

solve their infinite horizon problems given beliefs.

C.1 The Linear Approximation to the Equilibrium in the Simple
NK Model with Only Sticky Prices Under Euler-Equation

Learning

Consider the simple NK model with only sticky prices. The aggregate Euler equations from
the REE are given by

C, = —BaoyT, + E, [at-i-l + %t+1:|
T = ?@ + BE T4 1.
These equations hold under either Calvo-style or Rotemberg-style adjustment costs so long
and @ is chosen accordingly and we do not treat p; as a state variable in the Calvo model
because it is always equal to 1 in a first-order approximation around m = 1. Under the
assumption that people are learning about steady states (or means), the Euler equation

learning approach proceeds by assuming that Et@H =mey—1 and E, 41 = My so that

Cy = —BoT + mey—1 + Mry1
. 2(e—1) ~
T = %Ct + g1

The values of 7; and @ are calculated from these equations. Beliefs are updated so that

1

m (33t - m:z:,tfl) .

Mgy = Mg t—1 +

This updating equation (in vector form) has the same form as equation (1) in the main text
of our paper. When we compute the value of b under the Euler equation learning approach,
we get b = 0.95 and T5/3 ~ 1.6 billion. Under the learning approach we take in the text,
and as reported in Table 1, when we assume households and firms solve their infinite horizon
problems given beliefs we get b = 0.26 and T5/3 = 5. We conclude that modeling agents

infinite-horizon decision problems, rather than using aggregate Euler equations from the

41 An earlier version of our paper—Christiano et al. (2018)—used a version of the Euler-equation approach
to learning.

46



REE, can have important implications for conclusions regarding the speed of learning.

C.2 Euler-Equation Learning and the ZLB

Consider the simple NK model with only sticky prices and Rotember-style nominal rigidities
when the ZLB is biding (as in Section 6.2). Let X; denote the value of X, in period ¢ when
r, = r’ and the ZLB is binding. The aggregate version of the household intertemporal Euler
equation is

1 1 P 1 1—p

a T 140t t7~Tt+1ét+1 Lt seCss”

The aggregate version of the firm optimality condition is

N . e—1 ~ [ = - bp bp
(7Tt — 1) Ty = (I)P |:XCt (Ct -+ Gt) (1 + TP <7Tt — 1)2) — 1:| (1 + TP (7Tt - 1)2)
D C~'t+1 + ét—i—l C,
147t ét + ét ét—&-l.

+ E; (41 — 1) T (

The REE at the ZLB has no state variables. So, we can linearize these equations around
the values of aggregate variables taken in the REE and use the Euler equation approach to
learning. When we compute the value of b under the Euler equation learning approach, we
get b = 0.98. This is a larger value for b than under anticipated utility. So, learning is slow

using either approach when we have decreasing gain as in equation (1).

D The CEE (2005) Model with Calvo-Style Nominal
Rigidities

In this appendix we detail the version of the CEE (2005) model that we use in the main text.

The version of the model in this appendix has Calvo-style nominal rigidities. The simple NK

model and the models with Rotemberg-style nominal rigidities involve minor modifications

to these equations and use the parameter values discussed in the main text.

D.1 Households

There is a continuum of households indexed by h € (0,1) and a continuum of household
members indexed by ¢ € (0, 1). There is perfect consumption insurance within the household.

Household member ¢ provides labor of type i. The wage rate and labor supply is set by a
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union, described below. Households maximize
e e} 1—0o
E> 3 (Chirs =Cnasgma) " _x / N g (47)
j=0 1 + C 0

1—0 hyit+j
by choosing Ch+, bnt, uny, Int, and Kp 41 subject to the budget constraints, for j > 0,

B v
Ry bnegs + Ebi,t—&—j + Chptj + Tnprj + a (Ungrg) Knpsj <

1
. b, t+j—
/ (1 + 7o) Wi Npigrdi + 15 jun i Knavj — Tivj + S
0 Tt4j
(48)
and the capital accumulation equations
o1 ( Ihiyy ?
Knpyjr = (1= 0) Knpj+ (1= 5 (7 = 1) | Ingyy. (49)
2 \ntt+j1
If o0 = 1, it is understood that the utility function for consumption takes the log form.

Here, C}, is household-specific consumption, by, are household-specific end-of-period real
bond holdings, u; is the household-specific capital utilization rate, I, ; is household-specific
investment, and K} is the begining-of-period household-specific capital stock. R; is the
nominal interest rate on one-period nominal bonds, w;; is the wage rate paid to labor-type
i, r& is the rental rate of capital, 7; are taxes net profits, and m, = P,/P,_;. Note that
capital and utilization provide capital services, up Ky The term a (up,) Kp, represents
costs from utilization deviating from 1. In steady state, the form of a (-) ensures uj; = 1.

The first-order conditions of household h are

Apt — (Chp = YChi—1)" 7 +YEB (Chpsr — YChy) " =0 (50)
1
Apy +VURbp Ay — RiSE Apiy1=0 (51)
Tt+1
a (upg) —rf =0 (52)

o1 (In ? Ing Ly
A — (1= (2t SR
Bt ( 2 \ T Nht + Q1 Tris Tni Nht

Ih i1 Inpin )’
_5Eh,t¢l< = —1)( ’H) Nhi+1 =0 (53)

)

Nht + BEwa (Wpi1) Apgrr — 5Et7“filuh,t+1/\h,t+1 — BEhi1 (1 —=6) =0 (54)

Here, Ap; is the Lagrange multiplier on the budget constraint and 7. is the Lagrange

multiplier on the capital accumulation equation.

48



D.2 Monopolists

Monopolist f produces a differentiated good, Y;;. Goods are aggregated by competitive
e—1 = L
firms using the technology Y; = < fol Yif df) ". The price of Y; is P, = ( fol P};Edf) '

Monopolists face demand curves of the form given in equation (2). Production is done so
that

~ 1-v
Yie = Nj, (Kyo) (55)

where K ¢+ are capital services purchased by firm f. Notice that monopolists will solve a

cost minimization problem that implies

Wy ’kat
—t 56
th( (1 — U) Nf,t ( )
v K\1-v
oo ild) (57)

v (1—o) Y
Monopolists update their price with probability 1 —&p. When they update their price, they

choose P;, to maximize the present-discount value of profits

t+yj

Py AN
E, ZB prtJrg (P_ — (=) 5t+j) <Pt+j) Yigj. (58)

Here
At — (Ct — ’}/thl)_o- + ’}/Etﬂ (Ct+1 — "}/Ct)_g =0 (59)

is the firm’s perception of how they should discount flows to the household, s;y; is real
marginal cost in period t 4 7, and profits in period ¢ 4 ;7 are discounted by an aggregate
version of the household marginal utility of consumption. Assuming (1 —7y) -5 = 1, the

first-order condition is
00 o . P P —€
S B, (stﬂ P ) (—) Yoy =0 (60)
= Prij) \Pivj

where ps; = IBf’t/Pt. Let

by

) Yiv; = MY, + ﬁfPEthJ:llFP,tH (61)
+

Fpy = ZﬁﬂngtAtﬂ (

49



Notice that we have assumed that the expectations of the firms satisfy the law of iterated

expectations. Similarly, let

P,
Zpy = Z B’ prtAt+g (P ‘ ) Yiyjsie; = MYis, + BEpEym 1 Zpia (62)
j=0 t
Then the first-order condition can be written as
_ Zpy
= = 63
pfvt FP’t ( )

D.3 Unions

We assume that each household has a continuum of members indexed by ¢ € (0,1). Each
member consumes the same amount in every period (perfect consumption insurance). The
index ¢ indicates the labor type provided by the household member. Members of type 7
from all of the households belong to a union that sets the wage for type-¢ labor. With
probability 1 — &y a union is able to update the wage for its type. Each union provides all
labor demanded at the posted wage and demands equal amounts of labor from each union
member.

Labor is combined into a productive labor unit using the technology

_ ( /0 1 ( /0 1 Nhﬂ,tdh> - dz’)

€

€
e—1

A unit of N, costs W, = (fol W;[%é) "

When a union sets its wage it does so by choosing I/T/Z-,t to maximize equation (7).

Demand for N, ;; is given by equation (6).

We assume unions have the same expectation operator as households and firms. Addition-

ally, unions take the demand curve for their labor type as given. Assuming <t (14 7,) =1,

and defining w;; = W,/ P, and w; = W;/P;, union ¢’s first-order condition is
e . At—‘r'tht <1I}‘t>1+€c < Wt Pt )_EC < Wy Pt >_€
E igd J % — —t NS | [ —= Ny =0
t; P fW Pt+j Wy X Wi Pt+j i W45 Pt+j s
(64)
Define
l1—e
w
Fw, = ANy + 55WEt7Tt+1 <—t) Fw,41 (65)
Wit
14+¢ 1+<) w, T
Zwy = xN, " + BEwEym, (—> 2w (66)
W41
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Because the law of iterated expectations holds for the subjective beliefs of unions, the first-

order condition can be written as

D.4 Aggregation and Government Policy

Aggregate output is given by

1
Y;g = Ct + It + Gt + / a (uh,t) K}mdh.
0

(67)

(68)

Integrating over demand curves for intermediate goods and firm-specific production functions

yields

1 5 1—v 1 P —€
% _ f?t
/0 NY, (Kf,t> df = /0 (_Pt) dfy;.

Aggregate capital services are given by

-f(t = /1 UthKh”tdh.
0
All firms pick the same capital-to-labor ratio, so
PNy (Kt>1v =Y.
From the definitions of p; and F;,

1 — gpﬂ'fl)_lse

1—¢ép +&ems (00)

ot =-e

Aggregate profits are given by

! Pt Pt o t
/0 (%—(1—7,0)&) (Tft) ndf:(1—(1—rf)%> Y,

We assume the government runs a balanced budget period by period. So,

*
t

Tt = Gt + Twtht — <1 — ﬁ) }/t
We assume
Gt = G

and

Y, =Y
Rt = (1 _pR> (ﬁl + an (7Tt - 1) + ay tY > +pRRt71-
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D.5 REE Steady State

It is either the case that R = 87! and 7 = 1 or it is the case that R = 1 and 7 = 3. We
choose x so that N = 1 when 7 = 1. We also set G = 0.2Y where Y is the steady state

value when 7 = 1. The form of the function a () ensures that u = 1 in steady state. See
CEE (2005) for further discussion about a ().

D.6 Beliefs and the Period-Equilibrium
Define

/ * K /

Ty = [Ot77rtawtalt] y Ay = [Otyﬂ-tawtvlhprt)}/t)utvStart aNt7Gt;Kt+1aTt}
~ ~ /
hy = [Ch,t, bh,t7 Uhp,t, ]hm Kh,t+1, Ah,t7 Nhts Prty Tf e, Wi, Wi, FP,t, ZP,ta FWﬂfa ZI/V,t7 At]

We include A; in h; because it represents firms’ and unions’ perceptions of how to discount
flow to the household. We assume that agents form beliefs as in equation (35). So that the
bond market clears, we impose that it must be that CA’M = é't. So that the goods market
clears, we to impose that firm pricing decisions are consistent with aggregate inflation. To

do that, we find it useful to define 7, and p}, so that

We also need to impose that union wage-setting decisions are consistent with the aggregate

real wage. To do that, we find it useful to define
wi = (1—&w) W+ &wm w7, (77)

which follows from the definition of W,. Finally, we need to impose that Ij,; = I; so that
investment is consistent with overall aggregate output.

We write the restrictions we impose on the period equilibrium as C; = Ch ¢, mp = sy, Wy =
Wi, Iy = Iy It is now straightforward to put the model in the form discussed in Appendix B.
Agents believe with certainty that the static equations (68), (70), (71), (73), (74), and (75),
hold in each period. They also believe that the following equations hold with certainty

,wu,r.Kliv 2
Y R S SR} anth+1:(1_5)Kt+(1_ﬂ(L_1>)]t_

t rf — (A—-v)Ng» Ot v“(l—’u)l_v7 2 \ 1t

Here, K; = fol K}, dh. These equations are aggregate versions of equations that hold in
every period. These equation, along with the identities from x; to a;, define the mapping
a; = F(xy,a;_1) and their (log-)linear form can be expressed as in equation (36).

To construct equation (37), we use (log-)linear versions of equations (48), (49), (50), (51),
(52), (53), (54), (59), (61), (62), (63), (65), (66), (67), (76), and (77).
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D.7 Parameter Values

We use the following parameter values for our version of the CEE (2005) model with Calvo-

style nominal rigidities.

Table 4: Parameter values for the CEE (2005) model

Parameter ~ Value Description
& 1.03792 Rate of time discounting
vy 0.65 Habit formation parameter
€ 6 Governs demand elasticity in demand for goods
€ 21 Governs demand elasticity in demand for labor
ép 0.6 Calvo parameter for prices
Ew 0.64 Calvo parameter for wages
o 1 Log utility
¢ 1 Governs elasticity of labor supply
PR 0.8 Interest rate smoothing
Ol 1.5 Coefficient on inflation in monetary policy rule
oy 0.25 Coeflicient on output in monetary policy rule
v 0.64 Cobb-Douglas parameter
‘Zl,/((ll)) 0.01 Capital utilization parameter
) 0.025 Capital depreciation parameter
o1 2.48 Investment adjustment cost parameter
g 0.2 Government purchases in steady state
9 0.000001 Bond-holding cost parameter

E Linearization When the ZLB is Binding

Here, we describe how we construct the period equilibrium in the simple NK model with only
sticky prices and Rotemberg-style adjustment costs when the ZLB is binding. We maintain
the assumption that households and firms know the REE in the steady state. As a result,
households and firms know the decision rules they will use in the event that the economy
reverts to steady state.

To fix notatiorAl, we let Xt be value of the variable X; when r, = rf and let X be its value
in an REE. Let X, = log(f(t/j(). Note that we continue to use /b\h’t and py, at the ZLB,
because the REE values of those variables are equal to the same values at the ZLB and in

steady state. Households and firms form beliefs about C; and 7, using

ét =Mci—1 + 0vci—1VCt (78)
%t :mﬂ',t—l + &V,ﬂ,t—lﬁﬂ',t‘ (79)
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Households and firms know that equations the following equations hold in every period:

Y, = Nt, Y, = (Ct + Gt) ( (ﬂ-t_l)z)y Wy = XNtCt, Tt = Gt_(l wt)Yt (7Tt— )Q(Ct‘f‘Gt)a

Gy = G, R, = max {1, B+ ay (mp— 1) Yf;Y}. The Euler equation is
1 ~ 1 1 1-—
Oy, = E—2 — + , b
Chi By Ltre 71 Gy LT 7Chir1 (bh,t)

We emphasize that in the case that r,; = r**, we will have 7,41 = 7°° and C}, 441 is a known

function of household bond holdings. The firm’s pricing optimality condition becomes

Prt - ﬁﬁt 6 —1 Y/;
-1 — Dftl Dy
(pft 1 ) pf,t—l ®p (@ = Prel P ftCt G,
4 Dy, tH1 Dft+1 ~ Ot+1 + Gt+1 ét
E Tep1 — 1) =21 -
L+ Dt Dt Cy+ Gy Cit1
1-— C+G\ C
I pEt (p{,t+1ﬂ_1> p{’t+17r(~ + N )_t
T+, Dyt Dt c,+G,) C

We can now proceed as in Appendix B to solve for the log-linear approximation to the
period equilibrium. Note that we log-linearize X, around X. We need an approximation
in which households and firms contemplate variables at the ZLB that grow slower than
R™'%3~1p~L. Because of the probability of switching from the ZLB to the steady state, the
growth condition ensures that the unconditional expectation of each variable in the system
converges to zero as the horizon of the expectation goes to infinity. The growth condition is
satisfied by only one solution to the linear system, and we study that solution. Note that in

any learning equilibrium, Eh,t = by = 0 and psy = pyy = 1 in every period.

F Solution Algorithm for Nonlinear NK Model When
the ZLB is Binding

In this appendix we detail our solution strategy for the non-linear NK model we consider in
our paper. We exploit the model’s structure to simplify its solution. In particular, because
the steady state is an absorbing state for the REE and the learning equilibria that we
consider, we can solve the steady state decision rules without reference to the period when

= r’. Here, we maintain the assumption that households and firms know the REE in the
steady state. With this solution in hand, we then turn to the period when r, = r, which
is where we consider learning. We find it useful to represent the model recursively in this
appendix. This appendix explains how to solve the model under internalized learning. At

the end of the appendix, we explain how to solve the model using that solution to generate
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results for anticipated utility.

F.1 Steady State

In the steady state, there is no uncertainty. However, households still face a bond-holding
choice and firms still face a relative-price choice. In an REE, households will choose to hold

zero bonds and firms will choose to set their price to the aggregate price level.

F.1.1 Household Problem

In the steady state, the household value function is given by

Vit One) =, max, {log (Cu) = X (N + 8V (i)}

Ch,t,Nh,t,bh,t 2
subject to

bn.t bht 1
Rss -

Here, by, ;—1 and by, are household h’s real bond holdings chosen in the previous and current

Chy +

+w Ny — 7%

period, respectively. The variables C},; and N, are household h’s consumption and labor

% w*®, and 7% are the gross nominal interest rate, the

supply. The aggregate variable R**, 7
gross inflation rate, the real wage, and taxes net of transfers and profits. The values of these
aggregate variables are known to the household. We constrain households so that by, ; € [Q, Z_)] :
Implicitly, we have functions Cj,; = C;° (bht—1), Npt = N° (bne—1), and by = 0;° (bpg—1)-
Assuming the constraint on by, is not binding, household maximization implies

1 1

=[BR” ————— 80

(O (bh,t 1) =F C;SLS (bpp) (80)

XC3? (bng—1) Npp® (bpi—1) = (81)
b b

CZS (bh,t—l) ( h,t— 1) _ h,t—1 + s ’js (bh,t—l) L (82)

Rss s
We define a grid over [Q, I_)} and approximate the functions C};* (bns—1), N;° (bpi—1), and
b* (bps—1) on that grid in the following way.*?

(i) We conjecture a value for b3® (by,_,) at each grid point, which we denote by b7 (by;_1).
(ii) Note that equations (81) and (82) can be written as

Rss 88

by (bni1) b
:WT@fn&$@Wﬂ+h(h”%—“1+ﬁ)=Wﬂ?

42In our implementation, we set —b = b = 1, which is equal to steady state output. We use a symmetric
grid with 25 points that includes zero and places more points near zero than at more extreme values because
bnt—1 = bpt = 0 in both REE and in learning equilibria.
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The left-hand-side is increasing in C}* (b —1) > 0. For every by ;_1, we solve for the
value of C3*® (bp4—1) that makes this hold with equality. We call this the conjectured
value for C}* (by;—1) and denote it by Cff’i (bnt—1). Note that with C,‘js’i (bri-1), we
can back out Ni** (by,_1) from equation (81).

(iii) For each grid point, by 1, find by that solves the following version of equation (80)
1
ChiﬁRSST —1=0
Cy" (bne)

where Cj; > 0 solves

bhe b
XCht (Ch,t R 788) = (w*)?.

Rss 88

We use linear interpolation to compute C’Zs’i (bp,e) for values of by, that fall between
grid points. If the procedure would set b, > b or bj < b, we set by, ,to the respective
endpoint of the grid. We record the value of b,, by updating the conjectured function
by’ (+) using bff’i“ (bryi—1) = b

(iv) Having computed b;>"*' (by,,_) for every grid point, we check to see if
’bzs,iJrl (bh,tfl) . b;s,i (bh,tfl)‘ <€

at every grid point for some small €. If yes, we say that we have solved the household
problem in steady state. If no, we set b;>* (by,—1) = b} (by,_1) at each grid point
and repeat steps (ii), (iii), and (iv).

Because B% = 1, it is not surprising that we find that b5° (bys—1) = bps—1.

F.1.2 Firm Problem

In the steady state, the firm value function is given by

]' —€ ss
Vit (pra-1) = max { o Pra = (L= 7)) w™) (pre) 7Y

1 ®p ( pra )2
—Fm o T =) (CF G+ pVEE :
C'ss 2 <pf,t—1 ( ) B f (pf,t)

Here, ps;—1 and py; are the ratio of firm f’s price to the aggregate price level in the previous
and current period, respectively. The aggregate values 7%, w® C**, G**  and Y*® are known

to the firm. We constrain firms so that log (ps:) € []2, ]_9] A3 TImplicitly, we have a function

43Tn our implementation, we set —p =p=1. We use a symmetric grid with 25 points that includes zero
that places more points near zero than at more extreme values because log (pf+—1) = log (py.+) = 0 in both
REE and in learning equilibria.
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Py (pre-1). Assuming the constraint on log (py) is not binding, firm optimality implies

Py (Pri-1) ) 1 w*® —e
) 75 1) =S (O G%) = (e — 1 -1 pss Dra_ y'ss
P( Pri-1 Py ( )=(~1) P¥ (pri-1) (b (pre-1)

+ 6%y (pf 05 i) e 1) PEF Pra) o 4 o (83)
Py (pfi-1) (p‘}s (pf,t—l))

We define a grid over []_9, 1‘9} and approximate the function p¥* (pfi—1) on that grid in the

following way.

(i)  We conjecture a value for p (ps;—1) at each grid point. Call the conjectured value
Py (Pra-1)-

(ii) For each grid point, ps,_1, find py, that solves the following version of equation (83)

Ss

1
o (L2 1) Lo 6y~ ) (2
Pfi—1 Pgi—1 Dy

b (P00 ) ) s o
(Pf,t)

- 1) (p1a) Y™

We use linear interpolation over log (ps;) to compute pjf’i (ps.) for values of log (ps.)
that fall between grid points. If the procedure would set log (py,) > P or log (py:) < p,
we set py, to the respective endpoint of the grid. We record the value of ps, by updating

the conjectured rule for p$* (ps:—1) using pjf’iﬂ (Pfi-1) = Dsa-

(i) Having computed pjf’iﬂ (pfi—1) for every grid point, we check to see if

‘pjvs’iﬂ (Pra—1) — pjvs’i (pf,t71)| <e€

at every grid point for some small €. If yes, we say that we have solved the firm problem
in steady state. If no, we set pjf’i (pri1) = pjf’i“ (pfi—1) at each grid point and repeat
steps (ii) and (iii).

F.2 Solution when r; = r*

4

To address the case when r; = r*, we assume that we have the steady state decision rules in

hand and that households and firms know these decision rules with certainty.

F.2.1 Beliefs

Before presenting the household and firm problems, some comments about beliefs are in order
when r, = ¢, To simplify the model, we assume households and firms have the same beliefs

(though they do not know that they have the same beliefs). Households and firms believe
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that so long as r; = r* | log (C;) and log (7;), have uncorrelated Normal distributions with
unknown means and variances. That is, log (7;) ~ N (pur,02) and log (C}) ~ N (uc,0?).
We assume that households and firms have beliefs about the means and variances of the
distributions for log (C}) and log (7;) that are characterized by density functions that are
proportional to Normal-inverse-gamma distributions. (See Zellner (1971) and Murphy (2007)
for a discussion of the Normal-inverse-gamma distribution). These beliefs are not exactly
Normal-inverse-gamma distributions because the households and firms embed in their beliefs
an upper bound on the variances. This upper bound is important because if variances were
unbounded, E [m] = E[C;] = oo, which would challenge the applicability of an expected
utility framework (see Geweke (2001) for related discussion). The distributions characterizing

beliefs are independent across Cy and m;. That is, for ¢ € {m,C}, p; € (—00,00) and

[ F . s 1
8, i,t—1 1 g t—1+ exp _/Bi,t—l
D(asi—1) \ o2 o?
I(

ai,t—laﬂi,t—l/ﬁf)

o? € [0,52] we have

Pr (0'1'2|@i,t71> 51’,#1) =

)

F(Oéi,t)
Vi1 Aiji—

Pr (Mi|€7i2, M1, /\i,t—l) = exp [ — 22 21 (i — mi,t—l)z .
27T0i2 207

See Here, I' () is the gamma function and I' (-, -) is the incomplete gamma function. Note
that ' () =T (-,0). Again, the advantage of truncating the prior of o7 is that E [m;] < oo if
72 < oo and E [C}] < 00 if T4 < 0.

Even though we truncate the distributions for ¢?, we maintain the usual recursive up-
dating equations because the likelihoods associated with observations of 7; and C; are not
truncated. Beliefs about consumption and inflation are parameterized by four values, a; 1,
Bit—1, Mit—1, and A\, ;1 for ¢ € {m, C}. So, we have 8 total parameters. The recursive updat-

ing formulas (see Murphy (2007)) for these variables are X\;; = A ;-1 + 1, oy = 41 + 1/2,

e — Xit—1mi -1 + log (i)
vt Aig_1 + 1

)\i,t—l (log (Zt) - mi,t—1)2
2(Nig—1+1) '

We need to include variables in ©,_; that will fully capture the values o 1—1, B;1—1, M —1,

) Bit = Bit—1 +

and \;;_; for i € {m,C'}. First, we keep % in ©;_1, which is the inverse of the 1 plus number
of periods that r; has been equal to r, up to period t — 1. We keep the inverse because it is
bounded between zero and one. From this value, we can trivially back out \;;—; and o1,
given their values in the first period when r, = r,. We set the initial value of A\;;_; =1 and

the initial value of o, ;1 = 2. We keep m¢;—1 and m, ;1 in ©;_;. And we also keep

2061' t /\Z t—1 1 . 2
., = 2 2 2 l — . .
Vit \/ 2 1 ver +1) 200, 4 1 (log (ie) = miz—1)
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Note that by setting 3;,; = (@Di,t)Q a;+41 it is clear that we recover the exactly recursive
structure of 8; (given above). An advantage of using 1;; in ©, rather than 3;, is that ¢, is
a consistent estimator for the standard deviation, whereas 3; ; generally grows without bound
(except when the standard deviation is zero). Keeping the values of ©; within bounded grids
will be important for the purposes of approximation. In total, ©, = [t%, My t, MOt Vn ot lbc,t}
has five elements (where ¢ is the number of periods that the ZLB has persisted) and we
have a mapping from ©;_1 to a; s, Bit, mis, and \;; for i € {w,C}. We also have a law of
motion for ©; so that ©, = L (@t_l, [, C’t]’) )

An advantage of the Normal-inverse-gamma setup detailed above is that we can have
analytic expressions for the distribution for the variables log () and log (C;) conditional on
©;-1. (See Zellner (1971) and Murphy (2007) for related discussion. See Bakshi and Skoulakis

(2010) for a discussion of truncating the distribution of the variance.) In particular

Nit—10 41 )1/2 I'(i-1+1/2)
1) r

Bit—1 (Nig—1 + (1) /2T -1

Pr (log (i;) |©:-1) = (

7ai,t7171/2
1 log (24) — my;4— 2 K;
1+ (log (i) it 17)1 it 7 (84)
2041’,1&—1 Ait—1Qt—1 Rit—1
<5i,t—1(>\i,z—1+1)>

where iy = T (g, Bis/7) [T (Ozm)]*l. Notice that ;; depends on the point of evaluation
for log (i;). If we ignored the ratio k;/k;;—1, which would be correct in the case when

o2 = oo, the pdf for log (i;) is a ¢ distribution with location parameter m;; i, scale param-

eter (%)_1/2, and 2c; ;1 degrees of freedom. If 7 is large, r;4/Ki¢—1 # 1 but is
close to unity. For finite 62, the ratio Kit/Kit—1 serves to thin the tails of the distribution of
log (i;) by down-weighting the probability of extreme values for log (;).** Because the density
function of the ¢ distribution is readily available and reliably computed in statistical soft-
ware and because k;;—; and k;,; are easily computed using readily available implementations
of the gamma and incomplete gamma functions, we can use equation (84) for quadrature
weighting. We use Gauss-Hermite quadrature with seven nodes to approximate integrals

based on equation (84).

F.2.2 Household Problem

When 7, = r*, the household value function is given by

44We set 52 equal to the squared maximum value on the grid for ¥+ (described below).
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Vh(bh,t—h@t—l,l‘t): max {log(ch,t)_ (Nh,t)2

Ch,t>Nh t,bn,t

DO | <

1
+ 1+ ,r,( [p]Ech (bh,b @ta xt+1> + (1 - p) v]fs (bh,t>]}

subject to Ch s + % < bhﬂ%l + wi Ny — 7. Here, zy = [my, Cy)', V;#* () is the steady state
value function for the household, which is defined above, and [E,; denotes expectations of
the household computed conditional on ©;_; and x;. Given z; and ©;_;, we have ©; =
L(©;_1,x). So, the expectation of the household is taken with respect to x4, which is
believed to be iid. We assume that households know the monetary and fiscal policy rules. We
also assume that they correctly think that Y; = (Cy + Gy) (1 + ‘%P (7 — 1)2), N, =Y, and
wy = xCiYy. Given x;, with these assumptions Ry, w;, and 7, can be computed. The steady
state values of aggregate variables are known to the household. We constrain households so
that by, € [b,ﬂ. The household optimization problem gives us implicit functions for Cj,; =
Ch (bh,tfb@tfl’xt); Nyt = Np (bh,tfl,@tq,l’t), and by, = by, (bh,tfh@tflaxt)- Considering

interior solutions for by ;, we have

1 1 R { E { 1 }
Chn (bni-1,04-1,2,) 1+7¢ P T41Ch (Dng, O, T41)
1
+(1—p)——— 85
09 ] (%)
wy = xCh (bh,tfly O—1,2¢) Ny (bh,tfla O4_1,T¢) (86)
by +_ by, (bht-1,0i_1,
Ch, (bh,t—la @t—laxt) = h; L + w N, (bh,t—b @t—laxt) — T — h( & IR =l t)- (87)
¢ t

Instead of approximating C, (byt—1, Ot—1,xt), Np (bpi—1, Or—1,x+), and by, (byt—1, Or_1, 1) di-

rectly, we approximate

1
b, ©;) =E ’
vp, (bnt, ©1) t {Wt+10h (bnt, O, x1) }

We take this approach because it eliminates z; as a state variable in the approximation. We
define grids on the elements of ©, and use the grid defined for b, in the steady state. We
then approximate vy, (by ¢, ©;) in the following way.*

(i)  We conjecture a value for vy, (bp;—1,0:—1) at each grid point in the cross product of the

45The grids for m; ; contain 12 points that are are not evenly spaced. They include each REE point as well
as the target-inflation steady state. The remaning points are bunched relatively close to the REE points.
The grid for ¥+ contains 11 points that are evenly spaced from 0 to 0.1. The grid for 1, ; contains 11
points that are evenly spaced from 0 to 0.05. Note that inflation is expressed in quarterly terms, so a change
of 0.05 would be 20 percent if annualized.
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grids over the elements of by, ;1 and ©;_1.%6 Call the conjectured value vl (bhy—1,04-1).

(ii) For a given grid point we use quadrature to get a value for E;, 4 {(Wtchi)_l} .To solve
for the expectation of interest, we need to solve for C},; given many different values for
x;. Conditional on a value for x;, equations (86) and (87) can be written as

b bt
XCh (Ch,t ot n) = w;
t T

The left-hand-side is increasing in Cp,; > 0. For a given by, we solve for the value of
Ch+ that makes this hold with equality. We then search for the value of by, that makes
the following version of equation (85) hold with equality:

1 1

m = mR |:p’U;l (bh,t7 @t) + (1 _p>

G (bh,t+1)] '
We use linear interpolation to compute v}, (b, ©;) for values of by, and ©, that fall
between grid points. If the procedure would set by, > b or brt < b, we set by to the
respective endpoint of the grid for b, ;. We record the associated value of C},; and use
it in the quadrature to compute vj™ (by; 1,0, 1) = E;_; {(Wt0h7t)_1}.

(iii) Having computed Uffl (bpt—1,04-1) for every grid point, we check to see if
|UZ (bni—1,0¢-1) — Uffl (br,i-1, @t—l)‘ <e€

at every grid point for some small €. If yes, we say that we have solved the household
problem when 7, = 7¢. If no, we set v} (bps_1,0; 1) = v}'fl (bpt—1,0:-1), repeat steps
(ii) and (iii).

1

The grid that we use on 3 is special. In particular, we let that grid be [O L., 1} . The

957 98
first element of the grid corresponds to the case when infinite time has past. In this case
households think that they would update their beliefs so that ©, = ©,_; because m;;_ and
;-1 are consistent estimators for the means and variances. In our numerical computations,
we utilize this fact to first approximate v, in this case. We then approximate v, in the
case where t* = 99. When t/ = 99, we need to interpolate between the solution to the
case when t* = oo and the conjectured value of vﬁL (bpt—1,0;—1) when tf = 99 to evaluate
vl (bpg, ©;).47 That is, when t* = 99 we have to find a fixed point of this interpolation,
which is computationally intense. When (tf)_l = 98, having approximated vy, (by ¢, ©;) for
(te)_l = 99 means that can evaluate vy, (by¢, ©;) exactly at (te)_l

to v}, (bns, ©;). We approximate for vy, (by, ©;) when (te)fl = 98 and work work back in

= 99 without reference

46There are 435,600 = 12 x 12 x 11 x 11 x 25 points in the cross product of the grids for m; ¢, 1+, and
bn,t- t[l is handled in a way discussed below.

4"When solving their model, Collin-Dufresne et al. (2016) assume that at some point in time the true
parameters become known.
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this way to (tf)_l = 1. This strategy fits this into the structure of steps 1-3 because we
know that the value of vy, (bps—1,0:—1) will not depend on its value at any any t¢ that is
smaller than implied by ©,_;. So, we have a block dependent structure to vy, (bp—1,0:-1) .

Additionally, we know that ¢¢ will only take integer values.

F.2.3 Firm Problem

When 7, = r¢, the firm value function is given by

1 . P 2
Vi (a1 ©o1.1) = me {5 <<pf,t ~ (=) ) (Bm o) (@t Gt>>

Py

_|_

T [PE:VE (g6, O, a1) + (1= p) Vi (pga)]

Here, z; = [m, C]', V* (-) is the steady state value function for the firm, which is defined
above, and E; denotes expectations of the firm conditional on ©,_; and z;. Given x; and
©;_1, we have ©, = L(0;_1,2;). So, the expectation of the firm is taken with respect to
Z¢11, which is believed to be iid. We assume that firms know the monetary and fiscal policy
rules. We also assume that they correctly think that Y; = (C; + Gy) (14 22 (m — 1)2),
N, =Y, and w;, = xC}Y;. Given x;, with these assumptions wy, Gy, and Y; can be computed.
The steady state values of aggregate variables are known to the firm. We constrain firms
so that log (pss) € [p,p]. Implicitly, from firm optimization we have a function py; =
Pf(Pfi—1,01-1, 7). Considering interior solutions for py,, firm maximization implies

op (pf (pf’t_l, it xt)ﬂt - 1) T (Ct + Gt) =
DPft—1 Pft—1
) v 1) (o (-1, B0ms,0)
pf(Pri-1,01-1,7)
n 1 JE, & ®p <pf (pr (pgt—1,01-1,24) 7@t7$t+1)ﬂ_t+1 _ 1) pr (pf (Pre-1,O1-1,2¢) ®t7xt+1)ﬂ_/ (' +6")
147 Ciy1 Pf (Pfi—1,0¢—1,24) (pr (pft-1,01-1, xt))2
" IS (1-p)dp (pffs (pf (Pfi-1,0-1,21)) _, B 1) p§ (ps (pf,t—laet—l,l't))ﬂ_ss (C5 + G*).
1+7r, Cs8 Py (Pri—1,0t-1,2¢) (pf (Pft—1, @tfhxt))Q
(88)

Instead of approximating py (pys—1, ©—1, ;) directly, we approximate

1 p p
vy (pre, 1) = Ky {Ot—H Pp ( ;’;Tﬂtﬂ - 1) ;:1 Tii1 (Crr + Gt+1>} .

We take this approach because we can eliminate x; as a state variable in the approximation.
We use the same grids on the elements of ©,_; that we use for the household problem and
the grid defined for log (ps:—1) in the steady state and we approximate vy (prs_1,0;—1) in

the following way.
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(i)

(i)

We conjecture a value for vy (pri—1,©;—1) at each grid point in the cross product of the
grids over the elements of ps,_; and ©;_;. Call the conjectured value v} (Pfi-1,0¢-1).

For a given grid point we use quadrature to get a value for

1
Eer{ gor (Lm—1) nciv 6.

C} Pri—1 Dfi—1

To solve for the expectation of interest, we need to solve for ps; given many different
values for ;. Conditional on a value for x;, we find a value of ps; that solves the

following version of equation (88)

1
) ( Pt . 1) 7 (C+ Gy =
Pri—1 Pri—1

Wi —€ 1 4 C,
=, 7! Y, + v (pre, Of) —=
(e—1) ( r ) (pra) Yot o7 P (prs,©1) o
1 C ss o5
+ ;s (1—p)Pp (Mﬂss _ 1) ZLpf’;)Wss (C% + G*) .
1+rC Dra (pﬁt)

We use linear interpolation over log (py,) to compute v} (py, ©¢) for values of log (py,)
and ©; that fall between grid points. If the procedure would set log (ps:) > P or
log (py:) < p, we set py; to the respective endpoint of the grid for py. We record the
value of ps; and the associated aggregate variables so that the quadrature procedure
can approximate

i 1 Py, Py,
UfH (Pf,tfh @tfl) =K, {a‘DP (pfﬁlﬂt - 1) pfj:jlﬂ't (Ct + Gt)} .

Having computed vjfl (pfi—1,0:-1) for every grid point, we check to see if

|U} (Pfi-1,01-1) — U}H (Pri-1, ®t—1)‘ <e€

at every grid point for some small €. If yes, we say that we have solved the household
problem when 7, = ;. If no, we set v} (pgi—1,0;-1) = v;}“ (pfi-1,04-1), repeat steps
(ii) and (iii).

Our use of the same grids as in the household problem allows us to exploit the same block

dependent structure in (té)_l.

F.3 Learning Equilibria

Here we detail how we construct learning equilibria, given the solutions to the household an

firm problems—wv;, and vy.

(1)
(i)

Set r, = r’ and assume a value for ©,_; for ¢t = 1.

Conjecture a value for m;.
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(a) Find the value of C; that would make the following equation hold

1 1 1
a = mRt pop (0, L (1, [m, Ct])) + (1 — p) W,?(O)

(b) Check to see if the following equation holds

Cp(m —1)m (Cr +Gy) = (e —1) (wy — 1) + 1 ! pvs (1, L (O4_y, [m, C))) Cy

+ 7
1 G
+
1+7r,Css

(1 _p) @P (71_58 _ 1) 7TSS (CSS _"_ GSS) .

If yes, we have a period equilibrium for period ¢ and we record m; and C;. If no,

conjecture a different value for ;.

(i) Set O;11 = L (O, [m, Ct]) and repeat step (ii).

When we consider “anticipated utility,” we define ©, to be ©,, but with i = 0. We then
perform step 2 with ©, instead of ©,. However, in step 3 we continue to use ©,. The switch
between O, and O, highlights the way in which “anticipated utility” is not internally rational.
Because it is much less computationally demanding, the anticipated utility solution can also
be calculated directly using m;,—; and ;1 without relying on interpolation between grid

points of those variables.

F.4 Forward Guidance

When we implement forward guidance, we assume that households and firms know the
aggregate values of consumption and inflation in period I (the period that r; changes back
to 7% but R; remains at the ZLB). We denote these quantities by C7 and 7/. We also assume
that households and firms know how they will act in period I. However, they are unsure
about the period when r, = 7*. They have to learn about the data generating process for C,
and 7 while r, = 7¢. With these assumptions, the model can now be cast as in the previous
three sub-sections, but with householding and firms thinking that with probability 1 —p they

will be in period I and using the value functions and decision rules in period 1.

G REE Multiplicity

In this appendix, we consider REE multiplicity in the context of the simple NK model with
only sticky prices that we study in the main text. Some of the material in this appendix
appeared in earlier versions of this paper (see Christiano et al. (2018)). We consider stability
under learning (E-stability) of the different REEs. See Evans and Honkapohja (2001) for

discussion of E-stability and its use in equilibrium selection. See Boneva et al. (2016) for
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a discussion of multiple REE at the ZLB. The first two sub-sections of this appendix work
with the model with Rotemberg-style nominal rigidities because that model has no state
variable, which simplifies the analysis. Because the specification of adjustment costs with
Rotemberg-style nominal rigidities is somewhat ad hoc, and because different specifications
lead to the same first-order approximation to the model, we also consider multiplicity in
the context of the model with Calvo-style nominal rigidities in the third sub-section. We
consider that model more micro-founded and, as a result, perhaps a better model for analysis
of equilibrium multiplicity. However, because of the similarities between the models with
Rotemberg-style nominal rigities and Calvo-style nominal rigidities, it is unclear that either
should be regarded as strictly better.

We consider equilibrium multiplicity in the fully nonlinear version of the simple NK
model. Note that analyses that linearize around the target-inflation steady state while also
maintaining the nonlinearity associated with the ZLB would not identify the multiplicity we
highlight.

G.1 Rotemberg-Style Nominal Rigidities

In this sub-section, we focus on the version of the model with Rotemberg-style adjustment
costs. Evans et al. (2008) consider a version of this model when there is no shock to the
natural rate of interest. They analyze the model’s two steady states (in one steady state,
7 =1, in the other 7 = 3).%® They find that only the target-inflation steady state in which
m = 1 is stable under learning, and they argue that learning dynamics are affected by the zero
lower bound. Here, we focus on equilibria following a shock to the natural rate of interest,
as in Eggertsson and Woodford (2003). Specifically, we assume that r; is given as in section
6.2.

With Rotemberg-style adjustment costs, the model has no state variable. We consider
minimum-state-variable REEs (see McCallum (1983) for related discussion). An REE is a
set of values for output, employment, inflation, and consumption, Y, N*, 7, C*, respectively,
when r = rf. We assume that the economy reverts to the unique rational equilibrium steady
state, Y%, N5 7% C* with R** > 1 when r = r**.49

48See also McCallum (2002).
49Here we only consider equilibria in which quantities and prices are constant for a given value of r. For
example, we do not consider sunspot equilibria.
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The four equilibrium conditions associated with the four unknowns, 7¢, C*, RY, N*, are

1= e a-p g@} (59)
(f — 1) 7' (C* + G) z% (XN'C! — 1) N*
+ 1o 52P (7" = 1) " (C'+ Gy) | (90)
N'=(C"+GY (1 + % (r* — 1)2) , and (91)
R =max {1, 1+r* +a(r'—1)}. (92)

Equations (89) and (90) take into account that 7% = 1. In addition, we verify and use the
fact that R = 1. We compute C** using the steady state of the model. Equation (90) can be
expressed as one equation in the unknown, 7¢, after using equations (89) and (91), to express
C* and N* as functions of 7. Then, we can find a candidate equilibrium by finding a value of
7’ that sets a function, f (7T£) = 0. To verify that a candidate value of 7 is an equilibrium,
we must verify that the implied aggregate quantities and firm values are non-negative.

Our baseline parameters are the same as in the main text. In the R > 1 steady-state
REE, C* = 0.8, 7% = 1, N* = 1. While r =, we set G* = G(r*) = G**. We also consider

an alternative specification for government purchases, given by

G'=G(r') =1.05x G (r”). (93)

Figure 5: f (ﬂ'e) Corresponding to the Target-Inflation Steady-State Equilibrium

0.002 A
0.000
- -0.002
=
=
—0.004 1
Gl =GSS
—0.006
--- G'=1.05xG"
0.88 0.90 0.92 0.94 0.96 0.98 1.00 1.02

nl

Note: The zeros of the function f, which is defined in the text, identify REE values for 7¢ assuming that the
economy goes to the target-inflation steady state after r, = r*°. The dashed line is the case when G is high.
Source: Authors’ calculations.
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Figure (5) displays the function f (We) for a range of values of 7¢ in the baseline (solid
blue line) and alternative (dashed blue line) cases. In each case, there are two values of 7
for which f (7re) = 0. Table 5 reports the values of C¢, w’, N*, R® and 7 at these zeros of

f. Each crossing corresponds to an interior equilibrium in which the ZLB binds.

Table 5: Equilibrium Values While r, = r¢, Returning to Target-Inflation Steady State

| REE A | REE B | REE A’ | REE B’
400(r* —1) | -35.78  -6.60  400(x* —1) | -36.99  -3.00
400(R" — 1) 0 0 400(Rf — 1) 0 0
C* 0.48 0.74 C* 0.47 0.77
N* 0.98 0.95 N! 1.00 0.98
w? 0.59 0.88 w? 0.58 0.95
AC+HA
e -0.17 3.95
(a) Gf = G** (b) G* =1.05 x G**

Note: This table reports {we, Rt Ct NY, wz} for two equilibria indicated by A and B when G* = G** (6a)
and when G* = 1.05G** (6b). Each equilibrium returns to the target-inflation steady state as soon as r = 7.
The government purchases multiplier reported in the last line of panel is the change in GDP per unit increase
in G within each of the type A and B equilibria. Source: Authors’ calculations.

With regard to the fiscal multiplier, we calculate the effect of an increase in G' comparing
Ato A" and B to B'~that is, comparing two Bad-ZLB equilibria and two Good-ZLB equilibria
(see Figure 5). Table 5 shows that the multiplier is very large in the latter case and very
small in the former case. Consistent with this observation, expected deflation is much larger
at A’ than at B'.

When we apply the methodology of section E; we find that the REE associated with B
is E-stable (b < 1) while the REE associated with A is not E-stable (b > 1).

G.2 Forward Guidance in the Model with Rotemberg-Style Nom-
inal Rigidities

In this subsection, we consider multiplicity of equilibria in the context of forward guidance,
as described in Section 7. We work with the simple NK model with only sticky prices and
Rotemberg-style nominal rigidities. The model has a shocks to the natural rate of interest,
as in the previous sub-section. The monetary authority commits to keeping the nominal
interest rate at the ZLB for J periods after the discount rate has returned to its steady-
state level. To make our point as simply as possible, we consider the case J = 1. In this
sub-section we show that the number of REE proliferates under forward guidance.

In period I, R = 1 even though r, = r%%. People know that the economy will transition

to steady state in period I 4+ 1. The equilibrium conditions in period I are equations (89)
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through (91) adjusted for forward guidance:

1!
- 1 + pss WssCss (94)
0=(r' —1) 7 (C"+G=) - = ; ! (xN'C! —1) N’ (95)
N = (! + @) (1+§( 1—1)2). (96)

Equations (94) and (96) define functions mapping 7/ to C! and N'. These functions

allow us to express the left-hand side of equation (95) as a function of 7. We denote this

function by f! (7') . A candidate continuation equilibrium in period I is a value of ! such

that f (7') = 0 along with the associated values of C, N*,w’, and the present value of the

intermediate good firm in period I. The four variables must be non-negative for a candidate

equilibrium to be an equilibrium. Figure 6 displays the f! function for a range of values

of 7!, We find two continuation REE corresponding to the two zeros of f! displayed in

the figure (see points A and B).*® The REE at B features very high inflation, and price

adjustment costs are very unrealistically high.

Figure 6: Equilibria in Period of Switch from r, = r¢ to r, = r** Under One-Period Forward

Guidance
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Notes: Graph of the function, f’ (7TI ) , discussed after equation (96). The two crossings with the zero line
correspond to REE in period I, the date when r switches from r, = ¢ to r, = %*. Monetary policy in
period I corresponds to one-period forward guidance—that is, the interest rate is held at zero in period I
and then reverts to R*®. The red star indicates the level of inflation in period I in the absence of forward

guidance.

We now compute the REE allocations in the periods before I, which we denote by I_1,

conditional on the continuation equilibrium starting in period /. The period I_; equilibrium

50From equation (94) we see that C; does not vary with 77. It follows that f7 is quadratic function of y,
so that the two solutions displayed in Figure 6 are the only zeros of fr.
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conditions are the appropriate analog of equations (89) through (91):

1 ! c*
1:m PW+(1_p> W[c]} (97)
(nf — 1) 7' (' + GY) — < ; 1 (xN‘C* — 1) N*
_le p(r’ = 1) 7" (C+ G + (1 —p) (x' 1) ﬂfg (¢ + G“)} =0 (8)
I
Nt = (0 + @) (1 + g (v - 1)2) 59)

Here, we impose the condition that R‘ = 1, which we verify.

Given CT and 7!, equations (97) through (99) define a mapping from ¢ to C* and N*.
Now, we can express the left-hand side of equation (98) as a function of 7f. We denote
this function by f/-1 (7%« CT). There are two functions, f/-*, conditional on the 7/, C’
associated with the period I continuation equilibria, A and B.

Figure 7 displays both f/-! functions for a range of values of 7¢; see the dotted and
dot-dashed lines. We chose the range of 7 so that the graph only displays zeros of f/-* that
correspond to equilibria. We find two equilibria corresponding to the f/-! associated with
A (see A and B in Figure 7) and one associated with B (see C' in Figure 7). So there are
three REEs with forward guidance. The two REEs without forward guidance can be seen in

the solid line in Figure 7 (we take this curve from Figure 5).

Figure 7: REE Equilibria at the ZLB with and without Forward Guidance

0.004 4 ——- Going to A in period /
----- Going to B in period /
0.002 1 —— No forward guidance
—~ 0.000 ~=_
< \
E \
\
7 -0.002 A B \
G \
\
—0.004 A \
\
\.
—0.006 A \
\.

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000
L
m

Notes: The solid line reproduces the solid line in Figure 5 and corresponds to the case of no forward guidance. The dashed and
dot-dashed lines correspond to the case of forward guidance. The dashed line corresponds to the case in which the economy
goes to point B in the period of the switch in r; to %% (period I). It crosses the zero line more than once, but the other
crossing involves very high inflation and is not an equilibrium because the present value of intermediate goods monopolists is
negative. The dot-dashed line corresponds to the case in which the economy goes to point A in period I (see Figure 6).
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G.3 Calvo-Style Nominal Rigidities

In this sub-section, we work with a model of Calvo-style nominal rigidities, but that is

otherwise the same as in the sub-section (G.1).°® The nonlinear equations defining an
in thi 1 _p 1lgp_ 1 _ CHG 1 . B
REE in this model are o = Rt1+rtEtm+1Ct+1> Fp, = o+ 1+m§pEt7rt+1Fp¢+1, Zpy =

XN (Co+ Go) + T &pBami il Zpgn, piNy = Gy + G, = 224, 1= (1= 0p) i + &pmi
(pH) ™' = (1—0p)p;° + Eprs (p;‘_l)fl, Ry = max {1,857 ' + a, (m — 1)} . When r; = r*%, we
assume that the system converges to the target-inflation steady state. In that solution, p;_,
is the only state variable. In that solution, let X; = X**(p;). Because r, = r** is an ab-
sorbing state, we can solve for these decision rules without reference to the solution when
re =1t

When 7, = r¢, the nonlinear equations defining an REE in this model are the same as in

the previous paragraph, but we can write the first three as

r 1 P LR 1 1—0p
(@ "1+l w1 G "1t (py) O (py)
C + G 1 e— SS1E— * SS *
Fpy = tct S el (P P+ (L= p) p (7] (00) B3 (p7)
1 € *k SS *
Zpy = XNy (Cr + Gy) + mfP (th8+1ZP,t+1 + (1 =p)p[r*] (pf) Zp (pt)) .

In the context of a nonfundamental shock, Mertens and Ravn (2014) noted that this system
of equations defines a nonlinear function of p;. Further, they noted that if the shock remained
in this state for a long time then p; ; would converge to a constant (and so would the other
variables). Here, we have a fundamental shock, r,. However, the system still defines a
nonlinear function of p;_, if r, = r* for a long time then p; ; would converge to a constant
(and so would the other variables). If we consider only the point to which the system could
converge if 7, = r* for a long time, and if we only consider interior equilibria, these equations
define a function f¢ (7?5) that must be zero at any limit point of an REE.

Figure (8) displays the function f¢ (wg) for a range of values of 7. There are two values
of 7 for which f¢ (7?5) = 0. We also consider the case when G* = 1.05 x G** (the dashed
lines). As was the case in the model with Rotemberg-style nominal rigidities, there are two

values of ¢ for which fo (7?6) = 0. Additionally, only the crossings on the right are E-stable.

51Unlike in the model with Rotemberg-style nominal rigidities, we set (1 + rg)_l = 1.005 and p = 0.75.
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Figure 8: f¢ (7?5) Corresponding to the Target-Inflation Steady-State Equilibrium
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Note: The function, f¢, is defined in the text. The dashed line is the case when G, is high. Source: Authors’
calculations.

H The Learning Equilibrium Studied by Mertens and
Ravn (2014)

In this appendix, we explore the findings of Mertens and Ravn (2014) using the simple NK
model with only sticky prices and parameter values that we study in our paper. Mertens
and Ravn (2014) also study a simple NK model with Calvo-style nominal rigidities and only
sticky prices. They show that there exists a nonfundamental REE. In that equilibrium, the
natural rate of interest is always equal to its steady state value. Similar to the stochastic
process for r; in section 6.2, the nonfundamental shock, S;, follows a stochastic process to
that

Pr [St+1 = 1|St = 1] =D, Pr [St+1 = 0|St = ].] =1 — D, (100)
Pr [St—l—l = 1|St = 0] = 0.

Notice that S; = 0 is an absorbing state. When S; = 1, Mertens and Ravn (2014) show that
there is an REE where R, = 1 while S; = 1. In this section, we set p = 0.9.

71



H.1 REE

When S; = 1, the nonlinear equations defining an REE in this model are the same as in

Appendix G.3, but we can write the first three as

1 p I—p
—=Rf——+R
Cy 7557Tz‘/+10t+1 tﬁﬁss (p;) Cis (P?E)
_ Ct + Gt e—1 e—1 * Ss *
Fp, + B¢p (pﬂtﬂ Fpi1+ (1 - p)p [WSS] (pt) Fp (pt)>

R Ct
Zpr = XNy (Cy+ Gy) + Bép (pﬂteJrlZP,tH +(1=p)p [WSS]E (v}) 2§ (p:)) .

Mertens and Ravn (2014) noted that this system of equations defines a nonlinear function of
p;. Further, they noted that if S; = 1 for a long time then p; ; would converge to a constant

(and so would the other variables).

H.2 Euler-Equation Learning

Mertens and Ravn (2014) consider a learning equilibrium using the Euler equation approach
to learning (see Appendix C for a discussion of Euler equation learning). To implement
the Euler equation approach with the zero lower bound, Mertens and Ravn (2014) log-
linearize the equilibrium conditions around the target-inflation steady state but preserve the
nonlinearity in the monetary policy rule. Mertens and Ravn (2014) assume that agents know

that @ =7 = 0 when S; = 0. When S; = 1, the system of equations an be written as

6t = p]EtatJrl + pE,Ty4 1 — max {B log (5) 750677%}
- (1-p8¢p)(1—&p)
Ty =

p

In a learning equilibrium, beliefs are set so that E@H =me—1 and B, = my 1. These

[(1 +0) G+ G@t} + BpE T

values are then updated according to
Mit = Mit—1 + VN (it — mi,pl) .

Mertens and Ravn (2014) use constant gain learning (y; = 0.1). As in the rest of our paper,

we use decreasing gain and set vy, = t%l
As in Mertens and Ravn (2014) we define the government purchases multiplier to be
AC%G?C’“ where A indicates the difference relative to the case when G; = 0. Mertens and

Ravn (2014) consider two experiements. In the first experiment, Mertens and Ravn (2014)
calculate the government purchases multiplier in the REE. In the second experiment, Mertens
and Ravn (2014) calculate the size of the government purchases multiplier under learning.

To calculate the multiplier under learning, Mertens and Ravn (2014) set G, = 0 and initial
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beliefs about consumption and inflation to be somewhat above their REE values. They
then calculate a path for C, . Then Mertens and Ravn (2014) set Gy = G > 0 and also
change initial beliefs to be lower, similar to the way initial beliefs are lower in the REE when
@t =G > 0. The they calculate an alternative path for C; and compute the multiplier.

We consider a third experiment in which CAJt = G > 0 and initial beliefs are set to the
same initial value as in the learning equilibrium when @t = 0. Figure 9a displays the value of
the government purchases multiplier in these three experiments under the assumption that
S; = 1 for the entire duration of the period shown. Note that the REE multipler is low.
As in Mertens and Ravn (2014), we find that the compound, second experiment in which
beliefs and G; change exhibits a low multiplier. In the third experiment, when we do not
change initial beliefs for the higher value of GG;, the multiplier is larger than unity. Figure 9a
is also consistent with the findings of Mertens and Ravn (2014) that Euler equation learning
is slow. The value of b for the system of equations associated with Euler equation learning is
1.03, which is consistent with expectations diverging from the nonfundamental equilibrium

(as reported by Mertens and Ravn (2014)), but at a slow rate.

Figure 9: Size of Government Purchases Multiplier

(a) Euler Equation Learning (b) Anticipated Utility
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Note: The figure shows the size of the government purchases multiplier under three experiments in our simple NK model with
only sticky prices. Experiment 1 is the REE. Experiment 2 changes intial expectations when G; changes, as in Mertens and
Ravn (2014). Experiment 3 leave initial expectations unchanged when G changes. Panel (a) is constructed under Euler
equation learning, as in Mertens and Ravn (2014). Panel (b) is constructed under anticipated utility as outline in Appendix
E. The figure displays the value of the government purchases multiplier in learning equilibria and the REE under the
assumption that S; = 1 for the entire duration of the period shown. This is a low probability event that would be surprising.
Source: Authors’ calculations.
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H.3 Anticipated Utility

Straightforward modifications of the approach outlined in Appendix E allow us to solve
for the linear approximation to the learning equilibrium under anticipated utility using the
methodology of Appendix B. Note that we solve for the limit point of p; (and the other
variables) while S; = 1 linearize the equations around this limit point while S; = 1.52 We
also linearize the equations once Sy = 0 around the target inflation steady state.

We conduct the same three experiments that we described in the previous section. There
are dynamics associated with the REE in Figure 9b because p; is a state variable of the
model and it is linearized around a value different from unity. The value of the multiplier in
the REE is somewhat different from the value in Figure 9a because we are linearizing around
the nonlinear REE, rather than around the target inflation steady state. As in the previous
sub-section, we find that the compound, second experiment in which beliefs and G; change
exhibits a low multiplier but the multiplier is larger when we do not change initial beliefs
(experiment 3).

It is notable that the dynamics in Figure 9b are also consistent with slow learning under
anticipated utility in the compound second experiment. The value of b under anticipated
utility is 1.7. Because b > 1, the system diverges from the sunspot REE that Mertens and
Ravn (2014) study, however, as discussed above, this happens slowly for beliefs that are close
enough to the REE in the compound second experiment. For experiment 3 (when we do not
change beliefs at the same time that we change G; at the ZLB), divergence from the REE
happens quickly because initial beliefs when @t > (0 are not so close to the REE. In this
case, we only show the first few quarters of the simulation because the ZLB would no longer
be binding after that period in the simulation and the linearization of the model would then

have to incorporate the interest rate response from the Taylor rule.

52Tt turns out that the linear approximation to the REE when S; = 1 is locally indeterminate. We resolve
the indeterminacy by requiring that in the REE all variables converge at a rate faster than 0.90. This results
in a minimum state variable linear approximation to the REE, which we utilize to construct our learning
equilibrium as in appendix B. See McCallum (1983) for a discussion regarding reasons to select the minimum
state variable solution.
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