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1 Introduction

Advances in perturbation methods have accelerated the adoption of heterogeneous-agent
models in macroeconomics.1 The literature identifies dimensions of household heterogeneity
that matter for macro dynamics. Wealth, portfolios, and marginal propensities to consume
are prominent examples and they all vary substantially over the life cycle. In addition to
heterogeneity, aggregate demographic changes such as secular shifts in migration and birth
rates, have large effects on macroeconomic outcomes like the natural rate of interest and the
sustainability of public debt.2 Yet most existing work in heterogeneous-agent macro relies on
infinite-horizon models that abstract from life-cycle dynamics and demographics. One reason
is computational cost. Existing perturbation methods can accommodate life-cycle dynamics
by treating age as an additional state variable. However, without a tailored representation
or solution algorithm, expanding a model with 75 possible years or 300 possible quarters of
age can make it prohibitively expensive to solve.

Age, however, has special properties that solution methods can exploit. First, its tran-
sitions are limited. A 20-year-old cannot turn 38, he either turns 21 or dies. All the future
information relevant to a 20-year-old at time t is therefore contained in the value function
of a 21-year-old at time t+ 1, vt+1(21), he is not concerned with vt+1(38). Second, in models
without explicit dynastic motives, agents care only about events within their own lifetime.
Shocks in the distant future therefore have no effect on their current actions. The life-cycle
literature has long exploited these properties, but they have not, to our knowledge, been
built into a general-purpose solution method for equilibrium macro models.

This paper formalizes the special properties of age and provides a practical guide to
exploiting them in the sequence-space Jacobian (SSJ) framework of Auclert et al. (2021a).
The result is an efficient algorithm for computing the dynamic effects of macroeconomic and
demographic shocks in general-equilibrium models with overlapping generations of heteroge-
neous agents (HA-OLG). Our leading example is a life-cycle version of the Krusell and Smith
(1998) model with 75 distinct ages and population growth. We use it to study a permanent
fall in births and the secular demographic transition it induces. Solving for the equilibrium
paths of prices, macroeconomic aggregates, and population composition takes a few seconds
on a modern laptop. Our method also makes it easy to isolate the responses of different age
groups and cohorts, which is useful for analyzing the transition. In our model, we find that
the working-age population becomes older and more productive before it starts to shrink,
producing hump-shaped paths of capital and labor per capita alongside a fall in the natural
rate of interest.

1For perturbation methods, see, for example, Reiter (2009), Boppart, Krusell, and Mitman (2018), Auclert
et al. (2021a), and Bhandari et al. (2023). For the role of household heterogeneity in shaping aggregate
fluctuations, see, for example, Kaplan, Moll, and Violante (2018), Auclert, Rognlie, and Straub (2024),
Auclert (2019), and Luetticke (2021).

2Examples of papers that demonstrate that life-cycle dynamics matters for macroeconomic outcomes
include Doepke and Schneider (2006), Auclert et al. (2021b), Peterman and Sager (2022), Platzer and
Peruffo (2022), Bardóczy, Savoia, and Velásquez-Giraldo (2024), Beaudry, Cavallino, and Willems (2024),
and Gruss et al. (2025).
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Table 1: Costs of Augmenting a Household Model with Life-Cycle Dynamics

Cost of a Single Jacobian
(H = 300)

Model
Number of

States
Time

(Seconds)
Peak memory

(GB)

Infinite Horizon 2,754 0.29 0.36
Large Infinite Horizon 206,550 234.25 26.65
Life Cycle (75 ages) 206,550 2.19 0.24

Cross-model ratios
Large I.H. / I.H. 75 797.74 74.92
Life Cycle / I.H. 75 7.45 0.66

Notes: The life-cycle model that the table refers to is the one described in Section 6.
The infinite-horizon model simply takes the parameters (income process, preferences) of
the first period of the life-cycle model; we set its survival probability to 0.96 per year.
We use exactly the same single-period solver and the same code to represent the law
of motion for the three models. All the tests were performed using an AMD Ryzen 9
5950X 16-Core Processor. For Jacobians, the input is the interest rate and the output is
consumption.

Table 1 demonstrates the advantages of using our algorithm. The first row establishes a
benchmark: a canonical infinite-horizon Krusell-Smith model with 2,754 possible combina-
tions of income and wealth states. Computing a Jacobian for a single input-output pair takes
0.3 seconds and uses 0.36 GB of memory. The second row considers a large-scale version of
the same model, with an expanded income process that has 75 times as many states. Using
the same algorithm as in the benchmark case, calculating a single Jacobian takes almost 800
times as long, going from two seconds to almost four minutes. Memory might also become
a bottleneck with peak usage exceeding 26 GB. Adding another state variable or switching
to quarterly frequency would push the solution of this model beyond the capacity of most
personal computers. The third row considers a life-cycle version of the model, with an age-
income-wealth grid that adds up to a total of 206,550 states, the same as in the large-scale
infinite-horizon model. The time required to compute a Jacobian using our specialized algo-
rithm is only 7.4 times greater than in the benchmark model, and requires only two thirds
as much memory. Hence, in this example, the special properties of age reduce the time and
memory needed to solve an HA-OLG model to less than a hundredth of the costs of solving
an infinite-horizon model of the same size.

We formalize these properties of age in the context of a general representation of HA-
OLG models that accommodates population growth with permanent shocks to the size of
newborn cohorts; flows of agents that can represent, for example, migration; and dynastic
links that can tie the wealth and productivity of a dying household to those of the newborns
who replace it. Within this representation, we partition the state space by age and show that
age-specific versions of policy functions, value functions, and state-transition kernels satisfy
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the invariance and symmetry properties that make the fake news algorithm of Auclert et al.
(2021a) so efficient. These invariance results are in fact broader in our setting, because
households only react to shocks that occur within their finite lives.

Next, we derive first-order approximations of households’ responses to shocks. The build-
ing blocks of these approximations are age-specific counterparts of the objects used in the
infinite-horizon fake news algorithm: age-specific Jacobians, fake news matrices, and expec-
tation vectors. Age-specific Jacobians isolate the dynamic responses of different age groups,
making them powerful tools for understanding the propagation of shocks. Crucially, the
properties of age described above make these objects sparse: in a model without dynastic
links, 75-period lives, and shock horizons of up to 300 periods, only 2.1% of the entries
in age-specific fake news matrices can differ from zero. We locate and characterize these
non-zero entries.

We conclude the methodological sections by presenting the fake news algorithm adapted
to HA-OLG models, Algorithm 1. Its efficiency comes from our characterization of the
non-zero elements of age-specific fake news matrices: many operations can be skipped, and
the algorithm skips them. It also constructs age-specific fake news matrices progressively,
running one backward pass of the life-cycle problem at a time and using that pass to update
the approximation before moving on to the next backward pass. This reduces the number
of perturbed solutions held in memory at any point, dramatically lowering peak memory
requirements. We express the algorithm in terms of objects and methods that most life-
cycle implementations already have, which we hope will ease adoption.

For various applications, links between dying households and the agents that replace
them can be important—these links can include a direct inheritance of their idiosyncratic
wealth, productivity, or entrepreneurial ability.3 These links scramble the practical sepa-
ration of cohorts that our baseline algorithm exploits. An agent’s reaction to a shock can
have consequences after his death through its effects on his descendants. In Appendix B
we present a version of our algorithm that allows for these dynastic links and requires no
additional backward solutions of the life-cycle model. The main text omits these links for
ease of exposition.

We illustrate the method through an application to the ongoing decline in birth rates.
We calibrate the life-cycle version of the Krusell-Smith model to match the age pyramid
and life-cycle profiles of income, wealth, and income risk in the U.S., and then simulate a
permanent fall in the growth rate of newborn cohorts from 0.30% to zero. The resulting
demographic transition takes 75 years—one full lifetime—and reshapes the age distribution
unevenly: the share of young workers drops first and fastest, the share of middle-aged workers
rises in a hump-shaped pattern that peaks after 37 years, and the share of retirees grows
slowly and steadily. To track how these forces evolve over time, we extend the static asset
supply and demand framework of Auclert et al. (2025b) to a dynamic setting, decomposing
the entire transition path of equilibrium capital into the contributions of population aging,
wages, taxes, and the interest rate. Aging drives asset demand up most strongly and most

3Such dynastic links feature, for example, in Castañeda, Dı́az-Giménez, and Ŕıos-Rull (2003), Cagetti
and De Nardi (2006), Iacoviello and Pavan (2013), and Guvenen et al. (2023).
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quickly, because the age group with the fastest-falling population share—young workers—are
the lowest savers. Wages rise more slowly as labor becomes scarce, reinforcing household
savings. Working against these forces, the government raises income taxes to finance social
security at a higher dependency ratio, and the interest rate falls to clear the asset market.
Together, these channels deliver a substantial fall in the natural rate of interest along a
non-monotonic transition path.

Related literature. Our method builds on the literature that solves heterogeneous-agent
models with aggregate shocks by perturbing around the steady state (Reiter 2009; Bop-
part, Krusell, and Mitman 2018; Bhandari et al. 2023). We extend the sequence-space
Jacobian approach of Auclert et al. (2021a) to economies with overlapping generations of
heterogeneous agents. In doing so, we also contribute to an active literature developing com-
putational methods for rich OLG models (Evans and Phillips 2014; Kübler and Scheidegger
2025; Azinovic-Yang and Žemlička 2025).

Our application connects to a large body of work on demographic change and the secular
decline of real interest rates (Carvalho, Ferrero, and Nechio 2016; Bielecki, Brzoza-Brzezina,
and Kolasa 2020; Gagnon, Johannsen, and López-Salido 2021; Blanchard 2023; Fernández-
Villaverde, Ventura, and Yao 2025). Closest to our quantitative exercise are heterogeneous-
agent OLG models that quantify these forces (Platzer and Peruffo 2022; Auclert et al. 2025b);
we adapt the asset supply and demand framework of Auclert et al. (2025b) from a long-run,
static comparison to the full dynamic transition path. Finally, our result that the arrival of
larger cohorts initially lowers productivity-adjusted labor relates to Vandenbroucke (2021).

Outline. The rest of this paper is organized as follows. Section 2 presents a life-cycle
version of the Krusell and Smith (1998) model that serves as a running example throughout
the paper. Section 3 formalizes the class of life-cycle problems we consider and represents it
in the SSJ framework. Section 4 defines age-specific sequence-space Jacobians and fake news
matrices and characterizes their structure. Section 5 presents our algorithm for computing
these objects. Section 6 applies the method to a permanent fall in birth rates, illustrating how
to use age-specific Jacobian decompositions to analyze the resulting demographic transition
in general equilibrium. Section 7 concludes.

2 Motivating Example

We begin by presenting a life-cycle version of the Krusell and Smith (1998) model. This
model serves as a concrete example and reference point for the more general results developed
in the following sections.4 It also illustrates the key technical and economic complications
introduced by life-cycle dynamics. The technical complications are the introduction of age
as a state variable and the need to account for household entry and exit through births

4The general framework accommodates a far larger set of shocks, choices, constraints, and timing as-
sumptions than those in this specific model.
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and deaths. The economic complications are the inclusion of a pension system and bequest
motives, which generate additional equilibrium constraints.

Time is discrete. The economy is inhabited by a mass of households that make con-
sumption-saving decisions, a representative final goods firm that hires labor and capital in
competitive markets, and a government that collects taxes and pays pensions.

Households. Households are heterogeneous in age, income, and wealth. They live for at
most J periods, surviving from age j to j + 1 with probability ψj. Working-age households
(j < Jret) supply labor inelastically and earn labor income yj,t(z) = wt z, where wt is the
market wage and z is the household’s idiosyncratic labor productivity in efficiency units.
Retirees (j ≥ Jret) do not work and receive pension income yj,t(z) = z. The productivity
state z evolves over the life cycle according to an age-specific Markov process that may com-
bine deterministic and stochastic components. Households save in a single non-contingent
asset with real return Rt, subject to a borrowing constraint. Those who die receive warm-
glow utility ϕ(a) from bequeathing their assets a; bequests are pooled and redistributed
homogeneously among surviving households.

The household block’s micro dynamics are characterized by two operators: the Bellman
equation and the law of motion of the distribution. We break each operator down into a
sequence of stages. This representation makes timing assumptions transparent and allows
aggregate outputs—for example, bequests and consumption—to be computed at the stages
where they naturally arise. Each stage k has a value function V (k) and a distribution D(k).
Chaining the stages together yields a representation of the form in (12), which we work with
in the following sections.

Households aged j ≥ 1 enter period t with states (z−1, a−1) inherited from the previous

period; we denote their distribution by D
(0)
j,t . In the first stage, newborns enter with an

exogenous distribution Dentry
t and the distribution becomes

D
(1)
j,t (z−1, a−1) =

D
(0)
j,t (z−1, a−1) for j ≥ 1,

Dentry
t (z−1, a−1) for j = 0.

(1)

Since flow utility does not change in this stage, the value function satisfies V
(1)
j,t = V

(2)
j,t . The

second stage captures mortality, which affects continuation values and therefore changes the
value function:

V
(2)
j,t (z−1, a−1) = (1− ψj)ϕ(a−1) + ψj V

(3)
j,t (z−1, a−1), (2)

and the distribution becomes D
(2)
j,t = ψjD

(1)
j,t . Aggregate bequests are determined at this

stage:

Bt =
J−1∑
j=0

∫
(1− ψj) a−1 dD

(1)
j,t (z−1, a−1). (3)
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In the third stage, households draw a new idiosyncratic productivity z from a discretized
distribution Πj(z | z−1). The value function is obtained by taking expectations,

V
(3)
j,t (z−1, a−1) =

∑
z

Πj(z | z−1)V
(4)
j,t (z, a−1), (4)

while the distribution is rolled forward as

D
(3)
j,t (z, a−1) =

∑
z−1

Πj(z | z−1)D
(2)
j,t (z−1, a−1). (5)

In the fourth and final stage, households receive income and choose consumption and savings.
Cash on hand consists of the gross return on assets and inheritances received within the
period, plus after-tax labor or pension income. For simplicity, inheritances are homogeneous
across the population and denoted with It. The value function is

V
(4)
j,t (z, a−1) = max

c, a≥0
u(c) + β Et

[
V

(1)
j+1,t+1(z, a)

]
(6)

s.t. c+ a = Rt (a−1 + It) + (1− τt) yj,t(z). (7)

Solving this Bellman equation yields a consumption policy cj,t(z, a−1) and a saving policy
aj,t(z, a−1) which advances the distribution to the initial stage of the next period and age:

D
(0)
j+1,t+1(z, a) =

∫
D

(3)
j,t

(
z, a−1

j,t (z, a)
)
. (8)

Aggregate consumption, savings, labor supply, population, and taxes net of transfers are
computed at this stage as

Ct =
J−1∑
j=0

∫
cj,t(z, a−1) dD

(3)
j,t (z, a−1), At =

J−1∑
j=0

∫
aj,t(z, a−1) dD

(3)
j,t (z, a−1),

Nt =
Jret−1∑
j=0

∫
z dD

(3)
j,t (z, a−1), Pt =

J−1∑
j=0

∫
dD

(3)
j,t (z, a−1),

Tt =
J−1∑
j=0

∫
τtyj,t(z) dD

(3)
j,t (z, a−1)−

J−1∑
j=Jret

∫
yj,t(z) dD

(3)
j,t (z, a−1).

(9)

Rest of the model. A representative firm produces output with Cobb-Douglas technology
Yt = ΘtK

α
t−1L

1−α
t , and perfect competition yields factor prices

wt = (1− α)
Yt
Lt

, Rt = α
Yt
Kt−1

+ 1− δ, (10)

where δ is the depreciation rate. Given an exogenous sequence of TFP and newborn distri-
butions {Θt, D

entry
t }t≥0 and initial conditions {D(0)

j,0}J−1
j=1 and K−1, a competitive equilibrium
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is a sequence of allocations {Ct, At, Pt, Bt, It, Nt, Tt, Yt, Kt, Lt}t≥0 and prices {Rt, wt, τt}t≥0

such that (a) households and firms optimize and (b) the government budget is balanced,
per-capita inheritances are consistent with aggregate bequests, and goods, asset, and labor
markets clear for all t ≥ 0:

Tt = 0, Bt = ItPt, Yt = Ct +Kt − (1− δ)Kt−1, At = Kt, Nt = Lt. (11)

Applying SSJ. This model cannot be solved with the current version of the published
SSJ package because total population may change over time, outputs are defined at different
stages, and shocks to the distribution of newborns do not propagate through the Bellman
equation in the usual way.5 These are practical rather than conceptual hurdles: the frame-
work of Auclert et al. (2021a) does apply once age is included as an additional state variable,
but, as Table 1 demonstrates, this naive approach is very costly. Sections 3–5 show how to
exploit the life-cycle structure to compute Jacobians much more efficiently.

3 Life-Cycle Problems in Sequence Space

The SSJ framework represents macroeconomic models as collections of blocks. A block can
represent, for example, households, firms, or a fiscal authority. Blocks interact through
aggregate variables that they either take as given (an “input”) or that they produce (an
“output”). This section defines the generic HA-OLG block whose Jacobians we will study
in the rest of the paper.

Heterogeneous-agent blocks. Blocks are functions that take a time path of aggregate
inputs {Xt}t≥0 and return a time path of aggregate outputs {Yt}t≥0. For a household
block, inputs may include the interest and wage rates, while outputs may include aggregate
consumption. The state space that agents inhabit within the block is discretized on a grid;
individual-level outcomes yt, value functions vt, and distributions Dt are vectors whose ith
entries correspond to the ith grid point. Letting Λt denote the transition matrix governing
the evolution of the distribution, the heterogeneous-agent block is given by the following
system:

vt =v(vt+1,Xt), Λt = Λ(vt+1,Xt), yt = y(vt+1,Xt), Ft+1 = F (vt+2,Xt+1)

Dt+1 =ΛT
t Dt + Ft+1 Yt = yT

t Dt.
(12)

So far, this setup is just a slight generalization of that in Auclert et al. (2021a). Aggregate
outputs integrate individual outcomes over Dt. The distribution of agents over states ad-
vances from time t to t + 1 through the transition matrix Λt and the external flows Ft+1.

5The SSJ package is available at https://pypi.org/project/sequence-jacobian/. Version 1.0 as-
sumes a specific timing of events (agents make decisions after all shocks have been realized), and constructs
the law of motion from the Bellman equation that rules out non-trivial entry and exit.
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Agents are forward-looking: v, Λ, and y depend on contemporaneous inputs Xt and the con-
tinuation value vt+1, reflecting Bellman’s principle. The flow function F may also depend
on the continuation value. For example, if Ft+1 represents net migration, it may depend
on the future income that an agent may expect if he enters the economy. The incoming
distribution mt := Dt − Ft is predetermined in each t: it is carried in from period t − 1,
before the exogenous flow Ft enters. Given m0 fixed at its steady-state value, (12) defines a
mapping from input sequences to output sequences,

f({Xt}t≥0) = {Yt}t≥0. (13)

Life-cycle structure. We now impose a life-cycle structure on (12). Age, denoted j, takes
J distinct values, {0, 1, . . . , J−1}. The vectors in (12) partition into age-specific sub-vectors,

vT
t =

[
vT
t (0) , ...,vT

t (J − 1)
]
,

DT
t =

[
DT

t (0) , ...,DT
t (J − 1)

]
,

FT
t =

[
FT

t (0) , ...,FT
t (J − 1)

]
,

yT
t =

[
yT
t (0) , ...,yT

t (J − 1)
]
,

(14)

and aggregate output decomposes additively into cohort contributions,

Yt =
J−1∑
j=0

yt(j)
TDt(j).

We could perform this partition for any idiosyncratic state. What we call a “life-cycle
structure” is a set of restrictions that we impose on this partition and which age as a state
variable satisfies in a wide range of applications. These restrictions fall into two groups. The
first concerns the law of motion of this age partition. The second concerns the information
agents use to make decisions.

We start with the transition equation. Our assumption is that an age-j agent either
survives and advances to age j + 1 or dies and is replaced by a mass of newborn agents.
We capture these transitions with two matrices: Lt(j) maps age-j agents into age-(j +
1) agents incorporating survival probabilities, and Ωt(j) maps age-j agents into newborns
incorporating death probabilities.

Assumption 1. The matrices Λt that govern the evolution of the distribution of agents in
(12) have the structure

Λt =


Ωt(0) Lt(0) 0 ... 0
Ωt(1) 0 Lt(1) ... 0
...

...
... ...

...
Ωt(J − 2) 0 0 ... Lt(J − 2)
Ωt(J − 1) 0 0 ... 0

 , (15)
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which implies the law of motion

Dt+1(j) =

{∑J−1
l=0 Ωt(l)

TDt(l) + Ft+1(0), j = 0

Lt(j − 1)TDt(j − 1) + Ft+1(j), 0 < j ≤ J − 1.
(16)

At a steady state, this law of motion yields:

Claim 1 (Steady-state distribution). If a steady state exists, then it satisfies

Dss(j) =

{∑J−1
l=0 Ωss(l)

TDss(l) + Fss(0), j = 0

Lss(j − 1)TDss(j − 1) + Fss(j), 0 < j ≤ J − 1.

Proof of Claim 1. See Appendix A.1.

The representation in (15) can accommodate several popular setups in the life-cycle and
overlapping-generations literatures. Death can be exogenous or depend on each agent’s
idiosyncratic states. An agent’s idiosyncratic state can influence that of his offspring: they
can inherit, for example, his productivity or wealth.6 As the following examples will show,
it can also represent population growth with rich transitional dynamics.

Consider two special cases of the model in Section 2 as examples.

Example (A: Exogenous constant newborn distribution). Assume an exogenous, constant
newborn distribution η, no population growth, and no migration. Since newborns do not
inherit assets or productivity from their parents, dying agents simply exit the system: Ω(j) =
0 for all j. Newborns enter as a constant flow Ft+1(0) = η, with Ft+1(j) = 0 for j > 0. The
law of motion becomes

Dt+1(j) =

{
η, j = 0

Lt(j − 1)TDt(j − 1), 0 < j ≤ J − 1.
(17)

Example (B: Demographic shifts). Continue to assume exogenous births (Ω(j) = 0), but
allow for migration and let the mass of newborns, nt+1, fluctuate and grow over time ac-
cording to a scalar growth factor Υt+1. Assuming that the distribution of newborns across
idiosyncratic states remains fixed at η, the law of motion is

Dt+1(j) =

nt+1 η, j = 0

Lt(j − 1)TDt(j − 1) + Ft+1(j), 0 < j ≤ J − 1.
(18)

If nt+1 grows over time, then so does the distribution Dt. We restore stationarity by scaling
the distribution and the migration flows by the size of the newborn cohort: D̂t := Dt/nt and

6The representation does rule out, however, inter vivos transfers as in Straub (2019).
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F̂t := Ft/nt.
7 Using nt+1 = ntΥt+1, the stationary law of motion can be written as

D̂t+1(j) =

η, j = 0

1
Υt+1
Lt(j − 1)TD̂t(j − 1) + F̂t+1(j), 0 < j ≤ J − 1.

(19)

To conform with (16), we define L̂t(j − 1) := 1/Υt+1 · Lt(j − 1).

Now we impose restrictions on agents’ behavior that finalize our life-cycle structure. We
require that the actions and transitions of age-j agents at time t depend on the future only
through the value function of age-(j + 1) agents at time t+ 1.

Assumption 2 (Recursive structure). There exist functions {v[j], y[j],L[j],Ω[j], F [j]}J−1
j=0

such that for each 0 ≤ j < J − 1 and t ≥ 0,

vt(j) = v[j] (vt+1 (j + 1) ,Xt) ,

yt(j) = y[j] (vt+1 (j + 1) ,Xt) ,

Lt(j) = L[j] (vt+1 (j + 1) ,Xt) ,

Ωt(j) = Ω[j] (vt+1 (j + 1) ,Xt) ,

Ft(j) = F [j] (vt+1 (j + 1) ,Xt)

(20)

and vt(J − 1) = v[J − 1] (Xt), yt(J − 1) = y[J − 1] (Xt), Ωt(J − 1) = Ω[J − 1] (Xt), and
Ft(J − 1) = F [J − 1](Xt).

This is a typical restriction satisfied by finite-horizon problems that can be expressed
in recursive Bellman form. Even behavioral assumptions like quasi-hyperbolic discounting
(Laibson 1997) can satisfy this restriction. What the restriction rules out is the dependence
of agent’s actions on events that occur outside of their lifetimes. For example, in our demon-
stration in Section 6, agents will derive utility from bequeathing their wealth. This wealth
could go directly to the newborn that might replace the agent as he dies, through the Ωt(j)
matrices. The agent, however, cannot consider the path of interest rates and wages that his
descendant will experience in deciding how much wealth to bequeath to them.

We now turn to the dynamic effects of changes in inputs. We concentrate on shocks to
a single input that changes it for a single period s by a fixed small amount dx. To first
order, the response of the household sector to any change in the paths of any combination
of inputs is a linear function of these basis responses. We extend the SSJ notation for these
shocks to our age partition and examine the symmetry and invariance properties that our
assumptions afford.

7We assume that normalized flows F̂t are stationary: when inputs are constant at their steady-state value,
non-normalized flows grow at a factor Υss.

11



Shocks to the life-cycle block. The system starts from a steady state with constant
inputs Xss. For shock size dx, let Xs denote the input sequence that equals Xss + dx
in period s and Xss otherwise. At time 0, agents unexpectedly learn that the future
path of inputs will be {Xs

t}t≥0 instead of their assumed {Xss}t≥0. Vectors and matri-
ces {vs

t ,D
s
t ,y

s
t ,Λ

s
t}t≥0 are the solution to (12) under Xs, with age-specific counterparts

{vs
t (j),D

s
t(j),y

s
t (j),Ls

t(j),Ω
s
t(j),F

s
t(j)}t≥0 for 0 ≤ j ≤ J − 1. For any vector or variable Z,

dZ := Z − Zss and dZ(j) := Z(j)− Zss(j).

The SSJ method is fast because it exploits three properties of one-time shocks. The next
three lemmas record them in the life-cycle setting (proofs in Appendix A.1). Together they
say that (y,L,Ω,F) at (t, j) depend on the shock arrival date s only through the gap s− t,
and equal their steady-state values whenever this gap falls outside the cohort’s planning
window [0, J − 1 − j]. This restriction is tighter than in the infinite-horizon version of the
algorithm, where the planning window is [0, ∞).

First, once the shock lies in the past, policies, transition matrices and flows return to
their steady-state values.

Lemma 1 (Invariance to past shocks). If t > s, then

ys
t (j) = yss(j), Ls

t(j) = Lss(j), Ωs
t(j) = Ωss(j), and Fs

t(j) = Fss(j).

Second, for any fixed age, responses depend only on the time until the shock arrives, not on
calendar dates.

Lemma 2 (Time-shift symmetry). For all t ≥ 0, we have

ys
t (j) = ys+k

t+k (j), Ls
t(j) = Ls+k

t+k (j), Ωs
t(j) = Ωs+k

t+k (j), and Fs
t(j) = Fs+k

t+k (j) ∀k ≥ 0.

And third, cohorts do not respond to shocks that will arrive after their certain death.

Lemma 3 (Truncated horizon). If s− t > (J − 1)− j, then

ys
t (j) = yss(j), Ls

t(j) = Lss(j), Ωs
t(j) = Ωss(j), and Fs

t(j) = Fss(j).

These three properties sharply reduce the set of (t, s, j) combinations for which we need to
calculate a numerical response when constructing the age-specific sequence-space Jacobians
that underpin our method. We define these objects in the following section.

4 Age-Specific Jacobians and Fake News Matrices

The Jacobian J of the block in (12) represents the first-order effects of a perturbation to
Xs on Yt for all combinations of s and t,

Jt,s =
dft({Xτ}∞τ=0)

dXs

=
dYt

dXs

(21)
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around {Xss}∞τ=0. Block Jacobians are the cornerstone of the SSJ framework. They can
be used to compute first-order impulse responses, assess local determinacy, evaluate likeli-
hood functions, and even improve nonlinear perfect-foresight solutions of general-equilibrium
models (Auclert et al. 2021a; Boehl 2023; Auclert et al. 2025a). The main difficulty is calcu-
lating the Jacobians of heterogeneous agent blocks. For this purpose, Auclert et al. (2021a)
provide an efficient method called the “fake news algorithm” which exploits the structure of
(12). Our contribution is a version that further exploits life-cycle structure (Lemmas 1–3)
to reduce computation time and memory.

The first step is to decompose aggregate Jacobians into the contribution of all the cohorts
that live in a given year:

Jt,sdx = dYs
t = d

(
J−1∑
j=0

ys
t (j)

TDs
t(j)

)

=
J−1∑
j=0

{
dys

t (j)
TDss(j) + yss(j)

TdDs
t(j)

}
=:

J−1∑
j=0

Jt,s(j)dx.

(22)

The age-specific Jacobian for age j, J (j), has entries such that Jt,s(j)dx := dys
t (j)

TDss(j)+
yss(j)

TdDs
t(j). In the aggregate Jacobian, entry Jt,s measures the change in output Y

at time t from a shock to X announced at time 0 and realized at time s; its age-specific
component Jt,s(j) isolates the contribution of the cohort with age j at time t.

Age-specific Jacobians have two immediate uses. First, since J =
∑J−1

j=0 J (j), they
construct the aggregate Jacobian that is required to solve for equilibrium dynamics in the
SSJ framework. Second, they trace cohort-level responses: the dynamic response of the
cohort of agents that had age j at time 0 to a shock at time s is {Jt,s(j+ t)}J−1−j

t=0 . The rest
of this section and the next derive our method to calculate age-specific Jacobians.

Our method is an adaptation of the fake news algorithm of Auclert et al. (2021a). As
such, it requires age-specific analogs of many of the objects defined in that paper. Among
these objects, the most important are fake news matrices, which measure the difference
between the time t response to a time s shock, and the time t− 1 response to a time s− 1
shock.

Definition 1 (Age-Specific Fake News Matrices). For t, s ≥ 0 and j ∈ {0, . . . , J−1}, define
{F(j)}J−1

j=0 by

Ft,s(j) =

{
Jt,s(j), if t = 0 or s = 0,

Jt,s(j)− Jt−1,s−1(j), otherwise.

Definition 1 implies

Jt,s(j) =

min{t,s}∑
k=0

Ft−k,s−k(j). (23)
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and

F =
J−1∑
j=0

F(j), (24)

where F is defined as Ft,s = Jt,s−Jt−1,s−1 for t, s ≥ 1, and Ft,s = Jt,s if t = 0 or s = 0. It is
clear, therefore, that if we had age-specific fake news matrices {F(j)}J−1

j=0 , we would be able

to construct age-specific and aggregate Jacobians {J (j)}J−1
j=0 and J . Before presenting our

method for calculating these age-specific fake news matrices, we characterize them in terms
of simpler objects.

4.1 Building Blocks of Age-Specific Fake News Matrices

Our main result, Theorem 1, writes each entry of age-specific fake news matrices Ft,s(j) in
terms of objects that are age-specific specializations of their infinite-horizon counterparts in
Auclert et al. (2021a): expectation vectors, policy shifts, and distributional shifts (Defini-
tions 2–4). We now construct these objects.

Definition 2 (Age-Specific Expectation Vectors). For j ∈ {0, . . . , J−1} and t ∈ {0, . . . , J−
1− j}, set

E0(j) := yss(j), Et(j) := Lss(j) Et−1(j + 1) (t ≥ 1).

Equivalently,
Et(j) = Lss(j)Lss(j + 1) · · · Lss(j + t− 1)yss(j + t).

These vectors help us transform distributions of agents into their future expected con-
tribution to the outcome of interest. The m-th entry of Et(j) is the expected steady-state
outcome t periods from now for an agent at grid point m whose age is j today, conditional on
surviving t further periods (so the agent ends at age j+t).8 Hence, if the current distribution
of age-j agents is D(j), we know their contribution to the aggregate outcome Y in t periods
will be Et(j)′D(j).

The next two objects capture the initial effect of shocks on agent’s actions and their
distribution. Age-specific policy shifts capture the effect of a date-s shock on policies at
time 0, and age-specific distributional shifts capture its effect on the distribution at time 1.

Definition 3 (Policy and Distributional Shifts). For 0 ≤ j ≤ J − 1 and shock date s ≥ 0:

(i) the age-specific policy shift is

dys
0(j) := ys

0(j)− yss(j);

(ii) the age-specific distributional shift is

dDs
1(j) := Ds

1(j)−Dss(j).

8“Today” is the vector’s own reference time and is decoupled from the paper’s calendar time; only the
start age j and the forward horizon t enter the formula. The vector is defined for j + t ≤ J − 1.
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Two mechanisms can shift the distribution Ds
1(j). First, there can be changes in the

distribution of agents coming from time 0, caused by shifts in L0(j − 1) and F0(j − 1) for
j ≥ 1, or shifts in {Ω0(j0),F0(j0)}J−1

j0=0 for j = 0. Second, there can be contemporaneous
changes in exogenous net flows Fs

1(j). The next object isolates the former component of
distributional shifts.

Definition 4 (Endogenous Distributional Shifts). For shock date s ≥ 0 and j ∈ {0, . . . , J −
1}, the endogenous distributional shift is

Ξs(j) := dDs
1(j)− dFs

1(j).

Ξs(j) is the time-1 change in the age-j distribution net of the direct response of the
exogenous age-j inflow. For ages j ≥ 1, we know Ξs(j) must come from those who were
age j − 1 at time 0. For newborns (j = 0), if we allow for dynastic links, Ξs(0) comes from
their parents, who might have had any age 0 ≤ j0 ≤ J − 1 at time 0. With no dynastic
links, Ξs(0) = 0, as exogenous flows are the only source of newborn agents. This represents
a major fork in our derivations and algorithm, and the version without dynastic links is far
more intuitive. Hence, we shut down dynastic links for the remainder of the main text and
present our derivations with dynastic links in Appendix B.

Assumption 3 (Absence of dynastic links). For the remainder of our exposition in the main
text,

Ωs
t(j) = Ωss(j) = 0, ∀ t, s, j.

Appendix B relaxes this assumption.

The next lemma characterizes Ξs(j).

Lemma 4 (Distributional Shifts Without Dynastic Links). For s ≥ 0:

(i) For 1 ≤ j ≤ J − 1,

Ξs(j) = dLs
0(j − 1)TDss(j − 1) + Lss(j − 1)TdFs

0(j − 1). (25)

(ii) For j = 0,
Ξs(0) = 0. (26)

Moreover, Ξs(j) = 0 for j > J − s (with 1 ≤ j ≤ J − 1).

Proof of Lemma 4. See Appendix A.2.

Cases (i) and (ii) of Lemma 4 follow directly from differentiating the transition equation
(16). Its final condition says there is no distributional shift if j − 1 + s > J − 1, for this
inequality implies that the relevant cohort to the distributional shift (those aged j − 1 at
time 0) will be dead when the shock arrives. Hence, their transitions and flows do not shift.

These building blocks are sufficient to characterize age-specific fake news matrices.
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4.2 Structure of Fake News Matrices

Our main result expresses every entry of age-specific fake news matrices in terms of expec-
tation vectors, policy shifts, and distributional shifts. It also shows that a large fraction of
these entries are zero.

Theorem 1 (Structure of Age-Specific Fake News Matrices). Let t, s, j ∈ {0, . . . , J − 1}. If
0 ≤ j − t ≤ J − 1− s, then

Ft,s(j) =

dy
s
0(j)

TDss(j) + yss(j)
TdFs

0(j), if t = 0,

Et−1(j − t+ 1)TΞs(j − t+ 1), if t ≥ 1,
(27)

otherwise, Ft,s(j) = 0.

Proof of Theorem 1. See Appendix A.2.

To interpret Theorem 1, remember that Ft,s(j) is linked to the incremental time-t re-
sponse from the cohort of age j to a shock that is scheduled to arrive at time s and was
announced at time 0. This cohort has age j−t when the shock is announced and age j−t+s
when the shock arrives.

The condition j − t ≤ J − 1 − s isolates cohorts that will be alive when the shock
arrives: cohorts who know they won’t be alive do not react. The first case (t = 0) captures
the instantaneous reaction to the shock’s announcement: the endogenous start-of-period
distribution is fixed, but policy functions and flows may change. The second case (t ≥ 1)
captures the effect of these reactions on future periods. The time 0 reaction shifts the
distribution of agents over states in time 1, generating Ξs(j−t+1), and these shifts propagate
forward to time t via the expectation vector.

The condition 0 ≤ j − t isolates cohorts that were alive when the shock was announced.
Without dynastic links, past shocks can not shift the distribution of newborn agents over
states. Announcing a shock at time 0 and withdrawing it at time 19 leaves the distribution
and actions of cohorts born starting on period 1 (those with t > j) unchanged, other than
through time-1 flows. With dynastic links, this ceases to be true as past shock announcements
change newborn distributions through the reactions of their ancestors. In Appendix B, we
show that this creates non-zero entries in the t > j region, but leaves the other cases
unchanged.

Remark 1 (The bounds on t and s follow from finite lifespans). The index ranges t, s ∈
{0, . . . , J − 1} do not discard any non-zero entries, as Lemmas 3 and 4 already make every
entry with t ≥ J or s ≥ J vanish. A time-t entry with t ≥ 1 carries the shift Ξs(j − t + 1),
and by Lemma 4 this shift can be non-zero only when 1 ≤ j− t+ 1 ≤ J − s, since Ξs(0) = 0
and Ξs(j′) = 0 for j′ > J−s. The lower bound 1 ≤ j− t+ 1 with j ≤ J−1 forces t ≤ J−1,
and the upper bound j − t+ 1 ≤ J − s forces s ≤ J − 1. Moreover, the t = 0 entry vanishes
once j > J−1−s by Lemma 3, which again forces s ≤ J−1. The non-zero entries therefore
lie in the leading J × J block, with the row t = J − 1 and the column s = J − 1 both live.

9This is the interpretation that Auclert et al. (2021a) give to entries of the fake news matrix.
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Example (A (continued)). Continuing Example A, suppose the shock changes household
decisions and survivor transitions but leaves the exogenous newborn inflows unchanged. This
implies dFs

0(j) = 0 for all j and reduces fake news matrices to

Ft,s(j) =

dy
s
0(j)

TDss(j), if t = 0

Et−1(j − t+ 1)TΞs(j − t+ 1), if t ≥ 1

if 0 ≤ j − t ≤ J − 1− s and Ft,s(j) = 0 otherwise.

Theorem 1 applies directly to our model with demographic shifts and migration (Example
B) with the newborn-weighted law of motion (19) for shocks to standard inputs like the wage
or interest rate. The only necessary addition is a Jacobian for the growth factor of newborn
cohorts, Υ. This shock does not fit our ongoing assumptions because, through its newborn
re-weighting, it can shift the initial net-of-flow distribution D̂0 − F̂0, which so far we have
assumed to be fixed. Hence, fake news matrices with respect to this input have a peculiar
but very simple form that we now derive. Because Υ enters the law of motion as a divisor,
we have found that defining Jacobians with respect to (1/Υ) yields more precise results.10

Example (B (continued)). Continuing Example B, consider shocks to the inverse of the
newborn growth factor d(1/Υ). The age-specific fake news matrices of a generic output Ŷ
with respect to these shocks have all their non-zero elements in their first columns (Ft,s(j) = 0
for s ≥ 1). Furthermore, the first columns are

Ft,0(j) =

{
Υss · Et(j − t)T

(
D̂ss(j − t)− F̂ss(j − t)

)
, if j ≥ t+ 1

0, otherwise.

Here Et is built as in Definition 2 from the normalized survival transitions (1/Υss)Lss of
(19). This implies that the fake news matrix for newborns, F(0), is zero for this shock.

Proof. See Claim 4 in Appendix A.3 for the proof.

Age-specific fake news matrices for newborn growth shocks can, therefore, be calculated
directly from the steady-state solution. The reason is that they operate through the model’s
law of motion and generate no direct changes in policy functions or (non-normalized) tran-
sition matrices. Under the newborn-weighted measure, a shock to the number of newborns
simply re-weighs incumbent cohorts. The effects of this re-weighing are propagated to fu-
ture outputs through expectation vectors. As our application in Section 6 will show, this
mathematically humble shock can generate rich transition dynamics as cohorts of changing
sizes move through the life cycle.

Theorem 1 and the previous examples reveal the remarkable sparsity of age-specific fake
news matrices. To ground this implication, consider a model with Ωt(j) = 0 like the examples

10The law of motion is linear with respect to (1/Υ) but non-linear with respect to Υ.
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above. Non-zero entries of age-specific fake news matrices satisfy 0 ≤ j − t ≤ J − 1 − s;
Figure D.1 of Appendix D depicts this restriction. For a maximum shock horizon of 300 and
a model with 75 possible ages, only 2% of all possible 300×300×75 combinations of (t, s, j)
satisfy this restriction.11 Knowing that we can skip most of these combinations is a large
contributor to the efficiency of our algorithm. The other contributing factor is that we use
the properties in Lemmas 1–3 to find the required building blocks of the fake news matrices
with as few model solutions as possible. The next section describes our scheme to do so.

5 Computing Age-Specific Fake News Matrices

This section explains our algorithm to efficiently compute {F(j)}J−1
j=0 . To make the algorithm

accessible, we also provide a “cookbook” that gives concrete examples and visualizations
of the objects in the algorithm and is accompanied by public code that reproduces every
step (Appendix D). The cookbook uses Example 3, while our quantitative demonstration
in Section 6 uses Example 3. The public code also shows how to combine the Jacobians of
the HA-OLG block with the sequence-jacobian package to perform dynamic equilibrium
analyses. Here, we give a limited overview with only the objects that are required to present
the algorithm.

Our starting point is a life-cycle solver of the type that is typically found in partial
equilibrium applications. In the representation from Section 3, there are fixed grids {Gj}J−1

j=0

that discretize the state space for every age. Age-specific solvers {solvej(·)}J−1
j=0 are functions

which, given the value vector for age j + 1 and the aggregate inputs for age j, produce the
value and policy vectors evaluated on Gj, and the components of the transition equation,

yj(j), vj(j), Lj(j), Ωj(j), Fj(j) = solvej (vj+1 (j + 1) ,Xj) .

We define auxiliary functions solvej which, as is done in practice, chain backward applica-
tions of these single-period solvers to solve the model up to age j given the value vector at
age j + 1

{yl(l), vl(l), Ll(l), Ωl(l),Fl(l)}jl=0 = solvej

(
vj+1 (j + 1) , {Xl}jl=0

)
.

The steady-state solution {yss(j), vss(j), Lss(j), Ωss(j),Fss(j)}J−1
j=0 is that obtained by solv-

ing the model up to the terminal age J − 1 and inputs {Xss}J−1
j=0 .12

5.1 From life-cycle solutions to building blocks

We now show that the steady-state solution {yss(j), vss(j), Lss(j), Ωss(j),Fss(j)}J−1
j=0 and

partial solvers {solvej(·)}J−1
j=0 are sufficient to construct the building blocks of Theorem 1.

11If the maximum shock horizon is greater than the number of ages (0 ≤ t, s ≤ L with L > J), the number
of (t, s, j) combinations that satisfy 0 ≤ j − t ≤ J − 1− s is J · (J + 1) · (2J + 1)/6.

12Since J − 1 is the terminal age, neither solveJ−1 nor solveJ−1 have a continuation value function as
input. This is an advantage over infinite-horizon models that require an initial guess of the continuation
value.
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We continue to assume that there are no dynastic links (Assumption 3) and hence omit Ω
for the remainder of this Section.

Note first that the expectation vectors Et(j) in Definition 2 depend only on the steady-
state survival transitions {Lss(j)}J−1

j=0 and outcome vectors {yss(j)}J−1
j=0 . Next, consider the

policy and flow shifts that appear in Theorem 1, and the transition matrices required to
calculate the distributional shifts that also appear. Using the policy vectors as examples,
arrange the required elements in tables with shock horizon s increasing along rows and age
j increasing along columns,

y0
0(0) y0

0(1) · · · y0
0(J − 2) y0

0(J − 1)
y1
0(0) y1

0(1) · · · y1
0(J − 2) ✗

...
...

. . .
...

...
yJ−1
0 (0) ✗ · · · ✗ ✗

. (28)

The s-th row of these tables contains the response at time 0 to the announcement of a shock
that occurs at time s ≥ 0. The j-th column contains the responses of agents aged j at the
announcement. Agents of age j > J − 1 − s will be past the terminal age when the shock
arrives and therefore do not respond; these are objects we need not calculate. The perturbed
flow vectors that we need follow the same triangular pattern.

Now consider sequences of aggregate inputs of length j that equal the steady-state value
Xss in every period except the last (the j-th), where they equal Xss + dx. Solving the life
cycle model up to age j with such sequences of aggregate inputs and assuming inputs revert
to steady state afterwards yields{

yj
l (l), v

j
l (l), Lj

l (l), F
j
l (l)
}j
l=0

= solvej
(
vss (j + 1) , {Xss + 1t=jdx}jt=0

)
. (29)

This is the life-cycle solution of an agent that expects a shock to X at age j, and who has
known about this shock from his birth. In (29), we use our partial solver and the steady
state solution to avoid solving for ages greater than j.

Concentrating on the results of (29) other than the value vector, which does not appear
in Theorem 1, Lemma 2 implies{

yj
l (l), Lj

l (l), F
j
l (l)
}j
l=0

=
{
yj−l
0 (l), Lj−l

0 (l), Fj−l
0 (l)

}j

l=0
.

These are precisely the elements of the j-th “anti-diagonal” (bottom-left to top-right diago-
nals) of the tables in (28). Therefore, given the steady state solution and expectation vectors,
we only have to evaluate each of the partial solvers {solvej(·)}J−1

j=0 once and apply Lemma

4 to get the remaining building blocks that we need for {F(j)}J−1
j=0 . Since partial solver

solvej(·) nests the evaluation of single-period solvers {solvel(·)}jl=0, this entails evaluating
a total of J × (J + 1)/2 single-period solvers.

The reduced number of single period solutions contributes to the performance of our
method. Return to the experiment in Table 1, which finds a 300-period Jacobian of an
infinite-horizon household and compares its cost with those of finding the same Jacobian in

19



an analog life-cycle model with 75 possible ages. The infinite-horizon model (first row) and
life-cycle model (third row) use the exact same single-period solver implementation and their
single-period problems have the exact same number of idiosyncratic states. Applying the
traditional SSJ method to the infinite-horizon model requires H = 300 solutions of the single-
period problem. Applying our method to the life-cycle model requires 75 × 76/2 = 2,850
single period solutions. Therefore, the number of single-period problems that must be solved
in the life-cycle version of the model grows only by a factor of 2,850/300 = 9.5, which is
close to the speed ratio we report in Table 1. The speed gains of the life-cycle model relative
to the large-scale infinite-horizon model reflect that the (age-specific) single-period problems
are much lower dimensional than corresponding (pooled) single-period problems.

5.2 Algorithm

Given the results of the previous subsection, one could first use partial solvers to obtain all
the objects in (28), then use Lemma 4 to compute net distributional changes, and then use
Theorem 1 to construct age-specific fake news matrices. This naive approach can become
impractical even in moderately sized models. The number of points in age-specific state
spaces can easily be in the thousands. As a result, each of the policy vectors (y) and transition
matrices (L) in (28) can contain thousands and millions of elements, respectively.13 Storing
and manipulating the J×(J+1)/2 policy vectors and transition matrices simultaneously can
therefore become cumbersome even for moderate values of J and moderate state-space sizes.
For such cases, this section presents an algorithm that constructs age-specific fake news
matrices progressively, evaluating one partial solver at a time and updating the relevant
matrix entries before calling the next solver, so that these objects need not all be stored in
memory at once.

Algorithm 1 summarizes the routine. It takes the steady-state solution as its input
and returns age-specific fake news matrices {F(j)}J−1

j=0 of shape J × J . Without dynastic
links, these are sufficient to calculate Jacobians for any shock horizon. After pre-computing
expectation vectors, the main loop iterates over the J − 1 required evaluations of partial
solvers. Each evaluation yields a list of shocked transition matrices, policy vectors and flows.
Using Lemma 2 these are interpreted as time-0 responses of age-l agents to shocks that
happen at time s− l. Lines 5 to 13 use these shocked solutions iterating over the t = 0 age of
agents, l. Line 6 updates t = 0 responses. For t ≥ 1, fake news matrices propagate changes
in t = 1 distributions (Ξ) forward in time using expectation vectors. If l = J − 1, t = 0 was
the agents’ last living period and there is no distributional shift in t = 1 (line 7 condition).
Otherwise, lines 8 to 11 calculate and propagate the distributional shift.

The following lemma ensures the algorithm produces the complete fake news matrices
described by Theorem 1.

13In practice, transition matrices are often sparse and could be stored using specialized representations.
Exploiting this (different) form sparsity is useful to increase efficiency, but is independent from the efficiency
gains provided by our algorithm.
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Algorithm 1 Fake news matrices without dynastic links

Input: Steady state: {vss,Lss(j),yss(j),Dss(j),Fss(j)}J−1
j=0 and Xss

1: Pre-compute: Et(j) for 0 ≤ j ≤ J − 1 and 0 ≤ t ≤ J − 1− j via Definition 2

2: Initialize: {F(j)}J−1
j=0 ∈ RJ×J with zeros

3: for s = 0, . . . , J − 1 do ▷ Shock horizon

4: {Ls−l
0 (l),ys−l

0 (l),Fs−l
0 (l)}sl=0 ←


solves

(
vss(s+1), {Xss + 1j=sdx}sj=0

)
, s < J−1

solveJ−1

(
{Xss + 1j=J−1dx}J−1

j=0

)
, s = J−1

5: for l = 0, . . . , s do ▷ Age at t = 0

6: F0,s−l(l)← dys−l
0 (l)TDss(l) + yss(l)

TdFs−l
0 (l)

7: if l < J − 1 then

8: Ξs−l(l + 1)← dLs−l
0 (l)TDss(l) + Lss(l)

TdFs−l
0 (l)

9: for t = 1, . . . , (J − 1)− l do ▷ Time periods

10: Ft,s−l(l + t)← Et−1(l + 1)TΞs−l(l + 1)

11: end for

12: end if

13: end for

14: end for

Output: Fake news matrices {F(j)}J−1
j=0

21



Lemma 5. For every t, s, j ∈ {0, . . . , J −1}, Algorithm 1 produces the value of Ft,s(j) given
by Theorem 1.

Proof of Lemma 5. See Appendix A.4.

Appendix B.3 presents the version of the algorithm that allows for dynastic links, relaxing
Assumption 3.

6 Application

Next, we demonstrate the usefulness of our method through an application: a dynamic
general-equilibrium analysis of a permanent fall in births. We calibrate the motivating
example model of Section 2 to reproduce the age pyramid and life-cycle profiles of income,
wealth, and income risk in the United States. Then, we present examples of age-specific
Jacobians of the household block in partial equilibrium. Finally, we calibrate the firm and
government sectors, and simulate the effects of a permanent fall in the growth rate of newborn
cohorts. We emphasize the effects of the transition on the natural rate of interest using the
dynamic version of the aggregate asset supply and demand framework of Auclert et al.
(2025b).

6.1 Household Block in Partial Equilibrium

We calibrate the household block to reproduce the distribution of income and assets in the
2019 wave of the U.S. Survey of Consumer Finances (SCF).14 We describe this process in
detail in Appendix C and only give a brief overview in this section.

Each model period corresponds to one year. Households enter the model at age 26,
retire at age 65, and can live up to age 100 (J = 75). We use survival probabilities ψ from
the life tables of the Social Security Administration. For income shocks, we use Janssens
and McCrary’s (2023) age-specific optimal discretization of the non-parametric process of
Arellano, Blundell, and Bonhomme (2017). Newborns enter with zero wealth and labor
productivity drawn from the ergodic distribution of this process at age 26. The total mass of
newborns grows at an annual rate of 0.30%, so total population and aggregate quantities grow
at the same rate. We refer to the fixed point of the detrended variables on this balanced
growth path as the initial steady state. The warm-glow utility from bequeathing wealth
ϕ(·) has the same functional form as in Carroll (2002) and De Nardi (2004), implying that
bequests are a luxury good, which helps us match the skewness of old-age wealth. Figure 1
depicts the age pyramid and the contributions of different age groups to labor supply, net
taxes, and wealth in steady state.

14The steady-state calibration of the household block is very similar to that in Bardóczy, Savoia, and
Velásquez-Giraldo (2024).
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Figure 1: Age Structure and Life-Cycle Profiles in Steady State

Notes: the top left panel depicts the share of households of each age in the initial steady state of the model. The other panels
depict the part of aggregate labor supply (Nt), net taxes Tt, and total savings At that is due to each age group in steady state.
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Block representation. The core household block maps sequences of interest rates, tax
rates, wages, aggregate inheritances, and newborn cohort growth rates into sequences of ag-
gregate savings, bequests, consumption, labor supply, population, and net transfers. Because
the size of newborn cohorts may grow over time, this application follows the framework of
Example B in Section 3, where the distribution of households Dt is scaled by the size of the
contemporaneous newborn cohort nt. We continue to use hats to signify this normalization,
and write the core household block as

{Rt, τt, wt, It,Υt}t≥0 → {Ât, B̂t, Ĉt, N̂t, P̂t, T̂t}t≥0 (30)

Normalizing with the mass of newborns is convenient, because it is not affected by past
demographic shocks. However, once we obtain the Jacobians of the core household block
(30), it is straightforward to express the outputs in more intuitive per-capita terms. For each
per-newborn output X̂t ∈ {Ât, B̂t, Ĉt, N̂t, P̂t, T̂t}, we may compute its per-capita analog and
the population growth factor Γt as

Xt =
X̂t

P̂t

, Γt =
P̂t

P̂t−1

Υt. (31)

Before using the household block as a unit of economic analysis (e.g., to trace out asset
demand as a function of interest rates), we solve for the fixed point between per-capita
inheritance {It}t≥0 (an input) and per-capita bequests {Bt}t≥0 (an output). Thus, the final
household block takes the form of

{Rt, τt, wt,Υt}t≥0 → {At, Bt, Ct, Nt, Pt, Tt,Γt}t≥0. (32)

In SSJ terminology, (32) is a solved block that nests an HA-OLG block (30) and a simple
block (31).

Jacobians for age groups and cohorts. Because our method assembles block Jacobians
from age-specific Jacobians, decomposing aggregate shock responses into the contributions of
age groups or cohorts is immediate. Figure 2 showcases such a decomposition. The left panel
shows the response of savings per capita to a 1 percentage point increase in the interest rate
that occurs in year 10. This is, up to re-scaling, the tenth column of J A,R. Splitting J A,R

into
∑Jret−1

j=0 J A,R(j) and
∑J−1

j=Jret J A,R(j) yields the contribution of working-age households
and retirees to the total response. The distinction between age groups and cohorts is crucial
to the interpretation of these decompositions. The age-specific Jacobians that we obtain
with Algorithm 1 capture the contributions of groups whose composition changes over time.
For example, in the left panel of Figure 2, most of the households that contribute to the
response of workers in year 0 will be counted in the response of retirees in year 40, as they
will have retired by then.15

15One may instead be interested in the responses of fixed cohorts of households over time. We can compute
the elements of a Jacobian for the cohort of households that had age j in year 0 as

J cohort(j)t,s =

{
J (j + t)t,s, if j + t < J,

0, otherwise,
∀ t ≥ 0, s ≥ 0. (33)
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Figure 2: Examples of Life-Cycle Jacobians

Notes: The left panel shows the response to a one-time, anticipated increase in the real return of savings that occurs in year
10. The right panel shows the response to a one-time increase in the growth rate of newborn cohorts that occurs in year 10. In
both panels, the total response is decomposed into the contributions of working-age households and retirees.

The responses of working-age and retired households are qualitatively different. In an-
ticipation of the rise in the future interest rate, workers increase their savings while retirees
reduce theirs. The interest-rate increase triggers two competing forces: a substitution effect,
which encourages households to save more and take advantage of higher future returns, and
an income effect, which encourages them to consume some of the future income gain. For
working-age households, the substitution effect dominates, as is typical in infinite-horizon
models. Retirees, by contrast, expect to live for only a short time after the shock and there-
fore smooth consumption over a shorter horizon, which amplifies the income effect relative
to the substitution effect. After the shock, retirees’ savings take much longer to return to
steady state, because the retired population is progressively replenished by cohorts that were
still working when the shock hit and accumulated extra savings in anticipation of it.

The right panel of Figure 2 shows how a 10 percentage point increase in the newborn
growth rate Υt in year 10 affects aggregate labor supply per capita.16 Recall that each
working-age household supplies hours inelastically, so changes in aggregate labor supply are
driven not by behavioral responses but by shifts in the population shares of cohorts with
different levels of average productivity.17

Labor supply therefore does not respond until year 10, when the shock arrives and larger

Figure D.2 in Appendix D compares age and cohort Jacobians.
16Note that a one-time shock to the growth rate of newborn cohorts increases the mass of newborns and

ultimately that of other cohorts forever.
17Because this shock shifts both the numerator and denominator of labor per capita (Nt/Pt), differ-

ent additive decompositions could be constructed. We use d(Nt/Pt) = dNt/Pss − Nss/Pss · dPt/Pss =∑75
j=0 [dNt(j)/Pss −Nss/Pss · dPt(j)/Pss].
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cohorts of young workers start entering the economy. Because these additional workers are
initially young and inexperienced, their contribution to productivity-adjusted labor does not
offset their contribution to total population, causing the initial drop in effective labor per
capita.18 As these larger cohorts age, their productivity increases and their contribution
to effective labor per capita turns positive. In year 50, the last cohort unaffected by the
shock retires; the workforce reaches its new steady state, and the working-age contribution
stabilizes at a positive value because the shock permanently raises the number of working-
age households. The retiree contribution is flat until year 50, when the first of the larger
cohorts retires; it then declines secularly and stabilizes at a negative value in year 85, once
the last unaffected cohort dies. The permanently larger mass of retirees exactly offsets
the permanently larger mass of workers, so effective labor per capita returns to its initial
steady-state value.

6.2 Demographic Transition in General Equilibrium

We conclude this section with a general-equilibrium analysis of a permanent fall in the birth
rate. On the initial BGP, every new cohort is 0.30 percent larger than the previous cohort,
and total population grows at the same rate. Our experiment assumes that newborn cohorts
stop growing completely in period 0, and we use the sequence-space Jacobian method to
compute the first-order approximation of the transition to the new steady state with zero
population growth. We emphasize that the exercise in this section runs in a fraction of a
minute on a laptop; this includes calculating all the required Jacobians.

Figure 3 shows the mechanical effects of the birth rate shock on the age structure of
the population. The blue line on the left panel shows the exogenous growth rate of the
newborn population, which drops from 0.30% to 0% in year 0. The orange line shows the
resulting growth rate of total population, which approaches 0% gradually instead. Although
the incoming cohorts are not growing after period 0, they are still larger than the outgoing
cohorts that were born before the shock. The demographic transition is complete after 75
years, when the last households born before the shock die.

The right panel of Figure 3 shows three snapshots of the age structure of the population
during the transition.19 We distinguish three age groups: young workers aged 25–45, middle-
aged workers aged 45–65, and retirees aged 65 and above. The blue bars represent the
percentage point change in the population share of these groups relative to the initial steady
state after 18 years, i.e. after a quarter into the demographic transition. The orange and
green bars represent the same changes after 37 and 75 years, i.e. after two-thirds and the
entirety of the transition, respectively.

On the initial balanced growth path, the population consists of 41.5 percent young work-
ers, 35.5 percent middle-aged workers, and 23.0 percent retirees. In the terminal steady
state with no population growth, these numbers are 39.6 percent, 35.8 percent, and 24.6

18Vandenbroucke (2021) documents a similar effect in the context of baby boomers’ entry into the labor
force.

19Note that the dynamics of the complete population pyramid for all ages is straightforward to compute
using the age-specific Jacobians of the household block for output Pj,t, normalized population.
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Figure 3: The Birth Rate Shock and its Mechanical Effects on Population

percent, respectively. The decline in the growth of new cohorts makes society older. The
key takeaway, however, is that the transition is uneven across these broad age groups. The
share of young workers drops most rapidly, reflecting that the shock affects them directly
and immediately. The share of middle-aged workers increases in a hump-shaped pattern,
peaking 37 years into the transition. By this time, the young and middle-aged groups have
reached their final size, but the mass of retirees is still growing. Consistent with these facts,
the share of retirees grows steadily, and the change is backloaded compared to the other two
groups.

Prices and macroeconomic aggregates. The demographic transition induces changes
in equilibrium prices and quantities. Figure 4 shows the paths of output, labor, capital, the
income tax rate, the wage, and the interest rate from the initial steady state (black dotted
line) to the terminal steady state (red dotted line). Output per capita rises initially, then falls
and settles below its initial steady state. Because TFP is constant, this non-monotonic path
is generated entirely by labor and capital per capita. Labor per capita rises at first because
the working-age population shifts toward older, more productive workers, an effect that
dominates the decline in the working-age share for the first 18 years. Eventually, however,
labor per capita falls as the labor force of the older economy shrinks. Capital per capita also
rises, peaks 37 years after the shock, then falls slightly and settles above its initial value. This
path reflects both the mechanical effects of population aging and the endogenous response to
changes in the interest rate, the wage, and the tax rate—channels we isolate formally below.
The tax rate rises monotonically to finance social security payments at a higher dependency
ratio. The wage rises and the interest rate falls, reflecting the growing scarcity of labor.
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Asset demand and supply. Figure 5 decomposes the changes in asset demand (household
savings) and asset supply (firms demand for capital). This decomposition is motivated by
Auclert et al. (2025b), who compute the evolution of the natural rate of interest via shifts in
the long-run (static) asset supply and demand curves in a heterogeneous-agent model with
overlapping generations. Asset demand is a component of the household block (32)

Ademand
t

(
{Rt, wt, τt,Υt}t≥0

)
(34)

that we can differentiate using Algorithm 1. In this economy, the only asset in positive net
supply is physical capital, and hence asset supply is

Asupply
t (Rt+1, Lt+1,Γt+1) =

(
αΘ

Rt+1 − 1 + δ

) 1
1−α

Lt+1Γt+1 (35)

which can be obtained by substituting the per-capita production function Yt =
Θt(Kt−1/Γt)

αL1−α
t and rearranging it to express the firm’s demand for capital.

Figure 5 shows how the Ademand
t = Kt = Asupply

t equilibrium emerges from exogenous
changes in age structure and endogenous changes in prices. Both panels show the equilib-
rium path of capital in black, with the contribution of a single factor overlaid in color. In
the left panel, the strongest factor driving asset demand upward is population aging: in
our calibrated model, as in the data, older workers save substantially more than younger
households — for retirement and for luxury bequests, among other motives — so an older
society saves more per capita. The wage contributes in the same direction: it rises as labor
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becomes scarce, raising workers’ incomes and encouraging them to save more for retirement.
Two forces push the other way. First, the government must raise the income tax to sustain
social security payments at the higher dependency ratio, a negative income effect for workers.
Second, if the interest rate held steady, household asset demand would still exceed firms’
capital needs, so the interest rate falls to clear the market.

This decomposition also reveals the reason for the hump-shaped path of capital. Each
factor in isolation moves asset demand monotonically but the negative and positive effects
play out at different speeds. Aging puts upward pressure on asset demand immediately,
because young workers (whose population share falls most quickly) have the lowest savings.
In contrast, the price adjustments that ultimately are driven by the scarcity of labor play
out a bit more slowly, given that the increase in productivity per worker compensates for
the decline in the labor force for a while.

Turning to asset supply, the initial rise and subsequent fall in labor per capita induces
firms to pay a higher wage and demand less capital. The interest rate falls to boost the
demand for capital, equating it with high savings from older households.

The finding that slower population growth can reduce the natural rate of interest is not
new (see, e.g., Gagnon, Johannsen, and López-Salido 2021). Platzer and Peruffo (2022)
and Auclert et al. (2025b) also quantify these mechanisms in rich heterogeneous-agent OLG
models that have drawn substantial policy attention. Our adaptation of the sequence-space
Jacobian method to life-cycle models greatly facilitates this type of analysis, including along
the transition path. That matters because, as our application demonstrates, demographic
shocks can produce long and non-trivial transitions even in a relatively simple model, where
the only asset is physical capital.

7 Conclusion

This paper has two main goals. First, we want the derivations and algorithm we develop to
serve the growing literature that uses models with overlapping generations of heterogeneous
agents to tackle what we believe to be fundamental macroeconomic questions (see, for ex-
ample, Auclert et al. 2021b; Platzer and Peruffo 2022; Gruss et al. 2025). We hope this will
accelerate the development of existing models and lower the barriers to creating new ones.
Second, we want this paper to serve as a bridge between fields in microeconomics that use
life-cycle models—labor economics and household finance, for example—and the expanding
sequence-space framework for macroeconomic modeling. Beyond the dynamic equilibrium
analyses this framework facilitates, recent advances have extended it to incorporate imper-
fect expectations (Auclert, Rognlie, and Straub 2020; Bardóczy and Guerreiro 2024) and
to study optimal policy (Auclert et al. 2024; Davila and Schaab 2025). The literature has
prioritized modularity, often taking the sequence-space Jacobians of a block as its starting
point. We hope that researchers will use our method to compute Jacobians for their own
life-cycle models and leverage this growing toolkit.

Many technical advances we have not discussed here can further lower the computational
burden of the models we consider. In particular, most techniques that speed up the mi-
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croeconomic life-cycle problem or streamline its representation apply directly to our setup.
Examples include sparse representations of transition matrices, sparse grids for age-specific
state spaces (as in Brumm and Scheidegger 2017), and modeling decisions as sequences of
stages (as in Carroll 2012; Druedahl 2021; Bardóczy 2022; Sun 2023). The results developed
here can also be adapted to different or broader classes of models by altering our assump-
tions. We have provided explicit statements of these assumptions and the proofs behind our
results to make that adaptation straightforward.
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A Proofs

A.1 Section 3 Proofs

The first proof, establishing the form of the steady-state distribution, is straightforward; we
include it here for completeness.

Proof of Claim 1. A steady state of the model has Dt(j) = Dss(j) for all t and 0 ≤ j ≤ J−1,
with Lt(j) = Lss(j), Ωt(j) = Ωss(j), and Ft+1(j) = Fss(j). Substituting these identities into
(16) yields, for 1 ≤ j ≤ J − 1,

Dss(j) = Lss(j − 1)TDss(j − 1) + Fss(j),

and for j = 0,

Dss(0) =
J−1∑
l=0

Ωss(l)
T Dss(l) + Fss(0).

Common setup for Lemmas 1–3. Apply the recursive definitions in (20) until the
terminal age to arrive at, for 0 ≤ j < J − 1 and t, s ≥ 0,

vs
t (j) = v[j]

(
vs
t+1(j + 1), Xs

t

)
= v[j]

(
v[j + 1]

(
vs
t+2(j + 2), Xs

t+1

)
, Xs

t

)
≡ v[j](Xs

t) ◦ v[j + 1](Xs
t+1) ◦ vs

t+2(j + 2)

. . .

= v[j](Xs
t) ◦ v[j + 1](Xs

t+1) ◦ · · · ◦ v[J − 1](Xs
t+J−1−j),

and, likewise,

ys
t (j) = y[j](Xs

t) ◦ v[j + 1](Xs
t+1) ◦ · · · ◦ v[J − 1](Xs

t+J−1−j),

Ls
t(j) = L[j](Xs

t) ◦ v[j + 1](Xs
t+1) ◦ · · · ◦ v[J − 1](Xs

t+J−1−j),

Ωs
t(j) = Ω[j](Xs

t) ◦ v[j + 1](Xs
t+1) ◦ · · · ◦ v[J − 1](Xs

t+J−1−j),

Fs
t(j) = F [j](Xs

t) ◦ v[j + 1](Xs
t+1) ◦ · · · ◦ v[J − 1](Xs

t+J−1−j).

(A.1)

At the boundary j = J−1, the second part of Assumption 2 gives the no-continuation forms
vs
t (J − 1) = v[J − 1](Xs

t), y
s
t (J − 1) = y[J − 1](Xs

t), and analogously for Ω and F.
Recall that Xs is the sequence with Xss + dx in entry s and Xss in every other entry.

Equivalently, Xs
τ = Xss + dx · 1{τ = s}. The set of Xs-entries appearing on the right-hand

side of (A.1) at age j and time t is defined by

St,j := {Xs
t ,X

s
t+1, . . . ,X

s
t+J−1−j}.

The three lemmas now follow by checking when Xss + dx does or does not appear in St,j.
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Proof of Lemma 1. Assume t > s. Every element of St,j has time index in {t, t + 1, . . . , t +
J − 1 − j}, all strictly greater than s, so every entry equals Xss. Substituting into (A.1)
yields, for each 0 ≤ j < J − 1,

ys
t (j) = y[j](Xss) ◦ v[j + 1](Xss) ◦ · · · ◦ v[J − 1](Xss) = yss(j),

and identically Ls
t(j) = Lss(j), Ωs

t(j) = Ωss(j), and Fs
t(j) = Fss(j). At j = J − 1, the same

substitution into the boundary statement gives ys
t (J − 1) = y[J − 1](Xss) = yss(J − 1), and

likewise for v, Ω, and F.

Proof of Lemma 2. Fix k ≥ 0. For every l ≥ 0, Xs
t+l = Xss + dx · 1{t+ l = s} = Xss + dx ·

1{t + k + l = s + k} = Xs+k
t+k+l, so each input on the right-hand side of (A.1) for (t, s) at

age j equals the corresponding input for (t + k, s + k) at the same age. Since the function
family {v[j], y[j],L[j],Ω[j], F [j]}J−1

j=0 is time-invariant by Assumption 2, the right-hand sides
of (A.1) agree at (t, s) and (t+ k, s+ k). Hence

ys
t (j) = ys+k

t+k (j), Ls
t(j) = Ls+k

t+k (j), Ωs
t(j) = Ωs+k

t+k (j), Fs
t(j) = Fs+k

t+k (j),

for all 0 ≤ j < J − 1 and k ≥ 0. At j = J − 1 the identities vs
t (J − 1) = vs+k

t+k (J − 1) (and

analogously for y, Ω, and F) follow from Xs
t = Xs+k

t+k applied to the boundary statement.

Proof of Lemma 3. Assume s − t > J − 1 − j, equivalently s > t + J − 1 − j. The largest
time index appearing in St,j is t + J − 1 − j < s, so every element of St,j has time index
strictly less than s and equals Xss. Substituting into (A.1) for 0 ≤ j < J − 1, and into the
boundary statement for j = J − 1, gives the required result.

A.2 Section 4 Proofs

We first prove the lemma characterizing distributional shifts without dynastic links.

Proof of Lemma 4. By Definition 4, Ξs(j) = dDs
1(j) − dFs

1(j). The fixed initial condition
D0 − F0 = Dss − Fss gives

dDs
0(j) = dFs

0(j), 0 ≤ j ≤ J − 1. (A.2)

Case 1 ≤ j ≤ J − 1 (eq. (25)). Applying (16) at t = 0 and j ≥ 1,

Ds
1(j) = Ls

0(j − 1)TDs
0(j − 1) + Fs

1(j).

Linearizing around the steady state,

dDs
1(j) = dLs

0(j − 1)TDss(j − 1) + Lss(j − 1)T dDs
0(j − 1) + dFs

1(j).

Substituting (A.2) and subtracting dFs
1(j) yields (25). By Lemma 3 at t = 0 and age j − 1,

dLs
0(j − 1) = 0 and dFs

0(j − 1) = 0 for s > J − j, so Ξs(j) = 0 in that range.

Case j = 0 (eq. (26)). Under Assumption 3, Ωs
t(j) = Ωss(j) = 0 for all t, s, j. Applying

(16) at t = 0 and j = 0 collapses to Ds
1(0) = Fs

1(0), so dDs
1(0) = dFs

1(0) and Ξs(0) = 0.
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The remainder of this subsection proves Theorem 1. Throughout, we maintain Assump-
tion 3 (Ωss(·) ≡ dΩs

0(·) ≡ 0), so that Ξs(0) = 0 by Lemma 4.
For t ≥ 1 define the fake-news residual

Qt,s(j) :=

{
dDs

t(j) − dDs−1
t−1(j), s ≥ 1,

dD0
t (j), s = 0,

(A.3)

the time-t response of the age-j distribution to a date-s shock, net (when s ≥ 1) of the
time-(t−1) response to a date-(s−1) shock. The two-case form parallels Definition 1, which
sets Ft,0(j) = Jt,0(j) at s = 0 and Ft,s(j) = Jt,s(j)− Jt−1,s−1(j) at s ≥ 1.

The following lemma handles the t = 0 case of Theorem 1.

Lemma 6 (Initial period, t = 0). For s ≥ 0 and 0 ≤ j ≤ J − 1,

F0,s(j) =

{
dys

0(j)
TDss(j) + yss(j)

TdFs
0(j), s ≤ J − 1− j,

0, s > J − 1− j.

Proof. By Definition 1 and (22), F0,s(j) = J0,s(j) = dys
0(j)

TDss(j) + yss(j)
TdDs

0(j). The
initial condition D0 − F0 is fixed at steady state, so dDs

0(j) = dFs
0(j), giving the first case.

For s > J − 1− j, Lemma 3 at t = 0 gives dys
0(j) = 0 and dFs

0(j) = 0, so F0,s(j) = 0.

To prove Theorem 1 for t ≥ 1, we characterize the fake-news residual recursively, begin-
ning with the base case t = 1.

Claim 2. For s ≥ 0 and 0 ≤ j ≤ J − 1, Q1,s(j) = Ξs(j).

Proof. For s ≥ 1, (A.3) gives Q1,s(j) = dDs
1(j) − dDs−1

0 (j). The fixed initial condition
makes dDs−1

0 (j) = dFs−1
0 (j), and Lemma 2 (at k = 1) gives dFs−1

0 (j) = dFs
1(j), so Q1,s(j) =

dDs
1(j)− dFs

1(j) = Ξs(j) by Definition 4.
For s = 0, the s = 0 branch of (A.3) gives Q1,0(j) = dD0

1(j). Lemma 1 at t = 1 > 0 = s
gives dF0

1(j) = 0, so Q1,0(j) = dD0
1(j)− dF0

1(j) = Ξ0(j) by Definition 4.

The next result gives a recursive form of the fake-news residual.

Lemma 7 (Fake-news residual: survivor recursion). For s ≥ 0:

(i) Qt,s(0) = 0 for every t ≥ 1;

(ii) Qt,s(j) = Lss(j − 1)TQt−1,s(j − 1) for every t ≥ 2 and 1 ≤ j ≤ J − 1.

Proof. Part (i), j = 0. For t = 1, Claim 2 and Ξs(0) = 0 (Lemma 4) give Q1,s(0) =
Ξs(0) = 0. For t ≥ 2, Assumption 3 collapses the j = 0 branch of (16) to Ds

t(0) = Fs
t(0),

and likewise at (t− 1, s− 1). For s ≥ 1, linearizing and subtracting,

Qt,s(0) = dFs
t(0)− dFs−1

t−1(0) = 0
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by Lemma 2 (at k = 1). For s = 0, the s = 0 branch of (A.3) together with the same
collapse gives Qt,0(0) = dD0

t (0) = dF0
t (0) = 0 by Lemma 1 (at t ≥ 2 > 0 = s).

Part (ii), 1 ≤ j ≤ J − 1. Applying (16) and linearizing around steady state, for any (t, s),

dDs
t(j) = dLs

t−1(j − 1)T Dss(j − 1) + Lss(j − 1)T dDs
t−1(j − 1) + dFs

t(j). (A.4)

For s ≥ 1, write (A.4) at (t, s) and at (t− 1, s− 1) and subtract:

Qt,s(j) =
[
dLs

t−1(j−1)−dLs−1
t−2(j−1)

]T
Dss(j−1)+Lss(j−1)TQt−1,s(j−1)+dFs

t(j)−dFs−1
t−1(j).

Lemma 2 (at k = 1) collapses both the dL bracket and the dF difference to 0, leaving
Qt,s(j) = Lss(j − 1)T Qt−1,s(j − 1).

For s = 0, the s = 0 branch of (A.3) gives Qt,0(j) = dD0
t (j) and Qt−1,0(j − 1) =

dD0
t−1(j−1). Apply Lemma 1 at t ≥ 2 > 0 = s to zero out dL0

t−1(j−1) and dF0
t (j) in (A.4):

Qt,0(j) = Lss(j − 1)T dD0
t−1(j − 1) = Lss(j − 1)TQt−1,0(j − 1).

Iterating this recursion in age then yields the closed form below.

Lemma 8 (Fake-news residual: closed form). For t ≥ 1, s ∈ {0, . . . , J − 1}, and 0 ≤ j ≤
J − 1,

Qt,s(j) =


(∏j−1

r=j−t+1 Lss(r)
)T

Ξs(j − t+ 1), j ≥ t,

0, j < t,
(A.5)

where the product is taken left-to-right in increasing r, with the convention that the empty
product equals the identity matrix; this case arises at t = 1, where the index set {j − t +
1, . . . , j − 1} = {j, . . . , j − 1} is empty. Moreover, Qt,s(j) = 0 whenever j − t > J − 1− s.
Proof. We prove (A.5) by induction on t.

Base case (t = 1). For j ≥ 1 = t, Claim 2 gives Q1,s(j) = Ξs(j), which matches the
first branch of (A.5): the product

∏j−1
r=j Lss(r) is empty and equal to the identity. For

j = 0 < t = 1, Claim 2 and Ξs(0) = 0 (Lemma 4) give Q1,s(0) = Ξs(0) = 0, matching the
second branch.

Inductive step (t ≥ 2). Assume (A.5) holds at t− 1.

Case 1 (j ≥ t). Then j − 1 ≥ t− 1, so the inductive hypothesis at (t− 1, s, j − 1) gives

Qt−1,s(j − 1) =
( j−2∏

r=j−t+1

Lss(r)
)T

Ξs(j − t+ 1).

Lemma 7(ii) and the rule (AB)T = BTAT yield

Qt,s(j) = Lss(j − 1)TQt−1,s(j − 1) =
( j−1∏

r=j−t+1

Lss(r)
)T

Ξs(j − t+ 1).
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Case 2 (j < t). If j = 0, Lemma 7(i) gives Qt,s(0) = 0 directly. If 1 ≤ j < t, then
j − 1 < t − 1, so the inductive hypothesis gives Qt−1,s(j − 1) = 0, and Lemma 7(ii) yields
Qt,s(j) = Lss(j − 1)T 0 = 0. Either way, Qt,s(j) = 0, matching the second branch.

Truncation. Suppose j−t > J−1−s. If j < t, the second branch of (A.5) gives Qt,s(j) = 0
directly. If j ≥ t, set l := j − t + 1; then 1 ≤ l ≤ J − 1 (since j ≤ J − 1 and t ≥ 1), and
j − t > J − 1− s gives l > J − s. Lemma 4 then yields Ξs(l) = 0, so substituting into the
first branch of (A.5),

Qt,s(j) =
( j−1∏

r=j−t+1

Lss(r)
)T

Ξs(l) = 0.

We now combine these results to prove Theorem 1.

Proof of Theorem 1. Case 1 (t = 0). The condition j−t ≤ J−1−s reduces to s ≤ J−1−j,
and Lemma 6 gives both the non-vanishing formula in that range and F0,s(j) = 0 when
s > J − 1− j (i.e., j − t > J − 1− s).
Case 2 (t ≥ 1). For s ≥ 1, Definition 1 and (22) give

Ft,s(j) = Jt,s(j)− Jt−1,s−1(j) =
(
dys

t (j)− dys−1
t−1 (j)

)T
Dss(j) + yss(j)

TQt,s(j),

and the policy difference vanishes by Lemma 2 (at k = 1). For s = 0, Definition 1 and (22)
give

Ft,0(j) = Jt,0(j) = dy0
t (j)

T Dss(j) + yss(j)
T dD0

t (j),

in which the first term vanishes by Lemma 1 (at t ≥ 1 > 0 = s) and the second equals
yss(j)

T Qt,0(j) by the s = 0 branch of (A.3). In either case,

Ft,s(j) = yss(j)
T Qt,s(j), t ≥ 1, 0 ≤ j ≤ J − 1. (A.6)

Case 2.1 (j ≥ t, j − t ≤ J − 1− s). Lemma 8 gives

Qt,s(j) =
( j−1∏

r=j−t+1

Lss(r)
)T

Ξs(j − t+ 1).

Substituting into (A.6) and using (AB)T = BTAT,

Ft,s(j) =
( j−1∏

r=j−t+1

Lss(r)yss(j)
)T

Ξs(j − t+ 1).

Iterating Definition 2 from start age j − t+ 1 for t− 1 further steps (the iteration is empty
at t = 1, in which case E0(j − t+ 1) = E0(j) = yss(j)),

Et−1(j − t+ 1) = Lss(j − t+ 1)Lss(j − t+ 2) · · · Lss(j − 1)yss(j) =

j−1∏
r=j−t+1

Lss(r)yss(j).

39



Therefore Ft,s(j) = Et−1(j − t+ 1)T Ξs(j − t+ 1), which is case (ii) of Theorem 1.

Case 2.2 (j < t or j − t > J − 1 − s). Both clauses of Lemma 8 give Qt,s(j) = 0 (the
second branch when j < t, the truncation clause when j − t > J − 1− s). Hence by (A.6),
Ft,s(j) = 0.

A.3 Fake News Matrices for Growth Shocks in Example B

Throughout this subsection we work with the normalized block of (19): D̂ and F̂ denote the
normalized distributions and flows (including their steady-state versions), while L denotes
the non-normalized survival transition matrices delivered by the agent’s dynamic problem.

For newborn-growth shocks the fixed initial object is the non-normalized incoming dis-
tribution m0; its normalized counterpart m̂0 = m0/n0 varies with the shocked cohort size
n0 = n−1Υ0. Adding the stationary normalized flows yields the initial condition

D̂0(j) =

η, j = 0

1
Υ0
Lss(j − 1)TD̂ss(j − 1) + F̂ss(j), 0 < j ≤ J − 1,

(A.7)

where steady-state objects are still defined in the absence of shocks.

First, we prove an intermediate claim that will be useful in characterizing the fake news
matrix.

Claim 3 (Distributional shift invariance for growth shocks). In the setting of Example B,
changes in distributions induced by shocks to 1/Υ satisfy, for all 0 ≤ j ≤ J − 1 and for all
t ≥ 1, s ≥ 1,

dD̂s
t(j) = dD̂s−1

t−1(j).

Proof of Claim 3. Start by differentiating (19) at an arbitrary t ≥ 1, s ≥ 0. Because this
shock induces no behavioral response and no change in normalized flows, we have dLs

t−1(j−
1) = 0 and dF̂s

t(j) = 0. Therefore, we obtain

dD̂s
t(j) =

0, j = 0

Lss(j − 1)T
(
1t=s · d

(
1
Υ

)
D̂ss(j − 1) + 1

Υss
dD̂s

t−1(j − 1)
)
, 0 < j ≤ J − 1.

(A.8)
Now we prove the actual claim by induction over age 0 ≤ j ≤ J − 1.

Base case (j = 0). Differentiating (A.7), we get dD̂s
0(0) = 0 for all s ≥ 0. Together with

(A.8) this implies that for any s ≥ 0 and t ≥ 0, dD̂s
t(0) = 0 and, therefore, for any s ≥ 1

and t ≥ 1, dD̂s
t(0) = dD̂s−1

t−1(0).

Inductive step (j ≥ 1). Assume dD̂s̃
t̃
(j − 1) = dD̂s̃−1

t̃−1
(j − 1) for any s̃ ≥ 1 and t̃ ≥ 1.
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Consider an arbitrary s ≥ 1. For t ≥ 2, using (A.8) we have

dD̂s
t(j)− dD̂s−1

t−1(j) =Lss(j − 1)Td

(
1

Υ

)
D̂ss(j − 1) · (1t=s − 1t−1=s−1) +

Lss(j − 1)T
1

Υss

(
dD̂s

t−1(j − 1)− dD̂s−1
t−2(j − 1)

)
=Lss(j − 1)T

1

Υss

(
dD̂s

t−1(j − 1)− dD̂s−1
t−2(j − 1)

) (A.9)

The first term on the right hand side vanishes because t = s if and only if t− 1 = s− 1.
Now consider subcases over t.

Case 1 (t = 1). Differentiating (A.7) for j ≥ 1 we have

dD̂s−1
0 (j) = 1s=1 · d

(
1

Υ

)
Lss(j − 1)T D̂ss(j − 1).

Hence, subtracting from (A.8) we have

dD̂s
1(j)− dD̂s−1

0 (j) =Lss(j − 1)T
(
1s=1 · d

(
1

Υ

)
D̂ss(j − 1) +

1

Υss

dD̂s
0(j − 1)

)
−

Lss(j − 1)T 1s=1 · d
(

1

Υ

)
D̂ss(j − 1)

=Lss(j − 1)T
(

1

Υss

dD̂s
0(j − 1)

)
= 0,

where the last equality follows from differentiating (A.7) and noting that dD̂s
0(j− 1) = 0 for

s ≥ 1.

Case 2 (t ≥ 2). The inductive hypothesis implies dD̂s
t−1(j − 1) = dD̂s−1

t−2(j − 1) and hence

(A.9) becomes dD̂s
t(j)− dD̂s−1

t−1(j) = 0.

We now prove the main claim.

Claim 4 (Newborn growth fake news matrices). In the setting of Example B, the age-specific
fake news matrices for shocks to 1/Υ satisfy, for all t, s ≥ 0 and 0 ≤ j ≤ J − 1,

Ft,s(j) = 0 for all s ≥ 1,

and

Ft,0(j) =

{
Υss Et(j − t)T

(
D̂ss(j − t)− F̂ss(j − t)

)
, if j ≥ t+ 1,

0, otherwise,

where Et is constructed as in Definition 2 from the normalized survival transitions (1/Υss)Lss

of (19).
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Proof of Claim 4. The newborn growth factor Υ does not enter the dynamic optimization
problem, hence, realized and anticipated shocks to it do not elicit a response in policy
functions, non-normalized transition matrices, or normalized flows: dys

t (j) = 0 and dLs
t(j) =

0 for all j, and dF̂s
t(j) = 0 for j ≥ 1.

Applying the definition of age-specific Jacobians and using the fact that dys
t (j) = 0, we

have
Jt,s(j) · d(1/Υ) = dys

t (j)
TD̂ss(j) + yss(j)

TdD̂s
t(j) = yss(j)

TdD̂s
t(j).

Hence, for t, s ≥ 1 the fake news matrix entries satisfy

Ft,s(j) = Jt,s(j)− Jt−1,s−1(j) =
1

d(1/Υ)
yss(j)

T
(
dD̂s

t(j)− dD̂s−1
t−1(j)

)
= 0,

with the last equality implied by Claim 3.
Elements in the first row of the fake news matrices are

F0,s(j) = J0,s(j) =
1

d(1/Υ)
yss(j)

TdD̂s
0(j).

Differentiating (A.7) we find dD̂s
0(j) = 0 for s ≥ 1 and, therefore, F0,s(j) = 0 for s ≥ 1.

This establishes that all non-zero elements of age-specific fake news matrices for newborn
growth shocks must be located in their first columns. To characterize these elements, iterate
(A.8) at s = 0 for t steps: the indicator term vanishes at every step (the time index runs over
{1, . . . , t} while s = 0), each step contributes a factor 1

Υss
Lss(·)T, and the resulting product

of normalized transitions (1/Υss)Lss(·) applied to yss(j) equals Et(j − t): the expectation
vectors of Definition 2 built from these normalized transitions. Hence

Ft,0(j) · d(1/Υ) = yss(j)
TdD̂0

t (j) =

{
Et(j − t)T dD̂0

0(j − t), if j ≥ t,

0, otherwise.
(A.10)

Finally, differentiating (A.7) we get

dD̂0
0(j0) =

{
0, j0 = 0,

Lss(j0 − 1)TD̂ss(j0 − 1) d(1/Υ), 1 ≤ j0 ≤ J − 1.

which, by the steady-state version of (19), is

dD̂0
0(j0) =

{
0, j0 = 0,

Υss(D̂ss(j0)− F̂ss(j0)) d(1/Υ), 1 ≤ j0 ≤ J − 1.

Substituting this expression into (A.10), we obtain

Ft,0(j) =

{
Υss · Et(j − t)T

(
D̂ss(j − t)− F̂ss(j − t)

)
, if j − t ≥ 1,

0, otherwise.
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A.4 Section 5 Proofs

We continue to work under the absence-of-dynastic-links assumption, so the non-dynastic
Theorem 1 applies and the auxiliary results of Appendix A.2 are available.

Proof of Lemma 5. Theorem 1 restricts the non-zero entries of {F(j)}J−1
j=0 to the triples

(t, s, j) with 0 ≤ j − t ≤ J − 1 − s. Algorithm 1 initializes these matrices to 0. Then,
it iterates over the shock horizon s, the age-at-shock l, and time t to fill these non-zero
entries. We verify that the algorithm assigns the correct value at every non-zero triplet
identified by Theorem 1 and that the remaining entries are left at their initialized value 0.

Initialization, t = 0. For each shock horizon s ∈ {0, . . . , J − 1} and each l ∈ {0, . . . , s}, line
6 of the algorithm sets

F0,s−l(l) ← dys−l
0 (l)TDss(l) + yss(l)

T dFs−l
0 (l).

Reindex s′ := s − l and j := l. The loop bounds 0 ≤ l ≤ s ≤ J − 1 cover precisely the
pairs (s′, j) with s′ ≤ J − 1− j, and the right-hand side equals the non-vanishing branch of
Lemma 6. For (s′, j) with s′ > J − 1− j no admissible (s, l) exists, so F0,s′(j) remains at 0,
matching the vanishing branch.

Survivor case, t ≥ 1 and j ≥ t. Inside the outer-s loop, for each l ∈ {0, . . . ,min{s, J − 2}}
(the bound l ≤ J−2, which is enforced by line 7, ensures the next age l+1 lies in {1, . . . , J−
1}, the range of Lemma 4) the algorithm sets

Ξs−l(l + 1) ← dLs−l
0 (l)T Dss(l) + Lss(l)

T dFs−l
0 (l),

matching case (i) of Lemma 4 at age l+ 1 ≥ 1, so the assigned value equals Ξs−l(l+ 1). The
inner t-loop on {1, . . . , (J − 1)− l} then sets

Ft,s−l(l + t) ← Et−1(l + 1)T Ξs−l(l + 1).

Reindex s′ := s − l and j := l + t, equivalently l = j − t and s = s′ + j − t. The update
becomes

Ft,s′(j) ← Et−1(j − t+ 1)TΞs′(j − t+ 1),

which is the t ≥ 1 case of Theorem 1. The loop bounds cover precisely the triples (t, s′, j)
with t ≥ 1, j ≥ t, and j− t ≤ J − 1− s′: given such a triple, the choice l := j− t, s := s′ + l
satisfies 0 ≤ l ≤ J − 2, l ≤ s ≤ J − 1, and 1 ≤ t ≤ (J − 1)− l, so the update is performed
once.

Remaining entries. An entry Ft,s′(j) with t ≥ 1 is reached by the inner loop only if l :=
j − t ≥ 0 and s := s′ + l ≤ J − 1. The two complementary cases are:

• j < t (equivalently l < 0): no admissible l exists, so Ft,s′(j) remains at 0, matching the
“otherwise” branch of Theorem 1 (the condition 0 ≤ j − t fails).

• j ≥ t but j − t > J − 1− s′ (equivalently s = s′ + l > J − 1): no admissible outer-loop
s exists, so Ft,s′(j) remains at 0, again matching the “otherwise” branch (the condition
j − t ≤ J − 1− s′ fails).
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The algorithm therefore produces the value of Ft,s′(j) prescribed by Theorem 1 on every
triple (t, s′, j) ∈ {0, . . . , J − 1}3.
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B Dynastic Links

This appendix relaxes Assumption 3 (absence of dynastic links, Ωs
t(j) = Ωss(j) = 0) used

throughout Sections 4 and 5 of the main text. We characterize age-specific fake news matri-
ces, present an algorithm to compute them, and provide proofs of our results without this
assumption.

With dynastic links, dying agents’ idiosyncratic states pass to entering newborns through
the steady-state death-to-birth matrix Ωss(j), and shocks to inputs propagate through
dΩs

0(j). Two results from Section 4 require generalization. First, Lemma 4, which char-
acterizes shifts in distributions right after a shock, gains a non-trivial j = 0 case. Second,
our characterization of fake news matrices in Theorem 1 acquires a third case covering co-
horts born after the announcement date 0. Both changes come from the possibility that,
even if newborns do not react to past shocks, their distribution over states may be shifted
as a result of their parents’ behavior. To express the third case of our fake news matrices we
also need a new object, the distributional shift propagator Φt,s(j), which carries the time-1
shift forward through both survival and death-rebirth.

Subsection B.1 introduces these objects and states the main result in the case with dy-
nastic links; Subsection B.2 gives their proofs. Algorithm 1 is generalized in Subsection B.3.

B.1 Fake News Matrices with Dynastic Links

The definition of the endogenous distributional shift carries over verbatim from the main
text; we restate it for convenience.

Definition 5 (Endogenous Distributional Shifts). For shock date s ≥ 0 and l ∈ {0, . . . , J −
1}, the endogenous distributional shift is

Ξs(l) := dDs
1(l)− dFs

1(l).

The next lemma generalizes Lemma 4: case (i), which involves only the survivor branch,
is unchanged; case (ii), which involves newborns, becomes a sum over shifts in inflows from
all possible parent ages that react to the shock.

Lemma 9 (Distributional Shifts With Dynastic Links). Let s ≥ 0. Then:

(i) If 1 ≤ j ≤ J − 1, then

Ξs(j) = dLs
0(j − 1)TDss(j − 1) + Lss(j − 1)TdFs

0(j − 1). (B.1)

(ii) If j = 0, then

Ξs(0) =
J−1−s∑
j0=0

(
dΩs

0(j0)
TDss(j0) + Ωss(j0)

TdFs
0(j0)

)
. (B.2)

Moreover, Ξs(j) = 0 whenever j > J − s (with 1 ≤ j ≤ J − 1).
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Ξ gives the time-1 change in the age-j distribution net of the direct response of the
exogenous age-j inflow. As in the case without dynastic links, and in Auclert et al. (2021a),
entries of fake news matrices propagate these time-1 shifts forward in time. The difference
with respect to our baseline algorithm is that now the time-1 shift Ξs(·) must be propagated
forward through both survival and death-rebirth. The next definition does this recursively.

Definition 6 (Distributional Shift Propagator). For shock date s ≥ 0 and j ∈ {0, . . . , J−1},
set

Φ0,s(j) := Ξs(j),

and for t ≥ 1,

Φt,s(j) :=


Lss(j − 1)T Φt−1,s(j − 1), 1 ≤ j ≤ J − 1,

J−1∑
r=0

Ωss(r)
T Φt−1,s(r), j = 0.

The m-th entry of Φt,s(j) is the time-(t+1) distributional shift at age j and grid point m,
propagated t periods forward from the time-1 shift Ξs(·) through the steady-state transition
matrices. Under the absence-of-dynastic-links assumption the second branch collapses to 0
and only survivor paths matter, which is why Definition 6 is not needed for the main-text
statement of Theorem 1.

We can now state the full version of Theorem 1, in which case (iii) covers cohorts born
after date 0 via the propagator. Unlike the case without dynastic links, the non-zero elements
of fake news matrices are not confined to their upper 0 ≤ t ≤ J − 1 region. Hence, as is the
case in the infinite-horizon fake news algorithm, we must define a truncation horizon N .

Theorem 2 (Structure of Age-Specific Fake News Matrices with Dynastic Links). Let t ∈
{0, . . . , N − 1} and s, j ∈ {0, . . . , J − 1}. If j − t ≤ J − 1− s, then

Ft,s(j) =


dys

0(j)
TDss(j) + yss(j)

TdFs
0(j), if t = 0,

Et−1(j − t+ 1)TΞs(j − t+ 1), if t ≥ 1 and j ≥ t,

yss(j)
TΦt−1,s(j), if t ≥ 1 and j < t,

(B.3)

and Ft,s(j) = 0 otherwise.

Cases (i) and (ii) reduce to Theorem 1 of the main text under Ωss(·) ≡ 0 (since then
Ξs(0) = 0 by Lemma 9). Case (iii) is genuinely new: it concerns agents who are born after
date 0, whose age-j distribution at time t + 1 inherits perturbations from their ancestors,
encoded in Φt−1,s(j).

Unlike the non-dynastic Theorem 1, the row index t here runs up to the truncation horizon
N −1, not just to J −1. To see why, recall that the theorem sets an entry to zero only when
the clause j − t ≤ J − 1 − s fails. In case (iii) we have j < t, hence j − t < 0 ≤ J − 1 − s,
so the clause holds for every such entry; these case (iii) entries are therefore never truncated
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and need not vanish at any t. Only the survivor entries of case (ii), which require j ≥ t and
hence t ≤ J−1, can be zeroed by the clause. The truncation horizon N is therefore the only
bound on t; the shock date s and the age j stay in {0, . . . , J − 1} because the household’s
planning horizon is only J periods.

Remark 2 (The shock date stops at J − 1). Extending the shock date to s ≥ J would only
append zero columns, which is why we index s in {0, . . . , J − 1}. To see why, fix s ≥ J . The
newborn shift then vanishes, because the sum in case (ii) of Lemma 9 runs up to J−1−s < 0
and is empty, and the survivor shifts vanish by the same lemma since j > J − s for every
j ≥ 1. With Ξs(·) ≡ 0 the propagator of Definition 6 stays at zero, as it is seeded at
Φ0,s = Ξs and advanced by a homogeneous recursion. Cases (ii) and (iii) of Theorem 2
therefore vanish, and case (i) vanishes by Lemma 3, which forces dys

0(j) = dFs
0(j) = 0 once

j > J − 1− s. Hence Ft,s(j) = 0 for all t and j whenever s ≥ J . The last column carrying
non-zero mass is s = J − 1, where the newborn sum keeps its j0 = 0 term.

B.2 Proofs

Proof of Lemma 9. The proof of (B.1) (case (i)) is identical to that in Appendix A.2 and
does not use the absence-of-dynastic-links assumption.

Case j = 0. Applying (16) at t = 1 and j = 0,

Ds
1(0) =

J−1∑
j0=0

Ωs
0(j0)

T Ds
0(j0) + Fs

1(0).

Taking the difference around steady state, substituting (A.2), and dropping O(dx2) terms,

dDs
1(0) =

J−1∑
j0=0

[
dΩs

0(j0)
T Dss(j0) + Ωss(j0)

T dFs
0(j0)

]
+ dFs

1(0).

By Lemma 3 at t = 0 and age j0, dΩs
0(j0) = 0 and dFs

0(j0) = 0 for j0 > J − 1 − s, so
the bracketed terms vanish in that range and the j0-sum truncates to {0, . . . , J − 1 − s}.
Subtracting dFs

1(0) yields (B.2).

The remaining proofs below use an auxiliary object, the path transition matrix Λ̄t,l(j):
the t-step steady-state transition matrix from age l to age j, i.e. the sum, over every path of
length t that starts at age l and ends at age j, of the products of the one-step survival and
death-rebirth transitions along the path.

Definition 7 (Path Transition Matrix). For l, j ∈ {0, . . . , J − 1}, set Λ̄0,l(j) := I if j = l
and Λ̄0,l(j) := 0 otherwise, where I is the identity matrix on the age-l idiosyncratic grid.
For t ≥ 1,

Λ̄t,l(j) :=


Lss(j − 1)TΛ̄t−1,l(j − 1), 1 ≤ j ≤ J − 1,
J−1∑
r=0

Ωss(r)
TΛ̄t−1,l(r), j = 0.
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We use two pieces of additional local notation within this subsection. First, we define

Ēt,l(j) := Λ̄t,l(j)
T yss(j).

Remark 3. Note that Et(j) = Ēt,j(j + t) for j + t ≤ J − 1, recovering the main-text E of
Definition 2.

Second, to lighten notation, we also define

Ξ̄s(j0) := dΩs
0(j0)

TDss(j0) + Ωss(j0)
TdFs

0(j0).

With this shorthand the dynastic birth shift (B.2) reads Ξs(0) =
∑J−1−s

j0=0 Ξ̄s(j0). The
proofs also use the fake-news residual Qt,s(j) of (A.3). Because its definition does not involve
the death-to-birth map, it carries over unchanged to the dynastic setting.

The following lemma records the relationship between the propagator Φt,s(j) and the
path matrix, expressing the propagator as a sum of path-transition-weighted time-1 shifts.

Lemma 10 (Propagator via path matrices). For t ≥ 0, s ∈ {0, . . . , J−1}, and 0 ≤ j ≤ J−1,

Φt,s(j) =
J−s∑
l=0

Λ̄t,l(j)Ξ
s(l). (B.4)

Proof. We proceed by induction on t.

Base case t = 0. Definition 6 gives Φ0,s(j) = Ξs(j), while Definition 7 gives Λ̄0,l(j) = I when
l = j and 0 otherwise. Hence the right-hand side of (B.4) reduces to Ξs(j) when j ≤ J − s,
and to 0 when j > J − s. In the latter range Lemma 4 also gives Ξs(j) = 0: the constraint
j > J − s together with s ≤ J − 1 forces j ≥ 2, so in particular j ̸= 0, and clause (i) of the
lemma applies.

Inductive step. Suppose (B.4) holds at t − 1. For 1 ≤ j ≤ J − 1, Definition 6 and the
inductive hypothesis give

Φt,s(j) = Lss(j − 1)TΦt−1,s(j − 1) =
J−s∑
l=0

Lss(j − 1)T Λ̄t−1,l(j − 1)Ξs(l).

The summand equals Λ̄t,l(j)Ξ
s(l) by the survival branch of Definition 7.

For j = 0, Definition 6 and the inductive hypothesis give

Φt,s(0) =
J−1∑
r=0

Ωss(r)
TΦt−1,s(r) =

J−1∑
r=0

J−s∑
l=0

Ωss(r)
T Λ̄t−1,l(r)Ξ

s(l).

Swapping the finite r- and l-sums and applying the rebirth branch of Definition 7 at j = 0,

Φt,s(0) =
J−s∑
l=0

(J−1∑
r=0

Ωss(r)
T Λ̄t−1,l(r)

)
Ξs(l) =

J−s∑
l=0

Λ̄t,l(0)Ξs(l).
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The next claim establishes the t = 0 case of Theorem 2.

Claim 5 (Initial period, t = 0). For s ≥ 0 and 0 ≤ j ≤ J − 1,

F0,s(j) =

{
dys

0(j)
TDss(j) + yss(j)

TdFs
0(j), s ≤ J − 1− j,

0, s > J − 1− j.

Proof. At t = 0 the distribution D0 is the fixed initial condition, so dDs
0(j) = dFs

0(j) for all
j by (A.2), independently of Ωss. The proof of Lemma 6 then applies verbatim: Definition 1
and (22) give the first case, and Lemma 3 at t = 0 the second.

The t ≥ 1 entries of Theorem 2 follow from a closed form for the residual Qt,s (Lemma 12),
which we establish by induction on t; the next claim supplies the base case at t = 1.

Claim 6 (Base case, t = 1). For s ≥ 0 and 0 ≤ j ≤ J − 1,

Q1,s(j) =


Ξs(j), 1 ≤ j ≤ J − 1,
J−1−s∑
j0=0

Ξ̄s(j0), j = 0.

Proof. For s ≥ 1, (A.3) gives Q1,s(j) = dDs
1(j) − dDs−1

0 (j). The fixed initial condition
D0 −F0 = Dss −Fss gives dDs−1

0 (j) = dFs−1
0 (j), and Lemma 2 (at k = 1) gives dFs−1

0 (j) =
dFs

1(j), so Q1,s(j) = dDs
1(j)− dFs

1(j) = Ξs(j) by Definition 5. For s = 0, the s = 0 branch
of (A.3) gives Q1,0(j) = dD0

1(j), and Lemma 1 at t = 1 > 0 = s gives dF0
1(j) = 0, so

Q1,0(j) = dD0
1(j)− dF0

1(j) = Ξ0(j) by Definition 5. This gives Q1,s(j) = Ξs(j) for all j; for

j = 0, (B.2) of Lemma 9 re-expresses Ξs(0) as
∑J−1−s

j0=0 Ξ̄s(j0).

The next lemma is the dynastic-links version of Lemma 7: the survivor branch (1 ≤ j ≤
J − 1) is unchanged, but the age-0 residual is no longer zero and instead aggregates the
residuals of all dying cohorts through the steady-state death-to-birth map Ωss.

Lemma 11 (Fake-news residual: recursion). For t ≥ 2 and 0 ≤ j ≤ J − 1,

Qt,s(j) =


Lss(j − 1)T Qt−1,s(j − 1), 1 ≤ j ≤ J − 1,
J−1∑
r=0

Ωss(r)
T Qt−1,s(r), j = 0.

(B.5)

Proof. We take s ≥ 1 in the two cases below; the case s = 0 is treated at the end.

Case 1 ≤ j ≤ J − 1. Applying (16) at (t, s) and (t− 1, s− 1),

Ds
t(j) = Ls

t−1(j − 1)TDs
t−1(j − 1) + Fs

t(j),

Ds−1
t−1(j) = Ls−1

t−2(j − 1)TDs−1
t−2(j − 1) + Fs−1

t−1(j).
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Linearizing around steady state,

dDs
t(j) = dLs

t−1(j − 1)TDss(j − 1) + Lss(j − 1)T dDs
t−1(j − 1) + dFs

t(j),

dDs−1
t−1(j) = dLs−1

t−2(j − 1)TDss(j − 1) + Lss(j − 1)T dDs−1
t−2(j − 1) + dFs−1

t−1(j).

By Lemma 2, dLs
t−1(j − 1) = dLs−1

t−2(j − 1) and dFs
t(j) = dFs−1

t−1(j), so subtracting the two
displays gives

Qt,s(j) = Lss(j − 1)T
[
dDs

t−1(j − 1)− dDs−1
t−2(j − 1)

]
= Lss(j − 1)T Qt−1,s(j − 1).

Case j = 0. Applying (16) at (t, s) and (t− 1, s− 1),

Ds
t(0) =

J−1∑
r=0

Ωs
t−1(r)

TDs
t−1(r) + Fs

t(0),

Ds−1
t−1(0) =

J−1∑
r=0

Ωs−1
t−2(r)TDs−1

t−2(r) + Fs−1
t−1(0).

Linearizing around steady state and subtracting yields

Qt,s(0) =
J−1∑
r=0

[(
dΩs

t−1(r)− dΩs−1
t−2(r)

)T
Dss(r)

+ Ωss(r)
T
(
dDs

t−1(r)− dDs−1
t−2(r)

)]
+ dFs

t(0)− dFs−1
t−1(0).

By Lemma 2, dΩs
t−1(r) = dΩs−1

t−2(r) and dFs
t(0) = dFs−1

t−1(0), so the dΩ and dF terms vanish,

leaving Qt,s(0) =
∑J−1

r=0 Ωss(r)
TQt−1,s(r).

Case s = 0. Here (A.3) gives Qt,0(j) = dD0
t (j). Linearizing (16) at (t, 0) and applying

Lemma 1 (at t ≥ 2 > 0) to drop dL0
t−1, dΩ0

t−1, and dF0
t leaves Qt,0(j) = Lss(j−1)TQt−1,0(j−

1) for 1 ≤ j ≤ J − 1 and Qt,0(0) =
∑J−1

r=0 Ωss(r)
TQt−1,0(r).

Remark 4 (Path matrix support). For k ≥ 0 and 0 ≤ l, j ≤ J−1, Λ̄k,l(j) = 0 unless j = l+k
or 0 ≤ j ≤ k − 1.

Proof. Induction on k. For k = 0, Λ̄0,l(j) = I if j = l and 0 otherwise; the allowed support
{l} matches (the second branch [0,−1] is empty).

For the inductive step, assume the claim at k − 1 ≥ 0. For 1 ≤ j ≤ J − 1, Definition 7
gives Λ̄k,l(j) = Lss(j − 1)TΛ̄k−1,l(j − 1), and by the inductive hypothesis Λ̄k−1,l(j − 1) is
non-zero only if j− 1 = l+ (k− 1) (i.e., j = l+ k) or 0 ≤ j− 1 ≤ k− 2 (i.e., 1 ≤ j ≤ k− 1);
in either case j ∈ {l+k}∪ [0, k−1]. For j = 0 and k ≥ 1, 0 ∈ [0, k−1], so the claim imposes
no restriction.
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The next lemma is the dynastic-links version of Lemma 8: the survivor entries (j ≥ t) are
unchanged, but the entries with j < t are no longer zero and instead collect the death-rebirth
contributions of all dying cohorts, propagated through the path transition matrix Λ̄.

Lemma 12 (Fake-news residual: closed form). For t ≥ 1, s ≥ 0, and 0 ≤ j ≤ J − 1,

Qt,s(j) =


Λ̄t−1,j−t+1(j)Ξ

s(j − t+ 1), j ≥ t,

J−1−s∑
j0=0

[
Λ̄t−1,j0+1(j)Ξ

s(j0 + 1) + Λ̄t−1,0(j) Ξ̄
s(j0)

]
, j < t,

(B.6)

where Λ̄ is from Definition 7. Moreover, Qt,s(j) = 0 whenever j − t > J − 1− s.

Proof. We proceed by induction on t.

Base case (t = 1). For j ≥ 1 = t, Claim 6 gives Q1,s(j) = Ξs(j), which matches (B.6)

since Λ̄0,j(j) = I by Definition 7. For j = 0 < t = 1, Claim 6 gives
∑J−1−s

j0=0 Ξ̄s(j0), matching

(B.6) since Λ̄0,j0+1(0) = 0 (as j0 + 1 ̸= 0) and Λ̄0,0(0) = I.

Inductive step (t ≥ 2). Assume (B.6) holds at t−1. We verify it at t by expanding Qt,s(j)
through Lemma 11 in three subcases.

Case 1 (j ≥ t). Here j−1 ≥ t−1, so by the inductive hypothesis Qt−1,s(j−1) = Λ̄t−2,j−t+1(j−
1)Ξs(j − t+ 1). Definition 7 at j ≥ 1 gives Λ̄t−1,j−t+1(j) = Lss(j − 1)TΛ̄t−2,j−t+1(j − 1), so

Qt,s(j) = Lss(j − 1)T Λ̄t−2,j−t+1(j − 1)Ξs(j − t+ 1) = Λ̄t−1,j−t+1(j)Ξ
s(j − t+ 1).

Case 2 (1 ≤ j < t). Here j − 1 < t − 1, so by the inductive hypothesis Qt−1,s(j − 1) =∑J−1−s
j0=0 [Λ̄t−2,j0+1(j−1)Ξs(j0+1)+Λ̄t−2,0(j−1) Ξ̄s(j0)]. The same recursion gives Λ̄t−1,l(j) =

Lss(j − 1)TΛ̄t−2,l(j − 1) for l ∈ {j0 + 1, 0}, so

Qt,s(j) =
J−1−s∑
j0=0

[
Λ̄t−1,j0+1(j)Ξ

s(j0 + 1) + Λ̄t−1,0(j) Ξ̄
s(j0)

]
.

Case 3 (j = 0). By Lemma 11, Qt,s(0) =
∑J−1

r=0 Ωss(r)
TQt−1,s(r). Split the sum on r at

r = t− 1 and apply the inductive hypothesis at t− 1:

• For r ≥ t−1, Qt−1,s(r) = Λ̄t−2,r−t+2(r)Ξ
s(r−t+2). Reindexing j0 := r−t+1 ∈ [0, J−t]

gives the contribution Ωss(j0 + t− 1)TΛ̄t−2,j0+1(j0 + t− 1)Ξs(j0 + 1).

• For r ≤ t− 2, Qt−1,s(r) =
∑J−1−s

j0=0 [Λ̄t−2,j0+1(r)Ξ
s(j0 + 1) + Λ̄t−2,0(r) Ξ̄

s(j0)].

We show that, for each j0 ∈ [0, J − 1 − s], the coefficient of Ξs(j0 + 1) in Qt,s(0) equals
Λ̄t−1,j0+1(0) and the coefficient of Ξ̄s(j0) equals Λ̄t−1,0(0).

We treat each j0 ∈ [0, J − 1− s] in three regimes.

Case 3.1 (j0 + t− 1 ≤ J − 1). The rebirth branch supplies
∑t−2

r=0 Ωss(r)
TΛ̄t−2,j0+1(r) and the

survivor branch adds the single term Ωss(j0 + t− 1)TΛ̄t−2,j0+1(j0 + t− 1). By Remark 4 with
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k = t − 2 and l = j0 + 1, Λ̄t−2,j0+1(r) = 0 for r ∈ [t − 1, J − 1] \ {j0 + t − 1}, so the two

contributions extend to
∑J−1

r=0 Ωss(r)
TΛ̄t−2,j0+1(r) = Λ̄t−1,j0+1(0) by Definition 7 at j = 0.

Case 3.2 (j0 + t − 1 > J − 1, j0 + 1 ≤ J − 1). The survivor reindex falls outside [0, J − 1]
and contributes nothing. Remark 4 still gives Λ̄t−2,j0+1(r) = 0 for all r ∈ [t− 1, J − 1], and

the same extension to
∑J−1

r=0 identifies the rebirth sum with Λ̄t−1,j0+1(0).

Case 3.3 (j0 = J − 1, s = 0). Here l = j0 + 1 = J lies just outside the index range of
Definition 7. Set Λ̄0,J(j) := 0 for j ∈ [0, J − 1] (the natural extension, since j ̸= J); the
survival and rebirth recursions propagate Λ̄k,J(j) = 0 to all k ≥ 0 and j ∈ [0, J−1]. Both the
rebirth sum

∑t−2
r=0 Ωss(r)

TΛ̄t−2,J(r) and Λ̄t−1,J(0) vanish identically, so the Ξ0(J) coefficients
on either side of (B.6) match (both 0) regardless of the value assigned to Ξ0(J).

For the Ξ̄s(j0) coefficient: only the rebirth branch contributes, giving
∑t−2

r=0 Ωss(r)
TΛ̄t−2,0(r) =∑J−1

r=0 Ωss(r)
TΛ̄t−2,0(r) = Λ̄t−1,0(0), using Λ̄t−2,0(r) = 0 for r ≥ t− 1 (Remark 4).

For j0 ∈ (J − 1 − s, J − t] (non-empty only when s ≥ t), the survivor reindex would
supply terms with Ξs(j0 + 1), but Ξs(j0 + 1) = 0 by Lemma 4 (since j0 + 1 > J − s), so the
closing sum truncates at j0 = J − 1− s. Hence

Qt,s(0) =
J−1−s∑
j0=0

[
Λ̄t−1,j0+1(0)Ξs(j0 + 1) + Λ̄t−1,0(0) Ξ̄s(j0)

]
,

matching (B.6) for t ≥ 2 at j = 0.

Truncation. For s ≤ J − 1, j − t > J − 1 − s requires j ≥ t (otherwise j − t ≤ −1 forces
s > J − 1), hence s > J − (j− t+ 1). Lemma 4 then gives Ξs(j− t+ 1) = 0, so the survivor
branch of (B.6) vanishes.

Proof of Theorem 2. Case 1 (t = 0). The result is Claim 5.

Case 2 (t ≥ 1). For s ≥ 1, Definition 1 and (22) give Ft,s(j) =
(
dys

t (j)−dys−1
t−1 (j)

)T
Dss(j)+

yss(j)
TQt,s(j), and the policy difference vanishes by Lemma 2 (at k = 1). For s = 0,

Definition 1 and (22) give Ft,0(j) = Jt,0(j) = dy0
t (j)

TDss(j) + yss(j)
TdD0

t (j), in which the
first term vanishes by Lemma 1 (at t ≥ 1 > 0 = s) and the second equals yss(j)

TQt,0(j) by
the s = 0 branch of (A.3). In either case, Ft,s(j) = yss(j)

TQt,s(j) for every j ∈ {0, . . . , J−1}.
For the remainder of the proof, suppose j − t ≤ J − 1 − s. Since the theorem assumes

s ∈ {0, . . . , J − 1}, the precondition of Lemma 10 is also satisfied. Combining the identity
above with Lemma 12 and the shorthand Ēt−1,l(j) = Λ̄t−1,l(j)

Tyss(j) yields

Ft,s(j) =


Ēt−1,j−t+1(j)

TΞs(j − t+ 1), j ≥ t,
J−1−s∑
j0=0

[
Ēt−1,j0+1(j)

TΞs(j0 + 1) + Ēt−1,0(j)
T Ξ̄s(j0)

]
, j < t.

(B.7)

Case 2.1 (j ≥ t). Iterating the survival branch of Definition 7 t− 1 times (each application
takes place at an age in {j − t+ 2, . . . , j}, all positive; the product is empty when t = 1),

Λ̄t−1,j−t+1(j) = Lss(j − 1)T Lss(j − 2)T · · · Lss(j − t+ 1)T Λ̄0,j−t+1(j − t+ 1).
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Since Λ̄0,j−t+1(j − t+ 1) = I, transposing both sides and multiplying by yss(j) gives

Ēt−1,j−t+1(j) = Lss(j − t+ 1)Lss(j − t+ 2) · · · Lss(j − 1)yss(j) = Et−1(j − t+ 1)

by Definition 2. The first branch of (B.7) therefore equals Et−1(j − t+ 1)TΞs(j − t+ 1).

Case 2.2 (j < t). Since Ēt−1,0(j)
T does not depend on j0, factoring it out of the second piece

and applying (B.2),

J−1−s∑
j0=0

Ēt−1,0(j)
T Ξ̄s(j0) = Ēt−1,0(j)

T
J−1−s∑
j0=0

Ξ̄s(j0) = Ēt−1,0(j)
TΞs(0).

Reindexing l := j0 + 1 in the survivor piece sends {0, . . . , J − 1 − s} onto {1, . . . , J − s}.
Adding the two contributions,

J−1−s∑
j0=0

[
Ēt−1,j0+1(j)

TΞs(j0 + 1) + Ēt−1,0(j)
T Ξ̄s(j0)

]
=

J−s∑
l=0

Ēt−1,l(j)
TΞs(l).

Substituting Ēt−1,l(j)
T = yss(j)

T Λ̄t−1,l(j) and factoring yss(j)
T out of the l-sum,

J−s∑
l=0

Ēt−1,l(j)
T Ξs(l) = yss(j)

T
J−s∑
l=0

Λ̄t−1,l(j)Ξ
s(l) = yss(j)

TΦt−1,s(j)

by Lemma 10. The second branch of (B.7) therefore equals yss(j)
T Φt−1,s(j).

Case 2.3 (truncation, j − t > J − 1 − s). If j − t > J − 1 − s, then j ≥ t (otherwise
j−t ≤ −1 ≤ J−1−s contradicts the case hypothesis), and the truncation case of Lemma 12
gives Qt,s(j) = 0, so Ft,s(j) = 0. Combined with the s > J − 1 − j branch of Claim 5 at
t = 0, the theorem follows.

B.3 Algorithm with Dynastic Links

Algorithm 1 assumes no dynastic links (Ωss(·) ≡ 0). Reinstating them takes only two
additions, and both fit inside its single outer loop. First, the newborn shift Ξs(0) is no
longer zero: by case (ii) of Lemma 9 it accumulates the shocked death-rebirth contributions
{dΩs

0(j0)}J−1−s
j0=0 , which Algorithm 2 builds up in its solver-batch loop (one call to solves

returns a batch of shocked objects for all ages l = 0, . . . , s). Second, by case (iii) of Theorem 2
the fake news matrices gain entries Ft,s(j) with j < t, obtained by propagating the time-1
shift Ξs(·) forward through the propagator Φt,s(j) of Definition 6.

Both additions fit inside one traversal of the existing outer loop, with no separate sweep
to first assemble the shifts and then propagate them, provided that the loop visits the shock
horizons starting from the largest, s = J − 1, and working down to s = 0. To see why
this order suffices, note that the seeding step Φ0,s(j) ← Ξs(j) reads the entire shift vector
Ξs(·), so we need every entry of that vector in hand by the time the loop reaches s. The
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newborn entry Ξs(0) is ready because it accumulates contributions from the solver batches
at horizons s, s+ 1, . . . , J − 1, and visiting the larger horizons first runs all of those batches
no later than iteration s. Each survivor entry Ξs(j) with 1 ≤ j ≤ J−s is ready for the same
reason, since the batch at horizon s+ j − 1 ≥ s writes it and that batch too runs before the
loop reaches s. The only entries the seeding step never receives from a batch are those with
j > J−s, and these vanish by Lemma 9, so leaving them at zero is correct. The vector Ξs(·)
is therefore complete when the loop arrives at s, ready for the death-rebirth propagation.

Up to the newborn accumulation Ξs−l(0), the solver-batch loop is a literal copy of Al-
gorithm 1; once the descending sweep completes Ξs(·), the algorithm seeds Φ0,s ← Ξs and
propagates it via Definition 6 to write the case-(iii) death-rebirth entries.

Memory. The propagator is advanced in place: computing Φt,s(·) via Definition 6 uses
only the previous time slice {Φt−1,s(j)}J−1

j=0 , so the algorithm keeps O(J) propagator vectors
resident at any instant, independent of the horizon N and the shock date s. It never materi-
alizes the full family {Φt,s(j)}t,s,j, nor the path matrices Λ̄t,l(j) of Lemma 10 through which
it could equivalently be expressed; each death-rebirth entry is read off as yss(j)

TΦt−1,s(j)
and the slice is overwritten as t advances.

Algorithm 2 is correct in the sense of the following lemma.

Lemma 13 (Algorithm correctness with dynastic links). For every t ∈ {0, . . . , N − 1},
s ∈ {0, . . . , J − 1}, and j ∈ {0, . . . , J − 1}, Algorithm 2 produces the value of Ft,s(j) given
by Theorem 2.

Proof of Lemma 13. Up to the newborn accumulation Ξs−l(0), the solver-batch loop coin-
cides with Algorithm 1; by the proof of Lemma 5 it therefore writes the t = 0 entries
(Claim 5), the survivor shifts Ξs−l(l + 1) (case (i) of Lemma 9), and the survivor entries
Ft,s(j) = Et−1(j−t+1)TΞs(j−t+1) for j ≥ t (case (ii) of Theorem 2), leaving the remaining
t = 0 and survivor entries at 0. It remains to verify the two dynastic additions.

The newborn shift Ξs(0) is complete when it is used. For each l the algorithm adds
dΩs−l

0 (l)TDss(l) + Ωss(l)
TdFs−l

0 (l) to Ξs−l(0). Writing σ := s − l, the contributions
to Ξσ(0) arrive at outer iterations s = σ, σ + 1, . . . , J − 1; since the loop visits s in
descending order, all precede or coincide with iteration σ, so by the end of that iteration
Ξσ(0) =

∑J−1−σ
j0=0

[
dΩσ

0 (j0)
TDss(j0) + Ωss(j0)

TdFσ
0 (j0)

]
, which is case (ii) of Lemma 9.

Case t ≥ 1, j < t. By the previous paragraph Ξs(·) is final when iteration s reaches the
propagation step, so the algorithm seeds Φ0,s(j) ← Ξs(j) and advances Φt−1,s → Φt,s by
the recursions of Definition 6; by induction on t its Φt,s(j) equals the value of Definition 6.
The death-rebirth line then sets Ft,s(j) ← yss(j)

TΦt−1,s(j) for j < t, which is case (iii) of
Theorem 2 by Lemma 10 (the constraint j − t ≤ J − 1 − s is automatic for j < t). Under
Ωss(·) ≡ 0 this case is vacuous and Lemma 13 reduces to Lemma 5.
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Algorithm 2 Fake news matrices with dynastic links

Input: Steady state: {vss,Lss(j),Ωss(j),yss(j),Dss(j),Fss(j)}J−1
j=0 , Xss, and time horizon

N ≥ 1

1: Pre-compute: Et(j) for 0 ≤ j ≤ J − 1 and 0 ≤ t ≤ J − 1− j via Definition 2

2: Initialize: {F(j)}J−1
j=0 ∈ RN×J with zeros and Ξs(j)← 0 for s, j = 0, . . . , J − 1

3: for s = J − 1, . . . , 0 do ▷ Shock horizon, descending

4:

{
Ls−l

0 (l), Ωs−l
0 (l),

ys−l
0 (l), Fs−l

0 (l)

}s

l=0

←


solves

(
vss(s+1), {Xss + 1j=sdx}sj=0

)
, s < J−1

solveJ−1

(
{Xss + 1j=J−1dx}J−1

j=0

)
, s = J−1

5: for l = 0, . . . , s do ▷ Age at t = 0

6: F0,s−l(l)← dys−l
0 (l)TDss(l) + yss(l)

TdFs−l
0 (l)

7: Ξs−l(0) += dΩs−l
0 (l)TDss(l) + Ωss(l)

TdFs−l
0 (l) ▷ Accumulate newborn shift

8: if l < J − 1 then

9: Ξs−l(l + 1)← dLs−l
0 (l)TDss(l) + Lss(l)

TdFs−l
0 (l)

10: for t = 1, . . . , (J − 1)− l do ▷ Survivor entries

11: Ft,s−l(l + t)← Et−1(l + 1)TΞs−l(l + 1)

12: end for

13: end if

14: end for

15: Φ0,s(j)← Ξs(j), j = 0, . . . , J − 1

16: for t = 1, . . . , N − 1 do ▷ Death-rebirth, j < t

17: for j = 0, . . . ,min{t− 1, J − 1} do
18: Ft,s(j)← yss(j)

TΦt−1,s(j)

19: end for

20: Φt,s(0)←∑J−1
r=0 Ωss(r)

TΦt−1,s(r)

21: for j = 1, . . . , J − 1 do

22: Φt,s(j)← Lss(j − 1)TΦt−1,s(j − 1)

23: end for

24: end for

25: end for

Output: Fake news matrices {F(j)}J−1
j=0 of shape N × J
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C Application Details

This appendix provides additional details on the application in Section 6. Functional forms
follow standard choices in the literature, and the calibration is based on Bardóczy, Savoia,
and Velásquez-Giraldo (2024). We begin by fixing externally calibrated parameters, then
estimate features of the income process and of household preferences to match income and
wealth patterns in the 2019 Survey of Consumer Finances (SCF), and finally calibrate the
firm and government sectors. Finally, we present the dynamic acyclic graph representation
of the model.

C.1 Functional Forms

Utility from consumption is isoelastic, u(c) = c1−ρ/(1 − ρ), where ρ is the coefficient of
relative risk aversion. Utility from bequests takes the form proposed by Carroll (2002) and
De Nardi (2004):

ϕ(a) = b
(a+ ξ)1−ρ

1− ρ .

This specification makes bequests a luxury good: they are a relatively more important
driver of saving for richer households than for poorer ones. The parameter ξ controls this
luxuriousness and b the overall intensity of the motive.

Let z denote household productivity. Log-productivity is the sum of an individual fixed
effect κ, a deterministic age profile {fj}J−1

j=0 , and an idiosyncratic shock η,

ln(zi,t) = κi + fj(i,t) + ηi,t. (C.1)

During working years, the shock follows an age-specific Markov process; at retirement, it is
fixed at its final working-age value:

ηi,t+1 ∼ Πj(i,t)(ηi,t) for j(i, t) < Jret − 1, and ηi,t+1 = ηi,t for j(i, t) ≥ Jret − 1.

C.2 Calibration

The top panel of Table C.1 lists the parameters and processes we fix externally. The steady-
state wage rate is normalized to 1.0. For income shocks, we use the persistent component
of Janssens and McCrary’s (2023) optimal discretization of the nonparametric process esti-
mated by Arellano, Blundell, and Bonhomme (2017). Arellano, Blundell, and Bonhomme
estimated the process using the Panel Study of Income Dynamics and reported it for ages
25 to 60; we extend it to age 65 by replicating the last grid and transition matrix. The
discretization has 18 states with age-varying grid values and transition probabilities.

We calibrate the remaining household-side parameters to match the life-cycle dynamics
of income and wealth in the 2019 SCF and to satisfy equilibrium conditions in steady state.

We proceed in three steps. First, we calibrate the individual fixed effects κ and age
intercepts {fj} of the income process in Equation C.1. The age intercepts come from fitting
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Table C.1: Calibration of the application model

Quantity Symbol Value

Externally calibrated
Birth age j = 0 26
Retirement age j = JRet 65
Maximum age j = J − 1 100
Real interest rate Rss 1.02
Cohort growth factor Υss 1.003
Wage rate wss 1.0
Hours hss 1.0
Capital share of production α 0.34
Survival probabilities {ψ(j)}J−1

j=0 SSA Life tablesa

Productivity shock distribution ηi,j Arellano, Blundell, and Bonhomme
(2017) and Janssens and McCrary
(2023)

Productivity age-intercepts {fj}J−1
j=0 Age polynomial in SCF 2019

Internally calibrated
Productivity FE dispersion σκ 0.62
Income tax rate τss 0.23
Relative risk aversion ρ 2.17
Discount factor β 0.92
Bequest intensity b 400.82
Bequest shifter ξ 11.48
Inheritances per capita Iss 0.29b

Capital depreciation δ 0.11

a We use cross-sectional probabilities for the year 2004.
b Compare the inheritance number to an average wealth of 7.50.
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Figure C.1: Household Model Fit of Life-Cycle Income and Wealth

a fifth-degree polynomial in age to log earnings (wage income plus social security and retire-
ment income) of SCF respondents. We assume κ ∼ N (0, σκ) and discretize this distribution
with three equiprobable points. To pin down σκ, we split SCF respondents into five-year
age bins ([26, 30], [31, 35], . . . , [91, 95]) and compute the 25th, 50th, and 75th percentiles of
earnings within each bin. We choose σκ to minimize the sum of squared differences between
these moments and their model-implied counterparts, taking η and {fj} as given.

Second, with the income process in hand, we find the steady-state tax rate τ that balances
the government budget by setting aggregate net transfers Tss to zero. This step is indepen-
dent of household decisions because the tax and pension-benefit schedules are exogenous to
the household.

Third, we estimate the preference parameters {β, ρ, b, ξ} to match the age profile of
savings in the SCF while ensuring that bequests of the dead equal inheritances of the living.
We define the wealth-to-income ratio as financial assets over income for respondents with
positive income, use the same five-year age bins as before, and target the 25th, 50th, and
75th percentiles within each bin. We search for the values of {β, ρ, b, ξ} that minimize
the weighted sum20 of squared differences between these moments and their model-implied
counterparts, where the model-implied ratio is ai,t/yi,t. For each candidate preference vector,
we solve for the per-capita inheritance Iss that satisfies

J−1∑
j=0

∫
Iss dD

(3)
j,ss(z, a−1) =

J−1∑
j=0

∫
(1− ψj) a−1 dD

(1)
j,ss(z−1, a−1)︸ ︷︷ ︸

Bss

.

This is a fixed-point problem: the right-hand side—total bequeathed wealth—depends on
the wealth distribution, which in turn depends on per-capita inheritances.

20The weights rescale the moments to a common scale by expressing them as relative deviations.
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Finally, we set the capital depreciation rate δ to the value consistent with capital demand
(10), our assumed 2% real interest rate, and the production implied by the savings and labor
supply of households in steady state (Ass = Kss and Nss = Lss).

The bottom panel of Table C.1 shows the resulting values for internally calibrated pa-
rameters. Figure C.1 shows the fit of the income and wealth to income ratio percentiles
targeted in the calibration.

C.3 DAG Representation

To solve for the transition dynamics, we evaluate the model blocks along the following
dynamic acyclic graph.

• Unknowns: {Lt, Kt, τt,Γ
guess
t }. Exogenous: {Θt,Υt}.

• Evaluate firm block {Lt, Kt,Γ
guess
t ,Θt} → {Yt, Rt, wt}.

• Solve household block {Rt, τt, wt,Υt} → {Ct, At, Nt, Tt,Γt}t≥0.

• Targets: {Tt, At −Kt, Nt − Lt,Γt − Γguess
t }.

• Verify Walras’s law: {Ct +Kt − (1− δ)Kt−1 − Yt}.
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D Life-Cycle Jacobians Cookbook

This appendix gives a detailed account of how to calculate and use life-cycle Jacobians in
practice. Our target audience is readers with a life-cycle model they can solve, and which
they would like to integrate into a simulation or policy exercise with equilibrium effects.
We want to give users concrete descriptions and visualizations of what each object in our
algorithm is and does. We use a simplified version of the household model from Section 6
without population growth, bequests, or individual productivity fixed effects. This appendix
covers only how to obtain Jacobians from a life-cycle solver, but we provide public code with
examples of how to use these Jacobians in the sequence-jacobian toolkit for equilibrium
analyses. The public code with these interactive examples and reproductions of all the results
in this appendix is available at https://github.com/Mv77/LC-SSJ_public.

Simplified demonstration model. We use a version of the household model in Section
6 with no income fixed effects (κ), no utility from bequests, no population growth (Υ = 1)
or demographic flows (Ft(a) = 0) and a much simpler productivity shock process (η). This
model is not estimated. We set ρ = 2.0, β = 0.99, τ = 0.3, R = 1.02. We use the same
income age intercepts {fj} and death probabilities {δj} as in the main text example. The
shock process for η is an AR(1) with an autocorrelation of 0.97 and a standard deviation of 0.2
in its innovations; we discretize it with 9 points. As in the main text example, productivity
becomes constant when the household retires.

Standard implementation of life-cycle models. Our starting point to apply the al-
gorithm introduced in Section 5 is a life-cycle model solved by backward induction with
aggregate variables taken as given. A partial equilibrium implementation makes no distinc-
tion between time and age: it represents the problem of a cohort that has age 0 at time 0,
age 1 at time 1, and so on. Such an implementation commonly has the following structure:

• There are age-specific grids that discretize the state space of every age {Gj}J−1
j=0 .21

• There are age-varying parameters that affect the agent’s problem, for example, an age-
profile of productivity or a sequence of tax rates. We separate the input with respect
to which we want to compute Jacobians, X, and write the sequence of age-varying
parameters as {ϑj,Xj}J−1

j=0 , where ϑ collects the rest of parameters.

• There are age-specific solvers {solvej(·)}J−1
j=0 which, given the solution of age j+1, find

the solution of age j. To lighten the notation, we incorporate the auxiliary parameters
{ϑj} into the definition of these solvers and stop writing them. The “solution” of an
age comprises its policy function y(j), value function v(j), survival transition matrix
L(j), death-to-birth transition matrix Ω(j), and flow vector F(j).

yj(j), vj(j), Lj(j), Ωj(j), Fj(j) = solvej (vj+1 (j + 1) ,Xj) .

21A reason why grids might be age-varying is that certain states might disappear after certain ages. For
example, income shocks to a household might be turned off after retirement.
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The vectors yj(j) and vj(j) are defined on grid Gj, and transition matrices Lj(j) and
Ωj(j) have dimensions |Gj| × |Gj+1| and |Gj| × |G0|, respectively.

With this implementation, we define two additional objects:

• Auxiliary functions that solve the dynamic problem up to an age j. These func-
tions, which we will denote with solve, take as input the continuation value function
vj+1 (j + 1) and parameters up to age j:

{yl(l), vl(l), Ll(l), Ωl(l), Fl(l)}jl=0 = solvej

(
vj+1 (j + 1) , {Xl}jl=0

)
.

Each function solvej chains backward applications of single-period solvers {solvel}jl=0.

• The steady-state solution is that obtained when the aggregate input is at its steady-state
value X = Xss at every age

{yss(j), vss(j), Lss(j), Ωss(j), Fss(j)}J−1
j=0 = solveJ−1

(
{Xss}J−1

j=0

)
.

Since J − 1 is the terminal age, solveJ−1 does not have a continuation value function
as input.

Instantiation of our demo model. For the demonstration model in this appendix, the
specific instantiation of these objects is the following.

• Each age-specific grid Gj contains every combination of persistent income shock η and
start-of-period savings a−1. We use 9 points for η and 51 for a−1. Hence, Gj has 459
elements for every j and we represent them as two-dimensional tensors, one dimension
for each variable.

• The parameters that are not aggregate inputs {ϑj}J−1
j=0 include preferences like ρ and β,

the age-fixed effects that trace the life-cycle profile of productivity fj, and the transition
matrix for the income shock, among others. The aggregate inputs are {Rj, τj, wj}J−1

j=0 ,
plus a pension multiplier that we use for our equilibrium demonstration in the public
code.

• The outputs of age-specific solvers are as follows

– yj(j) are vectors evaluating the idiosyncratic outcomes of interest in every point of
Gj. These outcomes include the consumption and savings of surviving households,
the bequests left by dying households, and the supplied effective units of labor
among others.

– vj(j) must be vectors with all the properties of the value function that are necessary
for the solution of the model, evaluated on every point of Gj. This particular model
can be solved with Carroll’s (2006) method of endogenous gridpoints (EGM), which
requires only the derivative of the value function with respect to assets,

∂

∂ a−1

Vj(η, a−1) = Rj · (1− δj)× [c∗a (η, a−1)]
−ρ .
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where c∗a(·) is the optimal consumption function for age a. More complex models
can require tracking more properties of the value function.22

– Lj(j) transform measures over (ηj, aj−1) to measures over (ηj+1, aj). This entails
applying survival probability (1 − δj), using the solved consumption function to
find savings, and applying the income shock transition. This could be achieved
with a 459 × 459 transition matrix. Instead, we build a more efficient represen-
tation of these matrices that exploits the fact that the income shock transition is
conditionally independent from the savings choice.

– Ωj(j) are zero-matrices because this example does not consider explicit inter-
generational links.

– F0(0) = η to represent the entry of newborns; Fj(j) = 0 for j > 0.

Practically, the age-specific solver for this model solvej (vj+1 (j + 1) ,Xj) has four steps.
First, it applies EGM to find optimal consumption on an endogenous grid that does not
match Gj. Second, it interpolates consumption onto Gj. Third, it uses on-grid consumption
to evaluate the marginal value function and any relevant outcome points needed to construct
vj(j) and yj(j). Fourth, it uses on-grid savings and the lottery/histogram method of Young
(2010), survival probabilities, and the income process to find the transition probabilities in
L(j).

D.1 Inspecting fake news matrices and Jacobians

We now depict and narrate the outputs of Algorithm 1 in the main text, and of the age- and
cohort-specific Jacobians that we use throughout the paper. For this example, we apply the
algorithm to the simplified demonstration model.

The main outputs of the algorithm are age-specific fake news matrices. Theorem 1 says
that, without dynastic links, Ft,s(j) can be different from zero only if 0 ≤ j − t ≤ J − 1− s.
This restriction isolates the agents who were alive when the shock was announced (0 ≤ j− t)
and who would still be living when the announced shock hits (j − t ≤ J − 1 − s). Figure
D.1 depicts these non-zero regions of the fake news matrices associated with various different
ages. This representation communicates why our algorithm is efficient: most of the (t, s, j)
combinations are zero, we can safely skip them, and we do.

To solve for macroeconomic equilibrium dynamics, we use aggregate Jacobians. We
obtain them using F =

∑J−1
j=0 F(j) and then Jt,s =

∑min{t,s}
k=0 Ft−k,s−k. Other sectors of the

economy interact with the household sector through these aggregate Jacobians, just like in
Auclert et al. (2021a).

After we have found the equilibrium dynamics of household block inputs, we can easily
explore the behavior of different age groups and cohorts. We start with age-specific Ja-
cobians, J (j), which we construct from age-specific fake news matrices using (23). The
dynamic response of households aged j to input shift dX is J (j) · dX. The responses are
additive; for example, the response of working-age households (like we show in Figure 2) is

22For example solution methods for discrete-continuous problems can require both the level and derivative
of the value function (see, for example, Iskhakov et al. 2017; Dobrescu and Shanker 2024)
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Notes: each panel depicts the zero and non-zero elements of F(j) for different values of j. Non-zero elements are black and
zero elements are white. The depicted matrices correspond to the response of consumption (C) to the interest factor R.

Figure D.1: Non-Zero Elements of Age-Specific Fake News Matrices Ft,s(j)(∑40
j=0 J (j)

)
· dX. The groups of households that compose these dynamic responses shift

over time—newborns enter and 65-year-olds exit the group of working-age households every
year. One might instead be interested in the responses of a fixed cohort of households over
time. Cohort Jacobians J cohort(j), defined in (33), conveniently track these responses. The
dynamic response of the cohort of households that had age j at time 0 to input shift dX
is J cohort(j) · dX. Figure D.2 compares the age and cohort Jacobians associated with the
consumption response to interest rate increases that happen at different horizons.
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a) Consumption Response to 1 p.p. increase in R, by age groups
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b) Consumption Response to 1 p.p. increase in R, by cohorts
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Notes: t denotes the time since the shock was announced and s denotes the time when the shock occurs. Responses are
normalized by steady-state aggregate consumption of the relevant age group or cohort at the given time. Panel a) shows the
dynamic responses of different age groups; a given household can move across groups as time advances. Panel b) shows the
dynamic responses of different cohorts of households; cohorts are indexed by their age at time 0. These responses are cut short
when the cohorts exit the model, as they reach age 100.

Figure D.2: Age- and Cohort-Specific Jacobians of Consumption
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