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Abstract

Despite documented heterogeneity in volatility dynamics across the option surface, standard
implied volatility forecasting models apply homogeneous parameters throughout. We introduce
a machine-learning framework that uses regression trees to partition the surface along both
moneyness and maturity dimensions, identifying data-driven regions where distinct forecasting
models perform best. Extending the Surface Heterogeneous Autoregressive (SHAR) framework of
Dufays, Jacobs, and Rombouts (2025), we develop tree-based SHAR specifications that preserve
interpretable structure while allowing model parameters to vary across the surface. Empirical
analysis using S&P 500 options demonstrates that the boosted tree-based specification achieves
the lowest out-of-sample forecast errors across all horizons, reducing one-month-ahead RMSE
by 13% versus the benchmark SHAR model. The improvements are statistically significant
and particularly pronounced during stress periods. The estimated tree presents economically
interpretable segmentation: short-dated options exhibit higher daily persistence but lower
monthly persistence than long-dated options, while deep out-of-the-money calls or puts display

distinct dynamics from near-the-money contracts.
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1 Introduction

Accurate forecasting of the implied volatility (IV) surface is crucial for practitioners, as it directly
informs option pricing, risk management decisions, and trading strategies. Recent work by Dufays,
Jacobs, and Rombouts (2025) proposes the Surface Heterogeneous Autoregressive (SHAR) model,
which effectively and efficiently captures volatility surface dynamics by exploiting persistence over
daily, weekly, and monthly horizons. However, SHAR and other existing models typically apply one
set of forecasting model parameters uniformly across all strikes and maturities. This homogeneous
specification may be restrictive given that option markets exhibit substantial heterogeneity: short-
dated, long-dated, out-of-the-money (OTM), and near-the-money (NTM) options behave very
differently in levels and in how they respond to news (see, e.g., Pan, 2002; Christoffersen, Heston,
and Jacobs, 2009). Indeed, due to violations of Black and Scholes (1973) assumptions, implied
volatilities vary systematically across strikes and maturities, forming the so-called implied volatility
surface. In the time series, S&P 500 OTM put implied volatilities tend to be much higher and more
volatile than at-the-money (ATM) or OTM call implied volatilities. Short-dated option implied
volatilities are, on average, significantly more volatile and less persistent than long-dated option
implied volatilities. When dynamics systematically vary across moneyness and maturity dimensions,
imposing homogeneous model parameters across the entire surface may limit the potential for
performance gains.

In this paper, we propose a machine learning approach to optimally partition the cross section of
S&P 500 index options in implied volatility forecasting by extending the SHAR model. Specifically,
we identify regions of the moneyness-maturity space where the SHAR model requires different
parameter sets, acknowledging that distinct option segments exhibit distinct SHAR dynamics. We
allow SHAR parameters to vary across the moneyness-maturity space, using regression trees to
identify data-driven partitions where distinct forecasting models perform best. This approach
substantially improves forecasting accuracy by adapting the model to regional heterogeneity across
the surface and leveraging these localized dynamics.

Market segmentation and variation in investor clienteles across the option surface are well-
documented in the literature. Studies have shown that option markets are segmented across

strikes and maturities, with different investor clienteles focusing on specific regions of the option



surface (Bollen and Whaley, 2004; Garleanu, Pedersen, and Poteshman, 2009; Bakshi, Madan, and
Panayotov, 2010). These clienteles—including volatility sellers focusing on short-dated options,
directional speculators trading out-of-the-money options, and institutional hedgers using near-
the-money contracts—create distinct supply and demand patterns across the surface. Buraschi
and Jiltsov (2006) show that considering different beliefs/information from heterogeneous agents
improves explaining option market dynamics. Such documented market segmentation provides
compelling motivation for our approach: allowing for localized dynamics substantially improves the
performance of implied volatility forecasting across the surface.

Our empirical approach employs the partitioning logic of regression trees of Breiman, Friedman,
Olshen, and Stone (1984, 2017) and lets the data decide where the option surface should be split,
using option characteristics as splitting variables. Concretely, we use moneyness and maturity as
splitting variables and build a tree that recursively partitions the option panel into subregions that
are more homogeneous in terms of forecasting performance. At each terminal node, we thereby
obtain a separate model estimated using only the options that fall into that region. This tree-based
local estimation scheme preserves the structure and economic interpretation of the underlying
models, while allowing their parameters to adapt flexibly across the surface. We particularly assess
whether the tree structure can improve out-of-sample forecasts of the implied volatility surface.

We apply this tree-based partitioning approach to the SHAR framework for implied volatility
surfaces, and we call this approach a tree-augmented Surface HAR model (Tree-SHAR).! Dufays,
Jacobs, and Rombouts (2025) propose a two-step approach in which each daily surface is first
fitted by a chosen option model or nonparametric method, and then the SHAR model linearly
combines past fitted surfaces to forecast future implied volatilities on the unbalanced option panel,
exploiting strong persistence over daily, weekly, and monthly horizons. We extend their setup
by allowing the SHAR coefficients to vary across the tree’s moneyness—maturity nodes. In the
resulting Tree-SHAR model, each node has its own set of HAR-type parameters, so that short-dated,
long-dated, OTM call, or OTM put options can have different implied volatility dynamics among

themselves. We repeat the analysis by further adapting advanced machine learning approaches, a

! Although we choose the SHAR. forecasting model, our tree-based methodology can be applied to other forecasting
models to capture regional differences that are not directly implied by the models.



bootstrap-aggregated ensemble of tree models following Breiman (1996) and a boosted tree model
following Friedman (2001).

Our empirical analysis using a large cross section of daily S&P 500 index option data shows
that tree-based SHAR models deliver statistically significant improvements in out-of-sample forecast
accuracy relative to the Random Walk and the baseline global SHAR model, while the Boosted
Tree-SHAR model achieves the lowest forecast errors overall. The improvements are particularly
pronounced in regions with greater cross-sectional heterogeneity: OTM calls, deep OTM puts, and
short-maturity options. The estimated tree structures reveal systematic partitioning of the implied
volatility surface by moneyness and maturity, capturing distinct dynamics across different option
segments. For example, region-specific HAR coefficient estimates show that short-term option
implied volatilities exhibit very high daily persistence, while long-term option implied volatilities
display relatively higher weekly and monthly persistence.

The tree structure remains relatively stable under similar market conditions but adjusts sub-
stantially following market shocks. For example, (deep) OTM call IVs depend more on the weekly
moving averages and are negatively associated with the monthly moving averages during bad times,
whereas they depend more on the previous-day information during good times. These different
dynamics of implied volatilities may be due to different market expectations toward upside potentials
during good and bad periods. For long-term OTM puts, implied volatilities show sizable dependence
on both past weekly and monthly information during good times, but the dependence on monthly
information disappears during bad times. Moreover, the tree algorithm tends to divide the volatility
surface into more heterogeneous dynamics in OTM calls and NTM options but more homogeneous
dynamics in a wide range of short-term OTM puts during bad times. These types of variations are
not captured by the global SHAR specification.

Our Tree-SHAR results convey the following messages: appropriately incorporating cross-
sectional option characteristics—here, via tree partitions in moneyness and maturity—helps identify
the segmentation of option markets and their heterogeneous features and systematically improves
time-series implied-volatility forecasting. Our approach is deliberately conservative: it builds on a
simple but well-understood benchmark model, preserves their economic structure, and uses the tree
only as a data-driven device to choose where separate local models should be estimated. At the

same time, the method is flexible and modular; it can be combined with alternative surface fitters,



forecasting models, or other splitting variables, and it can be implemented in real time using only

modest computational resources.

A large body of empirical literature documents heterogeneity in option markets. Dumas, Fleming,
and Whaley (1998), Constantinides, Jackwerth, and Perrakis (2009), and Fan and Mancini (2009)
show that standard option pricing models produce unstable parameters over time and systematic
pricing errors that vary with moneyness and maturity, underscoring the limitations of a single
functional form. Additional examples of inferring heterogeneous implied model parameters include
Bakshi, Cao, and Chen (1997), Hurn, Lindsay, and McClelland (2015), and Dufays, Jacobs, Liu,
and Rombouts (2023). Our paper differs from these studies in that we focus on forecasting the time
series evolution of the volatility surface rather than fitting option prices.

Our paper is most closely related to the literature on forecasting implied volatility surfaces,
particularly Dufays, Jacobs, and Rombouts (2025), who propose the SHAR forecasting model.
Recent works by Almeida, Fan, Freire, and Tang (2023) and Chen, Grith, and Lai (2025) apply
neural networks to forecast implied volatility surfaces. The key distinction of our approach is that
we allow forecasting model parameters to vary across the moneyness-maturity dimension through
data-driven surface partitions. This not only improves forecasting accuracy compared to benchmark
models but also reveals economically meaningful surface segmentation. In contrast to purely machine
learning methods, our approach leverages machine learning to capture local heterogeneity while
preserving the structural tractability of standard models.

Methodologically, our framework aligns with the literature on “tree-structured” parametric
models. Audrino and Bithlmann (2001) pioneered the use of regression trees to estimate local
GARCH parameters, and Patton and Simsek (2026) extend this approach to GAS models. Medeiros,
Vasconcelos, Veiga, and Zilberman (2021) and Goulet Coulombe (2024) demonstrate that tree-based
methods successfully identify regime-dependent dynamics in macroeconomic forecasting. While
these studies primarily exploit tree-based partitioning in the time-series dimension, Brownlees and
Souza (2025) and Oh and Patton (2026) apply similar methods to the cross-section of stocks and
mutual funds, respectively. We extend this logic to the cross section of options, using trees to
partition the moneyness-maturity space and estimate local SHAR parameters. To the best of our

knowledge, this is the first application of tree-structured parameter heterogeneity to option-implied



volatilities. Our work also relates to the broader “local estimation” literature, which allows model
parameters to vary with state variables. This literature has developed along two paths: kernel-based
localization for (quasi-) maximum likelihood estimation (Tibshirani and Hastie, 1987; Fan, Farmen,
and Gijbels, 1998; Fan, Wu, and Feng, 2009; Oh and Patton, 2024; Kim and Oh, 2025), and
tree-based localization for regression, parametric distributions, and GMM models (Breiman, 2001;
Athey, Tibshirani, and Wager, 2019; Schlosser, Hothorn, Stauffer, and Zeileis, 2019).

The remainder of the paper is organized as follows. Section 2 reviews the SHAR framework
for dynamic implied volatility surfaces and outlines the Tree-SHAR extension, together with its
bagged and boosted enhancements, emphasizing improvements in time-series forecasts. Section 3
describes the option data and filtering rules. Section 4 presents the empirical results for forecast
performance, including out-of-sample forecasts of implied volatility for benchmarks, Tree-SHAR

and its extensions. Section 5 concludes.

2 Tree-Based Surface HAR Models

This section develops tree-based extensions of the Surface HAR (SHAR) model for implied-volatility
(IV) surface forecasting. Section 2.1 introduces the baseline SHAR model, which extends the HAR
structure of Corsi (2009) to the option panel by modeling IV as a function of lagged fitted-surface
components. This specification provides an interpretable decomposition of IV dynamics into short-,
medium-, and long-run components. Section 2.2 provides empirical evidence of divergent IV dynamics
across the moneyness and maturity dimensions. This empirical observation motivates considering
heterogeneous dynamics over the volatility surface for forecasting. Section 2.3 generalizes the baseline
model by allowing the HAR dynamics to vary across the moneyness—maturity space. Specifically,
we partition the implied-volatility surface using a regression tree and estimate leaf-specific HAR,
coefficients, thereby capturing cross-sectional heterogeneity while preserving the HAR interpretation
within each region. Section 2.4 introduces a bagged Tree-SHAR model that improves stability by
averaging forecasts across bootstrap trees. Finally, Section 2.5 develops a boosted Tree-SHAR model
that constructs an additive expansion of local HAR corrections, sequentially reducing remaining

forecast errors and capturing finer nonlinearities and interactions over the option surface.



2.1 Baseline Surface HAR model

Our benchmark time-series model for the implied volatility surface is the Surface Heterogeneous
Autoregressive (SHAR) framework of Dufays, Jacobs, and Rombouts (2025). Their forecasting

setup is explicitly two-step.

Step 1: daily cross-sectional surface fit. From an initial day onward, we observe a daily
stream of implied volatility (IV) surfaces. On each day ¢, we observe N, option-implied volatilities
with option i’s characteristics z; ¢ = (m; ¢, 7;¢)’, where m;, denotes moneyness and 7;, denotes
time-to-maturity. Let IV(z;,) denote the Black-Scholes implied volatility of option i on day /.

In the first step, each day’s IV surface is fitted cross-sectionally using an arbitrary model M for

implied volatilities:
IV(z;0) = VM (2,:00) + iy, i=1,...,Ny, ¢=1,...,T, (1)

where IVM (~; @e) is the model-implied volatility surface generated by parameter vector ©, (estimated
on day ¢), and €; ¢ is an error. The model M can be a structural option pricing model (for example,
Heston’s (1993) stochastic volatility model), a parametric IV surface, or a flexible nonparametric
or machine-learning method. Equation (1) therefore delivers, for each day /¢, a fitted surface
M (Z@g; ég) evaluated on the unbalanced set of observed z; y = (m; ¢, 7 ¢)" points. In this paper,
we employ the ad-hoc Black-Scholes (AHBS) specification, which provides an easy-to-implement
but sufficiently flexible approach used by Dumas, Fleming, and Whaley (1998) and Dufays, Jacobs,
and Rombouts (2025), among others. The AHBS model approximates the IV surface using a

second-degree polynomial in moneyness and maturity:
M M M, 2 M M,_2 M
WV(zi) = By + By mie+ B mi,+ B3 Tie + By Tip + B5 MipTip + €iyp-

A widely used benchmark forecast treats the fitted surface as a random walk in shape: on day
t, estimate O, using only the day-t cross-section, and then forecast the IV surface at day t 4+ h by

evaluating the same fitted model at the future option characteristics:

—~RW ~ X
Vo 1(Zigen) = IV (2i0400:00),  i=1,..., Ny (2)



That is, IV (Zit+h; (:)t) denotes the model-implied volatility obtained by evaluating the day-t
fitted volatility surface, parameterized by (:)t, at the target moneyness and time-to-maturity point
Zit+h = (Migth, Tigtrn) for date ¢ + h. The random-walk benchmark therefore assumes that the
shape of the fitted volatility surface remains unchanged between dates ¢ and ¢+ A. This “RW” model
is computationally convenient because it only requires re-estimating the cross-sectional surface
model on a single day’s option panel.

As an alternative approach, we also consider generating the volatility surface using the parsimo-
nious Stochastic Volatility Inspired (SVI) method of Gatheral (2004). This method uses a different
functional form of IV than the AHBS method to span the implied volatility curve given maturity.
We specifically follow Beason and Schreindorfer (2022) to extend it to the volatility surface, i.e., as
a function of both moneyness and maturity. We discuss more details of the method in Appendix A.
Overall, we obtain consistent forecasting performance regardless of whether we generate the surface
following the AHBS or the SVI method.

The surface-fitting procedure in Step 1 is common to all forecasting specifications considered
in this paper. The baseline SHAR model, Tree-SHAR, Bagged Tree-SHAR, and Boosted Tree-
SHAR differ only in Step 2, which maps the history of fitted IV surfaces into forecasts of future
implied volatility. Thus, the improvements from the tree-based methods come from modifying
the second-step forecasting rule—in particular, by allowing the SHAR coefficients to vary across
the moneyness—maturity surface—while holding the first-step surface construction fixed. We now

describe this second step.

Step 2: dynamic modeling of fitted surfaces. The SHAR approach replaces the RW bench-
mark (2) with an autoregressive forecasting rule that exploits persistence in the sequence of fitted
IV surfaces. In our empirical implementation, we follow Dufays, Jacobs, and Rombouts (2025) and
adopt a heterogeneous autoregressive (HAR) specification in the spirit of Corsi (2009). For a given

forecast horizon h, define the HAR regressor vector

4 21 !

~ 1 ~ 1 ~

Xh,if = (1, VM (z;4;0-1), 5ZIVM(Z¢,4;94—h—r), EZIVM (Zz‘,e;(%—h—r)> - (3)
r=0 r=0



The first element is an intercept, while the remaining three elements are the fitted IV surface from
the previous day, the average of fitted IV surfaces over the previous week, and the average of fitted
IV surfaces over the previous month, all evaluated at the same option characteristics z; .

Using this notation, the baseline SHAR model is
IV(Z@g) :th,i,eﬂh‘i‘gh,i,éa i=1,...,Ny, £=h+22,...,T, (4)

where 3, = (6}(;)), }(Ld), }(Lw), }(Lm))' depends on the forecast horizon h but is constant across options
and days.

To estimate the SHAR coefficients at horizon h using information available at date t, we pool
observations across days £ = h + 22,...,t and across all options within each day. The pooled

ordinary least squares estimator is

t
Bh|t = arg Inln Z Z IV (Zip) xﬁme,@)Q. (5)

E h+22 i=1

Given ,@h‘t and the sequence of fitted surfaces up to date ¢, the h-step-ahead SHAR forecast for

an option with characteristics z; 41 is?

——~SHAR

t+h|t(zz t+h) = Xh,z,t+h6h|t7 (6)
where
1 4 1 21 /
Xhit+h = <1, VM (z;410;01), 5 > VM (25418 01r), 2 > VM (2i44m; 9tr)) :
r=0 r=0

Thus, the SHAR forecast is a linear combination of the daily, weekly, and monthly fitted-surface
components evaluated at the future option characteristics z; ;4.
For later use in the tree-based extensions, it is convenient to collect the observations used in the

second-step SHAR estimation into a single notation. Fix the forecast horizon h. At forecast origin

2The option characteristics and implied volatility at date ¢ + h are not observed at forecast origin t. We interpret
the forecast as conditional on a target moneyness—maturity point z; tyn = (M t4h, Ti7z+h)/. Given this point, Xp i, t+n
is computable from fitted IV surfaces estimated using information available up to date ¢t. Hence, the only unknown
quantity in the forecasting equation is the future implied volatility IV (z;+r), which is the forecast target.



t, define the available SHAR sample as

Dy = {(IV(Zi’g),Zi,g,Xhﬂ"g) ci=1,...,Ny, L =h+22,... ,t} . (7)

Each element of D; contains the implied volatility IV(z; ¢), the option characteristics z; ; = (mj ¢, 7.0)’,
and the SHAR regressor vector xp ;¢ defined in (3). This notation will be used below when
constructing Tree-SHAR, Bagged Tree-SHAR, and Boosted Tree-SHAR.

In our empirical analysis, this SHAR specification serves as the baseline time-series model for
the implied volatility surface, alongside the RW benchmark in (2). The tree-augmented version
introduced in Section 2.3 retains the SHAR structure in (4)—(6) but allows the coefficients to differ

across regions of the moneyness—maturity space.

2.2 Heterogeneous characteristics in data

Before we describe details of the tree-augmented SHAR model, we briefly discuss heterogeneous
characteristics of the implied volatility surface observed in data.

Figure 1 shows average implied volatilities by moneyness or maturity groups over time. We use
three groups where the moneyness or maturity is less than or equal to its 20th percentile, between
the 20th and 80th percentiles, and greater than or equal to the 80th percentile, on each date. Panel
A shows the IV by moneyness, and Panel B shows the IV by maturity. In Panel A, the blue solid
line intrinsically represents the average IV for OTM calls, and the black dotted line represents the
average IV for deep OTM puts. We observe that the average IV increases and is more volatile
as moneyness increases (or moves toward deeper OTM puts). In Panel B, the level of IVs across
maturity dimension remains similar, but the volatility of IVs differs significantly. Shorter-maturity
IVs (blue solid line) show a much more volatile pattern than relatively longer-maturity IVs (red
dashed and black dotted lines).

Figure 2 depicts autocorrelation functions (ACF) of implied volatilities and their first differences
up to 22 lags. Panels A and B plot the ACF of IVs by moneyness and maturity groups, where
the groups are identically defined as in Figure 1. Although the ACFs of 1Vs look similar across
different moneyness levels, they increase as maturity increases. This pattern is more pronounced as

the number of lags increases. On the other hand, daily changes in IVs in Panels C and D show a



different pattern. Although their ACFs appear similar across different maturity levels, the ACFs
vary across different moneyness levels. Specifically, OTM call IVs (blue bars) show relatively more
negative first-order and positive second-order autocorrelation coefficients, respectively, implying
that they are more likely to depend on lagged IVs.?

All of the above observations clearly indicate that the time series dynamics of IVs are het-
erogeneous across different moneyness and maturity. We now discuss how we incorporate such

heterogeneity of the volatility surface into the forecasting framework through a regression tree.

2.3 Tree-augmented SHAR model

We next extend the benchmark SHAR specification in Section 2.1 by allowing the HAR dynamics
to vary across regions of the moneyness—maturity space. The key idea is as follows: we use a
regression tree T to partition the option observations into terminal nodes (leaves), and we estimate
a separate SHAR model within each leaf. This yields a localized forecasting rule that can differ
across economically meaningful regions of the option surface, such as short-dated, long-dated, OTM,
and near-the-money options.

Let m; ¢ and 7; o denote the moneyness (underlying price divided by strike price) and time to

maturity of option i on day £. We collect these option characteristics in*

1 2
Zig = (Zz(,ﬁ)’zi(,f))/ = (mie, 7ip) € 2.

A tree T on Z induces a recursive partition

Z = R1U"'URJ(7—),

3For example, consider a variable following an AR(2) process. The higher the coefficient of the 2nd lagged term,
the bigger the negative first-order ACF of its first difference.

40ur tree-based method can accommodate many potential splitting variables, including other option characteristics
(e.g., liquidity, option Greeks) and time-series state variables (e.g., VIX, past returns). However, we focus exclusively
on moneyness and maturity because our primary objective is to characterize heterogeneity in forecasting dynamics
across the option surface itself. Extending the framework to include additional option characteristics or time-varying
state variables represents interesting directions for future research but would shift the focus away from identifying
cross-sectional surface segmentation.
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where terminal nodes (leaves) R; are mutually exclusive, and J(7) denotes the number of leaves.
Each region R; corresponds to a terminal node (leaf) and is characterized by a sequence of binary
splits of the form m < c or 7 < ¢ applied to the coordinates of z; 4.

Using the HAR regressor vector xj, ; o defined in (3), the Tree-SHAR model replaces the global

coefficient vector in (4) with a leaf-specific coefficient vector:

V(zig) = Xpi0Bhjie) + Ehits (8)

where 3}, ; collects the intercept and HAR coefficients for leaf j, and j(i,£) denotes the index of the
terminal node (leaf) to which option (i,¢) is assigned under the tree partition, i.e., the unique j
such that z; o € Rj(; ¢

For a fixed tree T, the leaf-specific coefficients are estimated by ordinary least squares within

each leaf. That is, for each leaf j,

Bh,j (T) = arg min Z (IV(ZM) - X;m',éﬁ)Q’ 9)

(’L,Z) Zi,ZeRj

and the Tree-SHAR objective is the sum of these squared residuals across leaves.

Directly solving equation (9) over all possible trees is infeasible, so we construct the tree greedily
in the spirit of Classification and Regression Trees (CART; Breiman, Friedman, Olshen, and Stone,
1984, 2017). We start from the stump tree with a single leaf, denoted by Rgo), which contains all
option-day observations in the sample D; defined in (7). The coefficient vector associated with
this initial leaf coincides with the SHAR, coefficient vector from Section 2.1. At a generic splitting
step s > 1, suppose we have a tree TG~ with J=1 leaves and associated parameter vectors
{,/3\28]_1)}37:1_ 5 For each current leaf R;S_l) and each splitting variable k € {1,2} (moneyness or

maturity), we consider splitting R;fsfl) into left and right child nodes at a candidate threshold ¢

(lz) within that leaf.® For each candidate split (j, k, c) we:

taken from a grid of z;

5The stump tree is denoted by 7 and contains a single leaf. Thus, J© = 1, and the unique leaf REO) contains

~(0 ~
all observations in D;. The coefficient vector associated with this leaf coincides with the SHAR estimator, ,B;i = Bue>
obtained from the pooled OLS estimator in (5) in Section 2.1. Since each subsequent step adds exactly one split, the
number of terminal leaves increases by one at each step; hence, before step s, the tree TG~ has JE™Y = s leaves.

SFor each splitting variable zg?, k = 1,2, candidate thresholds ¢ are chosen from the 5%, 10%, ..., 95% sample

quantiles of zf’? within the current leaf Résil). This produces 19 candidate split points for each splitting variable.
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-1 (k)

1. Partition the observations in R;S into left and right subsets according to z;,/ < cor > ¢,
discarding the split if either child contains fewer than a pre-specified minimum number of

options:

Rj('slch—{Zz GR(S v ( [ <ct,

],ch {Zl Rg‘s_l)' (k >C}

2. Re-estimate the SHAR parameters separately in the left and right child nodes by minimizing
the leaf-specific sum of squared errors (SSE) within each child node, while leaving the parameter

estimates in all other leaves unchanged at their previous values ,B\;jj/

~(s) . 2
Bh.j ke = arg min Z (IV(i,0) — x3,.08)",

BeR4
(i,0): 2 0€RY) |
"(S / 2
Bh.jke,r = A8 g&& Z (IV(2i,0) — x.:48)"

(i,0): 2 k€RS) . 1

3. Compute the resulting total loss 5(73(}2) .) implied by the candidate tree 7}(2) .» obtained by

replacing Rg-sfl) with its two children and updating the corresponding parameter vectors:
~(s) 2 2
ﬁ(ﬁfZ?C) = Z (IV<ZM) - th,z‘,é/Bh,j,k,c,L) + Z (IV(ZM) Xh i eﬁh,g k,c R)
(i.0):2:0€R) (i,0): 25,0 €RS) g

+ Z Z (IV(zi) — Xh'L@B;lSJ 1))2'

31 (i,Z):zMER;f_I)

Among all candidate splits (4, k, ¢) we select the one that produces the largest reduction in total

loss, i.e.

(Jss ks, cs) = arg min E(T( )
(G:k:)

and set 7(9) = 7 where the two child leaves use Bl(iz's,ks,cs, 1, and Bgs,ks,cs, r, and all other

Js,ks,Cs?

~(s—1
leaves keep ,3287]-, ). This procedure is repeated until the number of leaves reaches a pre-specified

optimal tree size.
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To select the optimal tree size, denoted by J;, we use the first half of the full sample and
further split it into training and validation subsamples. We consider candidate trees with at most
15 terminal leaves and impose a minimum leaf size of 10,000 option observations. Among these
candidates, we choose J; € {2,...,15} using the CART cost-complexity criterion based on IV
forecasting errors in the validation subsample, as described in Appendix B.

Given the selected tree 7 and coefficients {Bh,j (7A')}7 the h-step-ahead Tree-SHAR IV forecast
for any option with characteristics z; ;45, is obtained by assigning it to its leaf under T and applying

the corresponding local HAR coefficients,

—~Tree ~ ~
Ivt+h|t(zi,t+h) = X?z,i,t—‘rh /Bh,j(i,tJrh)(T)v (10)
which is the direct analogue of the SHAR forecast in (6), but with coefficients that adapt across the

moneyness—maturity surface.

2.4 Bagged Tree-SHAR model

The Tree-SHAR model in Section 2.3 introduces cross-sectional heterogeneity by estimating a single
tree partition and a set of leaf-specific SHAR coefficients. While this approach improves forecasting
performance and remains interpretable, a single estimated tree can be sensitive to sampling variation
in the data. To reduce this estimation noise, we construct a bootstrap-aggregated (“bagged”)
ensemble of Tree-SHAR models following Breiman (1996). The procedure is closely related to
random forests (Breiman, 2001), with one important distinction: we do not randomly subsample
the set of splitting variables at each split. Instead, every tree uses the same two splitting variables,
moneyness and maturity.

We fix the target number of terminal leaves, denoted by J;, at the value selected for Tree-SHAR
using the CART cost-complexity criterion described in Appendix B. We then construct an ensemble

of B = 100 trees as follows.

Step 1: Bootstrap resampling. For each b =1,..., B, we draw a bootstrap sample Dt[b} from

D; in (7) by sampling observations independently with replacement.” Each bootstrap observation

"We use the standard nonparametric bootstrap rather than a block bootstrap because our objective is to account
for sampling variability in tree estimation rather than serial dependence in the data.
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therefore retains the full triplet consisting of the observed implied volatility, its associated option

characteristics, and its SHAR regressor vector.

Step 2: Estimate a fixed-size Tree-SHAR on each bootstrap sample. For each bootstrap
b]

sample DE , we estimate a fixed-size tree T with J » terminal leaves and the corresponding leaf-
specific SHAR coefficients {,@Ej’]j }ﬁ , using the same greedy splitting algorithm as in Section 2.3.
For all bootstrap trees, we restrict the splitting variables to moneyness and maturity and continue
splitting until the tree reaches .J; leaves, subject to the same minimum leaf-size constraint imposed
in Tree-SHAR: each terminal leaf must contain at least 10,000 option observations. When evaluating
a candidate split, we re-estimate the SHAR coefficients only in the two candidate child nodes, while

holding the coefficient estimates in all unaffected leaves fixed at their values in the current tree

before the split.

Step 3: Bagged forecasts by averaging across trees. To forecast the implied volatility at
date t+ h for option 4, conditional on its target moneyness-maturity point z;;, each bootstrap tree
T assigns the option to a terminal leaf j%/(i,¢ + h). Given this leaf assignment, the corresponding

leaf-specific HAR coefficients yield the h-step-ahead forecast

=I[b] 0]
Vi | t(Zit+n) = Xh,z,t—i—h ﬁh,ﬂb 1(i,t+h)

The Bagged Tree-SHAR forecast is obtained by averaging these tree-specific forecasts:

—~Bag —~[b]
IViin |t (2 t+h Z IViin |t (2 t+h> (11)

This aggregation preserves the interpretability of Tree-SHAR: each component tree partitions
the moneyness—maturity surface and estimates a local HAR specification within each terminal leaf.
At the same time, averaging across bootstrap trees reduces the sensitivity of the forecast to any

single sample or tree partition.
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2.5 Boosted Tree-SHAR model

This subsection introduces a boosted version of Tree-SHAR. The construction follows the gradient
boosting framework of Friedman (2001) (see also Hastie, Tibshirani, and Friedman, 2009), which
builds an additive predictor by repeatedly fitting a tree-based model to the current fitting error
and updating the forecast in a shrunken step in that direction. In our setting, each boosting step
fits a local SHAR regression to the remaining errors, allowing the HAR coefficients to be refined
sequentially across the moneyness—maturity surface.

Boosting is useful in this setting because a single Tree-SHAR model must capture all heterogeneity
using one partition of the option surface. The IV surface, however, may contain several distinct
nonlinear patterns across moneyness and maturity. Rather than relying on one partition to capture
all such patterns, the Boosted Tree-SHAR model adds trees sequentially, with each new tree targeting
the errors left by the previous additive fit. Under squared-error loss, this procedure corresponds
to a regularized gradient-descent improvement of the forecasting function (see, e.g., Chapter 10 in
Hastie, Tibshirani, and Friedman, 2009).

Fix the forecast horizon h. Let D; be the sample available at forecast origin ¢, as defined in (7).

The initial forecast function is the baseline SHAR fit,

Fo(2i0) = X0 B>

where Bh‘t is the pooled OLS estimate from (4) using D.

For boosting iteration m = 1,..., M, we first compute the current fitting error,
ey =1V(zig) — Fui1(zig),  (i,0) € Dy

We then fit a Tree-SHAR model to these errors using the same splitting variables z; ; as in Section 2.3.

Let 7™ denote the tree fitted at iteration m, and let {Rim)}ji 1 denote its terminal leaves. The

(m)

leaf assignment for observation (i,¢) is denoted by j™ (i, £), so that z;, € m) (i.0)"
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Within each terminal leaf j, we estimate a local SHAR correction by regressing the current

fitting errors on the SHAR regressor vector:

~ 2
5;:3) = arg n%in Z (egzl) - X;L,Mé) . (12)
(i,é):zi,geRﬁ.m)

This produces the tree-based correction

~(m)
gm(Zi,e) = Xﬁ,i,e 6h,j<m) (i,6)

The boosted forecast function is updated using a learning rate v € (0, 1]:
Fn(2ig) = Fr1(2i0) + v gim(2i0) - (13)

After M boosting iterations, the Boosted Tree-SHAR forecast of implied volatility at date t + h

for option ¢, conditional on its target moneyness-maturity point z; 14, is given by

M
—~DBoost ’ -~ / ~(m)
vont(Zigen) = Far(Zigen) = X pon B + 7 D Xhgran O jom (it th)- (14)

m=1

Tree fitting within each boosting iteration follows the same greedy splitting logic as in Tree-
SHAR, except that candidate splits are evaluated using the residual-regression criterion implied by
(12). In the empirical implementation, we keep each tree component deliberately simple. We set
the number of terminal leaves equal to Jj, the value selected for Tree-SHAR using the CART cost-
complexity criterion described in Appendix B, and impose the same minimum leaf-size constraint
as in Tree-SHAR: each terminal leaf must contain at least 10,000 option observations. For the
boosting regularization, we set the learning rate to » = 0.1 and the number of boosting iterations
to M = 100, which are standard benchmark choices under squared-error loss and provide a stable
bias—variance trade-off in practice.

This boosted specification differs from a standard boosted regression tree in one important
respect. In a usual boosted tree, each terminal leaf contributes a constant fitted value. Here, each
terminal leaf contributes a local HAR regression, summarized by a vector of coefficient adjustments

3,(;2) As a result, the contribution of each boosting tree depends not only on the moneyness—maturity
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region assigned by z; ¢, but also on the SHAR regressor vector xj,; .. The model therefore preserves
the HAR interpretation within each region while allowing the HAR coefficients to vary flexibly over

the implied-volatility surface through repeated, region-specific coefficient adjustments.

3 Data

We use daily S&P 500 out-of-the-money (OTM) call and put options between January 2011 and
August 2023 obtained from OptionMetrics. Due to the large cross-sectional size of the options
data, which include less reliable data points, we use a filtered dataset, mainly following Dufays,
Jacobs, and Rombouts (2025). We keep (i) options with maturities between 20 and 240 days, (ii)
options with implied volatility above 5% and below 150%, (iii) options with moneyness (defined
as underlying price/strike) between 0.8 and 1.6, (iv) options with mid price and bid price at least
$0.50 and $0.375, respectively, and (v) options not subject to fundamental data errors, where the
bid price exceeds the offer price or where a negative price is implied by put-call parity. We further
exclude options whose volume and open interest are less than 100 contracts to ensure we include
only sufficiently liquid contracts. The final filtered dataset comprises 786,867 option contracts.
We obtain the time series of S&P 500 index prices and returns from CRSP. The risk-free rate is
proxied by the one-month Treasury bill rate obtained from CRSP as well. We download the VIX
data from Bloomberg. Following the standard implementation in the literature, options are valued

using a maturity-specific risk-free rate obtained from OptionMetrics.

4 Empirical Results

In this section, we discuss the forecasting performance of tree-based SHAR models. Section 4.1
reports the overall forecasting results and compare different models, especially between models with
global homogeneous specifications and tree-based localized models. Section 4.2 examines cross-
sectional performance variations across moneyness and maturity dimensions. Lastly, Section 4.3
illustrates the estimated tree structures on two dates representing good and bad periods. We further

discuss the leaf-specific model coefficient estimates and their economic interpretations.
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4.1 1V forecasting performance

This subsection evaluates the out-of-sample implied-volatility (IV) forecasting performance of the
baseline Surface HAR (SHAR) model and its tree-based extensions proposed in Section 2. We
assess the models’ ability to predict the future implied volatilities over horizons of h € {1,5,22}
forecasting days.

We evaluate forecasting performance over the OOS period 2018-2023 using an expanding-window
scheme. For each forecast origin ¢ in the OOS period, every model is estimated using only data
available up to date t, and the resulting estimates are used to forecast implied volatility at date
t + h. For the SHAR benchmark, this daily re-estimation updates the global HAR coefficients. For
the tree-based specifications, this daily re-estimation updates both the tree partition structure—
including splitting thresholds and leaf assignments—and the leaf-specific HAR coefficients. Thus,
the Tree-SHAR, Bagged-SHAR, and Boosted-SHAR forecasts are generated from tree structures
and coefficient estimates that are re-optimized at each OOS forecast origin.

We compare the proposed machine-learning specifications against three benchmarks:
1. Random Walk (RW): Assumes the future surface equals the current fitted surface.

2. SHAR: The baseline model of Dufays, Jacobs, and Rombouts (2025) with a single set of

HAR coeflicients for the entire surface.

3. SHAR with 3x3 Grids: An ad-hoc local model that partitions the moneyness—maturity
space into nine fixed rectangular bins and estimates separate HAR coefficients within each
bin. The bins are constructed by dividing each dimension into three empirical terciles: the
moneyness cutoffs are the 1/3 and 2/3 sample quantiles of all observed moneyness values, and
the maturity cutoffs are the 1/3 and 2/3 sample quantiles of all observed maturities. This
produces 3x3 = 9 fixed regions and serves as a control to distinguish the benefits of any

localization from the benefits of data-driven partitioning.

The complexity of the tree models is determined via the cost-complexity pruning described in
Appendix B. The algorithm selects parsimonious structures, J; = 6 leaves for the one-day horizon,
Jz = 8 leaves for the five-day horizon, and increasing to J3, = 11 leaves for the one-month horizon

(h = 22).
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Table 1 reports the OOS Root Mean Squared Error (RMSE) in percentage points, revealing a
strict hierarchy of model performance that holds across all forecast horizons. First, incorporating
local heterogeneity is uniformly superior to global modeling. At the one-day horizon (h = 1),
SHAR and Random Walk models produce aggregate RMSEs of roughly 2.17. Introducing the
fixed 3x3 partition reduces this to 2.119. However, the data-driven Tree-SHAR significantly
outperforms the fixed grid, lowering the RMSE to 1.985. This suggests that the optimal boundaries
for volatility dynamics do not align with arbitrary moneyness—maturity cutoffs but are better
identified algorithmically. Second, ensemble learning delivers substantial incremental gains. Bagging
the Tree-SHAR (Bagged-SHAR) reduces the RMSE to 1.965, while gradient boosting (Boosted-
SHAR) achieves the lowest error of 1.852. The superiority of boosting is consistent with its ability
to sequentially correct biases in the surface fit, rather than simply reducing variance through
averaging. The economic magnitude of these improvements increases with the forecast horizon. At
the one-month horizon (h = 22), the SHAR model yields an RMSE of 5.910. The Tree-SHAR and
Boosted-SHAR  specifications reduce this value to 5.323 and 5.124, respectively. The Boosted-SHAR
result represents a reduction in forecast error of approximately 13% relative to the global SHAR
benchmark and over 18% relative to the Random Walk (RMSE 6.248).

The year-by-year decomposition in Table 1 further highlights the robustness of the tree-based
methods during the extreme volatility period of 2020 (the onset of the COVID-19 pandemic).
In 2020, all models experience elevated errors. However, the adaptability of the tree partitions
proves crucial. For the 22-day horizon, the SHAR model suffers an RMSE of 12.177 in 2020. The
Tree-SHAR and Boosted-SHAR models mitigate this error to 11.091 and 10.745, respectively. These
outcomes indicate that when the implied volatility surface becomes steep and distorted during crises,
the ability to isolate specific surface regions (such as deep OTM or short-term options) allows for
more accurate dynamic modeling than a rigid global specification. The same argument holds for

shorter-horizon forecasts (h = 1 or 5).8

8For h = 1 or 5, we observe that the RMSEs of the SHAR and ad-hoc 3 x 3 SHAR models in 2020 are slightly
larger than those of the Random Walk. In contrast, tree-based SHAR models all outperform the Random Walk in
2020 regardless of the forecasting horizon. Furthermore, the performance difference of the ad-hoc 3 x 3 SHAR model
suggests that our tree-based models’ improvements are not simply due to partitioning the surface but due to assigning
an optimal partition. Lastly, Dufays, Jacobs, and Rombouts (2025) also examine the SHAR model’s behavior in
2020 and demonstrate that its performance can be enhanced through their Robust-SHAR extension, which effectively
addresses the influence of volatility surface outliers.
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Table 2 formalizes these comparisons using Diebold-Mariano (DM; Diebold and Mariano, 1995)
tests and the Model Confidence Set (MCS; Hansen, Lunde, and Nason, 2011) confirming that the
observed reductions in error are statistically significant. The DM statistics (comparing row vs.
column) are positive and large across the board, rejecting the null hypothesis of equal predictive
accuracy in favor of the more sophisticated models. For example, at h = 22, the test statistic
comparing SHAR against Boosted-SHAR is 92.48, providing overwhelming evidence against the
global model. Furthermore, the tests confirm that the gains from machine learning are statistically
distinct: Boosting outperforms Bagging (statistic 45.98), and Bagging outperforms the single Tree
(statistic 30.13). Finally, the Model Confidence Set results (last column of Table 2) are definitive.
For every forecast horizon (h = 1,5, 22), the Boosted-SHAR model is the only model retained in the
confidence set at the 95% level. All other specifications—including the single Tree-SHAR and the
Bagged-SHAR—are eliminated. This confirms that the stagewise additive expansion provided by
gradient boosting captures complex nonlinearities in the evolution of the implied volatility surface
that other methods miss.

In summary, the empirical evidence demonstrates that allowing HAR dynamics to vary across
algorithmically selected regions of the moneyness—maturity space systematically improves forecasting
accuracy.” The data-driven partitions outperform ad-hoc grids, and gradient boosting provides the
most effective method for aggregating these local dynamics.

Panel A of Figure 3 provides a time series perspective on these forecast gains by plotting the
daily out-of-sample RMSEs of the SHAR and Tree-SHAR models for the one-day horizon. The
figure shows that the Tree-SHAR error series is almost uniformly below the SHAR error series
throughout the evaluation period. This pattern indicates that the improvement from tree-based
localization is not driven by a small number of isolated dates, but instead reflects a persistent
reduction in forecast errors over time. The gains are visible both during relatively calm periods
and during episodes of market stress, suggesting that the tree partition improves forecast accuracy

systematically rather than only in crisis periods.

9When using the SVI method to generate the volatility surface as an alternative, we obtain highly consistent results
and implications, as shown in Tables A.2 and A.3. The forecasting error sizes and patterns remain comparable to
those obtained with the AHBS method. One exception is the five-day horizon forecast in 2020, where the Random
Walk performs better than the Boosted-SHAR.
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The advantage of Tree-SHAR is especially pronounced on days with large forecasting errors.
Whenever daily RMSEs spike, the Tree-SHAR model typically produces a smaller error than the
baseline SHAR model. This suggests that the tree partition is particularly valuable when the
implied-volatility surface is harder to forecast, because it allows different regions of the surface to
respond through region-specific HAR coefficients. In other words, during periods when a global
SHAR specification generates large errors, the localized SHAR coefficients help mitigate those errors
by adapting the forecasting dynamics across the moneyness—maturity surface.

Panels B and C of Figure 3 show that the same pattern holds across longer forecast horizons.
For h = 5 and h = 22, the Tree-SHAR RMSE series remains generally below the SHAR series,
and the gap is again most visible around dates with large forecast errors. Thus, the benefits of
tree-based localization are not confined to one-day-ahead forecasting. They also appear at weekly
and monthly horizons, where the implied-volatility surface is more difficult to predict and where
regional differences in HAR dynamics become especially important.

Although Figure 3 reports only SHAR and Tree-SHAR for visual clarity, the aggregate results in
Table 1 show that the ensemble extensions further improve on the single-tree specification. Bagged
Tree-SHAR reduces the sensitivity of forecasts to any single tree partition, while Boosted Tree-SHAR,
sequentially corrects remaining forecast errors. Therefore, the figures should be interpreted as
conservative illustrations of the gains from machine-learning-based localization: even the single
Tree-SHAR model already dominates the global SHAR benchmark over time, and the bagged and

boosted versions deliver additional reductions in forecast error.

4.2 Cross-sectional variations in IV forecasting performance

To further investigate the sources of forecasting improvements, we examine how the tree-based
models perform across different regions of the moneyness-maturity space. Tables 3 and 4 decompose
out-of-sample forecasting errors for the one-day horizon across moneyness and maturity buckets,
respectively. At each point in time, we partition the sample into three groups based on the 20th
and 80th percentiles of the respective dimension. This cross-sectional analysis reveals economically
meaningful patterns that help explain why localized SHAR dynamics deliver superior forecasting

performance.
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In the moneyness dimension (Table 3), the benefits of tree-based localization are most pronounced
at the extremes of the moneyness distribution. For OTM calls (Moneyness < ¢o9) and deep OTM
puts (Moneyness > g¢gp), Boosted-SHAR consistently outperforms all competing specifications
across all years. Tree-SHAR also dominates the Random Walk, SHAR, and SHAR with 3 x 3
grids benchmarks in these regions. These OTM options are particularly challenging to forecast
using globally homogeneous models, as they exhibit distinct volatility dynamics driven by tail-risk
concerns, crash premia, or jackpot expectations that differ fundamentally from NTM options. The
localized HAR coefficients estimated by tree-based methods successfully capture these region-specific
patterns, leading to substantial forecast improvements.

For NTM options and slightly OTM puts (g20 < Moneyness < ggo), Boosted-SHAR continues to
perform best in most years, with exceptions in 2020 and 2022. During the 2020 market stress period,
the Random Walk assumption actually produces better short-horizon forecasting accuracy for NTM
IVs compared to dynamic forecasting models. This pattern suggests that when the volatility surface
undergoes rapid and dramatic shifts, high persistence dominates over dynamic patterns for NTM
options. Importantly, the differences among model specifications in this moneyness bucket are
substantially smaller than in the extreme moneyness regions, indicating that the Random Walk
already performs reasonably well for NTM options. Nevertheless, the overall performance still
improves when we apply tree-based SHAR approaches, particularly at longer horizons (see Tables A.4
and A.6 in Appendix). The outperformance of the Random Walk specification in the NTM bucket
during 2020 remains confined to 5-day horizon forecasting, while it underperforms tree-based models
in 22-day horizon forecasting. This result implies that during highly volatile periods, the very high
persistence of NTM 1Vs is well-captured by the Random Walk over short horizons; the economic
implication embedded in the HAR structure becomes valuable as the forecast horizon extends.

The largest improvements occur at the tails of the moneyness distribution when we employ
Boosted-SHAR. Under the Random Walk or global SHAR specifications, OTM call and deep OTM
put I'Vs exhibit substantially larger forecasting errors than NTM options. However, this pattern
reverses when we use Boosted-SHAR. Specifically, the improvements of Boosted-SHAR . relative
to the global SHAR benchmark are approximately 30% and 26% for OTM calls and deep OTM
puts, respectively, while the improvement in the NTM region is only about 2%. This stark contrast

confirms that allowing for heterogeneous volatility dynamics across the moneyness dimension is
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particularly valuable in regions where global models struggle and where the tree algorithm identifies
the need for separate local specifications.

In the maturity dimension (Table 4), we observe a different pattern. Overall, IV forecast
errors are larger for shorter-maturity options regardless of the forecasting approach. This baseline
observation reflects the higher volatility of volatility for near-term contracts. Nevertheless, Boosted-
SHAR performs best across all maturity buckets and all years for one-day horizon forecasts. The
same pattern persists at longer horizons (h = 5 and 22), with only a few isolated cases where
Bagged-SHAR achieves marginally better performance than Boosted-SHAR (see Tables A.5 and
A.T).

Taken together, the cross-sectional results demonstrate that the tree-based partitioning suc-
cessfully identifies economically meaningful regions of the implied volatility surface where distinct
forecasting dynamics prevail. The localized SHAR parameters adapt to the unique persistence and
mean-reversion characteristics of different option segments, thereby improving forecast accuracy

most substantially in deep OTM and short-maturity regions.

4.3 Heterogeneity of the volatility surface

To understand how the tree-based approaches achieve their forecasting improvements, we examine
Tree-SHAR’s estimated surface partitions and the corresponding local HAR dynamics by focusing on
one-day forecast horizon.!? Figures 4 and 5 illustrate representative Tree-SHAR partitions estimated
for two contrasting dates: January 4, 2018 (a calm market) and March 17, 2020 (a stressed market).
Table 5 reports the estimated HAR coefficients for both the global SHAR model and the leaf-specific
parameters from Tree-SHAR on these dates. These data-driven partitions, by and large, align
with the regions where we observed the noticeable forecast improvements in Tables 3 and 4. This
alignment confirms that the tree algorithm identifies economically meaningful surface segments
where a localized model outperforms global specifications.

In Figure 4, Panel A shows the tree structure containing six terminal leaves, and Panel B maps
these leaves onto the moneyness-maturity space, during a stable market state. The tree algorithm

first isolates deep OTM calls (Leaf 1: Moneyness < 0.96), which constitute 10% of observations.

10We analyze Tree-SHAR rather than Boosted-SHAR because it is difficult to specify a single tree structure and a
single set of parameters in Boosted-SHAR.
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This region experiences distinct volatility dynamics, as evidenced by the substantially different HAR,
coeflicients in Table 5. While the global SHAR model estimates a daily persistence coefficient of 0.909,
Leaf 1 exhibits a notably lower daily coefficient of 0.744 and a negative monthly component of -0.096.
In other words, deep OTM call IVs respond relatively less to yesterday’s level and exhibit faster
mean reversion than the surface average implied in the SHAR model. Deep OTM call options during
good times are likely to be held by speculators seeking leveraged directional exposure. Although our
tree structure does not particularly divide between short- and long-term OTM calls, Eaton, Green,
Roseman, and Wu (2026) show that retail investors exhibit strong lottery-like preferences (e.g.,
OTM calls) and concentrate on trading short-term options. If IVs in Leaf 1 are primarily driven by
such trading activities, we conjecture that option prices rapidly incorporate new information that is
not captured by historical IVs and do not simply inherit yesterday’s level, hence relatively lower
daily coefficient, BA,(Zd:)l.

The tree then partitions the remaining surface along maturity and moneyness dimensions,
creating economically interpretable regions that correspond to different investor clienteles and
hedging demands. Leaf 6 (Moneyness > 0.96, Maturity > 140 days) captures the broad region
of long-maturity options spanning NTM to deep OTM puts, representing the segment where
institutional investors typically seek longer-term portfolio protection and hedging exposure. This
region displays distinctive dynamics in Table 5. The daily persistence coefficient is only 0.412, but
weekly and monthly coefficients are 0.442 and 0.279. In comparison, other leaves containing shorter-
maturity options show much higher daily persistence and lower weekly or monthly persistence. This
structure indicates that while these long-dated options do not simply inherit yesterday’s volatility
level, they exhibit substantial persistence at weekly and monthly horizons, consistent with the
observation in Figure 2. A potential interpretation is that long-term hedging demand responds to
persistent shifts in risks and macroeconomic uncertainty that evolve gradually over time, rather
than reacting primarily to daily market fluctuations.

The shorter-maturity segment (Maturity < 39 days) is further partitioned by moneyness into
Leaves 2, 3, and 4. Leaves 2 and 3, which cover NTM and slightly OTM puts, exhibit very high
daily persistence with coefficients of 0.907 and 0.996, respectively. Leaf 4 captures short-dated deep
OTM puts and shows an even higher daily persistence coefficient of 1.010. These short-maturity

regions account for substantial trading volume from both hedgers and market makers, and their
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IVs track relatively more recent market conditions closely. The uniformly high daily persistence
of IV across short-term options suggests that these IVs are strongly anchored to yesterday’s level,
consistent with short-horizon market expectations that evolve smoothly day-to-day.!!

Figure 5 shows how the tree partition adapts dramatically during the 2020 COVID-19 crisis
period. While the tree still produces six leaves, the splitting thresholds and structure differ markedly
from the good period. The tree algorithm now isolates deep OTM calls at a higher moneyness
threshold (Moneyness < 0.92 for Leaf 1, compared to 0.96 in Figure 4), creating a more extreme
partition. The moneyness cutoffs for other leaves shift leftward overall, implying more heterogeneous
dynamics in OTM calls and NTM options but more homogeneous dynamics in a wide range of
short-term OTM puts. In fact, the finer partitions in OTM put regions during good times align with
empirical observations that investors are more fearful of negative market shocks during good periods,
differentiating among various tail-risk scenarios and embedding more heterogeneous information in
OTM puts (see, e.g., Kim, 2025; Schreindorfer and Sichert, 2025). Conversely, during bad times, the
coarser short-term OTM put partitions suggest that investors respond more uniformly to crash-risk
concerns.

The estimated HAR coefficients in Table 5 for March 17, 2020 present even more pronounced
heterogeneity than the good period. The global SHAR model now estimates substantially lower
daily persistence (0.843 versus 0.909 in 2018) and a sizable positive weekly coefficient (0.191 versus
-0.012 in 2018), reflecting the general increase in the importance of weekly dynamics during the
crisis. However, this global pattern masks extreme variation across the surface.

Leaf 1, which captures deep OTM calls, now displays radically different dynamics compared to
the deep OTM calls segment during good times (Leaf 1 in Figure 4). The daily persistence coefficient
is only 0.277, but a weekly coefficient is 0.892, and a monthly coefficient is largely negative, -0.831.
This structure implies that during extreme stress, such speculative call options’ IVs depend far
more on the weekly moving average of recent surfaces than on yesterday’s observation alone. The
highly negative monthly coefficient suggests sharp mean reversion from any sustained elevation of
volatilities. We conjecture that this pattern aligns with a market where speculative demand for
lottery-like upside exposure persists for some days but not a long period of time, along with market

expectations that a crisis may persist for some period.

Umplied volatilities represent forward-looking short-horizon market expectations of volatility.
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Similarly, Leaf 6 (long-maturity OTM puts and NTM options) shows a daily coefficient of only
0.532 but a weekly coefficient of 0.635 during the crisis, again emphasizing the shift away from daily
toward weekly persistence. However, its monthly persistence disappears in contrast to the sizable
monthly persistence observed for long-term OTM put IVs during good times (-0.008 versus 0.279 in
2018). On the other hand, Leaf 4 (short-maturity OTM puts) maintains very high daily persistence
of 0.939 even during the crisis, implying high persistence of short-horizon expectation of crash
risk. All in all, this heterogeneity explains why the tree-based approach substantially outperforms
global models during stressed periods: no single set of HAR coefficients can adequately describe the
divergent dynamics across the surface when market conditions fracture the usual relationships.

Across our OOS evaluation period, we find that the tree structure remains relatively stable
under similar market conditions but adjusts noticeably following major market shocks or volatility
regime shifts. This combination of persistence in tree structure (reducing estimation noise over
time) and adaptability when needed (capturing evolution of market segmentation) contributes to
the tree-based models’ robust OOS forecasting performance. The localized HAR specifications
effectively allow short-term options, long-term options, and deep OTM calls and puts to exhibit
distinct dynamics reflecting their specialized clienteles. A single global set of coefficients cannot
accommodate such adjustments, but the data consistently identify these adjustments as improving

forecast accuracy across the surface.

5 Conclusion

Standard implied volatility forecasting models typically impose homogeneous dynamics across the
entire option surface. While this assumption is convenient, it overlooks the substantial heterogeneity
in volatility dynamics across moneyness and maturity. In this paper, we propose a machine-learning
approach that uses regression trees to identify data-driven regions of the moneyness—maturity space
and estimate local forecasting dynamics within each region. Building on the SHAR framework, our
Tree-SHAR model preserves the interpretability of HAR-type implied volatility dynamics while
allowing the coefficients to vary across economically meaningful regions of the option surface.
Using daily S&P 500 index options, we show that incorporating cross-sectional heterogeneity

substantially improves out-of-sample implied volatility forecasts. Tree-SHAR outperforms the global
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SHAR benchmark and the Random Walk benchmark across forecast horizons. It also improves on
an ad-hoc 3 x 3 grid specification, indicating that the gains are not simply due to local estimation,
but rather to the data-driven selection of moneyness—maturity partitions. The ensemble extensions
further strengthen these results. Bagged Tree-SHAR reduces the sensitivity of forecasts to any
single estimated partition, while Boosted Tree-SHAR delivers the lowest forecast errors overall by
sequentially correcting remaining prediction errors. These gains are statistically significant and are
observed under a daily expanding-window forecasting exercise in which both the tree structures and
the local coefficients are re-estimated at each out-of-sample forecast origin.

The forecasting improvements are economically informative. The gains from tree-based localiza-
tion are especially large in regions where global models perform poorly, such as OTM calls, deep
OTM puts, and short-maturity options. They are also pronounced during periods with large forecast
errors, including the COVID-19 stress period, but remain visible during calmer market conditions.
The estimated tree partitions and leaf-specific coefficient estimates show that different regions of
the option surface display distinct persistence patterns. Short-dated options tend to place more
weight on recent fitted surfaces, whereas longer-dated options exhibit stronger weekly and monthly
components. These findings suggest that the implied-volatility surface is governed by heterogeneous
dynamic behavior that cannot be adequately captured by a single global set of coefficients.

Overall, the results highlight the value of combining interpretable financial forecasting models
with machine-learning-based localization. Regression trees provide a flexible but transparent way to
determine where local models should be estimated, while the SHAR structure maintains a clear
economic interpretation of daily, weekly, and monthly volatility persistence. One natural extension
is to enrich the cross-sectional splitting variables used to partition the option surface. Beyond
moneyness and maturity, additional option-level characteristics such as option Greeks, trading
volume, open interest, or bid—ask spreads may help identify more refined forms of heterogeneity
across the option panel. A second direction is to extend the tree-based approach from the cross-
sectional dimension to the time-series dimension. For example, one could use market-wide state
variables such as the VIX, past returns, realized volatility, or other measures of financial conditions
to determine when forecasting dynamics change over time. This would connect our framework to
the broader literature on tree-structured time-series models, which uses observed state variables

to identify regimes with distinct dynamic parameters (Audrino and Bithlmann, 2001; Patton and
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Simsek, 2026). Combining cross-sectional option characteristics with time-series state variables
may provide a richer framework for modeling how implied-volatility dynamics vary both across the

option surface and across market conditions.
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6 Figures and Tables
Figure 1: Implied Volatilities by Moneyness and Maturity in Data
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Notes: This figure depicts the average implied volatilities (IV) by moneyness and maturity groups over time from
January 2018 to August 2023. On each date, three groups are classified such that the moneyness or maturity is less
than or equal to its 20th percentile (blue solid line), between the 20th and 80th percentiles (red dashed line), and
greater than or equal to the 80th percentile (black dotted line). Panel A shows IV by moneyness and Panel B shows

IV by maturity. All IVs are expressed in percentage points.
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Figure 2: Autocorrelation Function of Implied Volatilities
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Notes: This figure depicts the autocorrelation functions (ACF) of implied volatilities (IVs) and their first differences
up to 22 lags. Sample ACF's are computed using the average IVs within three groups classified such that the
moneyness or maturity is less than or equal to its 20th percentile (blue bar), between the 20th and 80th percentiles
(green bar), and greater than or equal to the 80th percentile (orange bar). Panels A and B plot the ACF of IVs by
moneyness and maturity groups. Panels C and D plot the ACF of daily changes (first differences) in IVs. The red
dashed lines represent the 95% confidence intervals.
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Figure 3: Daily Out-of-Sample RMSEs for SHAR and Tree-SHAR Across Forecast Horizons
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Notes: This figure plots the daily out-of-sample RMSEs of implied-volatility forecasts for the SHAR and Tree-SHAR
models across forecast horizons h = 1, 5, and 22. Panel A reports the one-day-ahead horizon, Panel B reports the
five-day-ahead horizon, and Panel C reports the 22-day-ahead horizon. The blue solid line reports the daily RMSE of
the baseline SHAR model, while the red dashed line reports the daily RMSE of the Tree-SHAR model. Daily RMSEs
are computed across all options observed on each forecast target date and are expressed in percentage points of
implied volatility. 31



Figure 4: Estimated Tree-SHAR Partition on January 4, 2018: h =1
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Notes: This figure illustrates the estimated Tree-SHAR partition for the one-day-ahead forecast horizon on January 4,
2018, using AHBS-fitted implied-volatility surfaces. Panel A reports the estimated regression tree. Each internal node
shows the selected splitting variable and threshold, while each terminal leaf reports the number of option observations
assigned to that leaf and the corresponding sum of squared errors (SSE). Panel B maps the same terminal leaves into
the moneyness—maturity space. The figure shows how the Tree-SHAR algorithm partitions the option surface into
economically interpretable regions and estimates separate local HAR coefficients within each region.
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Figure 5: Estimated Tree-SHAR Partition on March 17, 2020: h =1
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Notes: This figure illustrates the estimated Tree-SHAR partition for the one-day-ahead forecast horizon on March 17,
2020, using AHBS-fitted implied-volatility surfaces. Panel A reports the estimated regression tree. Each internal node
shows the selected splitting variable and threshold, while each terminal leaf reports the number of option observations
assigned to that leaf and the corresponding sum of squared errors (SSE). Panel B maps the same terminal leaves into
the moneyness—maturity space. Compared with Figure 4, the partition highlights how the tree structure adapts
during the COVID-19 stress period by isolating more extreme regions (Leaf 1: deep OTM calls) of the

moneyness—maturity surface.
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Table 1: Out-of-Sample Implied Volatility Forecasting Performance (RMSE in %)

2018 2019 2020 2021 2022 2023 Sum

h=1
Random Walk 2.206 1.521 3.530  2.045 1.792 1.442 2.173
SHAR 2.186 1.514  3.563  2.029 1.786 1.443 2.173
SHAR with 3x3 grids 2.108 1.404  3.565 1.912 1.758 1.358 2.119
Tree-SHAR (6 leaves) 1.909 1.260  3.480 1.691 1.650 1.220 1.985

Bagged-SHAR (6 leaves) 1.897 1.245  3.457  1.673 1.617 1.193  1.965
Boosted-SHAR (6 leaves) 1.767 1.112 3.393 1.511 1.490 0.985 1.852

h=5
Random Walk 3.522 2293 6.380 2.855 2936 1.987 3.571
SHAR 3.448 2214  6.534  2.803 2.874 2.000 3.577
SHAR with 3x3 grids 3.337  2.035 6.459 2670 2881 1.885 3.496
Tree-SHAR (8 leaves) 3.071 1.884 6.316 2485 2.729 1.774 3.343

Bagged-SHAR (8 leaves) 3.061 1.866 6.294 2470 2.706 1.740 3.325
Boosted-SHAR (8 leaves) 2912 1.716 6.283 2.346 2.617 1.656 3.250

h =22
Random Walk 5.013 3.500 12,781 3.512 4.986 2.763 6.248
SHAR 4.646 3.174 12177 3.512 4455 2.922  5.910
SHAR with 3x3 grids 4.372 2.781 11.555 3.215 4.573 2.570 5.615
Tree-SHAR (11 leaves) 4.006 2.443 11.091 2.956 4.303 2.496 5.323

Bagged-SHAR (11 leaves)  3.987 2.404 11.036 2.899 4.253 2.441 5.284
Boosted-SHAR (11 leaves) 3.792 2.253 10.745 2.813 4.135 2.362 5.124

Notes: This table reports the out-of-sample Root Mean Squared Error (RMSE) in % of implied volatility forecasts for
the Random Walk, SHAR, SHAR with 3 x 3 grids, Tree-SHAR, Bagged—-SHAR, and Boosted-SHAR models. The
forecasting performance is evaluated across three different horizons (1 day, 5 days, and 22 days) and decomposed by
year to identify the specific periods where improvements occurred. Boldface values represent the lowest RMSEs
among the six forecasting models.
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Table 2: Pairwise Diebold-Mariano Test Statistics and Model Confidence Set (MCS) for SHAR

RW SHAR SHAR  Tree- Bagged- Boosting- MCS
(3x3) SHAR SHAR SHAR

h=1
Random Walk -0.65 36.85  60.41 68.82 87.56
SHAR 0.65 43.67  63.32 72.20 91.80
SHAR with 3x3 grids -36.85  -43.67 45.52 53.99 80.76
Tree-SHAR, (6 leaves) -60.41  -63.32 -45.52 33.42 61.81
Bagged-SHAR (6 leaves) -68.82  -72.20 -53.99 -33.42 53.37
Boosted-SHAR (6 leaves) -87.56  -91.80 -80.76 -61.81  -53.37 v
h=5
Random Walk -3.82 24.24 4937 56.30 53.43
SHAR 3.82 30.01  53.15 60.69 56.14
SHAR with 3x3 grids -24.24 -30.01 39.08 45.81 48.44
Tree-SHAR (8 leaves) -49.37  -53.15  -39.08 21.02 22.82
Bagged-SHAR (8 leaves) -56.30 -60.69 -45.81 -21.02 19.13
Boosted-SHAR (8 leaves)  -53.43 -56.14 -48.44 -22.82 -19.13 v
h =22
Random Walk 62.70  90.90 97.86 101.12 104.12
SHAR -62.70 78.67  80.27 86.84 92.48
SHAR with 3x3 grids -90.90  -78.67 53.37 62.52 74.83
Tree-SHAR (11 leaves) -97.86  -80.27 -53.37 30.13 50.84
Bagged-SHAR (11 leaves) -101.12 -86.84 -62.52 -30.13 45.98
Boosted-SHAR (11 leaves) -104.12 -92.48 -74.83 -50.84  -45.98 v

Notes: This table reports the pairwise Diebold-Mariano (DM) test statistics comparing the out-of-sample forecasting
errors of the competing models across 1, 5, and 22-day horizons. A negative t-statistic indicates that the model in the
row outperforms (has lower error than) the model in the column, while a positive value indicates that the column
model outperforms the row model. Statistical significance at the 1% level corresponds to an absolute t-statistic
greater than 2.33 (|t| > 2.33). The table also indicates with a checkmark the models that are included in the Model
Confidence Set (MCS) at the 95% confidence level.
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Table 3: Out-of-Sample Implied Volatility Forecasting Performance by Moneyness (RMSE in %, h = 1)

2018 2019 2020 2021 2022 2023  Total

Moneyness < g20

Random Walk 2330 1.852 3.781 2316 1.959 1.720 2.395
SHAR 2305 1.817 3.721 2.276 1940 1.678 2.358
SHAR with 3x3 grids 2.165 1.637 3.616 2.104 1.821 1.515 2.224
Tree-SHAR 1.667 1.272 3.357 1.604 1.591 1.348 1.910
Bagged-SHAR 1.660 1.274 3.373 1.605 1.559 1.287 1.901
Boosted-SHAR 1.368 1.073 3.075 1.319 1.281 0.991 1.643

o0 < Moneyness < ggg

Random Walk 1.950 1.295 3.387 1.663 1.506 1.088 1.930
SHAR 1.929 1314 3454 1.659 1.502 1.114 1.947
SHAR with 3x3 grids 1.905 1.277 3.474 1.607 1.541 1.086 1.941
Tree-SHAR 1.902 1.237 3494 1558 1.599 1.037 1.941
Bagged-SHAR 1.888 1.223 3479 1547 1.575 1.026 1.927
Boosted-SHAR 1.833 1.142 3.509 1.511 1.541 0.953 1.902

Moneyness > ggg

Random Walk 2,713 1.738 3.667 2.663 2302 1948 2.565
SHAR 2.698 1.703 3.704 2.641 2304 1.947 2.563
SHAR with 3x3 grids 2.561 1.497 3.766 2.444 2.222 1823 2.471
Tree-SHAR 2.141 1.312 3.560 2.095 1.843 1.535 2.176
Bagged-SHAR 2134 1277 3477 2.047 1.784 1.504 2.130
Boosted-SHAR 1.922 1.061 3.357 1.679 1.535 1.067 1.903

Notes: This table reports the out-of-sample Root Mean Squared Error (RMSE) in % of one-day horizon (h = 1)
implied volatility forecasts for the Random Walk, SHAR, SHAR with 3 x 3 grids, Tree-SHAR, Bagged-SHAR, and
Boosted-SHAR models by three moneyness groups. On each date, three groups are classified such that the moneyness
is less than or equal to its 20th percentile, between the 20th and 80th percentiles, and greater than or equal to the
80th percentile. The forecasting performance is also decomposed by year to identify the specific periods where
improvements occurred. Boldface values represent the lowest RMSEs among the six forecasting models.
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Table 4: Out-of-Sample Implied Volatility Forecasting Performance by Maturity (RMSE in %, h = 1)

2018 2019 2020 2021 2022 2023  Total

Maturity < g9

Random Walk 2,520 1.793 4313 2441 2223 1.755 2.634
SHAR 2550 1.810 4.380 2.484 2.260 1.797 2.675
SHAR with 3x3 grids 2.488 1.710 4.313 2379 2.199 1.704 2.602
Tree-SHAR 2.213 1464 4114 2.004 2.081 1.468 2.383
Bagged-SHAR 2.193 1446 4.121 1.982 2.044 1.444 2.368
Boosted-SHAR 2.068 1.313 4.044 1.828 1.867 1.166 2.240

qo0 < Maturity < ggo

Random Walk 2126 1.317 3.342 1.840 1.673 1310 2.014
SHAR 2074 1302 3.357 1.779 1.633 1.282 1.988
SHAR with 3x3 grids 2.067 1.280 3.375 1.771 1.685 1.263 1.995
Tree-SHAR 1.865 1.146 3.353 1525 1.511 1.082 1.861
Bagged-SHAR 1.862 1.136 3.329 1.511 1.482 1.063 1.844
Boosted-SHAR 1.750 1.033 3.289 1.396 1.407 0.949 1.768

Maturity > qso

Random Walk 1.936 1533 2.694 1882 1.393 1.275 1.827
SHAR 1.905 1.503 2.701 1.848 1.383 1.269 1.812
SHAR with 3x3 grids 1.644 1.211 2805 1.497 1.229 1.049 1.653
Tree-SHAR 1.571  1.201 2,786 1.568 1.287 1.157 1.666
Bagged-SHAR 1.556 1.182 2.708 1.550 1.245 1.110 1.627
Boosted-SHAR 1.367 0.987 2.611 1.281 1.087 0.809 1.456

Notes: This table reports the out-of-sample Root Mean Squared Error (RMSE) in % of one-day horizon (h = 1)
implied volatility forecasts for the Random Walk, SHAR, SHAR with 3 x 3 grids, Tree-SHAR, Bagged-SHAR, and
Boosted-SHAR models by three maturity groups. On each date, three groups are classified such that the maturity is
less than or equal to its 20th percentile, between the 20th and 80th percentiles, and greater than or equal to the 80th
percentile. The forecasting performance is also decomposed by year to identify the specific periods where
improvements occurred. Boldface values represent the lowest RMSEs among the six forecasting models.
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Table 5: SHAR and Tree-SHAR Coeflicient Estimates on Representative Forecast Dates

SHAR Tree—SHAR
Leaf 1 Leaf 2 Leaf3 Leaf4 Leaf5 Leaf6
January 4th, 2018
Const.  0.001 0.047  -0.005 0.001  0.016  0.006 -0.023
(6.32) (52.97)  (-6.65) (0.85)  (8.12) (20.67) (-27.92)
B9 0.909 0.744 0907  0.996  1.010  0.846  0.412
(52.90)  (19.82) (28.53) (23.44) (18.90) (37.79)  (8.55)
B -0.012 -0.029  -0.020 -0.085 -0.162  0.034  0.442
(-0.68) (-0.67)  (-0.63) (-2.05) (-2.62) (1.41)  (7.50)
B 0.097 0.096  0.098 0.100  0.141  0.077  0.279
(11.83)  (-4.39)  (6.25) (5.62)  (4.98)  (6.96)  (7.84)
March 17th, 2020
Const.  0.002 0.085  0.043  0.007  -0.013  0.007  -0.028
(5.96) (24.31)  (22.41) (8.20) (-20.56) (28.06) (-34.42)
Y 0843 0.277  0.653  0.800  0.939  0.783  0.532
(49.75) (3.00)  (16.25) (23.84) (32.08) (36.08) (13.38)
B 0191 0.892  0.178 0052  0.054 0267  0.635
(7.98) (5.42)  (2.40) (1.52)  (1.52)  (7.46)  (9.95)
B 0,037 0.831  -0.162 0.018  0.100  -0.097  -0.008
(-2.32)  (-10.61) (-4.27) (0.97)  (4.27) (-3.88) (-0.18)

Notes: This table reports coefficient estimates from the baseline SHAR model and the Tree-SHAR model for two
representative one-day-ahead forecasting dates. The first panel reports estimates for January 4, 2018, a relatively
normal market day, while the second panel reports estimates for March 17, 2020, during the COVID-19 stress period.
The SHAR column reports the global coefficient estimates from the baseline SHAR model. The Tree-SHAR columns
report leaf-specific coefficient estimates for the six terminal leaves selected by the Tree-SHAR partition. These leaves
correspond to the moneyness—maturity partitions displayed in Figures 4 and 5. Newey—West ¢-statistics computed
with 10 lags are reported in parentheses. The results illustrate how Tree-SHAR allows the HAR dynamics to vary
across regions of the moneyness—maturity surface, while the baseline SHAR model imposes a single set of coefficients

across all options.
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Appendix
A SVI Method

Although we use the AHBS method to interpolate and extrapolate IVs to generate the entire
volatility surface in our main analyses, we consider the SVI method of Gatheral (2004) as an
alternative approach. We specifically use its extended version suggested by Beason and Schreindorfer
(2022) to span IVs along both the moneyness and maturity dimensions.

The SVI method differs from the AHBS method in two main ways. First, the functional form of
IVs is given as

IV3(z) =a+b (p(n — )+ (k—p)?+ 02> : (A1)

where z = (m, 7) represents the option characteristics (moneyness and time to maturity), k =
log(K/F;)/(VIX/100 x /7) is the standardized moneyness, which is a function of the strike K,
forward price Fr, and VIX, and the remaining five coefficients (a, b, p, u, o) are linear functions
of 7. For example, a = ag + a17. Second, the SVI method incorporates no-arbitrage constraints,
which are absent in the AHBS method. Specifically, we impose the following restrictions: IVs should
be nonnegative, monotonic in K, and convex in K; additionally, 7-maturity model-implied volatility
IVM(z) x /7 should be monotonic in 7.

For implementation, on each day, we find the optimal set of parameters {ag, a1, by, b1, po, p1, Ko,
{1, 0o, o1} by minimizing the IV errors calculated through equation (A.1). Then, we replace
the model-implied volatility TVM(z) with the fitted value from equation (A.1) for any option

characteristics z of interest.

B Selecting the Number of Leaves for Tree-SHAR

We select the number of terminal leaves in Tree-SHAR by combining a validation-risk measure in
implied-volatility space with the cost-complexity principle of CART (Breiman, Friedman, Olshen,
and Stone, 1984, 2017). The key object is a validation-risk curve indexed by tree size. Let d denote
the number of accepted splits, so that a tree with size d has L(d) = d + 1 terminal leaves. For each
candidate size d, we compute a validation forecasting loss and then add a linear penalty in the

number of splits. The selected tree size is the one that minimizes this penalized validation criterion.

39



Training—validation split with expanding-window evaluation. We choose the Tree-SHAR
tree size based on validation forecasting performance. We take the first half of the full sample as the
in-sample period and split this in-sample period chronologically at its midpoint. The first half of
the in-sample period is used as the initial training subsample, while the second half of the in-sample
period is used as the validation subsample. For each forecast horizon A and each candidate tree size
corresponding to J € {2,...,15} terminal leaves, equivalently d € {1,...,14} accepted splits, we
impose a minimum leaf size of 10,000 option observations.

For each candidate size d, we conduct an expanding-window forecasting exercise within the
in-sample period. Let I, denote the set of validation forecast origins ¢ such that ¢ lies in the
validation subsample and the target date ¢+ h also lies in the validation subsample. At each forecast
origin ¢ € Zya) , we estimate the Tree-SHAR partition and the leaf-specific SHAR coefficients using
only observations available up to date ¢. This expanding-window estimation sample starts with the
initial training subsample and then expands through the validation period by adding all validation
observations dated no later than t. We then form h-step-ahead forecasts of implied volatility at
date t + h, conditional on information available at date ¢t. Thus, the forecast is produced at time ¢,
while its forecast error is evaluated ex post using the implied volatilities at the validation target
date t + h.

Let I/\\ftTf,f|t(z7;7t+h; d) denote the Tree-SHAR forecast for option i at date t + h, produced at

forecast origin ¢ using a tree with L(d) = d + 1 terminal leaves. Let ny,p = Ztelv,l .

Nt+h be the
total number of options in the validation samples. We summarize validation performance by the

average of squared forecast errors in implied-volatility space:

Nign - 9
Tr — 1lree
pp, (d) = > D <Ivt+h|t Zigni d) —IV(Zigqn) ) -
Nval,h teTvap i=1

The curve j°(d) therefore measures the validation forecasting loss associated with each candidate
tree size at horizon h. Because the validation exercise is conducted entirely within the first half of

the sample, the second-half out-of-sample evaluation period is not used when selecting the tree size.

Cost-complexity criterion. Following the cost-complexity logic of CART (Breiman, Friedman,

Olshen, and Stone, 1984, 2017), we regularize tree size by penalizing additional splits. For each
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forecast horizon h, we define the penalized validation criterion

L(d) —1

TNval,h

K (d) = u™*(d) + A

where A > 0 governs the strength of the complexity penalty. Since L(d) — 1 = d, the penalty
increases linearly with the number of accepted splits. Intuitively, an additional split is selected only
if the reduction in validation forecasting loss is large enough to offset the added complexity. In
practice, we set A = 0.25 as a rule-of-thumb complexity penalty. Our results are not sensitive to
small variations around this value.

We then select the optimal number of splits as

dy, = in  Kj(d),
h=arg min  Ka(d)

and set the selected number of terminal leaves to
Ji=L(dy) = dp + 1.

We use this selected value J; for the Tree-SHAR model at horizon h, and we use the same value

when constructing the bagged and boosted Tree-SHAR specifications.

Implementation and selected J;. Table A.1 reports the penalized criterion values Kj(d),
equivalently as a function of the number of leaves J = L(d), for each candidate Tree-SHAR size and
each forecast horizon h when we use the AHBS method to generate the volatility surface. We set
J; equal to the number of leaves associated with the smallest reported criterion value. Accordingly,
Table A.1 implies J| = 6, J5 =8, and J3, = 11 for forecast horizons h = 1, 5, and 22, respectively.
Using the SVI method to generate the volatility surface, we obtain J = 6, JX =4, and J3, =9 for

forecast horizons h = 1, 5, and 22, respectively.
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Table A.1: CART K (d) (10~%) with A = 0.25 to select optimal number of leaves

d Leaves Tree-SHAR Tree-SHAR Tree-SHAR

(h=1) (h = 5) (h = 22)
1 2 2.311 6.067 10.716
2 3 2.185 5.915 10.540
3 4 2.124 5.787 10.255
4 5 2.085 5.736 9.997
5 6 2.083 5.679 9.956
6 7 2.108 5.660 9.880
7 8 2.102 5.651 9.816
8 9 2.097 5.658 9.800
9 10 2.093 5.663 9.799
10 11 2.096 5.667 9.791
11 12 2.103 5.661 9.814
12 13 2.114 5.674 9.822
13 14 2.124 5.691 9.833
14 15 2.138 5.707 9.846
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C Additional Tables

Table A.2: Out-of-Sample Implied Volatility Forecasting Performance (RMSE in %) (SVI)

2018 2019 2020 2021 2022 2023 Sum

h=1
Random Walk 2.035 1248 3394 1.762 1.695 1.405 2.020
SHAR 1.989 1.219 3416 1.722 1.674 1363 2.001
SHAR with 3x3 grids 1.903 1.155 3.427 1.637 1.591 1.218 1.943
Tree-SHAR (6 leaves) 1.875 1.134 3399 1.632 1.592 1.189 1.925

Bagged-SHAR (6 leaves)  1.866 1.125  3.388  1.623 1.584 1.183 1.917
Boosted-SHAR (6 leaves) 1.796 1.083 3.359 1.562 1.517 1.077 1.864

h=5
Random Walk 3.272 2044 6.105 2.623 2790 1.931 3.371
SHAR 3.178 1958  6.305 2539 2.731 1.893 3.380
SHAR with 3x3 grids 3.088 1.863  6.268 2446 2.696 1.761 3.319
Tree-SHAR (4 leaves) 3.085 1.850  6.285 2,501 2.743 1.797 3.339

Bagged-SHAR (4 leaves) 3.082 1.846  6.284  2.500 2.736 1.795 3.337
Boosted-SHAR (4 leaves) 2.971 1.715 6.171 2.378 2.632 1.694 3.236

h =22
Random Walk 4.643 3.219 12.143 3.286 4.733 2.678  5.909
SHAR 4.284 2925 11.703 3.183 4.227 2.731 5.614
SHAR with 3x3 grids 4.122 2699 11.225 2990 4.296 2.461 5.399
Tree-SHAR (9 leaves) 4.027 2493 11.041 3.031 4.305 2.532 5.324

Bagged-SHAR (9 leaves)  4.006 2.459 10.992 3.003 4.270 2.480 5.291
Boosted-SHAR (9 leaves) 3.844 2.270 10.730 2.824 4.150 2.397 5.133

Notes: This table reports the out-of-sample Root Mean Squared Error (RMSE) in % of implied volatility forecasts for
the Random Walk, SHAR, SHAR with 3 x 3 grids, Tree-SHAR, Bagged-SHAR, and Boosted—-SHAR models. The
daily volatility surface is fitted using the SVI method as the first step of the forecasting procedure described in
Section 2.1. The forecasting performance is evaluated across three different horizons (1 day, 5 days, and 22 days) and
decomposed by year to identify the specific periods where improvements occurred. Boldface values represent the
lowest RMSEs among the six forecasting models.
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Table A.3: Pairwise Diebold-Mariano Test Statistics and Model Confidence Set (MCS) for SHAR (SVI)

RW SHAR SHAR Tree- Bagged- Boosting- MCS
(3x3) SHAR SHAR SHAR

h=1
Random Walk 15.50  37.55  40.03 44.31 52.61
SHAR -15.50 38.88  39.42 45.27 52.12
SHAR with 3x3 grids -37.55 -38.88 10.65 16.27 36.23
Tree-SHAR (6 leaves) -40.03 -39.42 -10.65 24.83 31.52
Bagged-SHAR (6 leaves) -44.31 -45.27 -16.27 -24.83 28.47
Boosted-SHAR (6 leaves) -52.61 -52.12 -36.23 -31.52  -28.47 v
h=5
Random Walk -5.35 17.71 10.58 11.90 34.53
SHAR 5.35 24.03 16.21 18.19 40.48
SHAR with 3x3 grids -17.71  -24.03 -8.80 -8.02 29.51
Tree-SHAR (4 leaves) -10.58 -16.21  8.80 4.97 36.63
Bagged-SHAR (4 leaves) -11.90 -18.19  8.02 -4.97 37.06
Boosted-SHAR (4 leaves) -34.53 -40.48 -29.51 -36.63 -37.06 v
h =22
Random Walk 54.71  82.75  80.65 85.61 89.36
SHAR -54.71 65.48  63.13 72.95 79.78
SHAR with 3x3 grids -82.75 -65.48 22.04 34.41 56.44
Tree-SHAR (9 leaves) -80.65 -63.13 -22.04 33.46 52.06
Bagged-SHAR (9 leaves) -85.61 -72.95 -34.41 -33.46 47.23
Boosted-SHAR (9 leaves) -89.36 -79.78 -56.44 -52.06  -47.23 v

Notes: This table reports the pairwise Diebold-Mariano (DM) test statistics comparing the out-of-sample forecasting
errors of the competing models across 1, 5, and 22-day horizons. The daily volatility surface is fitted using the SVI
method as the first step of the forecasting procedure described in Section 2.1. A negative t-statistic indicates that the
model in the row outperforms (has lower error than) the model in the column, while a positive value indicates that
the column model outperforms the row model. Statistical significance at the 1% level corresponds to an absolute
t-statistic greater than 2.33 (|t| > 2.33). The table also indicates with a checkmark the models that are included in
the Model Confidence Set (MCS) at the 95% confidence level.
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Table A.4: Out-of-Sample Implied Volatility Forecasting Performance by Moneyness (RMSE in %, h = 5)

2018 2019 2020 2021 2022 2023  Total

Moneyness < ¢o9

Random Walk 3.524 2456 5.714 2937 3.114 2.042  3.468
SHAR 3.448 2387 5.717  2.825 2991 2.002 3.407
SHAR with 3x3 grid 3.122 2.048 5.309 2.551 2811 1.733 3.117
Tree-SHAR 2212 1531 4.784 2.033 2184 1.735 2.603
Bagged-SHAR 2199  1.501  4.782  2.025 2.165 1.685  2.588
Boosted-SHAR 1.889 1.364 4.414 1.825 1.969 1.604 2.362

q20 < Moneyness < ggo

Random Walk 3.294 2254 6.569 2611 2737 1.709 3.493
SHAR 3.218 2207 6.754 2556 2.664 1.761 3.515
SHAR with 3x3 grid 3.198 2.087 6.734 2501 2791 1.699 3.504
Tree-SHAR 3.180  2.024 6.713 2516 2.838 1.661 3.496
Bagged-SHAR 3.169 2.010 6.693 2499 2817 1.630 3.479
Boosted-SHAR 3.114 1.900 6.818 2.440 2.796 1.585 3.484

Moneyness > qgg

Random Walk 4106 2.232  6.463 3.393 3.290 2.591  3.883
SHAR 4.039 2.048 6.661 3.401 3.306 2.566  3.907
SHAR with 3x3 grid 3.893 1.863 6.700 3.205 3.190 2454 3.819
Tree-SHAR 3.469 1.781 6.494 2786 2.891 2.099 3.544
Bagged-SHAR 3.463 1.765 6.449 2774 2863 2.070 3.521
Boosted-SHAR 3.149 1.455 6.283 2.528 2.652 1.891 3.318

Notes: This table reports the out-of-sample Root Mean Squared Error (RMSE) in % of five-day horizon (h = 5)
implied volatility forecasts for the Random Walk, SHAR, SHAR with 3 x 3 grids, Tree-SHAR, Bagged-SHAR, and
Boosted-SHAR models by three moneyness groups. On each date, three groups are classified such that the moneyness
is less than or equal to its 20th percentile, between the 20th and 80th percentiles, and greater than or equal to the
80th percentile. The forecasting performance is also decomposed by year to identify the specific periods where
improvements occurred. Boldface values represent the lowest RMSEs among the six forecasting models.
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Table A.5: Out-of-Sample Implied Volatility Forecasting Performance by Maturity (RMSE in %, h = 5)

2018 2019 2020 2021 2022 2023  Total

Maturity < g¢oq

Random Walk 4.202 2757 7.530 3417 3.621 2.403 4.302
SHAR 4.148 2,695 7.766 3.530 3.643 2.520 4.381
SHAR with 3x3 grid 4.046 2.489 7.645 3.324 3.574 2327 4.257
Tree-SHAR 3.712 2218  7.364 2972 3351 2.088  3.998
Bagged-SHAR 3.693 2192 7.330 2948 3.322 2.039 3.972
Boosted-SHAR 3.454 2.086 7.456 2.798 3.215 1.961 3.921

q20 < Maturity < ggo

Random Walk 3.440 2149 6.280 2.714 2876 1.882  3.453
SHAR 3.358  2.056 6.409 2534 2.736 1.815 3.413
SHAR with 3x3 grid 3.285 1.972 6.281 2.541 2835 1.796 3.374
Tree-SHAR 3.004 1872 6.243 2379 2.643 1.722  3.252
Bagged-SHAR 2998 1.855 6.224 2369 2.624 1.684  3.236
Boosted-SHAR 2.909 1.682 6.166 2.292 2.574 1.631 3.169

Maturity > qgo

Random Walk 2.690 1913 4.830 2331 1.995 1.618 2.731
SHAR 2599 1.834 4.899 2.250 1.947 1.626 2.709
SHAR with 3x3 grid 2.365 1.462 5.027 1939 1874 1417 2.603
Tree-SHAR 2250 1403 4.893 1998 1.958 1.445 2.563
Bagged-SHAR 2243 1400 4.884 1.988 1.937 1.442  2.555
Boosted-SHAR 2.105 1.211 4.721 1.801 1.772 1.267 2.408

Notes: This table reports the out-of-sample Root Mean Squared Error (RMSE) in % of five-day horizon (h = 5)
implied volatility forecasts for the Random Walk, SHAR, SHAR with 3 x 3 grids, Tree-SHAR, Bagged-SHAR, and
Boosted-SHAR models by three maturity groups. On each date, three groups are classified such that the maturity is
less than or equal to its 20th percentile, between the 20th and 80th percentiles, and greater than or equal to the 80th
percentile. The forecasting performance is also decomposed by year to identify the specific periods where
improvements occurred. Boldface values represent the lowest RMSEs among the six forecasting models.
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Table A.6: Out-of-Sample Implied Volatility Forecasting Performance by Moneyness (RMSE in %, h = 22)

2018 2019 2020 2021 2022 2023  Total

Moneyness < g9

Random Walk 5.339  3.809 11.801 3.541 5.519 3.082 6.158
SHAR 4.846  3.526 11.009 3.223 4.797 3.354 5.693
SHAR with 3x3 grid 4.009 2.791  9.133 2547 4.245 2.724 4.740
Tree-SHAR 2,725 1878  7.569  2.278 3.167 2.857 3.826
Bagged-SHAR 2712 1852  7.537 2258 3.088 2.805 3.792
Boosted-SHAR 2.340 1.752 6.543 2.232 2.734 2775 3.379

q20 < Moneyness < ggg

Random Walk 4.799 3.592  13.196 3.299 4.844 2579 6.295
SHAR 4.386 3.259 12512 3.086 4.242 2.709 5.895
SHAR with 3x3 grid 4.327 2.907 12.164 3.082 4.750 2.422 5.810
Tree-SHAR 4.255 2.629 11921 2955 4.718 2.298 5.680
Bagged-SHAR 4244  2.609 11.868 2.907 4.683 2.255  5.647
Boosted-SHAR 4.158 2.512 11.796 2.894 4.659 2.186 5.597

Moneyness > ggg

Random Walk 5.273  2.845 12,519 4.039 4826 2938 6.197
SHAR 5.144 2478 12.322 4.733 4.694 3.054 6.162
SHAR with 3x3 grid 4.828 2.368 11.935 4.076 4.364 2.814 5.845
Tree-SHAR 4.333 2387 11.591 3.509 4.022 2.654 5.547
Bagged-SHAR 4.286 2276 11.510 3.404 3.946 2.567 5.479
Boosted-SHAR 3.869 1.880 10.982 3.087 3.664 2.407 5.147

Notes: This table reports the out-of-sample Root Mean Squared Error (RMSE) in % of 22-day horizon (h = 22)
implied volatility forecasts for the Random Walk, SHAR, SHAR with 3 x 3 grids, Tree-SHAR, Bagged—-SHAR, and
Boosted-SHAR models by three moneyness groups. On each date, three groups are classified such that the moneyness
is less than or equal to its 20th percentile, between the 20th and 80th percentiles, and greater than or equal to the
80th percentile. The forecasting performance is also decomposed by year to identify the specific periods where
improvements occurred. Boldface values represent the lowest RMSEs among the six forecasting models.
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Table A.7: Out-of-Sample Implied Volatility Forecasting Performance by Maturity (RMSE in %, h = 22)

2018 2019 2020 2021 2022 2023  Total

Maturity < ¢og

Random Walk 5.878  4.058 15.524 4.073 6.084 3.195 7.613
SHAR 5.588  3.797 14.966 4.515 5.667 3.589  7.378
SHAR with 3x3 grid 5.291 3.262 13.950 4.014 5.590 3.021 6.875
Tree-SHAR 4.803 2.832 13.255 3.453 5.261 2.745 6.435
Bagged-SHAR 4.785 2.823 13.124 3.366 5.188 2.678 6.366
Boosted-SHAR 4.455 2.663 12.508 3.175 5.008 2.721 6.070

qo0 < Maturity < g¢go

Random Walk 5.032  3.464 12.247 3.397 4983 2.660 6.011
SHAR 4571  3.048 11.542 3.080 4.249 2.677  5.548
SHAR with 3x3 grid 4.315 2.807 11.060 3.031 4.561 2.486 5.381
Tree-SHAR 3.977 2472 10.637 2890 4.229 2.447 5.109
Bagged-SHAR 3.951 2407 10.622 2.837 4.181 2.397 5.079
Boosted-SHAR 3.792 2.266 10.497 2.838 4.107 2.313 4.991

Maturity > ¢go

Random Walk 3.695 2.760  9.601 2966 3.231 2391 4.687
SHAR 3.388 2516  9.085  2.838 2.954 2.488 4.420
SHAR with 3x3 grid 3.086 1.980  8.873 2379 2980 2.116 4.198
Tree-SHAR 2.856 1.789 8726 2392 2974 2275 4.123
Bagged-SHAR 2.851 1.758 8720 2372 2966 2223 4.111
Boosted-SHAR 2.815 1.586 8.638 2.266 2.844 1.970 4.022

Notes: This table reports the out-of-sample Root Mean Squared Error (RMSE) in % of 22-day horizon (h = 22)
implied volatility forecasts for the Random Walk, SHAR, SHAR with 3 x 3 grids, Tree-SHAR, Bagged—-SHAR, and
Boosted-SHAR, models by three maturity groups. On each date, three groups are classified such that the maturity is
less than or equal to its 20th percentile, between the 20th and 80th percentiles, and greater than or equal to the 80th
percentile. The forecasting performance is also decomposed by year to identify the specific periods where
improvements occurred. Boldface values represent the lowest RMSEs among the six forecasting models.
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