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Abstract

This paper studies a principal-agent model in which the information on future firm
performance is ambiguous and the agent is averse to ambiguity. We show that if
firm risk is ambiguous, while stocks always induce the agent to perceive a high risk,
options can induce him to perceive a low risk. As a result, options can be less costly
in incentivizing the agent than stocks in the presence of ambiguity. In addition,
we show that providing the agent with more incentives would induce the agent to
perceive a higher risk, and there is a discontinuous jump in the compensation cost as
incentives increase, which makes the principal reluctant to reset contracts frequently
when underlying fundamentals change. Thus, compensation contracts exhibit an
inertia property. Lastly, the model sheds some light on the use of relative performance
evaluation, and provides a rationale for the puzzle of pay-for-luck in the presence of

ambiguity.
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1. Introduction

The vast and growing literature on the principal-agent relationship with moral hazard is
usually based on the assumption that both contracting parties are expected utility max-
imizers. In particular, there is only a single prior belief of the distribution of future firm
performances. However, lack of information in start-up companies and emerging industries
may cause individual knowledge about future firm performances to be ambiguous, that is,
multiple possible distributions exist.

We study a principal-agent model in which there are multiple possible probability dis-
tributions of future performances, and the agent is both risk-averse and ambiguity-averse.
The feature of ambiguity-aversion is consistent with the mounting experimental evidence,
including the most notable example Ellsberg Paradox (Ellsberg (1961)) and portfolio choice
experiments (Ahn, Choi, Gale, and Kariv (2009)). Gilboa and Schmeidler (1989) provide
an axiomatic basis for a “max-min” preference to model ambiguity-aversion. Following the
literature, we use the “max-min” preference to model the agent’s behavior. In particular,
if firm risk is ambiguous, the agent’s effort and utility are determined in the following
two steps: first, given the agent’s effort, the agent perceives a level of risk that minimizes
his utility; second, the agent chooses an effort level to maximize the utility that has been
minimized under possible risks.

Our analysis contributes to the compensation literature in that we provide a new,
coherent theoretical explanation for a number of empirical findings that have not been
consistently reconciled with the existing theory, namely, the optimality of option grants,

an inertia property of compensation contracts, and the varied use of relative performance



evaluation. We discuss each of them in turn.

First, we show that if there is ambiguity on firm risk, while stocks always induce the
agent to perceive the highest possible risk, options can induce him to perceive the lowest
possible risk. As a result, options can be less costly than stocks in incentivizing the agent in
the presence of ambiguity. In other words, the use of options will induce the agent to under-
estimate risk, leading to overconfidence on the part of managers. While the literature on
overconfident managers takes under-estimation of risk as assumptions, this paper derives
them as a result for an ambiguity-averse agent.

We illustrate the intuition as below: when firm risk is ambiguous, an increase in the firm
risk only increases the variance of stocks, but has no effects on the mean value of stocks. A
risk-averse and ambiguity-averse agent will always perceive the highest risk when he owns
stocks. Therefore, a high risk premium in compensation is required. On the other hand,
an increase in firm risk increases both the mean payoft and variance of options. While an
increase in the variance of options decreases the agent’s utility, an increase in the mean
payoff of options also has a positive effect on his utility. If the agent is not too risk-averse,
he could perceive a low risk. As a result, only a low risk premium is required. If the
reduction in risk premium is sufficiently large, options can be less costly than stocks in
providing appropriate incentives.

Our analysis thus provides a new rationale for the popularity of option compensation
that has triggered much debate in the literature. The calibration of a standard principal-
agent model shows that options should not be a part of an optimal contract (Dittmann

and Maug (2007)), rendering it puzzling as to why options are widely used in practice.



While risk-taking incentives have been proposed as the cause (Feltham and Wu (2001),
Dittmann and Yu (2011)),! several papers show that it is not always true that giving
options to agents will make them more willing to take risk (e.g. Carpenter (2000), Ross
(2004)). Bettis, Bizjak, and Lemmon (2005) also show that managers exercise their options
earlier when volatility increases, and Hayes, Lemmon and Qiu (2010) find little evidence
to support the conventional wisdom that the convexity inherent in option compensation
is used to reduce risk-related agency problems. Our model shows that options can be a
cost-effective compensation vehicle in the presence of ambiguous payoff distributions.

Second, we show that compensation contracts may be irresponsive to changes in funda-
mentals, offering a new explanation for the empirical pattern that compensation contracts
are rather rigid (Bizjak, Lemmon, and Naveen (2008), Faulkender and Yang (2010)). In
particular, our analysis indicates that providing the agent with more incentives would in-
duce the agent to perceive a higher risk; When the target effort goes beyond a threshold,
the agent’s perception of risk will jump from the lowest risk to the highest one. This also
implies a discontinuous jump in the risk premium paid to the agent. Given the discon-
tinuous jump in the compensation cost, the principal will be reluctant to reset contracts
frequently when underlying fundamentals change. Compensation contracts, therefore, ex-
hibit an inertia property.

Lastly, when the correlation between observable shocks and unobservable shocks is
ambiguous, we find that while using relative performance evaluation (hereafter, RPE)
to filter out these observable returns from the agent’s payoff reduces the cost of stock

compensation, it can increase the cost of option compensation (because options induce

IDittmann, Maug and Spalt (2010) justify the use of options based on loss-averse managers.



the agent to perceive a negative correlation between observable shocks and unobservable
shocks, and thus a low total firm risk). The model thus predicts that RPE should be
more frequently used for stock compensation than option compensation. Gong, Li and
Shin (2010) and Albuquerque (2012) find that RPE is less likely to be used if firms have
greater growth opportunities. De Angelis and Grinstein (2011) find that firms rely less
on RPE when they are smaller or belong to high-growth industries. To the extent that
firms with smaller sizes or greater growth opportunities are associated with more option
compensation in managerial pay (as it allows these companies to conserve current cash
flow while providing significant potential upside incentives; see empirical evidence in, for
example, Smith and Watts (1992) and Gaver and Gaver (1993)), the less frequent use of
RPE in these firms can be consistent with our theory. Moreover, we show that conditions
exist under which non-indexed options are less costly than indexed stock to induce effort.
This result also sheds some light on the pay-for-luck puzzle in the compensation literature
(Bertrand and Mullainathan (2001)).

This paper builds on the literature on agency problem with ambiguity-averse agents.
Karni (2009) develops axiomatic foundations of ambiguity aversion in a principal-agent
model. Weinschenk (2010) considers linear contracts and shows that the principal may
optimally provide no incentives for a subset of informative performance measures in the
presence of ambiguity.? Mukerji (2010) studies the impact of ambiguity in procurement
contracts under cost uncertainty, and finds that the optimal pay for performance decreases

with both the ambiguity and the ambiguity aversion of the agent relative to that of the

2Since Weinschenk (2010) only considers linear contracts, the paper shows that the ambiguity-averse
agent is always induced to perceive the lowest possible mean value of the shock. If the shock has a
sufficiently low possible mean value, the principal may choose not to contract on such a performance
measure due to the participation constraint.



principal. Viero (2012) shows that the optimal contract can have distortion of effort even
when the agent is risk neutral, through motives to bet on the resolution of information
vagueness. Szydlowski (2012) shows that the agent receives excessively strong incentives
in a dynamic contracting setting when the principal is ambiguous about the agent’s cost
of effort. Kellner (2015) studies a principal-agent problem with multiple agents and shows
that ambiguity and ambiguity aversion can lead to the superiority of tournaments over wage
schemes that only depend on each agent’s own output level.3. A recent paper by Carroll
(2015) derives the optimality of linear contracts under the assumption that the principal is
uncertain what the agent can and cannot do. If the principal evaluates possible contracts by
their worst-case performance over unknown actions the agent might potentially take, then
the optimal contract is linear. Differen from the literature, our paper focuses on comparing
linear contracts (stock compensation) with non-linear contracts (option compensation) in
the presence of ambiguity.* In particular, we show that option compensation can be less
costly, since it can induce the ambiguity-averse agent to perceive a low risk.

The remainder of the paper is organized as follows. Section 2 sets up the model and
contrasts it with a model without ambiguity. Section 3 discusses the contracting results
when there is ambiguity on firm risk. Section 4 discusses the robustness of results. Section

5 concludes. All proofs are contained in the Appendix.

3Kellner and Riener (2012) provide experimental evidence for Kellner (2015)

40Our paper is also related to studies on principal-agent problems with uncertainty. For example,
He, Li, Wei and Yu (2014) prove a positive relation between uncertainty and incentives with ambiguity-
neutral agents, which helps reconcile mixed empirical evidence on the relation between risk and incentives.
Standard principal-agent models predict a negative relation between risk and incentives. But empirical
evidence is mixed. While some papers find a negative relation, others document no significant or even a
positive relation. For a review of the literature, see Prendergast (2002).



2. Model

2.1 The benchmark model without ambiguity

Consider a one-period principal-agent model: the principal (she) hires an agent (he) to run
the firm. At time ¢ = 0, after the contract is offered, the agent exerts an effort, denoted
by a, which is unobservable to the principal. we assume that a feasible set of effort lies in
a bounded interval, i.e. a € [a,a]. The upper bound a reflects the fact that there is a limit
on the number of positive net-present-value (NPV) projects that the agent can undertake
or a limit on the number of working hours that the agent can spend. At time t = 1, firm
value is given by © = a + [ + €, where € is a noise term, which is normally distributed with

mean zero and variance o2

. The noise is realized after the agent exerts effort, and [ is a
constant term, which can be interpreted as firms’ base value or expected market returns

that are beyond the agent’s control.

The mean and variance of an option with an exercise price k are given by

my = ofg— (1), (1)
op = 0’[(1=®—¢") = p(20 — 1)+ O(1 — @)n*]. (2)
where
k—a—1
n = p ;




Similar to Feltham and Wu (2001), we formally state the properties of the mean and

variance of an option with an exercise price k below.

Lemma 1. The mean value and variance of an option with an exercise price k (i.e., my,

and o} respectively) are increasing in a, | and o, and decreasing in k.

Since the agent’s action is unobservable, the principal can only contingent the agent’s
pay on the realized firm value. For tractability, we restrict contracts to be either stock
compensation (fixed payment + stocks) or option compensation (fixed payment + options
with an exercise price k). An option compensation consists of a fixed payment ay, and fy
shares of options with the exercise price k. The agent’s payoff with option compensation is
w = ay, + B max(x — k,0). For stock compensation with a fixed payment a, and (¢ shares
of stocks, we consider it as a linear contract, and the payoff is represented by w = a,+ Bsx.

The agent is risk-averse and his expected utility is given by the following mean-variance
preference:®

Blu] = Blu] ~ ;AVarlw] - g(a), 3)

where g(a) = %aQ is the cost of exerting an effort a, and A represents the agent’s risk-
aversion.
The principal is risk-neutral. Her objective is to maximize the expected firm value net

of the agent’s pay:©

max E[z — w),

SHere we follow Feltham and Wu (2001) to use mean-variance preference for tractability. The mean-
variance preference is usually a proxy for a standard expected utility (it is equivalent to the expected
exponential utility when the contract is linear), and captures the key feature of a general utility function
that the agent likes a high payoff, but dislikes the variance of a payoff. In Section 4, we provide a robustness
check to show that the key mechanism for our main results still holds for a general utility function.

5Here we normalize the reservation utility to be 0.



subject to the individual rationality constraint (IR): Ffu(a)] > 0, and the incentive com-
patibility constraint (IC): a € arg max; Flu(a)).

In order to get closed-form solutions, we fix the target effort a, and study the optimal
way (stock versus options) to induce the effort. When the target effort is fixed, the prin-
cipal’s objective is equivalent to minimizing the cost of the agent’s contract. In the paper,
we will compare the cost of stock compensation, denoted by C§, with the cost of option
compensation, denoted by C}, to implement the effort, and provide a graphical illustration
in Figure 1. The results are similar to those in Hall and Murphy (2000) and Feltham and

Wu (2001).

Proposition 1. Denote Cy as the cost of stock compensation to implement the target effort

a, and Cy, as the cost of option compensation to implement a. For any k > 0, Cy < C}.

There are two complementary perspectives on the choice between stock and option com-
pensation. One perspective highlights that options are more “expensive” since risk-averse
executives value options at significantly less than the cost to the company (e.g., Hall and
Murphy (2000)). The economic or opportunity cost of granting an option is the amount
the company could have received if it were to sell the option to an outside investor, who is
generally considered risk-neutral, free to trade the option and take actions to hedge away
the risk of the option. In contrast to outside investors, company executives cannot trade
their options and are forbidden from hedging the risks by short-selling company stock. In
addition, while outside investors tend to be well-diversified, company executives are inher-
ently undiversified, with their physical as well as human capital invested disproportionately

in their company. For these reasons, company executives will generally place a much lower



value on company stock options than would outside investors. The other perspective em-
phasizes that options provide more incentives for the same dollar outlay as an equivalent
investment in stocks. If the base salary is rigid, the cost of stock compensation or option
compensation is proportional to market value of stocks or options. In this case, options
are less costly in providing identical incentives. This is illustrated in the top graph of
Figure 1, which shows that market value is decreasing in the exercise price. However, if
the base salary is adjustable, since stocks provide more subjective values to the agent than
options, stock compensation can result in a lower base salary necessary compared to option
compensation. Then it can be shown that the cost of a contract is proportional to the risk
premium paid to the agent. As a result, stocks dominate options as shown in Proposition
1 and the bottom graph of Figure 1. The intuition here is also illustrated in Dittmann and
Maug (2007). Below we will show that options can be a desirable compensation instrument

in the presence of ambiguity.

2.2 A model with ambiguity aversion

In the benchmark model without ambiguity, the firm value x is normally distributed with
mean a + [ and variance o2. The agent infers his expected utility from this objective dis-
tribution. But in start-up companies and emerging industries, lack of reliable information
could cause the agent to face ambiguity regarding risk and returns. In this section, we
study the contracting implications when firm risk is ambiguous, that is, the value of o lies
in a closed interval |07, 03], 01 < 0.

Following the literature on ambiguity-aversion, we assume that the agent is both risk-

10



averse and ambiguity-averse. When faced with ambiguity, given any level of effort, he first
minimizes his utility under possible distributions (i.e., his utility is inferred in the worst
case), and then choose an effort to maximize his utility that has been minimized under
possible distributions. The agent’s objective is thus given by

max min Elu(a)] (4)

a4 o€lo1,02]

Note that when the agent exerts different levels of effort, the distributions of firm value
will be changed, and thus, his perception of distributions (i.e., the worst distribution for
the agent) can be different.

There is no asymmetric information between the principal and the agent regarding the
range of risk, that is, the principal’s perception of risk, denoted by o, is g, € |01, 02]. Since
the principal can diversify her risk in the market, she may be less averse to ambiguity on
risk. Here we do not make any assumptions on the principal’s attitude towards ambiguity,”
and the key driving forces underlying our results is that the agent is ambiguity-averse.
Given the target effort a, the principal’s objective is to minimize the cost of implementing
a. Since the effort cost is always %aQ, we drop this constant term in the rest of the paper.

The cost below refers to the risk premium paid to the agent.

It can be shown that if the principal is ambiguity-averse, o, = 0.

11



3. Results

3.1 Optimality of options

Lemma 2. Let 0, and o, be the agent’s and the principal’s perception of risk, respectively.
1) If the principal uses stock compensation to induce effort, then the agent’s perception
of risk is o, = 03; the cost of stock compensation is Cs = %/\CLQO'S.
2) If the principal uses option compensation to induce effort, let By (o1) be the number
of options required to induce the target effort a if the agent’s perception of risk is oy, i.e.,
a € argmax, Flu(a)|o, = o1 and By = Pr(o1)]. If the agent is granted pi(o1) options with
an exercise price k, and
2 myg(o) —my(oy)

A < min
o€lo1,02] PBr(01) Ug(a) - 013(01)

: ()

then the agent will exert the effort a, his perception of risk is o1 and the cost of option

compensation is Cy, = 3ABF(01)op(01) + Br(o) [mu (o) — mi(o1)].

The intuition behind Lemma 2 is illustrated as follows. The mean and variance of stocks
are given by a + [ and 0. An increase in o has no effects on the mean value of stocks, but
increases the variance of stock. The risk-averse agent will always perceive the highest risk
0o when he owns stocks. However, for options, an increase in ¢ increases both the mean
value and variance of options. While an increase in the variance of options decreases the
agent’s utility, an increase in the mean value of options also has a positive effect on his
utility. Thus whether the agent perceives a high risk or low risk depends on which effect

dominates. If the agent is not too risk-averse, the effect from an increased mean value of

12



options is dominant, and thus the agent’s utility is minimized at a low risk. Therefore, the
agent will perceive a low risk.

In the presence of ambiguity, the cost of option compensation can be decomposed
into two parts: the risk premium paid to the agent and the wedge in the valuation of
options between the principal and the agent (because now their perceptions of risk may
be different). Since the mean value of stocks is not affected by risk, there is no difference
in the valuation of stock between the principal and the agent. Therefore, the cost of stock
compensation involves only the risk premium required. Stocks always induce the agent to
perceive a high risk. As a result, the principal has to pay a high risk premium. However, as
argued above, options can induce the agent to perceive a low risk. The perception of a low
risk has two counteracting effects on the cost of option compensation. On the one hand, it
reduces the risk premium; on the other hand, it increases the valuation wedge of options
between the principal and the agent. If the agent’s risk aversion is large enough, the first
effect will dominate, so that the cost of option compensation decreases. The following
proposition shows that options are less costly than stocks for intermediate values of the

risk aversion on the part of the agent ().

Proposition 2. Suppose oy is small enough such that a*o3 > (i (o1)oi(01). If the agent’s

risk aversion \ satisfies

2680(0) (o) — (o) . () — (o)
20} — Boodo) el Belon) o(0) = o¥(on) | ©)

then it is less costly to use options (with an exercise price k) than stocks to induce effort.

The right-hand side of the inequality ensures that the agent’s perception of risk is oy

13



with options (by Lemma 2). Suppose i (07) is larger, i.e., the number of options granted to
the agent to induce the target effort is larger. Since the agent is risk-averse and ambiguity-
averse, it will become more difficult to induce him to perceive a low risk. The upper bound

for A has to be consequently decrease to ensure that the agent can be induced to perceive

m(9)—my (a1)

a low risk with options. The other term in the right-hand side, min,es, 4, 3 (o) =02(o1)
k k

measures the increment of the mean value of options relative to the increment of the
variance of options, when firm risk goes up. As this term becomes higher, the increase in
firm risk has a larger effect on the mean value of options, implying that it will be easier to
induce the agent to perceive a low risk with options. The upper bound for A increases as
a result.

The left-hand side of the inequality ensures that it is less costly to use options than
stocks to induce effort (by comparing the cost of both contracts from Lemma 2). If 8 (07)
is higher, i.e., the principal needs to use more options to induce the target effort, option
compensation consequently becomes more costly. requiring the lower bound for A to in-
crease. If o, is larger, which means that the principal recognizes a higher risk, and thus, a
higher value to options, then options in managerial compensation become less appealing.
Therefore, the lower bound for A increases. Lastly, if o5 becomes larger, a higher risk pre-
mium is required for stock compensation, making option compensation more appealing and
the lower bound for A\ decrease. The following numerical example shows that the condition
(6) can be satisfied.

Example 1: In the condition (6), Sx(01) depends on A, so it is not clear whether this

condition can be satisfied in a reasonable range of A. In the Appendix, we show that the
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condition (6) can be translated into a lower and upper bound of A. In Figure 2, we provide
a numerical example to show that the condition (6) can be actually satisfied in a reasonable
range of \.

In the example, we set a = 0.5, k = 0.4, [l =0, 0y = 0.1, and 05 = 0.5. From Figure
2, we can see that as the shareholders’ perception of risk o, goes from o; to o9, the upper
bound of A is not affected, and equals to a constant 4.66. This is expected, since the right-
hand side of (6) is not affected by 0,. As o, goes from oy to oy, the lower bound increases
from 0 to 3. This is also consistent with the fact that the left-hand side of (6) increases
in 0,. In sum, as 0, goes from o, to o9, the range for A\ that satisfies the condition (6)

changes from [0,4.66] to [3,4.66].

3.2 Inertia property of compensation contracts

In this subsection, we study the conditions under which the agent will perceive a low risk.
In reality, both stock and options are widely used in compensation. In an effort to be
consistent with the reality, we allow contracts to contain both stock and options in this
part. Specifically, we assume that a contract consists of a fixed payment «, [, shares of

stock, and [, options of exercise price k. The payoff of the contract is represented by

w = a+ Bsz + frmax(z — k,0).

Intuitively, the amount of incentives will affect whether the agent perceives a high or low
risk. Because the agent is risk-averse, he is more likely to perceive a higher risk if he is

granted more incentives. When the target effort rises, higher powered compensation is

15



required to induce effort. As a result, the agent tends to perceive a high risk.

Lemma 3. Given two levels of effort a1 < as, if as is implemented and the agent perceives

o1, then ay can also be implemented while keeping the agent’s perception of risk unchanged.

Lemma 3 shows that it becomes more difficult to induce the agent to perceive oy, as the
target effort increases. The next lemma will show that under some conditions, the agent’s
perception of risk will quickly jump from oy to o5. Given a contract, the agent’s utility is
jointly determined by the expected value and the variance of his compensation payments.
The expected value and variance both increase in the agent’s perception of risk. Note that
the expected value is proportional to the level of incentives, and the variance is proportional
to the variability in the level of incentives. If risk is not too small and incentives are weak,
the expected value dominates in determining the agent’s perception of risk, and therefore
the agent will perceive the lowest risk oy; with strong incentives, however, the variance

component is a dominant force, and the agent will perceive the highest risk o».

Lemma 4. Suppose that the target effort a is implemented. Iff

1
|k —a—1] <oy -min (1,\/5)@01) : (7)

then the agent’s perception of risk is either the lowest risk oy or the highest risk os.

Lemma 3 and 4 imply that there exists a cut-off effort level, denoted by ag, such that for
any effort level below ag, the principal can implement effort with a contract that enables

the agent to perceive the lowest risk. In this case, a low risk premium is required. However,

81n reality, firms usually use at-the-money options to compensate their managers. Then k is roughly
equal to Flz] = a4 [. The condition (7) is satisfied automatically.

16



for any effort level above ag, incentives required to induce effort are sufficiently strong that
the agent will perceive the highest risk. In this case, a high risk premium is required.
This implies that there will be a discontinuous jump in the cost of compensation contracts
when the target effort increases from below the threshold to above. Consider moderate
improvements in fundamentals around the threshold level (ag) that would typically raise
the optimal effort level and incentive pay, for example, the agent’s effort becomes more
productive due to expanded business opportunities. The principal will be reluctant to take
advantage of these improvements by adjusting compensation contracts, because enhanced
incentives would alter the agent’s perception of risk from low to high, and consequently
result in a substantial increase in the risk premium. Therefore, compensation contracts
exhibit an inertia property, that is, compensation contracts are irresponsive to changes
in fundamentals. This feature is consistent with the widespread use of benchmarking
(and thus a disconnection between pay and firm performance) in CEO compensation (e.g.,

Bizjak, Lemmon and Naveen (2008) and Faulkender and Yang (2010)).

Proposition 3. Suppose that the condition (7) holds. Then there exists a cut-off ay such
that the cost of contracts will jump discontinuously when the target effort moves from below

ag to above ag.

3.3 Relative performance evaluation

Theories have advocated that any returns that are beyond the agent’s control should be
isolated from the agent’s payoff. This is called relative performance evaluation (RPE).

However, empirical studies found that RPE is not frequently used in practice. For example,

17



Bertrand and Mullainathan (2001) document that CEOs are rewarded for general market
upswings beyond CEQO’s control, i.e., paid for luck. In this section, we will argue that if the
correlation between observable shocks and unobservable shocks is ambiguous, while it is
efficient to use RPE for stock compensation, it may not be optimal to use RPE for option
compensation.

Specifically, suppose that the shock € can be divided into two parts: € = m + e, where
m represents the part of the shock that is observable and contractible; e is the rest of the

shock that is unobservable. m is normally distributed with mean 0 and variance o2, e is

2

normally distributed with mean 0 and variance oZ. Let p be the correlation between m
and e. We introduce ambiguity by assuming that p € [—p, p], where 0 < p < 1.7

Since m is observable and contractible (which means that we can use RPE to filter
out m from firm value = and use x — m to evaluate the agent’s performance), we assume
that the principal can use four types of compensation: non-indexed stock compensation
(whose payoff has the form a, + §,x), indexed stock compensation (whose payoff has the
form «;s + Bis(z — m)), non-indexed option compensation (whose payoff has the form
ar + P max(x — k,0)), indexed option compensation (whose payoff has the form a;, +
Bir max(x —m — k,0)). Then similar to the argument before, if the agent is granted non-
indexed stock compensation, his perception of risk will be the highest possible risk, that is
02 + 0% + 2po,,0.; if the agent is granted indexed stock compensation, his perception of
risk will be o2; if the agent is granted non-indexed option compensation and if he is not too

risk-averse, his perception of risk can be the lowest possible risk, that is 02, +02—2p0,,0.; if

the agent is granted indexed option compensation, his perception of risk will be o2, Thus,

9Thus, the average correlation between m and e is zero.
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it is straightforward to show the following lemma.

Lemma 5. If the principal uses stocks to induce effort, using RPE will reduce the cost
(i.e., indexed stock is more efficient than non-indexed stock).
If the principal uses options to induce effort, and if the agent is not too risk-averse,

using RPE does not always reduce the cost.

Lemma 5 predicts that RPE should be more frequently used for stock compensation
than option compensation. Gong, Li and Shin (2010) and Albuquerque (2012) find that
RPE is less likely used if firms have more growth opportunities. De Angelis and Grinstein
(2011) find that firms rely less on RPE when they are smaller or belong to high-growth
industries. For firms with smaller size or more growth opportunities, they usually grant
more options to their managers in order to conserve cash while providing significant upside
incentives (e.g., Smith and Watts (1992) and Gaver ad Gaver (1993)), and the less frequent
use of RPE in these firms is consistent with our model prediction.

The following proposition establishes that non-indexed options can be less costly than

indexed stock, if the agent’s risk aversion is an intermediate value.

Proposition 4. Let 01 = /02, + 02 — 2p0,,0,, and oy = /02, + 02 + 2p0,,0,. Suppose

o1 is small enough such that a*o? > [ (o1)oi(o1). If

2Bu(o)lmu(op) —mulo)] . 2 (o) — (o)

a’o? — fi(o1)oi(01) oelor,02] B(01) 02(0) — oi(oq)

(8)

where o, is the principal’s perception of risk for non-indexed options, then non-indexved

options are less costly than indexed stock to induce effort.
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From Section 2, we know that indexed stocks are always less costly than indexed options.
Thus, if non-indexed options are less costly than indexed stocks, they are also less costly
than indexed options. The condition specified in Equation (8) is hence sufficient to imply
that using RPE for option compensation is inefficient. This result also provides a rationale
for the pay-for-luck puzzle.

Example 2: Similar to Example 1, in Figure 3, we provide a numerical example to
show that the condition (8) can be satisfied in a reasonable range of \.

In the example, we set a = 0.5, k = 04,1 =0, 0, = 0.2, 0. = 0.25, and p = 0.9.
Then the possible total firm risk ranges from 0.11 to 0.44 (i.e., o7 = 0.11, 05 = 0.44). From
Figure 3, we can see that as the shareholders’ perception of risk o, goes from o; to o,
the upper bound of A is not affected, and equals to a constant 4.73. This is expected,
since the right-hand side of (8) is not affected by ¢,. As g, goes from ¢, to around 0.24,
the lower bound increases from 0 to 4.73. This is also consistent with the fact that the
left-hand side of (8) increases in 0,. When o, goes beyond 0.24, there is no A that can
satisfy the condition (8). In sum, as long as o, is not too big (i.e., the principal’s valuation
of non-indexed options is not too high), there will be a reasonable range of A that can

satisfy the condition (8).

4. Robustness

In this paper, we restrict the compensation contracts to be stock compensation or option
compensation for tractability. In the literature, many papers specify the linear form of
contracts for tractability (e.g., Holmstrom and Tirole (1993), Jin (2002), Oyer (2004),
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and Bolton, Scheinkman and Xiong (2006)). In reality, stock and options are the two
most widely used instruments in a compensation contract. Since our goal is to compare
linear contracts with non-linear contracts in the presence of ambiguity, for the sake of
tractability and being consistent with reality, we restrict to stock compensation and option
compensation in our model.

So far we have assumed a mean-variance preference for the agent’s utility function to
get closed-form solutions. The key mechanism behind the results in Section 3 is robust
to more general utility functions. The key mechanism behind our results is that if there
is ambiguity on firm risk, while stocks always induce the agent to perceive the highest
possible risk, options can induce him to perceive the lowest possible risk. The following
lemma shows that for any concave utility functions, a linear contract always induces the

agent to perceive the highest possible risk.

Lemma 6. If u(-) is a concave function with u'(-) > 0, then for any stock compensation

a5 + Bsx with Bs > 0 (Recall that x = a + 1 + €), E[u(as + Bsx)] is decreasing in o.

Lemma 6 implies that for any utility function, a linear contract will induce the (ambiguity-
averse) agent to perceive the highest possible risk. Thus, the first half part of our key
mechanism survives in a more general setup with any concave utility function. The second
half part of the key mechanism states that options can induce the agent to perceive the
lowest possible risk. In the following lemma, we will show that it can also carry through

in a more general setup.

Lemma 7. If u(-) is a concave function with u'(-) > 0, then for any option compensation
o, + Prmax(x — k,0) with B, > 0, there exists a bound B such that if |u"(y)| < B for any
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y, then Elu(ay + B max(z — k,0))] is increasing in o.

Lemma 7 implies that as long as the agent is not too risk-averse, option compensation
can induce him to perceive the lowest possible risk. Thus, our results still hold in a setup

with a general utility function.

5. Conclusion

Standard principal-agent models usually assume that the distribution on the future firm
value is known. This paper attempts to study the choice of compensation contracts when
there are multiple possible distributions and the agent is averse to ambiguity. The paper
finds that when there are multiple possible distributions on firm value, different types
of contracts (linear contracts versus non-linear contracts) can induce an ambiguity-averse
agent to perceive different distributions, and therefore change the optimality of contracts.
In particular, while stocks are always less costly than options in motivating effort in the
absence of ambiguity, options can be more efficient than stocks in the presence of ambiguity
regarding firm risk. In addition, We find that compensation contracts exhibit an inertia
property and benchmark pay is reasonable. When ambiguity regarding the correlation
between observable shocks and unobservable shocks exists, CEO pay contingent on the
market-wide performances can be optimal. The model also predicts that RPE should be

more frequently used for stock compensation than option compensation.
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Appendix

Proof of Proposition 1

For stock compensation, the agent’s utility is given by Flu| = as+ Gs(a+1) — %)\BSQ 2 _
%aQ. So to induce the effort a, we must have 35 = a. For a fixed target effort a, the principal
wants to minimize the cost. So az must be set so that the IR constraint is binding. Thus, it
is easy to derive that the cost of the contract (dropping the constant 1a?) is: Cs = 3 a%0”.

we derive the agent’s utility for an option compensation as follows. Elu] = ay, + Symy —

T\Bio} — 1a®. Taking partial derivative of my and o} w.r.t. a yields that

amk

—— = 1-9
Oa
do?
— = 20
oa 1tk
To induce the effort a, we must have that ag_([lu} > 0, which yields that

(1-®)—+VA
2)\¢)mk ’

Br >

where A = (1 — ®)? — 4aA®my,. Similarly, we have the binding IR constraint. So the cost

18

Cp > 9)

=2

2
1)\ (1-®)— VA ) 2 a2y,
0. =
2APmy, P14+ VI = dadoiy)?’
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where

 (1=2=¢%) =920 - 1)n+ O(1 - P)p’
1 = (1 _ CI))Q )
®lp — (1 — P)n)

(1— )2

It can be shown that y;(n) > 0 and y5(n) > 0 (see Feltham and Wu (2001)). Thus,

2

C} is increasing in k. As k goes to —oo, ® goes to zero. So o?y; = (1‘1—(’%)2 — o2, and
oy = (1‘1’_% — 0. Hence, the right-hand side of (9) goes to Aa®0? when k goes to —oo.

Thus, we obtain that C, < C}.

Proof of Lemma 2

If the agent is granted with stocks, his utility Elu] = Bs(a + 1) — $A8%0? — 2a? is
minimized at o = 0,. So he will always perceive the highest risk g,. Following the proof
of Proposition 1, we can show that Cy = $Aa?073.

If the agent is granted with options, his utility is given by

Elu] = ai + Pr(o1)mi(0a) — %Aﬁk(al)Qak(Ja)Z — %Q*Q
let

Ay ={a: Eu(a)|lo, =01] < min Elu(a)]}

0a€(01,02]

be the set of effort for which the agent’s utility is minimized at the lowest risk ;. By
condition (5), the target effort a belongs to A;, i.e., a € A;. Note that Si(07) is exactly

the number of options to induce the effort a given o, = o1. If the agent perceives another
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risk o # o7 and exerts an effort a, we must have

Elu(a)|lo, = o] < Flu(a)|o, = 01] < Efu(a)|o, = 01].

Therefore at the optimum, the agent will perceive the lowest risk o and exert the target
effort a. The binding IR constraint yields that cy, + By(01)mi(o1) = 3ABk(01)?0%(01)? +
%aQ. From the principal’s perspective, the cost (dropping the constant %aQ) is Cy = ay +

Be(a1)mi(op) = §ABk(01)*0k(01)* + Br(on) [mi(op) — mi(o1)].

Proof of Proposition 2

By Lemma 2, the right hand side of (6) ensures that an option of exercise price k
induces the agent to perceive o, and exert the effort a. The cost of the contract is Cj =
%Aﬁk(al)Qak(al)Q + Br(o1)[mi(0,) — mi(o1)]. Since the cost of stock compensation is C =

%)\a%g, the left hand side of (6) ensures that the option compensation is less costly.

Analysis of Condition (6)

We first solve for the right-hand of (6) to obtain an upper bound of A. Let M =

Mily oy ,04) %, which does not depend on \. From the proof of Proposition 1, we

know that (3, = %, where A = (1 — ®)? — 4a\®m;,. Plugging the formula of 3

into the right-hand side of (6), we can solve that the right-hand side of (6) is equivalent to
A < BC2000K) “yhore K = AM®(oy)my,(oy).

4a®(o1)my(o1)

For the left-hand side of (6), it can be simplified to A57(01)oz (01)+2[my(0p,) —my(01)] Bk(01)—
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Aa*?o3 < 0. Note that A3 = g2, — g, so the left-hand side of (6) is equivalent to

(1 —®(01))op(01)
®(o1)mi(o1)

aoi(oy)
® (01 )my(o1)

+ 2[my(0,) — my(o1)]| Br(or) — —\a’03 < 0. (10)

It is easy to check that the left-hand side of (10) is convex in A, and is non-negative when
A = 0. So there could be three cases:

Case 1: the left-hand side of (10) never crosses with the x-axis, which means that (10)
will never be satisfied. In this case, the condition (6) cannot be satisfied.

Case 2: the left-hand side of (10) crosses with the x-axis once. Let \; denote the crossed

K(2-2®(01)—K)

point, then the condition (6) is equivalent to A\ < A < T IR

Case 3: the left-hand side of (10) crosses with the x-axis twice. Let A\; < Ay denote the

two crossed points, then the condition (6) is equivalent to \; < A < min <w 2) )

4a®(o1)my(o1) ?

Proof of Lemma 3
Suppose the principal uses a contract w = a+ Bz + f max(x —k, 0) to induce the agent

to perceive oy and exert the target effort as. Then we must have that for any o, € (01, 09,

a+ Bs(ag +1) + Brmp(o1) — %)\ [5320% + Brow(o1)? + 25sﬁkao,k(01)]

S ot Bulas + 1)+ Bmi(ou) — 5A (8207 + BRow(0a)? + 26,5004

where oy denotes the covariance between stocks and options. The inequality can be
simplified to
B:

%A ﬁ—(ai = 01) + Br(ow(0a)” = 0k(01)*) + 285(00.4(00) — 00(01)) | < mi(00) — M)
k
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Note that ox(0)?, ogx(0) and my(o) are increasing in 0. As we gradually reduce 3, and
Bk, the inequality above can still hold, so the agent will continue to perceive the lowest risk

o1. We keep reducing s and [, until a; is induced. Then we are done.

Proof of Lemma 4

When the effort a is induced, the agent’s utility is

Elulo,] = a + Bs(a+1) + Brmu(os) — %)\ (8202 + Biok(0a)® + 2BsBroor(0a)] — %az

We can calculate that £7%(@) — ¢—2; Poro)® _ 2(1 — @ — ¢* + ¢pn — &*n* + ¢n® — ¢Pn?);

do? o 002
2
Zo0) — 91 — @) + 20m + ¢
Since a is induced, we must have
OFu|o]

max > 0.

o€lo1,02] Oa

BE[u o

Let 0¢ € arg maxXee(o 0] . Then we obtain that

9%((»’0) doy k(Uo)

Bs+ Be(1 = ®(09)) — =X | Bp—o—— + 2B, f——>| —a > 0.

6o'k( 0)? 80’0 k (00)

Since > 0 and >0, Bs + Br > a.
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Taking the second-order derivative of Flu|o,| w.r.t. o, yields that

O?Eu] o 1
= — Z)\[282

80'3 /Bk o 9 [ /88

+ 267(1 =@ = ¢ + ¢ — &*n* + ¢n° — o) + 28,61, (2(1 — @) + 2¢m + 61°)]

o’ 1

< | U5 = DB = 0 = 6 Gy P+ o — 90) + 20,201~ )+ 20+ o)
If |k —a—1I < o min <1,@/%)\a01) , then |n(o,)| < min (1,\/%)@01). Thus, d;—f <
ghao _ %)\ad). Using Matlab, we can draw the graph for the functions 1 — ® — ¢? + ¢n —

o1

O*n* + ¢ — ¢®n? and 2(1 — @) + 2¢n + ¢n?® with || < 1. From Figure 4, we can see that

both functions are greater than 0.5 when |n| < 1. Note that ¢ < \/%—W for any 7. Thus,

O?Eu]
0o?

a

< %Aﬁk |i\/i2_7r& — (65 + 6k):| < 0.

Thus, we prove that if |k —a — ] < o7 - min <1,\/%)\a01) , angu] < 0. Since Elu|o,] is
concave in o,, F[u|o,| must be minimized at o, = 07 or 0, = 0. So the agent will perceive

either the lowest risk o7 or the highest risk o,.

Proof of Proposition 4

It is straightforward from the proofs of Lemma 2 and Proposition 2.

Proof of Lemma 6

28



We can calculate that

Elu(as + psz)] = /OO u(as + Bsa+1+y)) \}Q_e_iédy, let 2 = %

00 g ™

- /oou(as+ﬁs(a+l+za))\/12_ez22dz.

o0

3

Thus, taking the derivative w.r.t. ¢ yields that

0
%E[u(% + Bsx)]

= [ et Attt z)se=e Y,
:/O u' (s + Bs(a+ 1+ 20)) Bz \/__de—/o U'(ozs+5s(a+l—za))ﬁsz\/%—ﬁe_édz-

Since u is concave, it means that u'(-) is a decreasing function. So [~ u/(as + Bs(a +
[+ za))ﬁsz “Sdz < I (o + Bs(a + l))ﬁs % dz and [/ (cs + Bsla + 1 —
za))ﬁsz T > I~/ (o + Byla + 1))Bsz 7= _édz. Thus, 2 Elu(as + Bsz)] < 0.

Hence, Eu(os + fsx)] is decreasing in o.

Proof of Lemma 7

Similar to the proof of Lemma 6, we can calculate that

Elu(ay, + By max(z — k,0))]

[e.e] 1 2
= / u(oy, + frmax(a+ 1+ o0z —k,0)) e 2dz,
—00 oV 2w

k - _l o ]_ 22
—a— T
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Taking the derivative w.r.t. o yields that

5o Elulan + femax(e — k,0)] = [ el U 2o ) s vor

If k—a—1> 0, then it is obvious that 2 E[u(ay + By max(z — k,0))] > 0. If k —a—1 <0,

at+l—k

then since fffg_z (g + Bela + 1+ 20 — k:))ﬁkz\/%e*%dz = [oo, Wy + Brla+ 1+

o

22 22
20 — k))ﬁkz\/%e’sz + f:i(lj—k W (ag + Brla + 1+ zo — k))ﬁkz\/%—ﬁe’sz. The first part
equals to zero when u”(-) = 0, and the second part is always positive, so there must exist
a bound B such that if |u”(y)| < B for any y, then 2 E[u(ay, + B max(z — k, 0))] > 0, i.e.,

Elu(ay + fr max(x — k,0))] is increasing in o.
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Figure 1: Market Value and Risk Premium
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Exercise Price k
This picture describes a numerical example showing that how the market value and risk

premium of an option change with respect to the change in the exercise price k. In the
example, we set a = 0.5, =0, 0 =0.1, and \ = 2.
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Figure 2: The relation between o, and lower and upper bound of A

lower and upper bound of A
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In the example, we set a = 0.5, k = 0.4, [ =0, o0y = 0.1, and 0o = 0.5. The dotted line
represents the lower bound of A (with respect to the change of ¢,,). The solid line represents
the upper bound of A (with respect to the change of 7,,).
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Figure 3: The relation between o, and lower and upper bound of A
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In the example, we set a = 0.5, k =04, [ =0, 0,, = 0.2, 0. = 0.25, and p = 0.9. The
dotted line represents the lower bound of A (with respect to the change of 0,). The solid
line represents the upper bound of A (with respect to the change of o).
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Figure 4: The two functions
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