A Jump-Diftusion Approach to Modeling Credit Risk and

Valuing Defaultable Securities

Chunsheng Zhou T

March 1997

tFederal Reserve Board, Mail Stop 91, Washington, DC 20551. Tel: (202) 452-3328, Fax: (202)
452-5296, E-mail: czhou@frb.gov. The author would like to thank John Campbell, Greg Duffee,
Matt Pritsker, Krishna Ramaswamy, René Stulz, and seminar participants at the Federal Reserve
Board and the NBER for helpful discussions and comments. The analysis and conclusions set forth
in this paper are those of the author and do not indicate concurrence by other members of the

research staffs, by the Board of Governors, or by the Federal Reserve Banks.



Abstract

Since Black and Scholes (1973) and Merton (1974), structural models of credit risk
have relied almost exclusively on diffusion processes to model the evolution of firm value.
While a diffusion approach is convenient, in empirical application, it has produced very
disappointing results. Jones, Mason, and Rosenfeld (1984) find that the credit spreads on
corporate bonds are too high to be matched by the diffusion approach. Also, because the
instantaneous default probability of a healthy firm is zero under a continuous process, the
diffusion approach predicts that the term structure of credit spreads should always start
at zero and slope upward for firms that are not currently in financial distress, but the
empirical literature shows that the actual credit spread curves are sometimes flat or even
downward-sloping.

If a diffusion approach cannot capture the basic features of credit risk, what approach
can? This paper develops a new structural approach to valuing default-risky securities by
modeling the evolution of firm value as a jump-diffusion process. Under a jump-diffusion
process, a firm can default instantaneously because of a sudden drop in its value. With this
characteristic, a jump-diffusion model can match the size of credit spreads on corporate
bonds and can generate various shapes of yield spread curves and marginal default rate
curves, including upward-sloping, downward-sloping, flat, and hump-shaped, even if the
firm is currently in good financial standing. The model also links recovery rates to firm
value at default in a natural way so that variation in recovery rates is endogenously generated
in the model. The model is also consistent with many other stylized empirical facts in the

credit-risk literature.



There are two basic approaches to modeling corporate default risks. One approach,
pioneered by Black and Scholes (1973) and Merton (1974) and extended by Black and Cox
(1976), Longstaff and Schwartz (1995), and others, explicitly models the evolution of firm
value observable by investors. The firm defaults when its market value falls below certain
exogenously given threshold level or the value of its debt. This approach for valuing risky
debt is called a structural approach by Duffie and Singleton (1995) and has been applied in
Geske (1977), Ingersoll (1977a, 1977b), Merton (1977), Smith and Warner (1979), Cooper
and Mello (1991), Hull and White (1992), Abken (1993), and many other papers.

One critical common assumption of the Merton-Black-Cox-Longstaff-Schwartz approach
is that the evolution of firm value follows a diffusion process. Under a diffusion process,
because a sudden drop in firm value is impossible, firms never default unexpectedly (i.e.,

L' The validity of this implication is questionable. If a firm cannot default

by surprise).
unexpectedly and if it is not currently in financial distress, its probability of defaulting
on very short-term debt is zero and therefore, its short-term debt should have zero credit
spreads and its term structure of credit spreads should slope upward at the short end. This
implication of the diffusion approach is strongly rejected. Credit spreads on typical short
term bonds are much larger than zero. Moreover, Fons (1994) and Sarig and Warga (1989)
even find that the yield spread curves of certain kind of bonds are flat or even downward
sloping. The empirical application of a diffusion approach has yielded very disappointing
results. Jones, Mason, and Rosenfeld (1984) find that the credit spreads on corporate bonds
are generally too high to be matched by this approach.

The implication that a firm has a constant value upon default in the typical diffusion
approach (e.g., Longstaff and Schwartz) is also problematic.?2 On the one hand, this ap-

proach emphasizes the central role of firm value in the determination of default. On the

other hand, the approach cannot allow the variation in the recovery rate of a risky bond to

'More precisely, the time of default is accessible under a diffusion process, meaning that there is an
increasing sequence of stopping times that converges to the default time, and therefore ‘foretells’ the event

of default.
2Merton’s (1974) model is an exception. Under some very restrictive assumptions of his model, such that

a firm has only one bond issue and does not default until the maturity of the bond, the remaining value of

a firm upon default is stochastic.



depend on the firm’s remaining value at default.

Another alternative approach, adopted by Duffie and Singleton (1994), Jarrow, Lando,
and Turnbull (1994), Jarrow and Turnbull (1995), Madan and Unal (1994), and others does
not consider the relation between default and firm value in an explicit (or structural) way.
This approach is called the reduced-form approach. In contrast to the Merton-Black-Cox-
Longstaff-Schwartz’s structural approach, the reduced-form approach treats default as an
unpredictable Poisson event involving a sudden loss in market value so default events can
never be expected.? For example, Duffie and Singleton (1994) assume that default occurs
at a risk-neutral hazard rate h; at any time ¢, meaning roughly that the conditional risk-
neutral probability at time ¢ of default over a small time interval At, given no default before
t is hiAt.

The attractive property of the above reduced-form approach is its tractability. How-
ever, it is not clear from the approach what the link or mechanism is between firm value
and corporate default. For example, since the hazard rate of default in the reduced-form
approach is modeled as an exogenous process, nobody knows what determine the “mysteri-
ous” hazard rate from this approach. Also, the implication that firms can only default “by
surprise” seems unrealistic.

In summary, a reduced-form approach is usually more flexible to fit the observed credit
spreads, while a structural approach often generates more conceptual insights on default
behavior. Neither a default approach nor a structural approach (based on a diffusion pro-
cess) captures both expected and unexpected defaults. From a theoretical perspective, a
structural approach based on a diffusion process completely rules out the use of a hazard
default rate which is common in the reduced-form approaches, because any such hazard
rate would be zero before default and infinity at default.*

Can we have a model which not only has the flexibility of the reduced-form approach to
fit the data but also provides the theoretical insights on the economic mechanism behind

default events of the traditional structural approach? Can we have a model which allows

3That is, the time of default is always an inaccessible stopping time.
“See Duffie and Singleton (1995) for a detailed discussion on this issue and the distinction between

expected defaults and unexpected defaults.



for both expected and unexpected defaults in a single framework? How can we reconcile
the different implications of the traditional reduced-form and structural approaches?

To answer these questions, this paper develops a simple yet flexible structural approach
to valuing risky debt by modeling the evolution of firm value as a jump-diffusion process.
Under a jump-diffusion process, a default can happen expectedly because of slow but steady
declines in firm value. A default can also occur unexpectedly because of a sudden drop in
firm value. This flexibility has a number of interesting implications, including: 1) The term
structure of credit spreads can be upward sloping, flat, hump-shaped, or downward sloping.
Some of these shapes (flat and downward-sloping) are not possible in structural models
based on diffusion processes unless a firm is in financial distress. 2) Default probabilities
and credit spreads on very short-term bonds of good quality firms can be larger than
zero. In particular, holding constant the total volatility of the dynamics of firm value,
the existence of jump risks can substantially raise the credit spreads of bonds over a wide
maturity range. 3) The remaining value of a firm at default is a random variable. Since
what bondholders receive upon default are mainly determined by the remaining value of
the firm, the randomness of firm value at default implies that a jump-diffusion model can
generate variations in recovery rates endogenously. 4) The recovery rate of a defaulted bond
is positively correlated with the credit quality of the bond before default. These implications
are consistent with a number of stylized empirical regularities detailed in Fons (1994), Sarig
and Warga (1989), Jones, Mason, and Rosenfeld (1984), Altman (1989), and many others.

The importance of jump processes in pricing risky bonds was also noticed by Mason
and Bhattacharya (1981). In Mason and Bhattacharya’s model, the evolution of firm value
follows a pure jump process with jump amplitude following a binomial distribution. Our
jump-diffusion model is more flexible and more general. It is also more realistic. In our
model, the dynamics of firm value have two random components: a continuous diffusion
component and a discontinuous jump component. The jump amplitude follows a log-normal
distribution rather than a binomial distribution.

The remainder of this paper is structured as follows. Section 1 presents the basic eco-
nomic framework. Section 2 provides closed-from solutions to simplified models in which a

default can only occur at the maturity of the debt as in Merton (1974). Section 3 solves the



general models in which a default may occur at any time. The implications of the model
are are illustrated in Section 4. Section 5 gives a useful application of our general pricing
methodology, i.e., pricing credit default swaps. Section 6 extends our economic framework

to allowing for stochastic interest rates. Section 7 concludes.

1 The Basic Model

By extending Merton-Black-Cox-Longstaff-Schwartz approach and modeling the evolution
of firm value as a jump-diffusion process, this section builds a continuous-time valuation
framework for risky debt. The basic assumptions are listed and discussed below. Some of
them parallel those of Merton (1974), Black and Cox (1976), and Longstaff and Schwartz
(1995).

Assumption 1: Let V denote the total market value of the assets of the firm. The

dynamics of V' are given by the following jump-diffusion process
av/V = (p — Av)dt + odZ, + (11 — 1)dY (1)

where

i, v, A, and o are positive constants;

Z1 is a standard Brownian motion;

dY is a Poisson process with intensity parameter A;

II > 0 is the jump amplitude with expected value equal to v + 1, and

dZy, dY, and Il are mutually independent.

Because v equals the expected value of jump component (IT—1), i in the above equation
represents the expected instantaneous rate of change of firm value.

We assume that Il is an i.i.d. log-normal random variable, such that
In(IT) ~ N (px, 07). (2)
This assumption implies that

v:=E[ll — 1] = exp(uy +02/2) — 1.



The diffusion process in equation (1) characterizes the “normal” fluctuation in firm
value, due to gradual changes in economic conditions or the arrival of new information
which causes marginal changes in the firm’s value. The jump component describes the
sudden changes in firm value due to the arrival of important new information which has
a large effect on firm’s market value. Given the fact that a firm’s value moves almost
continuously most of the time and that the market value of a firm may drop dramatically in
the event of default, a jump-diffusion process for firm value seems appropriate for modeling
a firm’s default risk. For a detailed discussion of jump-diffusion processes, see, for example,
Kushner (1967) and Merton (1974).

Assumption 2: The capital asset pricing model (CAPM) holds for equilibrium security
returns and the jump component of firm’s value equation (1) is purely firm-specific and is
uncorrelated with the market.

The jump-diffusion process was introduced into the derivative pricing literature by Mer-
ton (1976). According to Merton, there generally does not exist a set of portfolio weights
that will eliminate the “jump” risk. A Black-Scholes hedge will not be riskless even in a
continuous-time setup. To validate the Black-Scholes “risk-neutral” argument, some extra
restrictions on the economy and the jump process must be imposed. If the jump component
represents nonsystematic risk, a portfolio which removes the risk of diffusion component
(i.e., dZ; does not appear in the return process of the portfolio) will have a zero “beta.” By
the CAPM, the expected return on that portfolio must equal the riskless rate. The jump
risk will therefore not receive a risk premium.

Assumption 3: The Modigliani-Miller theorem that the value of the firm is invariant
to its capital structure obtains.

This is a standard assumption in the literature®, which requires that changes in capital
structure, such as debt/equity ratio and payments of coupons and principle, do not affect
the firm’s value V.

Assumption 4: We assume perfect, frictionless markets in which securities trade in
continuous time. Arbitrage opportunities do not exist.

According to Harrison and Pliska (1981), the nonexistence of arbitrage opportunities is

See Merton (1974) and Longstaff and Schwartz (1995).



equivalent to the existence of equivalent martingale measures. Most standard approaches
in the derivative pricing literature can then be used in valuing default-risky debt.

Assumption 5: There exists a positive threshold value K for the firm at which financial
distress occurs. The firm continuous to operate and to be able to meet its contractual
obligations as long as V' > K. However, if its value V falls to or below the threshold level
K, it defaults on all of its obligations immediately and some form of corporate restructuring
takes place.

This assumption follows Black and Cox (1976)° and Longstaff and Schwartz (1995).
However, in the Black-Cox-Longstaff-Schwartz framework, because the firm’s value V has a
continuous time path, V' is always equal to K in the event of default. In our model, because
V has a jump component, in the event of default, it can be a random number distributed
in the whole interval of (0, K]. Because of this property, it is quite natural in our model to
randomize the recovery rate of debt issues and to link this rate to firm’s value if a default
occurs.

An important implication of the assumption is that default occurs for all debt contracts
simultaneously. Longstaff and Schwartz (1995) provide a detailed discussion of institutional
arrangement and corporate restructuring in the default.

Assumption 6: The firm issues both equity and debt (bonds). If it defaults during
the life of a bond, the bond holder receives 1 — w(Xj) times the face value of the security
at maturity 7.7 Here s = min(7,T) with 7 being the time of default and X := V/K is the
ratio of firm’s value V to the threshold level K.

In practice, w is usually a non-increasing function of X, that is the inequality w'(X) <0
holds. The factor w represents the percentage writedown on a bond if there is a reorgani-

zation of the firm. When w = 0, there is no writedown and bondholders are not affected by

®Black and Cox (1976) assume that K is a deterministic function of time while we assume that K is a
constant here. Assuming that K is a deterministic function of time does not affect the basic structure of

our model.
"This assumption follows Longstaff-Schwartz (1995). The assumption that bondholders will be paid

at the maturity time even though a default may have occurred before that time is made for expositional
convenience. One can easily relax this assumption by assuming that bondholders get paid immediately at

default time if a default occurs in the life of the bond without affecting the basic structure of the model.



the firm’s reorganization. When w = 1, bondholders receive nothing in a reorganization.

In general, w will differ across various bond issues in the firm’s capital structure. For
example, Altman and Bencivenga (1995) find that the average recovery rate (1 — w) for
secured, senior, senior subordinated, cash-pay subordinated, and non-cash-pay subordinated
debt for a sample of defaulted bond issues during the 1985 to 1994 period is 0.593, 0.508,
0.365, 0.306, and 0.187, respectively. Similar results are also found by Altman (1992), Betker
(1992), and Franks and Torous (1994). It is important to note that even for the same class of
bond issues, the writedown w differs significantly across different time periods and different
firms. Altman and Bencivenga (1995) reports, for example, the average recovery rate for
the defaulted issues of secured debt is 0.827 in 1989 but is only 0.120 in 1987. A number
of factors may have contributed to this large disparity, but the firm’s value in the event
of default is certainly important. Most valuation models do not explain the variation in
writedown ratios for the same kind of bonds. A primary advantage of our model is that is
considers such variation in a natural way.

Note that even though we do not explicitly write w as a function of the firm’s capital
structure and the class of the debt issue for notational simplicity, w should be understood
as bond specific. For example, a senior bond will have a different w function from a junior
bond.

Assumption 7: The short-term riskfree interest rate r is constant over time.

This assumption is made for convenience only and will be relaxed in Section 6.

Assumption 1 and the definition that X = V/K yield immediately
dX/X = (p — \v)dt + 0dZ; + (Il — 1)dY. (3)

Let H be the price of any derivative security with payoff at time 7' contingent on the
firm’s X. Using Merton’s (1976) result, we know that under the assumption that the jump
risk is not systematic and that arbitrage opportunities are excluded, the derivative price H

must satisfy the following partial differential equation (PDE):

1
50 X Hxx + (r— W)X Hy — rH + \EH(XTLT) - H(X,T)] = Hy. (4)

The above equation depends on neither the risk-aversion coefficient nor the physical drift

of the firm’s X, as we expected from standard no-arbitrage approach for pricing derivative



securities. Theoretically, the value of any derivative security can be obtained by solving
equation (4) subject to appropriate boundary conditions. However, in practice, a closed-
form solution does not always exist, thus numerical approaches are sometimes necessary.
The above assumptions provide a general framework for valuing default-risky securities.
Analytical solutions to security prices are not easily found in such a general framework. To
make some technical preparation and to provide some intuition, we consider a simplified

model with a closed-form solution before trying to solve the general valuation problem.

2 A Closed-form Solution to a Simplified Model

This section presents a valuation formula for default-risky discount bonds in a simplified
framework with a different timing of default event. That is, Assumption 5 in the previous
section is replaced by

Assumption 5': The firm has two classes of claims: (a) discount bonds with a single
maturity 7" and (b) the residual claim, equity. The firm promises to pay the face value of
each bond ($1) at the maturity date T'. If the firm’s value at 7' is not greater than K (this
means that the firm is not able to pay all of its debt), the firm defaults and the bondholders
divide the firm to recover the value of their bondholdings.

This assumption simplifies the model because the possible default time is now given
rather than a stochastic stopping time. This assumption is similar to the one made by
Merton (1974).

Under Assumptions 5', the price B(X,T) of the bond with a promised final payment $1
at time T is characterized by PDE (4) subject to the condition at 7' = 0 that

B(X,0) = Ix>1 + [1 —w(X)] - Ix<i,
where X := V/K is defined as before and I represents the indicator function, that is

1, if sth is true,
Ign =
0, otherwise.

Lemma 1 Under Assumptions 1-4, 5', and 6-7, the bond price B(X,T) is given by

B = exp(—rT)E9Ix,>1 + (1 — w(Xr))Ix, <]



= exp(—rT) — exp(—rT) E?w(Xr)| XT < 1]F2 (1] X), (5)

where EQ represents the expectation under the equivalent martingale measure Q conditioning

on information currently available. Under this measure,
dX/X = (r — A\v)dt + odZ;, + (Il — 1)dY. (6)
Equation (6) can be rewritten as:
dIn(X) = (r — 0?/2 — \v)dt + 0dZ, + In(I1)dY. (7)

The expression F$(£|X) is defined as the probability of event { X1 < £} conditional on
current X under risk-adjusted probability measure @Q, i.c., FI(’?(§|X) = Q(Xr <¢X).

Lemma 1 is based on a standard risk-neutrality approach in the derivative pricing liter-
ature. Its proof is provided in the appendix.

To evaluate the bond price B, a critical step is to calculate the default probability
F$(1|X) We can prove

Lemma 2 The probability FIQ(§|X) = Q(X7r < &) is given by

>, exp( n(¢) —In(X) — (r —o?/2 = A)T —i
FOex) = 3 2P )(m N(l (§) — In(X) U(ZT+Z-./3;MT uw>‘ )

=0

Proof: See Appendix.
One case of particular interest is that the writedown of a defaulted bond is a linear

function of firm value upon default, that is

w(X) = wy —u X.
For this important case, we have
Theorem 1 If w(X) = wy — un X, then

B(X,T) = exp(—rT){1 — woFZ(1]X)
tn X SR SREAON . explyy; 4 02 /21 — Nl (9)

g




where

i = (r = 0 /2= )T + i,

and

o; =0T +1i-02.

F$(1|X) is the probability of default as given in Lemma 2.

The proof of the theorem is provided in the appendix.

The closed form expression of bond price B(X,T) for the writedown w(X) = wy —
w1 X involves nothing more complicated than standard normal distribution functions. Its
structure is similar to that of European option prices when the underlying asset prices follow
jump-diffusion processes. (See Merton (1976).)

We can define the recovery rate of a defaulted bond as ¢(X) =1 — w(X). If w(X) =
wo—w X, then ¢(X) = (1—wp)+w1 X = q+qaX. Ifgo <0 (e, wy > 1), ¢(X) =q+aX
can be negative. For a limited-liability bond, a negative value of bond is precluded. A

reasonable assumption to avoid a negative value of ¢(X) is that
q(X) = max(0,q0 + 1 .X).

This is equivalent to

w(X) = min(1,wy — w1 X).
It is easy to see that w'(X) < 0 for X > 0 whenever w; > 0.
Theorem 2 Assume w(X) = min(l,wy — w1 X). If wy > 1 but wg —wy < 1, then

B(X,T) = exp(—rT) {1 ~ F2(1)X) + (1 — wp) [F{?(HX) _r? (“’0 -1 |X>}

w1

+w X i eXp(_A;'ﬂ)(AT)i -explp; + 07 /2]
=0 '
. lN (m(x) + pi + o? ; In((wo — 1)/w1)> N <ln(X) TJM + a?)] }(10)

where p;, o; and F;’?(|X) are defined as in Theorem 1.

The proof of this theorem is similar to that of Theorem 1. See the appendix for details.
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The bond price with the limited-liability restriction given in Theorem 2 involves no
more complicated mathematics than that given in Theorem 1 for the bonds without limited-
liability restriction, even though the price formula with the limited-liability restriction looks
longer and less attractive. Ome can easily prove that bond price B(X,T) with limited-
liability is higher than that without limited-liability restriction, ceteris paribus. This is very
intuitive, with limited liability, bondholders do not have to pay anyone else even in the
worst cases.

Figure 1 shows the effect of limited-liability constraint on credit spreads. One can see
from the figure that the impact of such a constraint may be very small under reasonable
parameter values. This is because the probability that 1 —w becomes negative is relatively
low. For this reason, we will not impose this constraint in subsequent analyses so as to

simplify the exposition.

3 On the Solution to the General Model

In this section, we consider our general model (under Assumptions 1-7) in which a default
can occur at any point of time.®

Let 7 represent the time when a default occurs. Mathematically,
7= inf{t|X; <1,¢t > 0},

that is, 7 is the first passage time for X; to cross the lower bound 1. Explicit solutions for
first passage times are not known, except for some very special diffusion processes.’

If a default occurs before or at the maturity of the bond, i.e., 7 < T, the payoffs to the
bondholders will be affected by the default. A bond will receive a value of 1 — w(X,) at
the maturity 7. If X is a continuous diffusion process as in Longstaff and Schwartz (1995),

X, will be always equal to 1. If X is discontinuous, X, will be a random number and its

distribution will generally depend on the stopping time 7.

®In the following discussions, a general model will refer to a model in which a default occurs immediately
when the firm’s value reaches a lower bound, while a simplified model will refer to a model in which a default
can only occur at the maturity of the bond.

9See Abrahams (1986) for a survey on the first passage time problem.
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Using the results in the previous section, we know that the bond price B(X,T') satisfies

the partial differential equation (4)
1
502)(2BXX + (r — \W)XBx —rB + \E,[B(XII,T) — B(X,T)] = Br,
subject to
B(X,0) = Irs7 + [1 —w(X;)| <7
at T'= 0.
A Feyman-Kac solution to the above PDE, similar to Lemma 1, can be expressed as

B(X,T) = exp(—rT) — exp(—rT)EQ[w(XT)ITST], (11)

where @) is the risk-adjusted probability measure under which X follows a jump-diffusion
process as described in equation (6).
The following theorem provides a tractable way to valuing the bond in the general

framework where a default can occur at any time.

Theorem 3 Assume X > 1. The bond price B(X,T) given in equation (11) can be ex-

pressed as
B(X,T) = exp(—rT) — exp(—rT) lim > Ew(X)[4]Q, (12)
i=1
where
1
t; =T,
n

9 ={X; <1 andXz‘j>1, Vi <i},

and moreover, Xy is defined recursively as
X, =X,
In(X;) —In(X;_ )=o+y;-m i=12,--,n.

Here x;, y;, and m; are mutually and serially independent random variables drawn from

z; ~ N((r —o?/2 = \)T/n,0? - T/n),

12



Ty ~ N(/J’ﬂ'70.72'r)7

and
0, with prob. 1 —X-T/n

1, with prob. \-T/n

Yi =

Briefly speaking, the theorem holds because in a very small time period, there is no more
than one jump can occur and the diffusion process can not move a large distance almost
surely. The proof of the theorem is outlined in the appendix.

One feature of Theorem 3 is that the writedown w(X) in the event of default can be any
continuous function. Another feature is that the movement of X; is governed by two simple
probability distributions: normal distributions and two-point distributions. In particular,
a two-point distribution is generally much simpler than a multi-valued Poisson distribution
in both theoretical and numerical analyses.

We now describe a simple Monte Carlo approach to valuing B(X,T') based on the
theorem.

Procedures to valuing the bond price B(X,T):

e Step (1). Divide the time interval [0, 7] into n equal subperiods for sufficiently large
n, say n = 100 or n = 500. Denote t; :=T - i/n.

e Step (2). Do Monte Carlo simulations by repeating the following sub-procedures for
M (5 =1,2,---, M) times. Typically, one can choose M between 10,000 and 100,000.

a) For each j, generate a series of mutually and serially independent random vectors

(24, i, y;) for i = 1,2, - - n according to distributions described in Theorem 3.
b) Let X7 = X and calculate In(X} ) or X} according to the formula
In(X;) =In(Xy_ ) +z+yi-m

fori=1,---,n.

¢) Find the smallest integer ¢ < n such that In(X;) < 0.19 If such an ¢ exists, let

W; = w(X{). Otherwise, W; = 0.

OMathematically, ; obtained in this way is the first passage time of X to the lower bound 1 in a

discretized model.
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e Step (3). Let B(X,T) = exp(—rT)(1 — Z;-Vil W;/M). B(X,T) will be a numerical

solution to the bond price.

The above numerical procedure involves nothing more complex than generating 3n - M
random numbers based on the simplest probability distributions. It takes only several

minutes to value a bond with, for example, a SPARC 20 computer.

4 Empirical Implications of the Jump-Diffusion Model

The following numerical examples illustrate some of the rich implications of the jump-
diffusion model.

First, we show the effects of a jump component on the pricing of default-risky bonds.
To do this, we keep the instantaneous volatility of firm’s value (Var(dIn(X))/dt) constant
as we change the parameter values which govern the random components of dX, so that the
variations in bond prices are truly caused by the relative importance of the jump component
rather than by the changes in the overall volatility of firm’s value.

Equation (7) implies that
0% = Var(dIn(X))/dt = 0> + \- 02 (13)

if 1y = 0. We will keep pu; = 0 and 0% = 0.035 in our numerical simulations so that the
results shown here are really driven by the change in the extent of “discontinuity” of the
firm’s value process rather than by the variation in the volatility of the firm’s value.

As is well known, a diffusion process has a continuous sample path and cannot cross
a boundary from somewhere else instantaneously. Therefore, under a diffusion process, if
a firm is not currently in financial distress (X > 1), its probability of defaulting on very
short-term debt is zero and therefore the marginal default probability curve of the firm is
upward-sloping at the beginning, as shown in Figure 2 with 02 = 0. In the real world, the
default probabilities of short-term bonds are often much larger than zero. If the evolution
of firm value follows a jump-diffusion process, however, the story will be different. Under
a jump-diffusion process, a default can happen instantaneously because of a sudden drop

in firm value. As a result, a jump-diffusion model can generate many different shapes of
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marginal default probability curves, including upward-sloping, downward-sloping, flat, and
hump-shaped. This variety of shapes is consistent with those in Fons (1994).
As for cumulative default probabilities,'’ in accordance with Figure 2, Figure 3 shows

that holding constant the volatility of X and the jump intensity A, a firm with a more

2

2) is more likely to default on its short-maturity

volatile jump component (i.e., a larger o
bonds than is a firm with a more volatile diffusion component. Interestingly, Figure 3 also
illustrates the reverse relation at longer maturities. A firm with a more volatile diffusion
component is more likely to default on its long-maturity bonds than is a firm with a more
volatile jump component. Because this is a surprising result, we now outline the intuition
for it.

For a given T' > 0 which is not very small in magnitude, an increase in the volatility of
a diffusion process can substantially increase the probability of default during period [0,77].
However, for a jump process, the effect on default probability of the jump size volatility o2
is largely limited by the jump intensity A. If A is very small such that X7 is also a small
number, then the probability that there is at least one jump in period [0, T'] is approximately
AT. As a result, no matter how large the jump size volatility o2 is, the probability of default

in period [0, 7] caused by the jump process is always smaller than A\T', even though AT is

2

2 mainly affects the remaining value of a firm

already small. In this case, an increase in o
upon default and has a very small effect on the default probability. This intuition is made
more rigorous in the following concrete example.

Consider two extreme X processes for illustration. The first one is a pure diffusion
process with the volatility o and the second one is a pure jump process with a small jump
intensity A and a large volatility of jump amplitude o2 := Var(In(II)). We assume that
0? = X+ 02 =0.035, same as the volatility of In(X) used in Figure 3.

Denote F(T') as the cumulative distribution function of the first passage time to default

for the pure diffusion process and J(T') as the cumulative distribution function of the first

passage time to default for the pure jump process, where 7" is the maturity time and default

Y Cumulative default probabilities reported in this paper are not annualized. They are calculated under
risk-adjusted probability measure ). They often look higher than default probabilities of real bonds under
the physical probability measure. This is because the drift of a firm’s value under the risk-adjusted measure

is smaller than the corresponding real drift under the physical measure.
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occurs whenever X falls to or below 1. Using the result of Harrison (1990), we have

F(T)=N (—IH(X) +0_(:“/% "2/2)T> +x2 N <—IH(X) _J(:/% "2/2)T> . (14)

Assuming that X = 2 at time zero and r = 0.05 as in Figure 3, we obtain immediately

that F(1) = 0.0001 and F(10) = 0.116.

There is no explicit expression for J(7'). However, in a pure jump process with a positive
drift, default must be caused by jumps. Assume that A = 0.01 and that o2 = 0.035/0.01 =
3.50. If T = 1, then the probability of one jump in [0,7] is about AT" = 0.01 and the
probability of two or more jumps in [0,77] is small enough to ignore. If a jump occurs at
time ¢ < 1 and there are no other jumps before ¢, the probability that X; falls to or below
1is

N(—1n(X)/o,) = N(—1In(2)/V3.5) = 0.36.
As a result, we have J(1) ~ 0.01 x 0.36 = 0.0036.

Now let’s consider T' = 10. The probability that there is no jump in the time interval

0,7 is
exp(—AT) = exp(—0.01 x 10) = 0.90.

That is, the probability that there are one or more jumps in [0,77] is 1 —0.90 = 0.10. Denote

d as the conditional probability of a default if there are jumps. Then we have
J(10) = 0.10 - d < 0.10.

As a matter of fact, no matter how one increases the volatility o2, J(10) is always much
smaller than 0.10.

From the above examples, we see that J(1) > F(1) and that J(10) < F(10). That is,
a jump process is more likely to cause a default over a short horizon but less likely to cause
a default over a long horizon than a diffusion process.

Straightforwardly, under a jump-diffusion process, a firm’s value V' can jump below the
boundary K without hitting it. This implies that the remaining value of the firm upon
default is random and is possibly less than K. If V is stochastic, it is very natural that the
recovery rate of a defaulted bond is also stochastic because what bondholders recover upon

default depends on the remaining value (V) of the firm. We see from Figure 4 that the
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volatility of writedown increases with the volatility of the jump component, o2. Without a
jump component, the writedown is deterministic. The standard deviation of the writedown
is about 0.15 as 02 = 0.25 and rises to about 0.20 when o2 becomes 0.50. This result
reveals another attractive feature of the jump-diffusion model. That is, the model provides
a reasonable explanation about why the recovery rates of similar bonds are so volatile and
so unpredictable.

Generally, the larger the jump size volatility o2 is, the farther X is below 1 on average
upon default. (If X follows a pure diffusion process then upon default, X always equals to
one.) This implies that average writedowns of bonds are larger when the jump volatility is
larger. (Recall that a lower X at default means a lower recovery rate, or a higher writedown.)
In the examples shown in Figure 5 (wy = 1.4 and w; = 1.0), the average writedown is 0.40
when 02 = 0.00 or there is no jump component. It rises to 0.50-0.55 when o2 = 0.25
and increases further to about 0.65 when o2 = 0.50. Figure 5 also shows that under a
jump-diffusion process, not only the ex post recovery of a bond is not a constant, the ex
ante recovery rate of a bond is not a constant either. Because a diffusion process is almost
unlikely to cause a default in a short period of time, the defaults of short-term bonds are
usually caused by the jump component of the dynamics of firm value. As the maturity
gets longer, the probability that a default is caused by the diffusion process becomes larger.
If a default is caused by the diffusion component, then X = 1 upon default; while if a
default is caused by the jump component, upon default, X < 1 with probability one. As a
result, under a jump-diffusion process, short-maturity bonds are usually have lower expected
recovery rates (higher expected writedowns) than are long-maturity bonds.

Theoretically, default probability and expected recovery rate upon default determine
the credit spread on a bond. According to Figure 2, under a diffusion process, if a firm is
not currently in financial distress (X > 1), its probability of defaulting on very short-term
debt is zero and therefore, its short-term debt should have zero credit spreads, as shown
in Figure 6 with 02 = 0. This strong implication of diffusion models for credit spreads is
not valid in the real world. Credit spreads on typical short term bonds are much larger
than zero. As mentioned before, Fons (1994) and Sarig and Warga (1989) even find that

the yield spread curves of certain kind of bonds (BB-rated or B-rated) are relatively flat or

17



downward sloping.'? As illustrated in Figure 6, these yield spread curves are captured by
a jump-diffusion model with non-trivial jump components.

Figure 6 shows that jump risks significantly raise credit spreads, especially for bonds
with short- to middle-maturities, even holding constant the total volatility of the dynamics
of firm value. For example, for a two-year discount bond, the annualized credit spread shown
in the figure is only seven basis points when jump component does not exist (o2 = 0). The
spread rises to 32 basis points as o2 becomes 0.25 and rises further to 57 basis points
as o2 reaches 0.50. This result suggests that a misspecification of stochastic processes
governing the dynamics of firm value, i.e., falsely specifying a jump-diffusion process as a
continuous Brownian motion process, may substantially understate the credit spreads of
corporate bonds. The results here explain the stylized empirical regularities contained in
Jones, Mason, and Rosenfeld (1984).13

The frequency of jump occurrences, J, is another important parameter in characterizing
the jump component. Given the volatility of the jump component, Ao2, the jump frequency
A determines how “discontinuous” the jump process IIdY is. A larger A and a smaller o2
mean that jumps occur more frequently but each jump may cause a smaller movement. In
other words, the path of the process with a larger A and a smaller o2 looks more “continuous”
than that of a process with a smaller A but a larger 02. Figure 7 plots the relation between
credit spreads and the jump intensity parameter A based on a pure jump process in which

the instantaneous volatility of dIn(X) remains constant, i.e., 0% = A - 02 = 0.035. The

2Helwege and Turner (1995) argue that credit spread curves of many B-rated bonds are still upward-
sloping based on a particular data sample, but they cannot reject that some B-rated bonds really have
downward-sloping credit spread curves. Moreover, no one suspects that the credit spreads of most short-
term bonds are nonzero. Merton’s (1974) model which is based on a diffusion approach can generate a
downward-sloping credit spread curve only if the firm is exceptionally highly leveraged, that is, if the firm’s
debt-ratio is greater than one or in terms of my modeling assumptions, the current X is smaller than one.
However, according to Helwege and Turner (1995), the data from Standard and Poor’s on median book
values of debt-to-capitalization ratios by rating indicate that B-rated and even many CCC-rated firms do

not have debt ratios greater than one.
13The empirical literature has provided very favorable evidence that jumps are an important feature of

asset returns. See, for example, Bates (1996), Jorion (1988), Kon (1984), and Das, Foresi, and Sundaram
(1996) for details.
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figure shows an interesting pattern between credit spreads and the parameters of the jump
process. That is, a large A and a small 02 are generally associated with low credit spreads
of short-term bonds but high credit spreads of long-term bonds. This pattern is driven by
the relation between default probabilities and the structure of jump process as shown in
Figure 8. Figure 8 looks similar to Figure 3 and shows that for short-maturity bonds, the
more continuous the path of X is, the lower the default probabilities are. This phenomenon
is reversed as the maturities of bonds get longer.

Figures 9, 10, and 11 illustrate the relations between firm’s X and credit spreads, default
probabilities, and expected writedowns, respectively. It is not surprising to see from Figures
9 and 10 that credit spreads and default probabilities decrease with X. The farther is firm’s
value V from threshold level K, the smaller is the likelihood of a default. What is interesting
here is the non-monotonic relation between X and the expected writedowns as shown in
Figure 11.

For bonds with very short maturities, a lower X generally implies a higher writedown
or a lower recovery rate. This is because a quick default is generally caused by a jump
in X. The higher is X before jump, the higher is the expected value of X after jump.
For bonds with middle maturities, if X is close to default threshold value, 1, the expected
writedown is low. This is because a default in this case is very likely caused by the diffusion
part of X and there is a good chance that X = 1 (the highest value of X upon default).
If current X is sufficiently far away from its threshold value, expected recovery rates will
be positively correlated with current X. This is because when the current X is sufficiently
large, the default of the firm will be mainly caused by the jump component of X process
over the middle horizon. As mentioned earlier, the higher is X before jump, the higher is
the expected value of X after jump.

Because a firm with a high credit rating usually has a large X before default, the results
of Figure 11 may explain why among various investment grade bond issues, the recovery
rates of defaulted bonds are positively correlated with bond ratings before defaults (Altman

1989).
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5 Application: Pricing Credit Default Swaps

The above theoretical framework for modeling default risks can be conveniently used to
price credit derivatives such as credit default swaps, credit spread derivatives, and total
return swaps. As an example, we consider the pricing of credit default swaps.

A plain vanilla credit default swap involves the exchange of floating rate payment (say,
LIBOR) for a payment contingent on default by a reference firm. It is often used to hedge
the credit risk associated with various financial claims such as bank loan or trade credit.

As it is well known, the credit risk of a financial claim is usually characterized by two
risk-factors: the default probability and the recovery rate. In practice, the second factor is
at least as important as the first one. For example, the default of a large borrower may only
cause a small drop in the profit of the lending bank if the bank can recover 95% percent of
its loan to this borrower, but the default may cause a disaster to the bank if the recovery
rate is only 20%. The ability of a credit default swap to hedge the credit risk of a claim
depends on the relation, in the event of default, between the value of defaulted financial
claim and the value of the swap’s contingent payment. Obviously, the assumption of a
constant recovery rate is not able to capture this relation. That’s why an explicit modeling
of the recovery rate is interesting and necessary in many applications of credit risk analysis.

The contingent payment of a credit default swap can take on several possible forms.
The credit default swap pricing issue is virtually an issue of valuing contingent payments.
Assume that the payment contingent on default of a bond is G(X,) made at time T,
where 7 is the time of default and Ty is the maturity time of the swap (7 < T;). Two
approaches can then be used to value this payment. The first approach values the payment
directly by using the valuation framework established in the previous sections. Denote
A(X,Ts) as the present value of contingent payment G(X;). A(X,Ts) can be determined
by PDE (4) with the following terminal condition at Ts = 0:

A(X,0) =G(X) - L<y,.

Theorem 4 Assume that X > 1. Suppose that the bond defaults immediately at time T

" This assumption is made to let us apply the previous framework more straightforwardly. There is no

difficult to price the swap if one assumes that the contingent payment is made at time 7.
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when X, < 1. For any continuous function G(X), we have

n
A(X,T,) = exp(—rTy) lim 3" BO[G(X])|0] - Qi (15)
i=1
where
7
ti = _T57
n

O ={X] <1and X{ >1, Vj<i},
and moreover, Xy, is defined recursively as
X, =X,
In(X;) —In(X; ) == +y; - m.
zi, ¥i, and m; are mutually and serially independent random wvariables drawn from
z; ~ N((r —0?/2 = \)Ty/n, 0% - Ty/n),

Ty ~ N(uﬁvagr)v

and
0, with prob. 1 — X-Ts/n

1, with prob. \-Ts/n

Yi =
In particular, if G(X) = g is a constant, then

A(X,Ty) = exp(—rTy) - g lim > Q;, (16)
=1

Proof: See Appendix.
The swap price A(X,Ts) can be evaluated easily by the same numerical method as

described after Theorem 3.
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6 Extension: Stochastic Interest Rates

We assumed constant riskfree interest rates earlier. We now relax this assumption by
assuming that the instantaneous riskfree interest rates follow a diffusion process:

Assumption 7. The dynamics of short-term riskfree rates r are given by
dr = (¢ — Br)dt + ndZs, (17)

where (, 8, and 7 are constants and dZs is a standard Brownian motion. The instantaneous
correlation between dZ; in Assumption 1 and dZs is pdt. dZs is independent of dY and II.

This assumption about the short-term interest rate dynamics is proposed by Vasicek
(1977) in his well-known term structure model. It is a straightforward exercise to use other
interest rate processes like Cox, Ingersoll, Ross (CIR 1985).

The effect of the correlation between the interest rate movements and the changes in
firm’s value on credit spreads was first investigated by Longstaff and Schwartz (1995). We
now study this issue in a more general economic model. As an example, we will extend
the result of Theorem 3 to a setup with stochastic interest rates. All other results in the
previous sections can be extended similarly.

Under Assumption 7, the partial differential equation (4) for bond price B(X,r,T') can

be rewritten as:
Lo2X2B 4 ponX By + Si2Byy + (r—M\)XB
5 XX T ponAbLxy 277 T X
—rB + (a — pr)H, + A\E[B(XIL,r,T) — B(X,r,T)] = Br, (18)
where « represents the sum of parameter ( and a constant representing the market price of
interest rate risk.
Suppose that Assumption 5 is effective. That is, the firm defaults immediately when its

value V falls to or below the threshold level K (X < 1). Then B(X,r,T) will satisfy the

following condition at 7" = 0:
B(X,r,0) = Irs + [1 — w(X,)]|Lr<T.
Similar to Lemma 1, a Feyman-Kac solution to the PDE can be expressed as:

B(X,r,T) = E®Jexp(— /OT rdt)(Lrst + (1 — w(X;))<7)], (19)
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where () is the risk-adjusted probability measure under which

2
dln(X) = (r— % — \W)dt + 0dZ, + In(I)dY, (20)

dr = (a—pg-r)dt+ndZ,. (21)

The bond price formula given in equation (19) can be evaluated according to the fol-

lowing theorem.

Theorem 5 Denote D(r,T) as the price of the riskfree discount bond which pays $1 at time
T. The bond price B(X,r,T) given in equation (19) can then be expressed as

B(X,r,T) = D(rT)— nlLrgOZEQ[exp(— ZTZ; -T/n)w(X,))|2] - Qi (22)
i=0 =0

where

Qi ={X{, <1 and Xy; > 1, Vj <i},

and moreover, X;. and ry. are defined recursively as
* J—
Tiy =T
o
Xto - X7
* * _ .
Ttl - ’f‘ti71 —_ 51/.

ln(X;‘i) — ln(X:i_l) =x; + Y- .

Here x;, y;, 0;, and m; are random variables drawn from

~ N

8 a—p-rf_ T | n* pon
x; ri_, —o?f2=x | T pon o

SRS

Ty ~ N(uﬁvagr)v

and
0, with prob. 1 —X-T/n
1, with prob. X-T/n

&
I
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In the Vasicek term structure model, the riskfree bond price D(r,T) is given by
D(r,T) = exp(a(T) — b(T)r), (23)

where

a(T) = (77_2 _ g) T + (772 %) (exp(—pT) — 1)

262 P B
772
- (E) (exp(—28T) — 1)
WT) = 1-— ex%(—ﬁT)'

The intuition of this theorem is similar to that of Theorem 3. Its proof is outlined in
the appendix.

One can follow procedures similar to those described after Theorem 3 to evaluate bond
price B(X,r,T) numerically.

Figure 12 graphs the relation between credit spreads and the correlation coefficient
between the diffusion component of the changes in firm’s value and changes in short-term
interest rate. Similar to the results reported by Longstaff and Schwartz (1995), the impact
of the correlation coefficient p is significant. The reason why the credit spread increases
with p is that the risk-neutral distribution of future values of X depends on the movements
in . Thus, the variance of changes in X depends on the correlation between changes in X
and changes in short-term interest rate. When p is positive, the covariance term adds to the
total variance of changes in X under the risk-adjusted probability measure, and therefore

increases the probability of a default, as shown in Figure 13.

7 Concluding remarks

This paper develops a tractable yet theoretically rigorous framework for valuing risky debt
and credit derivatives that incorporates both default risk and interest rate risk and allows
for both a continuous component and a jump component in the evolution of firm value.
The paper has a number of important implications. It shows that the structural pricing
model with both a jump component and a continuous component is much richer in generat-

ing various shapes of the term structure of credit spreads than are other structural models
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and that a jump-diffusion model can explain a number of empirical regularities regarding
default probabilities, recovery rates, and credit spreads which are not captured by tradi-
tional diffusion models. It also provides a simple integrated framework in which expected
and unexpected defaults can coexist. The results of this paper suggest that both diffusion
process and jump process are potentially important components for a structural valuation
model for corporate debt.

The valuation framework of the paper can be easily extended to allow for more insti-
tutional details such as floating rate coupon payments and bond indenture provision that
may require a firm repay its lenders recovered values at default time 7 if a default occurs
before the maturity of the bond.

Most structural approaches to modeling corporate debt do not provide practical tools
for valuing realistic types of default-risky securities, even though they may provide useful
conceptual insights on credit risk. Our model can be easily applied to valuing various
types of corporate debt securities and even credit derivatives. The model not only has the
flexibility of the reduced-form approach for capturing the basic features of the obserevd
credit spreads but also provides the conceptual insights on the mechanism behind default

events of the traditional structural approach.
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8 Appendix

This appendix outlines the proofs of the theorems presented in the text.

Proof of Lemma 1: The proof is straightforward. From a standard risk-neutrality

argument, we know that
B(X,T) = exp(—rT)E?[Lxr>1 + (1 — w(X1)) Ixr<1].
The lemma, follows immediately from the equality

I, >1+Ix,.<1 =1

Proof of Lemma 2: By the definition,
FP(£]X) = Q(Xr < ¢[X) = Q(In(X7) < In(¢)|X).
Let Yr be the total number of jumps from time 0 to time 7. We have
In(X7)|(X, Y7 = i) ~ N(In(X) + (r — 0%/2 — \)T + ipir, 0°T + ic2). (24)
A tedious calculation yields

FR(€1X) = Q(In(Xr) < In(€)|In(X))

= Y Q=) Qn(Xr) < W)X, Yy =)
1=0

< xp(-NDOT) <ln(€) — In(X) — (r — 0%/2 = A)T — u) o)

=2 i! VoilT +1i- 02

1=0

Lemma 3 Assume In(x) ~ N(ug,02). We have

E[z|a < In(z) < b]Prob(a < In(z) < b)

b dz
= exppe + 052] exp(—22/2) Ton

In(z)=a
_ _ 42 _ 2
N <7b s 09‘?) ~N <7a s U’”)] . (26)
Oy Og
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Proof of Lemma 3: Let In(x) = py + 05 - 2, where z ~ N(0,1). The first equality
follows directly from the definition of conditional expectations. The second equality holds

because

b 9 oy dz
/1 explpg + 0z2] exp(—2°/2)

n(z)=a V2
b
= exp|pq) (0 a explogz — 22 /2] \;i;_ﬁ
= explus +02/2) | B
In(z)=a V2
(b—pz)/ 0w dz
= exp[pg + 02/2 / exp[—(z — 04)?/2
[ 2 o [ Ry
(b—pz—02)/0w dz
:expux—l—ai 2 / exp —22/2
[ /2] o) (=2°/2) 7=

bh— . — 2 — iy — 2
expla +02/2] lN (#) N (u)] _
Og Oy

Proof of Theorem 1: By Lemma 1, if w(X) = wy — w1 X, then
B(X,T) = exp(~rT){1 - E®[w(Xr)|Xr < FF(1X)}
= exp(—rD){1 — woFE(11X) + wy - EQ(Xr|Xr < DFE(X)}. (27)
To finish the proof, we only need to calculate
E?(Xp| Xy < 1)FE(1]X).

Define
h:=E9(Xy| Xy < 1) (1]X)

and

hi = E?(Xr| Xy < 1,Yy = 0)Q(Xr < 1|Yp =i, X),

where Y7 is the total number of jumps from time 0 to time 7. We have

ho= Y QU = i)k
=0

_ $S ATy

1=0

E hi. (28)
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Using the results of equation (24) and Lemma 3, we obtain

hi = Xexp|(r—o0%/2 = )T +ipy + (0*°T +i02)/2] -
N (_m(x) + (r —0%/2 = \W)T +ipy + (02T + iazr))

Vo?T +io2

Proof of Theorem 2: Denote ¢(X) =1 —w(X), g0 = 1 —wyp, and ¢; = w;. By Lemma

B(X,T) = exp(—rT){1 - E%w(Xr)|Xr <1]- FZ(1]X)}
= exp(—rT){1 — B9l — q(Xy)| Xy <1]- FF(11X)}
= exp(—rT){1 — FZ(1]1X) + E9[q(X7)| X7 < 1] - F2(1]X)}. (29)
The assumption w(X) = min(1, wy—w; X) for 0 < X < 1 together with ¢(X) = 1—w(X)

implies that

g+ qXr, if —qo/q1 < Xy <1,
q(XT) = (30)
0, if0<XT§—qO/ql.

Using equation (24) and Lemma 3, we have immediately
ECq(Xr)|Xr < 1EF (11X)

= E¢ {QO+QIXT|_Q_O<XT§1:| -Q[—q—0<XT§1|X}
a1 q1
q0 - .
— o [FROX) - FR-200| 0> =)
=0

EC [XT| —In <q—°) <ln(X7) <0,Yp = z} Q {— In <@> < In(X7p) < 0]Yy = i,X]
q1 q1

>, exp(—AT)(AT)’
=g [F;?(HX) _r? <_Z_?|X>] —i—qu; p( : )(AT)
explu; +07/2] - [N <ID(X) T “;"2 _ln(_g—?)> N <ln(X) *i +a?>] ‘

Theorem 2 follows directly from the above result.

Proof of Theorem 3: Dividing the time interval [0, 7] into n equal subperiods and

evaluating expected values on the right hand side of equation (11) gives

EMw(X,) L <7] = ZH:EQ[w(XT)m,l <7 <t]-Qtio1 < 7T < ty), (31)
=1

28



Denote

Qi ={X;, <1and Xy, > 1, j <i})

and
Qi = Q(S%)
It is easy to show that
Qti1 <T<t) = Qi+o(T/n), (32)
ECw(X )|t 1 <7 <t] = ECw(Xy)ti 1 <7 <t;]+0(T/n)
= E°[w(Xy,)I] + O(T/n). (33)

On the other hand, equation (7) implies that

Ki
In(Xy,) — In(Xy,_,) =@ + Y mij, (34)
4=0
where
z; ~ N((r —o?/2 = \)T/n,0? - T/n),
Ty ~ N(/J’7”0.72T)7
and

k; =k, with prob. \¥ . w (T/n)*, k=0,1,---.
According to the definitions of X; and Q;, we have
Qi = Q; +o(T/n)

and

ECw(Xy,)|] = Ew(X) 8] + o(1),

where X/, ; and Q; are defined as before.

As a result, we obtain from equation (31)
E°w(X;);<r] = lim Z; E9w(X})|€%] - Q. (35)
1=

The theorem then establishes immediately.
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Proof of Theorem 4: Since the contingent payoff at maturity 7 of the credit default

swap is G(X,)Ir<r,, we have
A(X,Ty) = exp(—rTy) E?[G(X,) I <1,).
Using the same method as in the proof of Theorem 3, one obtains immediately
n
A(X,Ty) = exp(—rTy) lim ; E9[G(X})|%] - Qs (36)
If G(X) = g, one has
n
AX,Ty) = exp(—rTy) nli_{goz;EQ[QMi] Qi

1=

n
= oxp(—rTy) lim > g- Q. (37)
1=1

Proof of Theorem 5: We know that
T

T
B(X,r,T) = E9exp(— /0 rdt) I, + exp(— /0 rdt)(1 — w(X,)) L <r]

T T
—  EPexp(— /0 rdt)] — E9fexp(— /0 rdt)yw(X,)I<1]

= D(r,T) — E%exp(— /0 ' rdt)w(X,;)I,<r]. (38)

Using the same method as in the proof of Theorem 3, we then obtain the theorem

immediately.
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