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Abstract

This paper argues that interest-rate smoothing may be optimal when the effect
of monetary policy is uncertain. A model is presented in which the Federal Reserve
rationally learns about the policy multiplier by observing the reaction of the economy
to recent choices of the interest rate. As a result of this learning process, the Fed faces
greater uncertainty about the impact of its policy as it moves the interest rate away
from its previous level. The optimal policy response to macroeconomic developments
therefore involves gradual adjustment of the interest rate over a period of time during
which the Fed is learning about the effect of its policy, consistent with the smoothness
of interest rate movements found in estimated policy rules. The model also suggests
that periods of active interest rate movements, by allowing the Fed to learn more
effectively, may be followed by a more aggressive policy rule.
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1 Introduction

There is a substantial amount of evidence suggesting that the Federal Reserve conducts
monetary policy in a gradual manner. The federal funds rate appears to be adjusted at
a deliberate pace, typically through long sequences of small interest rate changes in the
same direction. This behavior is apparent in Figure 1, which displays the intended federal
funds rate over various time periods.! Rudebusch(1995) provides a statistical analysis of
this behavior, finding that changes in the intended funds rate are frequently followed by
additional changes of the same sign, which are referred to as “continuations” (as opposed
to “reversals”). In addition, he finds that continuations occur in fairly rapid succession,
indicating that these changes may constitute steps within a single policy movement. In the
sample plotted in Figure 1, 88% of funds rate changes are continuations, with an average of
26 days separating changes when there is a continuation, compared to the average 77 days
for a reversal.

The apparent tendency to smooth interest rate changes is also evident in estimates of
simple monetary policy rules. Taylor-type rules, which have been widely used to characterize
recent U.S. monetary policy, typically specify a target federal funds rate ¢* that is a function

of the output gap and the deviation of inflation from its target:?
iy =1+ 0, = Y") + Bp(m — 77), (1)

where r* is the equilibrium real interest rate. To fit the data, though, this policy rule has
often been modified to allow the funds rate to move gradually towards the target level, as
in:

The results typically find that the value of the parameter p measuring the smoothness of
interest rate changes is quite high. For example, Table 1 presents estimates of the policy rule
obtained by combining equations (1) and (2) using least-squares and instrumental variables

estimation.® The IV technique would be appropriate if deviations from the policy rule affect

!The intended funds rate is the target series reported by Rudebusch(1995) for the episodes September
1974 to September 1979 and March 1984 to September 1992. The target series has been extended through
December 1997 based on press releases by the FOMC announcing policy actions.

2Rules of this type were first examined by Bryant, Hooper, and Mann(1993) and were analyzed by
Taylor(1993).

3The estimation is carried out using quarterly data over the period 1987:4 to 1997:4, corresponding to
the tenure of Chairman Greenspan. The inflation rate is the annual percent change in the GDP deflator.
The output gap is based on the potential output series constructed by the CBO as of July 1997.
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Table 1: Estimated Policy Rule

| | Least Squares Estimates | Instrumental Variables ‘
Bo 1.00 (1.55) 1.41 (1.77)
By 1.13 (8.14) 1.16 (7.97)
O 1.65 (7.26) 1.52 (5.83)
p 0.63 (7.55) 0.65 (10.37)
R 0.969 0.969
SEE 0.345 0.347

Notes: Results shown are LS and IV estimates of the equation:
it =(1—p)(Bo+By(Ye —Y*)+ Bamt) +p-it—1.
The t-statistics shown in parentheses are based on Newey-West standard errors.

Instruments include one to four lags of inflation, the output gap, and the funds rate.

the within-quarter output gap and inflation rate.* The results indicate that the funds rate
reacts significantly to both output and inflation deviations, but the response is very gradual,
as indicated by the large (and significant) coefficient p.° In response to a permanent change
in the target funds rate, the actual funds rate responds by only 37% of the change within
the quarter and takes five quarters to complete 90% of the movement.

Other studies have demonstrated that the degree of interest-rate smoothing is puzzling
given the dynamic structure of the economy. An analysis by Sack(1998) indicates that
movements in the funds rate are too gradual to be accounted for strictly by the dynamic
behavior of macroeconomic variables estimated from a VAR. The reaction of the funds rate
to various shocks in the economy is damped, as the funds rate instead moves gradually in
the direction of the expected response over a period of several months.® Evidence of interest-
rate smoothing is also found in analyses using structural models of the economy. In papers
by Rotemberg and Woodford(1997) and Williams(1997), the performance of the estimated
policy rule could be substantially improved by implementing more volatile movements in the
funds rate.

These empirical findings suggest that the Fed is reluctant to change the funds rate from

its previous level, resulting in the inertial movements in the funds rate that are observed. For

4The instruments include the funds rate, inflation rate, and output gap lagged one to four quarters.

5The results are consistent with other estimates of this rule for the U.S. — see, for example, Or-
phanides(1998) and Clarida, Gali, and Gertler(1997). Also note that the similarity between the OLS and IV
results suggests that simultaneity may not be a serious problem.

6These results refer to the case labeled Additive Uncertainty in that paper. An alternative case labeled
Parameter Uncertainty investigates the effect of the imprecision of the VAR estimates on the calculated
policy. See that paper for a discussion of the relation between those results and the current analysis.



this reason, attempts to explain gradual interest rate movements have typically proceeded by
appending the objective function of the central bank with a loss related to the magnitude of
interest rate changes. Goodfriend(1987) posits that the Fed smoothes interest rates to protect
the banking sector against financial crises, an idea later formalized by Cukierman(1991),
although there is no empirical support for this explanation. Meulendyke(1990) expresses the
view that interest rate changes are damped in order to avoid reversals in the direction of
interest rate changes, and Goodfriend(1991) and others have described the cost of reversals
as “whipsawing the market,” but this cost has not been theoretically developed.”

This paper offers an explanation of interest-rate smoothing that does not resort to amend-
ing the objective function with an ad-hoc interest-rate smoothing argument. Instead, the
analysis incorporates the idea that the Federal Reserve faces uncertainty about the effect of
monetary policy on the economy.® This type of uncertainty, first analyzed by Brainard(1967),
limits movements of the policy instrument away from the level at which policymakers are
most certain about its effect. Interest-rate smoothing arises from the manner in which this
uncertainty is resolved through time. Importantly, in the model presented in this paper,
the structure of the uncertainty is endogenously determined through a process in which the
Fed rationally learns about the policy multiplier by observing the reaction of the economy
to recent levels of the interest rate. As a result, not only is the policy choice affected by
the uncertainty over its effect, but the dynamic evolution of the uncertainty depends on the
policy that has been recently implemented. This interaction between the choice of the inter-
est rate and the evolution of uncertainty arising from the learning process leads to gradual
movements in the interest rate under the optimal policy.

Consider, for example, the policy response to developments that have moved output away
from the level that is consistent with the Fed’s output and inflation objectives. Because it
has observed the reaction of the economy to recent choices of the funds rate, the Fed is
fairly confident about the level of output that is obtained by maintaining the funds rate near
its recent levels, but faces greater uncertainty about the change in output that would be

induced by moving the funds rate away from these levels. To limit any undesired impact on

TOther authors have investigated forward-looking forms of interest-rate smoothing. In Mankiw(1987), for
example, interest rates follow a random walk in order to achieve the optimal collection of seignorage. Optimal
taxation models often yield forward-looking interest-rate smoothing, resulting in random-walk behavior for
the interest rate. However, the empirical evidence instead suggests that the observed policy limits changes
from previous interest rates rather than minimizing future interest rate changes. Explaining the gradual
behavior depicted in Figure 1 entails accounting for the fact that the interest rate is not a random walk.

8This paper refers to the Federal Reserve as the monetary authority, but the theoretical reasons for
interest-rate smoothing apply equally to other central banks. Foreign central banks also exhibit substantial
degrees of interest rate smoothing, as described in the 68th Annual Report(1998) of the Bank for International
Settlements (in particular, see the table on page 68).



the economy, the Fed damps the change in the funds rate in its policy response, and therefore
output does not move fully back to its desired level. Although damped, the change in the
funds rate subsequently provides information about the policy multiplier. Observing the
reaction of the economy at the new level of the funds rate resolves some of the uncertainty
regarding the response of output, allowing the Fed to implement additional changes in the
funds rate. This process of learning continues, resulting in an funds rate response that will
be implemented through a number of steps over a period of time during which the Fed is
learning about the effect of its policy.

Ignorance of the effect of policy decisions and the endogenous evolution of uncertainty
about the policy multiplier can therefore explain inertial movements in the funds rate. Com-
ments by members of the FOMC suggest that this type of uncertainty is in fact a serious
consideration in the formulation of policy decisions, as summarized in the following quote

by Alan Blinder while speaking on the strategy of monetary policy:®

Unfortunately, actually to use such a strategy in practice, you have to use fore-
casts, knowing that they may be wrong. You have to base your thinking on some
kind of monetary theory, even though that theory might be wrong. And you have
to attach numbers to that theory, knowing that your numbers might be wrong.
.... We at the Fed have all these fallible tools, and no choice but to use them:.

In the presence of this uncertainty, Blinder advocates the following policy approach:!°

What can you do to try to guard against failure? ... First of all, be cautious.
Don’t oversteer the ship. If you yank the steering wheel really hard, a year later

you may find yourself on the rocks.

This idea of exercising caution is captured by the gradual response of the interest rate
depicted in this paper.

In addition to accounting for the interest-rate smoothing observed, the model presented
suggests that the amount of uncertainty about the effect of policy should vary through
time. Periods of active interest rate movements provide the Fed with more informative
observations about the effect of its policy, resulting in a decline in uncertainty that allows a
more aggressive reaction to subsequent shocks to the economy. Some brief empirical results
are presented that suggest that the reaction speed of the funds rate to inflation and the

output gap is in fact significantly determined by a measure of lagged funds rate activity.

9This quote is from a talk given at the Minnesota Meeting, a business forum that was held in June 1995.
At that time, Blinder was the Vice-Chairman of the Board of Governors of the Federal Reserve System.
10This view is also expressed in Blinder(1998).



The paper is organized as follows. Section 2 presents a model of optimal monetary
policy in which policy effectiveness has only two potential values. This simple model clearly
demonstrates the effect of uncertainty and allows a closed-form solution in which the optimal
reaction to a shock involves gradual adjustment of the interest rate. Section 3 generalizes
the results to a model in which the parameters determining the effect of policy follow a
stochastic process. The analysis highlights the elements of the learning problem that deliver
gradualism and presents a numerical solution that focuses on the dynamic behavior of policy
uncertainty. Section 4 summarizes the analysis and provides some brief empirical evidence

that supports the implications of the model.

2 A Model of Gradualism

The impact of monetary policy on the economy is not precisely known. Because of this
uncertainty, the variance of targeted macroeconomic variables will be affected by the choice
of the policy instrument. Since variability in the targeted variables is in general undesirable,
uncertainty about the policy multiplier must be taken into consideration in determining the
optimal policy choice. This effect was first analyzed by Brainard(1967), who established that
parameter uncertainty reduces the responsiveness of the policy instrument. The policymaker
instead implements a policy choice that is closer to the level that minimizes the variance of
its effect. However, Brainard’s analysis does not determine the policy action that results in
the least amount of uncertainty in the economy — the policy uncertainty is exogenous.!* The
model described in this section instead endogenously determines the variance-minimizing
policy through a process of rational learning. It is the dynamic evolution of the parameter
uncertainty in response to recent policy choices that results in gradual movements in the

interest rate under optimal policy.

2.1 Learning about Policy Effectiveness

Consider the following control problem in which the Fed faces uncertainty about the effect
of its policy instrument, here taken to be the federal funds rate. For a given choice of the

interest rate, output is determined by the following IS curve:

Yijn = a1 — 0 iy (3)

"Diamond(1985) makes this point in arguing that the variance-minimizing policy choice does not necessar-
ily correspond to a constant money growth rule, but instead should depend on current and lagged variables
in the economy.




The timing assumed is that the interest rate is set after observing contemporaneous out-
put, and this rate affects output in the following period.'? This basic equation is clearly
a simplification of the relationship between monetary policy and output. One aspect of
the policy multiplier that is not captured by the relationship in (3) is that the response of
output may be affected by the degree of gradualism in policy, as demonstrated by Caplin
and Leahy(1996).' Output may also be affected by expectations of future levels of output
in addition to the interest rate. However, the aspects of the learning process that result in
gradual movements in the interest rate apply under alternative specifications of the aggregate
demand relationship.

Ignorance about the effect of policy is captured by the fact that the Fed does not know
the slope or intercept of the IS curve. This section develops a tractable model of the learning
problem by assuming that there are two potential values for the policy multiplier, ¢* and
o, where ¢ > ¢l which are referred to as low (L) and high (H) policy effectiveness. One
of these values represents the actual response of the economy to monetary policy. The Fed
knows the two potential values but faces uncertainty about which of the two values is the
true multiplier. In addition, the intercept term « is stochastic and evolves through time

according to the following process:

Qi1 = Q¢ + Mpg1,s (4)

which complicates the inference problem for policymakers in determining the effect of their
policy.

The Fed rationally learns about policy effectiveness by observing the level of output that
is realized from past choices of the interest rate. As a result, the uncertainty it faces will
depend on previous policy choices, thus drawing a link between recent and future levels
of the interest rate that is the basis for interest-rate smoothing. In particular, the crucial
implication of this learning process is that the uncertainty regarding the effect of policy will
be minimized around recent levels of the interest rate. The observed level of output Y; that
results from the interest rate choice #; ; is consistent with either low or high effectiveness for

particular values for the intercept terms of the potential IS curves, denoted atLH and af_[H

12 As written, output responds to the nominal interest rate. A discussion of inflation expectations and real
interest rates is offered towards the end of this section.

13Caplin and Leahy(1996) present a model in which acting gradually reduces the impact of interest rate
changes on output, so that more interest rate changes in a particular direction are required to elicit a desired
output response. Their model does not, however, provide an explanation of gradualism, as the desire to
move gradually is assumed in the payoff structure of the model.



and given by:

of = Y+, (5)
af = Yi+o"i . (6)

Having observed the output response to the most recent choice of the interest rate, the
Fed knows that the potential IS curves must intersect at this value of the interest rate, as
determined by the values o’ and «f'. This situation is depicted in Figure 2. The figure
demonstrates that the difference in the response of output under the two possible multipliers
increases as the interest rate moves away from its previous level, so that changes in the
interest rate from recent levels increase the variance of output.

The response of output to interest rate changes will provide a signal about the true
effect of policy. In general, larger interest rate changes are more informative, because the
difference in the response of the economy under the two potential values of policy effectiveness
increases. But because the potential IS curves shift stochastically, an interest rate change
will not necessarily be fully revealing. For example, an increase in the interest rate may
reveal that policy is highly effective if investment falls substantially, but the fall in output
could also arise under low policy effectiveness if a negative shock to output occurred, as
depicted in Figure 3.

The Fed has a belief about the true value of policy effectiveness at any point in time
which is summarized by the probability that policy has low effectiveness, denoted P;. Since
there are only two potential values for the multiplier, the belief P; completely captures the
magnitude of the uncertainty that the Fed faces, with less uncertainty as P, moves towards
0 or 1. In the model presented in this section, the problem begins with a given amount of
uncertainty over the policy multiplier, denoted Fy, and this uncertainty is resolved through
time as the interest rate reacts to shocks in the economy.*

The Fed rationally learns about the true state of the economy using Bayes’ Rule, based
on the likelihood of the observed output response under the two potential values of the
multiplier. The shocks to the intercept term in the IS equation are assumed to be uniformly
distributed between the values of —n* and n*. This assumption is made for tractability, but
the results derived in this section generalize to other stochastic processes for the intercept

term. In the case of uniform shocks, policymakers either fully learn or learn nothing about

14 A model is presented in section 3 in which policy effectiveness follows a stochastic process, so that the
uncertainty regenerates through time. The variation in the degree of uncertainty that results has additional
implications for interest-rate smoothing, as discussed in that section.
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the true value of the multiplier.!> For a given belief P, the high value of the multiplier (¢)
is revealed if, for example, an increase in the interest rate reduces output by more than the
largest possible decrease under the low multiplier (¢¥), which occurs only if the output shock
is sufficiently small: n < —n* + Aiy (¢ — ¢L). Likewise, if the true multiplier is ¢, it is
revealed only if > n* — Ay (¢" — ¢”). The unconditional probabilities of learning are given
by:

1

PI'(Pt+1:0|Pt,A7:t) = 2_,'7*(1_Pt)A7't (¢H_¢L)

. ..
PI‘(PH_l :Pt | Pt,AZt) = 1 — 2—77*AZt (¢H—¢L)

: 1 ,
Pr(Pi =1[ P, Ai) = Q—WPtA“ (¢H N ¢L) '

Given this learning process, the optimal policy rule can be calculated.

2.2 Optimal Policy under Passive Learning

The control problem facing the Fed at time ¢ is to minimize the discounted sum of squared

output deviations from a target:

o0

Y BTV Y

=1

max —F}

na (7)

subject to the output equation (3). Note that the per-period loss function can be rewritten
as By [(Yir; — Y)?] = (Ey[Yigs] — Y*)? + Vary(Yis;). Under this objective function, the Fed
wishes to adjust the interest rate strongly so that on average it will be close to the target
level of output, but it is reluctant to do so since aggressive policy actions would induce a
large amount of variance in output as a result of the uncertainty over the effect of its policy.

The Fed has an additional incentive to implement strong policy moves because larger
interest rate changes provide more information about the policy multiplier. In other words,
optimal policy will involve some experimentation, since this will allow more successful policy
to be implemented in the future. In general, the optimal policy under experimentation
will involve larger movements in the interest rate. However, the incentive to learn will not
necessarily outweigh the uncertainty generated from the more aggressive policy. An analysis
of the effect of experimentation, including conditions under which policy may remain gradual,

is offered in the appendix. In the analysis that follows, a model is developed in which the

15This simplification is also eliminated in the more general model in section 3.
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Fed does not consider the speed with which it will learn when choosing the optimal policy.

This simplification does not imply that learning is irrelevant in determining monetary
policy. On the contrary, learning is valuable and does influence policy, but the Fed does
not take into account the effect of its policy choice on the amount of information produced.

Under this simplification the optimal policy is given by:
iy = arg max —[(Ey[Yi1] — Y*)? + Vary (Y1),

for which an explicit solution can be found. The solution to the optimization problem

involves the following moments for output:

EYi] = Ploy —o" i) + (1= P)(af —¢" -iy)
VarfYe] = B(1—P)[(af —af) + (6" — ¢")i]" + Var(y).

The role of policy uncertainty is evident in the expression for the variance of output. When
there is no uncertainty about policy effectiveness, which occurs when either P =1, P = 0,
or ¢ = ¢ the variance is given by Var(n), the component that is unavoidable given the
stochastic nature of the economy. Uncertainty over the true state of policy effectiveness
increases the variance. In fact, the variance of output is strictly concave over P € [0, 1] and
is maximized at P = %

Given these moments, the optimal interest rate rule can be obtained:

o _ Pt Y1)+ (1= P)o"(off —v")
t P61+ (1= P)(0?

(8)

This equation states that the Fed sets the interest rate to a weighted average of the in-

terest rates it would set in the two states of the world without uncertainty. To see this,

~ L _y* .
define i} = % as the interest rate that would be set to reach the output target under

low responsiveness, and define an analogous interest rate Z{f as the target rate under high

responsiveness. Equation (8) can be rewritten as follows:

it:wt-/{f—k(l—wt)-/i\f], (9)
Py(p*)?

Pi(¢L)?+(1-Pr)(pH)?
It will prove useful to compare the optimal policy to the “completely-offsetting” policy,

where the weighting is given by w; =

denoted ¢, which ignores the variance of output and minimizes the expected deviation of

12



output from its target:
i = arg max —(E[Vi4,] — V)2

The optimization problem in this case yields a similar weighted average rule as in (9) but
P, L
Pt¢>L+(t1—Pt)¢H'
in a change to the weights assigned to these two interest rates. In particular, the uncertainty

with the weight wf = The entire effect of the uncertainty is therefore captured
decreases the weight on the term that would require a larger interest rate movement, or
w < we.

The optimal monetary policy given in equation (9) involves a gradual interest rate re-
sponse to a deviation of output from its target. Consider an economy that begins with output
equal to its target level but experiences a positive shock to output (to «) of magnitude 7,
as shown in Figure 4. The Fed will react to the deviation by increasing the interest rate.
The top panel of the figure depicts the response of the economy under the two potential
values for the multiplier, as well as an expected response schedule given the belief P;. The
interest rates /z\tL and 5{{ are those at which output is expected to return to Y* under the
respective multipliers. The completely-offsetting policy rule 4f is found at the point along
the line segment between ZtL and Zf{ corresponding to the weights wyf, precisely where the
expected response schedule crosses Y*. The optimal interest rate policy (9) instead puts
additional weight on the point 2{1 , resulting in the interest rate choice denoted if.

Uncertainty about the effect of monetary policy therefore damps the change in the interest
rate that is implemented in response to a deviation of output from target. Using equations

(5) and (6), the optimal interest rate policy rule (9) can be expressed in differences:

Ai, = (% . Q;Hwt> (Y, — V%) (10)
This equation gives the slope of the line in Figure 4 from the point (Y;,i;_1) to (Y*, 7).
The degree of gradualism is determined by the difference between the slope of this line and
the slope of the expected response line, which is (% + 1;—;}’2) It is easily shown that the
completely-offsetting policy responds more strongly to a deviation of output from its target.
The reactions are equal only if P = 0 or P = 1, in which case there is no uncertainty, and the
difference in the reaction is monotonic in (¢ —¢*)?, a measure of the amount of uncertainty
generated from ignorance about the true multiplier.

Although the initial policy response may be damped, this increase in the interest rate
allows the Fed to learn about the policy multiplier. Even if the true value of policy effective-
ness is not revealed, observing the reaction of the economy to the initial interest rate change

will reduce the amount of uncertainty that the Fed faces about implementing higher interest

13
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rates, thereby permitting additional interest rate increases. As shown in the bottom panel
of Figure 4, following the policy choice i}, output is expected to reach Y;’fl The damping
of the initial interest rate change causes output to remain above its target level on average.
But since the Fed has observed the reaction to this interest rate change, it faces less un-
certainty about additional interest rate changes, as demonstrated by the narrower band of
potential reactions (in bold). The Fed solves the same problem at time ¢ + 1, choosing 47, |,
which will in turn further reduce the uncertainty. The interest rate continues to increase on
average until it reaches ¢, the rate at which output finally reaches its target. The model
can therefore explain gradual movements in the interest rate because of the manner that
uncertainty regarding the effect of policy is resolved as the Fed changes the interest rate.

The damping of interest rate changes and the dynamic pattern of uncertainty arising
from the learning process can account for the high frequency of continuations observed in
the data. It can be shown that the probability of an interest rate increase next period is
given by the following expression:

1 Y-Y)|PR(l-w) (1-P)uw

Pr(Air; > 0) =5 + o T g (¢ — ¢"). (11)

Since Ai; > 0 if and only if Y; > Y*, the expression gives the probability of a continuation
when Y; > Y™ and a reversal otherwise. Replacing the output deviation by its absolute value
therefore gives the probability of a continuation, regardless of the sign of the deviation.
The probability given in (11) is valid for policy rules of the form (9) with any set of
weights. Equation (11) can therefore be used to solve for the weights that would yield an
equal probability of a continuation and a reversal. As expected, this calculation yields the
weights w® that are obtained when the Fed ignores the variance of output. The probability
of a continuation under the optimal policy rule is found by substituting the optimal weights

into (11), which results in the following expression:

1+ | Y, -Y* | Pt+1(1 _Pt+1)(¢H _¢L)2

Pr(continuation) =
( ) 2 | P00 + (1 — Pror) (612

(12)

The probability given in (12) is strictly greater than one half unless P,,; =0, P,y; = 1, or
¢ = ¢", in which case the probability equals one half. In other words, the probability of
a continuation is strictly greater than the probability of a reversal as long as there is some
degree of uncertainty.

The analysis can be carried further by describing the pattern of interest rate adjustments

in response to an output deviation. Because of the simplification that all uncertainty about

15



the true state is resolved at once, there will be a point when the interest rate jumps up or
down according to which value of the multiplier is revealed. However, the dynamic behavior

of the interest rate before that time is given by

AN = [(¢H — o) (Pt(1¢; w) _ [ _;t)“’t)] Ai;. (13)

Since the probability of each state and the weights are constant, the bracketed coefficient
is constant. Conditional on the event that the true state of the economy is not revealed,
changes in the interest rate follow an AR(1) process in response to a deviation of output
from its target. Note that E; [Ai;1] = 0 when P =1 or P = 0. Absent uncertainty over the
effect of policy, the initial response of the interest rate is expected to fully offset a deviation,
and the interest rate follows a random walk process.

In the above results all of the serial correlation of interest rate changes result from the res-
olution of uncertainty. However, output itself is likely to be serially correlated, which might
result in additional serial correlation in interest rate changes. Suppose that output has an
observable component that does not respond to monetary policy, referred to as autonomous

demand a;, so that output is given by:
Yioi = a1 — @1y + aq (14)

The above results describe the interest rate response to a permanent shock in autonomous
demand, for example if autonomous demand follows a random walk, in which case a change
in a; results in an output gap that must be completely offset by monetary policy. A similar
solution arises under more general processes for observable output. For any process with a
predictable component {a;,;} for ¢ > 0, the interest rate change is given by

Agy = <% + (1;7[{%)> (Y, = Y" +ap —a) (15)

rather than equation (10). This expression indicates that some portion of the serial cor-
relation in interest rate changes may be generated by serially-correlated movements in the
fundamentals. However, the resolution of uncertainty will cause the interest rate to be ad-
justed more gradually than expected simply from the dynamic behavior of the fundamentals,
which is consistent with the evidence discussed in the introduction.

Overall, this model captures the gradual movements in the federal funds rate that are

observed. The tentative reaction of the interest rate to output deviations is attributed to the
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uncertainty over the response of the economy to monetary policy. The manner in which this
uncertainty is resolved through time can account for the large number of continuations in
the data (equation (12)) and the related serial correlation of interest rate changes (equation
(13)). The crucial aspect of the learning process is that the variance-minimizing choice of
the interest rate reacts to recent policy movements. In the model, the variance-minimizing
interest rate is always equal to the interest rate in the previous period since the effect
of that policy choice is observed perfectly. In reality, policymakers observe the impact of
a policy decision imprecisely and with some delay. Although the model simplifies these
aspects of learning process, it highlights the elements of learning that would lead to interest-
rate smoothing in general. To the extent that the Fed learns about policy effectiveness by
observing the reaction of the economy to recent levels of the interest rate, uncertainty will

limit the willingness to move the interest rate aggressively from those levels.

2.3 Incorporating Aggregate Supply

The model to this point determines output through a simple IS curve, without any consider-
ation of aggregate supply and the determination of prices. This subsection presents a brief
analysis of the model when aggregate supply is incorporated, which highlights two important
issues. The first is whether the model predicts nominal or real interest-rate smoothing. The
second is a clarification of the interpretation of the output target in the previous model.
Aggregate demand is again determined by the IS schedule with the same uncertainty
structure assumed, only now explicitly considering inflation expectations in determining the

real interest rate:
Y=o — & (4 — 77?+1)- (16)

This modification to the IS schedule immediately raises the issue of whether the model
predicts nominal or real interest-rate smoothing. For a given output target Y*, an observable
shock to 7f, ; warrants a one-to-one reaction of the nominal interest rate. The obvious reason
is that the nominal interest rate that completely offsets the shock is also the variance-
minimizing rate — both equal the level that keeps the real interest rate constant. The
uncertainty about the policy multiplier in this case does not reduce the reaction of the
nominal rate, and the model instead involves real interest-rate smoothing.

However, the model also presents an argument for nominal interest-rate smoothing.
Interest-rate smoothing arises because policymakers learn from observing the output re-
sponse to the interest rate, but the interest rate that is observed is the nominal interest rate,

not i, — m, ;. Uncertainty about the real interest rate resulting from ignorance about infla-
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tion expectations has the same implications for monetary policy as the other components of
uncertainty about policy effectiveness. In particular, mistakes about the magnitude of the
real interest rate will be offset by mistakes about the policy multiplier, and uncertainty will
tend to be minimized around lagged values of the nominal interest rate. Therefore, to the
extent that the ex-ante real interest rate is unknown, the model leads to nominal interest-rate
smoothing. Given these considerations, optimal monetary policy will involve some blend of
real and nominal interest-rate smoothing as determined by the predictability of changes in
inflation expectations. In addition, there may not be a large empirical distinction between
the two types of smoothing due to the sluggishness of inflation expectations.

The model incorporates an aggregate supply relationship in which inflation is determined

by an expectational Phillips Curve:
Tivr = T 7 (Yipr = YP) + g, (17)

where Y? denotes potential output. By assumption, there is no uncertainty about the ag-
gregate supply relationship other than the additive disturbance u;,;.'® A common objective
function assumed for the Fed involves losses from deviations of both output from its potential
level and inflation from a target level:

max —F; [(ﬂ't+1 — )2+ AV — Yp)z] ) (18)

it
For a known value of 7f,, it can be shown that optimal policy is determined by the following
, o all —Y*
1 = 71'?_1_1 + wy (T) + (]. — u)t) <t¢7H> . (19)

The policy rule therefore is of the same form as equation (9). Incorporating the aggregate

equation:

supply relationship only affects the level of output that is targeted by monetary policy, which

is given by
A 72 .
Y* = Y? Y
72+ A * 72+ A

: (20)

where Y™ = Y? — ﬁ%ﬂ is the level of output such that inflation is expected to exactly
reach its target. Policymakers therefore target a weighted average of potential output and
the level of output required to reach the inflation target. The weight on potential output

increases with the relative importance of the output gap in the Fed’s preferences, and the

16This paper concentrates entirely on uncertainty over the effect of monetary policy in determining output.
For an analysis that focuses on uncertainty in the aggregate supply relationship, see Wieland(1998).
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weight on inflation increases as the ability to affect the inflation rate increases, as reflected
in the aggregate supply parameter . The process of learning about the policy multiplier
therefore results in the gradual movements in the interest rate demonstrated in the previous

section, given the more explicit definition of the output target in equation (20).

3 Stochastic Policy Effectiveness and the

Dynamics of Uncertainty

This section investigates the effect of uncertainty in a model in which the policy multiplier
is not limited to two potential values, but instead follows a stochastic process. Under this
modification, the analysis generalizes the findings of section 2 to the case where the learning
process is described by a Kalman filter, so that the beliefs about the policy multiplier are
updated at each point in time. In addition, while movements in the interest rate allow the
Fed to learn about the policy multiplier, the uncertainty now rebuilds through time because
the effect of monetary policy is stochastic. The degree of uncertainty will therefore vary
in a manner determined by recent policy actions, which has additional implications for the
gradual behavior of monetary policy that are discussed below.

Output is determined by an IS equation as in the previous section as follows:
Yirr = apy1 — Gpgr - s (21)

Unlike the previous model, both parameters governing this equation are assumed to evolve

through time according to the following equations:

(41 —@) = o (w — @)+ vi,y (22)
(i1 — @) = 05~ (61— G) +vfi, (23)
where the vector of disturbances v = [ v v? ], is normally distributed with mean zero
: _ , [0z 0]
and a variance matrix given by Efv-v'] =Q = :
0 o]

By assumption, the Fed knows the mean value of the parameters governing output but
does not observe the deviations of these variables from their means. It must learn about
the parameters by observing the level of output that results from the choice of the interest
rate. The Fed’s beliefs about the parameters in equations (22) and (23) are summarized by

Qyy1); and <$t+1|t, the expected value of the time ¢ 4+ 1 parameters based on information at
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time ¢. These beliefs are updated based on the signal obtained from equation (21). Because
these parameters are normally distributed, the beliefs about the two parameters will be
normally distributed about their means, with the variance of the time ¢ + 1 parameters
(g1 — Qigape) ] [ (Qy1 — Qogape) ],)

(P41 — $t+1\t) (Pri1 — $t+1|t) .

This variance matrix measures the uncertainty about the policy multiplier that faces the Fed

based on time ¢ information denoted Py, = F; (

when determining the interest rate at time ¢. The expected values of the parameters and

the uncertainty associated with those beliefs evolve according to the following equations:

?[\t‘t = ?fﬂt_l + Pt\t—lHt (Hépt‘t_lHt)il }/t - H; ?{t‘t_l (24)
Pyt P|t—1

Drjt—1
/ Lo
Py = Py_y— Py Hy (H{Py1Hy)  H{Py_y (25)
@ =@ | p | Q=) 26)
(Drs1t — D) (e — &)
Py = F'Pt|t'F,+Q7 (27)
: da 0
where the vector H] = [ 1 —d } and F' = 0 5
¢

These equations describe a standard Kalman filter in which there is no noise in the
observation equation. The critical feature of the model, as in section 2, is that although
the Fed faces uncertainty about the parameters determining output, it observes the level
of output that is realized from its choice of the policy instrument. The interaction of the
uncertainty about « and ¢ that arises from observing Y; in the learning process results
in interest-rate smoothing under the optimal policy. In the learning process described by
equations (24) to (27), uncertainty tends to be minimized around recent levels of the interest
rate because any error in the estimated slope of the IS curve is offset by a mistake about the
intercept coefficient. To demonstrate this, consider the uncertainty that policymakers face
after observing output at time ¢, assuming that the parameters of the IS equation will remain

unchanged next period. If the interest rate is set to ¢*, the variance of output Y;,; will be

1

given by the non-negative quadratic expression [ 1 = } Py ., |- However, pre- and

!
post-multiplying equation (25) by H, indicates that [ 1 —4 ] Py, , = 0. There
—lt
is no uncertainty associated with the choice of the interest rate 7,_;. This is because even

though the parameters have positive variance, so that P, is positive definite, the response

to last period’s choice of the interest rate has been observed. All other choices of the interest
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rate would involve positive variance of output today arising from the uncertainty over the
two parameters. However, at ¢* = ¢;_;, any mistake about the parameter « is perfectly offset
by a mistake about the parameter ¢.

To further analyze the structure of the parameter uncertainty, note that equation (25)
also implies that H;P;; = 0. In order to satisfy this equation, the matrix P, must have the
following form:

Z'%,1Et U124

. , (28)
Tp—123 b3

Py =

where Y, is defined as the variance of the variance of ¢;;; as of time t. The parameter
Y and the lagged interest rate i; ; therefore completely determine the structure of the
uncertainty in this model. Equation (28) implies that the correlation between «; and ¢,
based on information at time t equals 1. It is this perfect correlation between the two
parameters that minimizes the uncertainty around lagged values of the interest rate. This
effect is the “hedging benefit” that Balvers and Cosimano(1994) discuss in the context of
disinflation policy, arguing that it may be optimal to disinflate in a gradual manner, since it
reduces the uncertainty associated with the disinflationary policy. Their analysis arrives at
the restrictions on the structure of parameter uncertainty that are summarized in equation
(28).

The policy choice at time ¢ will be a function of the parameter estimates &1 and <$t+1|t
as well as the uncertainty associated with those estimates P ;. For a particular choice
of the interest rate today, the expected level and variance of output are determined by the

following equations:

EfYin] = Qg — $t+1\t 0 (29)
VarYi1] = (6o -i1 — 0p - i0)*Se + 0 + 10} - 0. (30)

The interest-rate smoothing effect is evident from equation (30). If §, = d, = 0, the variance
is given by 6%(Ai;)?Y, + 04 +i7 - 05. The first term indicates that large interest rate changes
result in a higher variance associated with output. The variance is also associated with the
interest rate level only because the slope of the IS schedule is affected by a stochastic shock.

The optimal policy can be solved numerically for the infinite-horizon objective function
given in equation (7). Given the structure of P}, there will be only four state variables

for the problem: &y, $t+1|t, 1;—1, and ¥;. The optimal policy will be the solution to the
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following Bellman equation:

V (@t+1\t, $t+1|t7 -1, Et) = maxy;,) —(Ey[Yi1] — Y*)? = Vary(Yig)
+0 - Ey [V (@t+2\t+1a $t+2|t+17 it Et+1)] (31)

subject to equations (29) and (30) and the dynamic behavior described by equations (24) to
(27). It can be shown that the dynamic behavior of the parameter uncertainty is governed

by the following equation:

Yi(0500 + 050507 1) + 000,
Zt(édﬂft - (Sait_l)Z + 0'3 + Z'%O'q%,

Vi1 = (32)

which can potentially range between zero and l—i%. The parameterization of the problem
is chosen to effectively demonstrate the impact of the parameter uncertainty on the optimal
behavior of the interest rate, with the following values: d§, = §5 = .95, @ = 0, ¢ = 8,
o2 =0.5, and 03) =1.

Figure 5 displays the dynamic response of the interest rate and the uncertainty over
policy effectiveness in response to two successive output shocks. The economy begins in an
initial state that is known by the Fed, with « at its steady-state value @ = o = 0 and ¢ at
a low value $ = ¢ = 1.59. It is assumed that the interest rate has been inactive, holding at
its equilibrium level of 0 at which output equals its target. The first shock decreases a by a
magnitude of 2.26 at time period 3. If the Fed were not concerned about its ignorance over
the policy multiplier, it would decrease the interest rate immediately by 1.14%, as indicated
by the thin line in the top panel of Figure 5.17

The effect of uncertainty is evident in the behavior of the optimal policy under uncer-
tainty, given by the thicker line in the figure. Because of the inactivity of the interest rate
before the shock, equation (32) indicatzes that the uncertainty about the policy multiplier

will settle to its maximum level ¥ = or ¥ = 10.26 under the chosen parameters. The

7o
1—4627
high level of uncertainty makes the Fed unwilling to implement the aggressive decrease in
the interest rate required to offset the shock. This is shown in the bottom panel of the
figure, which demonstrates that the variance of output is minimized at the lagged value of

the interest rate and accelerates in the magnitude of the interest rate change.'® Because the

17This policy is not exactly the completely-offsetting policy previously discussed, which ignores all variance
in output. This policy takes into consideration that the level of the interest rate affects the variance of output
because of the stochastic shock v?. It ignores the variance that otherwise arises from the Fed’s ignorance.

18This is true for the portion of the variance of output arising from the Fed’s ignorance about the param-
eters, shown in the figure, ignoring the portion arising from the variance of the shocks v and v?.
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aggressive interest rate movement would induce a substantial amount of variance in output,
the optimal policy limits the interest rate change and instead gradually decreases the interest
rate in four successive changes of about 28 basis points each.

The middle panel of Figure 5 displays the dynamic behavior of uncertainty that results
from the process of learning. Observing the reaction of the economy to the four changes in
the interest rate following the first shock provides the Fed with information about the policy
multiplier, so that the measure of uncertainty X falls from 10.26 to 1.18 at time period 7. As
a result, the Fed is willing to implement more aggressive interest rate changes at the time of
the second shock. The second shock takes place in period 7 and returns the parameter o to
its original value of 0. Unlike the response to the first shock, the increase in the interest rate
under the optimal policy is aggressive, coinciding with the policy that ignores parameter
uncertainty.?’ The uncertainty over the policy multiplier has decreased enough that it does
not temper the policy reaction to the second shock. The difference in the circumstances is
evident in the bottom panel, which shows that the variance of output does not increase as
rapidly in the change in the interest rate at the time of the second shock.

The model indicates that periods of active interest rate movements reduce the uncertainty
that the Fed faces regarding the policy multiplier, which leads to more aggressive responses
of the interest rate. However, once the interest rate has fully reacted to the shocks and again
becomes inactive, no additional information is being received about the policy multiplier.
Accordingly, the uncertainty begins to increase over time, with the ¥ parameter reaching
4.07 by period 12 and eventually returning to its maximum level of 10.26. As a result,
just as periods of active interest rate movements lead to more aggressive policy movements,
periods of inactive interest rate policy may damp future policy movements by limiting the

opportunity to learn about the policy multiplier.

4 Conclusion

The tendency to implement gradual movements in the federal funds rate does not necessarily
indicate that the Fed has an explicit interest rate smoothing objective. Uncertainty over the
effect of monetary policy on the economy can account for gradual interest rate movements
under a traditional objective function concerned only with the deviations of output and

inflation from their respective targets. The reason is that the Fed must learn about the

19The interest rate changes are of exactly the same magnitude only because of the discrete grid used in
obtaining the solution.

20The reaction occurs in two steps only because of the path of the Fed’s beliefs in learning the source of
the shock.

24



policy multiplier by observing the reaction of the economy to previous choices of the interest
rate. Because the structure of the economy varies stochastically, recent observations are
particularly informative. As a result, the Fed faces more uncertainty about the reaction of
the economy as it moves the funds rate away from its recent levels, which limits its willingness
to implement aggressive interest rate changes.

The learning process leads to gradual movements in the funds rate because the evolution
of uncertainty is determined by the policy choices that have been recently implemented.
Observing the output response to an interest rate change provides the Fed with information
about the impact of its policy. This information arrives in many forms and at various speeds.
Some of the transmission will arise through the uncertain reaction of asset markets, which
the Fed may observe immediately, while the actual response of output is observed only after
a substantial amount of time. As information about the policy multiplier is revealed, the
uncertainty associated with movements in the interest rate diminishes, thereby permitting
additional interest rate changes. This gradual adjustment of the interest rate continues until
output reaches its desired level.

Because active interest rate changes allow the Fed to learn more effectively about the
policy multiplier, the degree of uncertainty may vary through time. Periods of active interest
rate movements should be followed by a more aggressive policy rule in which the Fed engages
in less interest-rate smoothing. To investigate whether this is indeed the case, the Taylor-
type policy rule (2) estimated in the introduction can be modified to allow the reaction speed
of the funds rate to depend on a measure of funds rate activity. Since monetary policy affects
output with a substantial delay, the information that the Fed currently receives about the
policy multiplier will depend on lagged funds rate movements. Accordingly, a measure of
funds rate activity is adopted that involves the absolute magnitude of quarterly funds rate
changes over a year, with a lag of three quarters, given by (Z?::), |Ait,j|).21 The degree of
interest-rate smoothing is allowed to react to this measure by modifying the parameter p in
policy rule (2) as follows:

6
p=rpotpr (Z |Ait—jl) : (33)
j=3
Results from estimating this policy rule are presented in Table 2.

The results indicate that the degree of interest-rate smoothing varies significantly with

the measure of lagged funds rate activity, while the coefficients on the inflation and out-

put deviations remain plausible and significant. The Fed implements a more aggressive

21The timing is consistent with the finding from numerous VAR studies that a large portion of the effect
of a funds rate shock on output occurs between six months and two years following the shock.
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Table 2: Estimated Policy Rule
with Varying Adjustment Speed

| Least Squares Estimates |

Instrumental Variables

2 1.97 (2.56) 3.27 (3.29)
3, 1.22 (8.32) 1.33 (7.31)
3, 1.38 (5.74) 0.99 (3.36)
2 0.87 (6.69) 0.96 (3.33)
01 20.13 (-1.71) 20.18 (-2.21)
R 0.970 0.968
SEE 0.341 0.350

Notes: Results shown are LS and IV estimates of the equation:
it = (1—p)(Bo+ By(Ye —Y*) + Brme) +p i1
6 .
where p = po + p1 - (Ejzg |Azt—j\)~
The t-statistics shown in parentheses are based on Newey-West standard errors.

Instruments include one to four lags of inflation, the output gap, and the funds rate.

policy rule following active movements in the funds rate. The p parameter implied by the
least-squares estimates has an average value of 0.64 and a standard deviation of 0.11. The
parameter varies from a minimum of 0.43, when the funds rate is responding to output and
inflation deviations very quickly, to a maximum of 0.85, when the adjustment speed is quite
low.

The variation in the adjustment speed over the sample is displayed in Figure 6, along
with the absolute value of changes in the funds rate. As can be seen in the figure, periods
during which the funds rate is actively changed are followed by a decline in the interest-
rate smoothing parameter, consistent with the resolution of uncertainty described in the
model. Similarly, the degree of interest-rate smoothing increases during periods of low funds
rate activity, such as those preceding the funds rate reversals in February 1994 and March
1997. This finding indicates that the low funds rate activity during these periods reflects
in part that the inactivity itself causes the Fed to react more tentatively to macroeconomic
developments. According to the model, these are periods of heightened uncertainty, as the
inactivity limits the flow of information regarding the policy multiplier. This evidence,
while brief and therefore only suggestive, indicates that uncertainty may be an important

determinant in the formulation of monetary policy, one that warrants further research.
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Figure 6: Variation in the Degree of Gradualism
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Appendix: Experimentation and Optimal Policy

In the model presented in section 2, the Fed ignores the fact that the policy rule chosen affects
the speed at which it will learn about the effectiveness of its policy instrument. Optimal
monetary policy will instead be influenced by the incentive to obtain more information, since
this will allow the Fed to implement more successful policy in the future. In other words, the
Fed will engage in experimentation rather than learn passively. This subsection explores the
implications of active rather than passive learning for the results regarding gradual monetary
policy.

The simple form of the uncertainty assumed in section 2 provides a framework in which
experimentation is very beneficial. In particular, the probability of learning the true state
of the economy is linear in the magnitude of the interest rate change. Once the true state
is revealed, the Fed can exercise very effective control over the economy, since the slope of
the IS schedule is constant. In a more general structure an increase in the interest rate
might only reveal information about the effect of policy around the new interest rate. While
the model may overstate the benefits of experimentation, this structure does simplify the
analysis and is therefore maintained.

The Fed solves the problem described in equation (7), only now accounting for the effect
of its interest rate choice on the probability of learning the state of the economy. The solution

to the optimization problem is characterized by the following Bellman equation:

Ve (Y) = max {— (BYen] =Y = VardYe) + 8- E [V (V)] (34)
where V*(Y}) is the value of the problem given that the policy multiplier is unknown. No
closed-form solution for the case with experimentation exists, making it difficult deriving
conditions under which policy will be gradual. However, the analysis that follows character-
izes the various components of the problem to provide some insight into the optimal policy
under experimentation.

The sum of the first two terms of equation (34) equals the (negative) current loss function
from the policy choice, which is denoted C'(Ad;) = (Fy[Yip1] — Y*)* + Vary(Yiq1). This loss
can be expressed as a function of current output and the change in the interest rate as

follows:

C(Ai) = (Y, =Y")? = 2(Y, = Y*)(Po" + (1 — P)o")Ai, +
(P(65)* + (1= P)(")*)Aif + /3. (35)
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Figure 7: The Model with Experimentation

C(AQ)

> Ai

B(Ai)

CEIVH(Y )]

VE V(Y )]

This function is referred to as the cost function and is displayed in Figure 7 in response
to a positive output deviation. Equation (35) indicates that the cost function is convex
in the interest rate change. In addition, since the problem in section 2 is concerned only
with minimizing this cost, the function reaches its minimum at the optimal policy rule given
by equation (8), denoted in the figure by Ai9. The diagram indicates the location of the
completely-offsetting policy, denoted Ai¢, which (as shown in section 2) involves a larger
interest rate change than AgY.

The figure also displays the continuation value of the problem, given by the last term in
equation (34). Because it measures the value of additional information that the Fed learns,
this component is referred to as the benefit function, denoted by B(Ai;) = E; [V (Yi1)]-
The benefit function captures the informational component of the problem that was ignored
under the policy A#9. While the benefit function cannot be directly calculated (since it
depends on the value function), the shape of the function can be characterized using the

figure. The expected value function next period is given by the following weighted sum:
Ey [V (Yirn)] = ¢(Ai) VF + (1 — q(Air)) By [V* (Vi) (36)

where V* is the value function conditional on knowing the policy multiplier and q(Ad;) is

31



the probability of learning the value of the multiplier. The value V* is independent of the
level of output or the value of the multiplier. Once the policy multiplier is revealed, the

value function equals the negative discounted sum of the variance of output arising from the

stochastic shocks only, so that V* = —ﬁ%
For a given change in the interest rate, the probability of learning the true policy mul-
(¢ —o)Air

tiplier, ¢(Aid;), increases according to q(Ai;) = . Since the probability of learning

3
the true state is linear in A, there is a large enmfgh interest rate change, Ai/ = %,
for which the Fed learns the true state of the economy with certainty. The benefit func-
tion is therefore constant and equal to V* for interest rate changes equal to or greater than
Aif. Whereas the policies Ai¢ and Ai¢ depend on the deviation of output from target,
the fully-revealing policy Ai/ is instead determined by the magnitude of the shifts in the
IS curves. In particular, an increase in n* limits the ability of the Fed to distinguish the
two states and therefore requires a larger interest rate change to learn with certainty. For
interest rate changes smaller than As/, the benefit function is given by the weighted average
in (36). As shown in Figure 7, this schedule equals E; [V*(Y;;1)] when there is no interest
rate change, indicated by point A. As the interest rate change increases, the weighting shifts
from E; [V%(Y;41)] to V¥, placing full weight on V* when Ai = Ai/ at point D.

The optimal policy under experimentation, denoted A:€, considers both the cost and
benefit of an interest rate change as measured in these two components. In the case where
A9 > Ai/ | the policy under experimentation will involve interest rate changes no greater
than the gradual policy, since B'(Ai) = 0 and C'(Ai) > 0 for all Ai > Ai¢. This is a less-
interesting case in which the gradual policy entails learning the true state of the economy
with certainty, so that experimentation offers no additional incentive to change interest
rates. While it is true that the interest rate response is damped from the uncertainty, the
probability of a continuation is simply equal to the probability of the low-responsiveness
state. It is therefore assumed from this point on that A < Ai/, as depicted in Figure
7. A sufficient condition for gradualism in this case is that - B'(Ai;) < C'(Aéy) for all
Ay, > A€, Policy will not fully offset an output deviation, or Ai® < A¢¢, if the marginal
cost of increasing the interest rate more than A:¢ outweighs the benefit.

Given the form of the benefit function in (36), the marginal benefit is given by B'(Ad;) =
q'(Ady) (V’“ - B [Vu()/;H_l)]) +(1 - q(Ait))dﬂ%n. The effect of learning is measured
by the term ¢'(Ad,;) (V"g — E, [V“(Y}H)]), which depends on the marginal probability of
learning and the value of information, (V”g — E, [V“(Ytﬂ)]). Although it cannot be solved
analytically, an upper bound can be calculated for the value of information. Consider a

policy that sets the change in the interest rate to Aif,, for all periods s > 1. This policy is
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sub-optimal, and therefore the value function under the optimal policy will be greater than
the value realized from the alternative policy. It can be shown that under the alternative

policy, the expected squared deviation of future output will be given by

(37)

1—-A

2 [1 - An—1
B {(Yprn — Y*)Q] = A"*l(YtH _ Y*)2 4 (773) l ] |

P(1—P)(¢" —¢*)?
P(¢L)?+(1-P)(oM)?
is never revealed, a lower bound for the value function can be calculated as the discounted

where A = . Using this expression, and assuming that the true multiplier

sum of the terms in (37):

A (n*)? 1

Vi) = =y gr O =Y = S gy

(38)

Because it lies below the value function for every value of Y;,;, the expected value function
next period E;[V*(Y;41)] is bounded from below by E;[V*(Y;11)], as shown in Figure 7. This

lower bound for the value function places an upper bound on the value of information:

BA
(1=5)(1 = FA)

(Vk - E [Vu(YtH)]) < Ey [(Yt+1 - Y*)z] + r) [

3

— ] (39)

The increasing probability of learning and the positive value of information tend to make
the benefit function upward sloping in Ai. The incentive to learn leads to a more aggressive
interest rate policy because larger interest rate changes provide a better signal about the true
multiplier, a point made in a similar context by Bertocchi and Spagat(1993).%2 However,
the incentive to learn will not necessarily outweigh the uncertainty that is generated from
more aggressive interest rate changes. In fact, consider the marginal incentive to learn and

the marginal cost associated with an interest rate change equal to Ai¢. It can be shown that
B¢ (Ai°) (V’“ — E, [VU(YtH)]) < C'(A°) if the following condition holds:

pA (n*)? g PA A
(1-p8)1—-pA) 3 <<2A 1—ﬂA>1—A(Yt Y*)< (40)

The fraction A, as defined above, is equal to 1fgv= where C'V = % is the

coefficient of variation of the policy multiplier. As the variance of the effect of policy relative

to the mean effect of policy increases from zero to infinity, the fraction A increases from 0 to

22In their model, the change in the policy instrument under the optimal policy will always be at least as
large as that in the myopic case. A similar definitive result cannot be obtained here because the choice of
the policy instrument also affects the value function when the multiplier is not revealed.
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1. As A approaches 1, the left-hand side of equation (40) approaches a finite limit, while the
right-hand side has no limit. Equation (40) therefore implies that there exists a coefficient
of variation sufficiently large such that the benefit of learning at the completely-offsetting
policy will be below the cost of implementing that policy, as long as Ai/ is large enough.
Furthermore, it can be shown that the marginal incentive to learn will be below the marginal
cost of policy for all interest rate changes A7 > Ai¢ under the conditions Ai/ > %% and
B< 2.

These conditions are sufficient conditions for the marginal value of learning to fall below
the marginal cost for interest rate changes large enough to reach the desired level of output.
These conditions may be much stronger than required because as they are derived using an
upper bound that may imprecisely reflect the benefit of learning. However, these conditions
reflect the type of restrictions that may in general make gradual interest rate movements more
desirable — large amounts of uncertainty over the effect of policy, a high rate of discounting;,
and an environment in which learning is difficult (a large Ai/). In addition, note that these
conditions only ensure that the marginal incentive to learn is below the cost of interest
rate changes. The marginal benefit of an interest rate change has an additional component
involving the effect of the interest rate change when the Fed does not learn the multiplier,
d—EA‘?%l. The fact that interest rate changes greater that A:¢ are expected to move output
farther away from the output target will tend to make this component negative. However,
no analytical result can be obtained without knowing the shape of the value function, since

the convexity of the value function must also be considered.
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