International Finance Disucssion Papers
Number 211

Necember 1982

THE RISK PREMIUM IN THE MARKET FOR
FORWARD FOREIGN EXCHANGE

by

Anne C. Sibert

NOTE: International Finance Discussion Papers are preliminary materials
circulated to stimulate discussion and critical comment. References in
publications to International Finance Discussion Papers (other than an
acknowledgment by a writer that he has had access to unpublished
material) should be cleared with the author or authors.



The Risk Premium in the Market
for Forward Foreign Exchange
by Anne Sibert

1. Introduction

This paper attempts to prowide a theoretical link between future
spot prices and current forward prices in the market for foreign exchange,
A general equilibrium model is developed where economies experience country
- specific real and nominal shocks. Risk averse agents use forward foreign
exchange markets as insurance against these shocks. The implications of
ﬁhis behavior for the existence and nature 6? a risk premium are discussed,

The question of the existence and néture of a risk premium in the
market for foreign exchange is of enormous practical Hmportance. One reason
is that the efficacy of open market operations may depend upon'Fhe answer,
If relative purchasing power parity holds ex ante, and bonds, which differ
only in the currency in which they are denominated, are regarded as perfect
substitutes then expected real interest rates will be equated across
countries. In a small country opén market operations will have no effect on
expected real interest rates. If, however, bonds are not regarded as
perfect substitutes, and a risk premium exists, then government policy which
influences variables affecting risk premia will influence expected real
interest rates., Thus, if risk premia depend upon stocks of debt, open
market operations may be effective.

In recent years a plethora of empirical studies have indicated
that the current forward rate is not an unbiased estimator of the future

1/

spot rate.~" If markets are efficient this is evidence of a time-varying

risk premium. To explain the nature of a risk premium and to derive
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a testable equation, Hansen and Hodrick [forthcoming] and Viswanath [1982]
rely on the real intertemporal asset pricing models of Brock [1980] and
Lucas [19787, which give the result that the risk in a forward contract is
caused by the covariance of the real profit of the contract and the
intertemporal marginal rate of substitution.

A challenge for monetary theorists is to produce models of nominal
assets which are analgous to the intertemporal pricing models for real
assets. Such models would integrate monetary theory with modern financial
theory.

In order to model forward markets in this paper a Samuelsonian
overlapping generations model is employed. Overlapping generations models
have been previously used to model foreign exchange markets by Karaken and
Wallace [1977] and Nickelsburg [1980].

In both Karaken and Wallace's deterministic model and
Nicke]sburg's stochastic model, country-specific fiat monies are regarded as
perfect substitutes. Hence, under laisez-faire the exchange rate is not
determined. The assumption of perfect substitutability does not, however,
seem to agree with reality. Americans prefer to hold dollars and the French
prefer to hold francs. Lucas [1981] claims that the reason for this ", . .
must have something to do with the local nature of information people have,
but it is difficult to think of models that even make a beginning on
understanding this 1ssue."3/

Part of the allure of overlapping generations models is that
valued fiat money arises endogenously in them. It would be desirable if the
lack of perfect substitutability between currencies arose endogenously in a
model of exchange rate determination. Such a phenomenon, however, will

not occur here, It will instead he postulated that, while agerts enter



forward markets as a means of risk-sharing, they prefer to save their own
currency. In fact, the extreme case, that they will save only their own
currency, will be assumed.

Section two contains a general discussion of forward foreign
exchange markets. 1In section three the model is set up, the forward market
is described and the equilibrium is defined. In section four the roles of
risk and hedging in the determination of a time-varying risk premium are

discussed. In section five the existence of an equilibrium is proved.



2. The Forward Foreign Exchénge Market

A foreign exchange contract is an agreement where each party
agrees to pay the other an agreed upon amount of a specified curréncy on an
agreed upon date. 1In a spot transaction the payment or "value" date
coincides with the contract date.éf In a forward contract the value date
occurs after the contract date.

Suppose an investor enters into a forward contract to purchase
1000 pounds with dollars at an exchange rate of 1.7 $/pound in three months.
The investor, who is said to be "long" in sterling, pays nothing at the time
of purchase. At the value date he pays $1700 and the seller, who is said to
be "short" in sterling, delivers 1000 pounds.

Forward rates are tied to known, current spot prices and the
distributions of unknown, future spot prices through two different types of
beHavior in the forward exchange market: covered interest arbitrage and
speculation. Covered interest arbitrage, which entails no foreign exchange
risk, works as follows. An agent purchases riskless, interest-bearing
financial assets denominated in foreign currency and at the same time sells
the foreign currency forward for delivery at the time of the sale of the
interest-bearing assets. The relevant opportunity cost is the foregoing of
purchasing interest-bearing assets denominated in the home currency. Under
the assumption that there are no transactions costs, the rates of return on
" the alternative investment strategies must be equal. Hence the interest
parity theorem, that the ratio of the forward price to the current spot
price equals the ratio of the returns on the two countries' risk free
financial assets, is obtained. Thus a relationship between the forward

price and the current spot price is given in terms of known interest rates.



Speculative purchasing does entail foreign exchange risk. By
convention the value of the contract at its signing date is zero; hence in
the absence of margin requirements, the amount invested may be unlimited and
tqgre is no opportunity cost. The expected nominal return on this
alternative depends on the forward rate and thé’spot rate expected to
prevail in the delivery period. Thus the forward rate depends on, among
other things, the distribution of the future spot rate.

The foreign exchange contract entails the trade of one currency
for another, If one currency is, in some relevant sense, “riskier" than the
other, and the risk is not completely diversifiable, a premium must be paid
for the purchase of risk. Even in the absence of a risk premium, the
forward price cannot be an unbiased estimator of the fdture price for both
countries because the exchange rate for one country is the reciprocal of the
exchange réte for the other country. By Jensen's inequality it will not
generally be true that it is possible for the expected value of the future
spot rate to equal the forward rate and for the expected value of the
reciprocal of the future spot rate to equal the reciprocal of the forward
rate. This phenqmenon is known as Siegal's paradox;ﬂf Thus, standard
intuition has it that the forward rate is a combination of the expected
future spot rate, a risk premium and a convexity term arising from Siegal's

paradox.



3. The Model

3.1 The Enviorment

There are two countries, the home country, H, and the foreign
country, F. In every period a single representative agent is born in each
country. The agents live for two periods; thus there is a constant
population of two agents in each country. At the start of the first period
of life an'agent is endowed with his country's output of the single, non-
storable, costlessly-transportable consumption good. This output is
exogenous and stochastic.

There also exist two country-specific fiat monies. The original
stocks of the monies are held by the agents of generation zero at the start
of period one. Additional money is-injected into the economy by means of a
stochastic, proportional transfer to the agents of each generation. Each
agent receives an amount proportional to his savings at the beginning of his
second period of life,

During their first period of 1life the agents of generation t trade
with agents of generation t-1., The young agents allocate their endownment
between consumption and savings. They trade part of their output to the old

5/

agents for fiat money. They may also enter into forward contracts.—~ It is
assumed that their are no margin requirements. By convention, forward
contracts have zero value at the time of signing; hence there are no
opportunity costs associated with entering into a forward contract.

In their second period of 1ife the agents of generation t receive
their proportional monetary transfers from the governments and settle their

forward contracts. They then trade with the agents of generation t+l to

obtain the consumption good in. exchange for fiat money.



There are no riskless interest-bearing assets. Interest arbitrage
in this case would require that current spot and forward rates be identical,
and thus agents would be indifferent between saving their own country's
currency or entering into a spot-forward swap for the other country's
currency.

In this case the home and foreign currency would be perfect
substitutes, as in Karaken and Wallace [1977], and the ekchange rate would
not be determined. As the focus is on speculative behavior, the restriction
that agents save only their own money will be imposed. It is this

restriction which allows exchange rates to be determined.

3.2 The Consumers' Problems

Time t variables:

p(t) := the good price in country H currency.

e(t) := the exchange rate, or the price of country F's
currency in terms of country H's currency.

f(t) := the forward price of country F's currency at
time t for delivery at time t+1, in terms of

country H's currency.

zi(t) := the number of units of country F's country
purchased forward by the generation t agent
in country i; i = H, F.

mi(t) = the number of units of country i's currency

saved by the genération t agent in country i;

i; i = H, F.

x
—
t
~

n

output in country i; i = H, F.



[11(t) - 1] m1(t) := monetary transfer from the government
of country i to the generation t agent

in country 1.

c}(t) = time t-1+j consumption by the generation t agent in
of country i; i = H, F, j =1, 2.
ATl individuals of generations t > 1 have the identical utility
function

(1) ule}(t)] + €, {vieh(t)]} .

where Et is the expectations operator conditioned on current and past values

of all variables and

are strictly increasing, twice differentiable, strictly concave functions.

The Inada conditions are assumed to hold, thus

(2) U » = as Cp >0,V »was cé >0
t | '

Uu = 0 as c1 + o, V >0 as c2 > o,

The function V (c2)c2 is assumed to be strictly increasing. This
implies that the substitution effect of a price change will dominate the

income effect.

In period t > 1 the generation t agent of country i, i = H, F,

i

maximizes (1) with respect to {c}} , m' and z' subject to

L]
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(3) p(X-C1)> l :
LemF ifi=F
and
CURT I "

where an unprimed variable is a time t variable and a primed variable is a
time t+1 variable.

Equation (3) says that the nominal value (fn terms of country H's
currency) of savings must be less than or equal to the nominal value of
endownment minus first period consumption. Equation (4) says that the
nominal value (in terms of country H's currency) of second period
consumption of the agent minus his profit on his forward contract must be

less than or equal to the nominal value of his savings.

3.3 The Underlying Stochastic Process

{S(t)} = {{xi}, {Ti}}t>l assumed to be the realization of a known,

stationary, first-order Markov process with

] ] . 1
(5) pr[xM(e+1) < x, xF(re) < X, ey < M,

F

T (t+1) < 'rF' xH(t) = xH, xF(t) = XF, TF(t) = TH, 'rF(t) =1

]

F H
X s X 5 T 5 T
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The stochastic process takes its values on the set

G(+]+) is a cumulative distribution function with the continuous, strictly
positive density function g(«|«), which has a continuous derivative. In
addition
(6) wu(A) > 0 implies Pr[S(t+1)eA |S(t) = S] > 0,

Y S(t), S(t+l)e S,

v ACS,

where u(+) denotes Lebesque measure.

3.4 Solutions to the Consumers' Problems

u' s strictly concave in m' and Et(v1) is a Lebesque integral of
strictly concave functions in m and z’, where U' and v! are U and v
evaluated at country i consumption levels. Hence, the objective function is

strictly concave, and the young agents' problems have unique solutions which

are given by
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(8) Et[ (e'- f)V'(Cg) =0
. p'

(9) [ e'vi(ch)] = ut(ch

P’ P

' v F
(10) g [ &= FIV'ea) 120,
p'

Equations (8) and (10) are similar to the equation derived in the
Richard and Sunderasen [1981] model of commodity forward markets, and have
the same interpretation. The expected marginal utility of consumption of
the home good at time t+1, from entering into a forward contract at time t,

is zero,.

3.5 The Government

Under floating exchange rates the governments control the money
supply by means of the exogenous, stochastic policy variables {r‘}. Money
supplies grow according to

1_i

(11) M=l g -, Fl
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In a more elaborate model, governments might also intervene in the
market for foreign exchange by buying and selling foreign currency. Here it

is assumed that there is no intervention.

3.6 Equilibrium

3.6.1 Market Clearing

Market clearing requires

(12) CT +C, +C, + c; =X + X

(13) m =M<1'; i =H,F.
(14) My f - 0.
Equations {12) - (14) are-a system of four equations, but by

Walras' Law only three of them are independent.

3.6.2 Definitions
- Substituting equations (12).- (14) into equations (7) - (10) gives
the following definition..

Definition 1. An equilibrium is a bounded sequence, {p(t), e(t), f(t),

zH(t), zF(t)}t>1 such that f(t) > 0, {p(t)} and {e(t)} are bounded away from
zero and

Hl| H! H , H .H Hl
(158) Efr vi(z_ M +e'-fz)]=10(x -M)

AR P P P
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(16) Et[e'tF V'(e'tF MFir et f zF)] = g_U'[xF- eMF')
Pt p' p’ P p
(17) Efet-fvi(x" e el ¢ M2 g
p’ P pr
(18) Et[e'- f V'[e'tF My e'- f zF)] = 0
p' p' P
H . F

for every possibte realization of {S(t)}.

It is well known that models involving rational expectations give
rise to a multiplicity of equi1ibr1a.§/ This is because there may be
equilibria where extraneous variables, such as variables unrelated to the
model or lagged values of state variables, are important only because agents
believe they are important. In order to render a rational expectations
model with multiple equilibria useful it is necessary to single out a
particular equilibrium. McCallum [1981] suggests that an appropriate
candidate is the equilibrium depending on the information set of smallest
dimesionality.

Iﬁ this model the economy at time t is described by the vector of

time t state variables, {MH, MF, rH, rF, xH, xF}.

Since the economy at time
t is completely summarized by this vector, the path to the current state
should not matter in determining prices. Thus, the equilibria focused upon
are equilibria where prices are solely a function of the current state.

Given knowledge of the joint distribution function of the random

variables consumers should be able to determine the pricing function, and
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hence their optimal decision rules. Rational expectations will ensure that
the prices that agents believe will prevail if a given state is realized,
are in fact the prices which will prevail.

At this point it is conjectured that goods prices must vary
proportionately with the money stocks and the spot and forward exchange
rates must vary proportionately with the ratio of the money stocks. Then

the price of the good may take the form
H

the exchange rate may take the form

H

(21) e= M ¢2(S)
i

and the forward price may take the form

(22) f= M F(s),

“Fr

M

where it is recalled that S:= {rH, TF, <M, xF}.

Definition 2. An equilibrium pricing function is a continuous function

¢:= (¢1’ ¢2) : S B++’
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where ¢1(S) is the price of the good (divided by M ) in state S, ¢2(S) is-
the exchahge rate (weighted by MF/MH) in state S and

(23) g < w9080 - F0) ;e - UL

H
T
9,877 5T T 5N WET AS) A

(2 BT 028" [ T 6p(S) L p(5") = FIS) F qq

7057 #1057 O S B
= TF¢2(S) U'[XF - ¢2(S)TF ]
¢1(55 ¢1(55

ff 42050 =Ty L a8 - TS M g
5700 R A 1) I

(25)

(26) £ 2(5") = F(S) yp 008 L ay(s) - F(S) F 1600
S A 63 R €3 R

(21 2+ =,

for every possible realization of {S(t)}.
Notice that expectations in a stationary equilibrium are
conditioned only upon S. Prices are a function of S, and hence add no

additional information.

Conjecture, There exists an equilibrium pricing function.
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In the next section the market for forward contrécts is discuésed.

It will be shown that bankruptcy cannot occur and that equations (25) - (26)
N

can be solved for a unique triplet {f, zH, zF}, which is a function of S and

¢(+). In section 5 the existence of an equilibrium is proved.

3.8. The Market for Forward Contracts

Given the demand for savings, equations (25) - (26) give the home
and foreign country demand for forward purchases of the currency of country
F. Suppose that ¢(+) is an element of an arbitrary set P(3) of continuous
functions on S such that ¢(5) > 0 for every Se 3, ¢(-) ¢ B(3). Then the
left-hand sides of equations (25) and (26) are strictly decreasing in M and

zF respectively. Thus, there exist functions

(28) ¢ IABR) A [- =, @] » [- o, o]
i IXBE) X [-w, 0] + [- w, =],
such that
(29) 2" = s, )
2F = cfs,

solve equations (25) and (26).

By the assumption that V'(cz)c2 is an increasing function, hoth

CH and CF are strictly decreasing in f. Thus, as the price of forward
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contracts increases, the demand for forward contracts by both countries

decreases.

A inf~ H F
As f > Se S ¢2(S), z +oand -z > - o,

AL H F
as f» Se S ¢2(S), Z +-oand -z + =,

There is no opportunity cost to entering a forward contract, thus
as profit on a forward contract becomes positive with certainty, demand by
the home country becomes infinitely positive and supply by the home country
becomes infinitely negative. As profit on a forward contract becomes
negative with certainty, demand by the home country becomes infinitely
negative and supply by the foreign country becomes infinitely positive.

Thus in equilibrium

A inf_ sup_ o
fe ]SeS ¢2(s), SeS ¢2(S)[.

Equations (27) and (29) imply that if the market for forward

contracts clears
Hoo & Fre 5y
(30) C (S, f) + C (S, f) = 0.

The left-hand side of equation (30) is monotonically decreasing in

~N
f with
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H F N inf
C' +C »=was f>SeS ¢2(S),

W, F PR
C +C » 235 f>»SeS ¢2(S).

Thus, there exists a continuous function

A inf sup
f: $+[Se $,(8). S ¢,(5)[

such that
~ A
(31) f="F(S)>0

solves equation (30), Substituting ?(S) into equation (29) gives a

continuous function

~

2: S W

F

» R, where M is the set of all possible values of M ', such

H F. 2(S).

p4
M
t

The shapes of ?(-) and z(+) depend upon the shape of ¢(-).

By the Inada conditions, it must be the case that agents choose

zH and zF to be small enough in absolute value so that with probability one
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Thus in equilibrium z will always be small enough so that
c1 20;1=H,F
2 ’ L]

~and bankruptcy cannot occur,
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4, The Nature of the Risk Premium

Adding and subtracting from equation (17) or equation (18) gives

i :
(33) f = E(e') + [Et(‘—'—ep ) - E(%}’)
Ee( V') Ney
—p—rl p
(e!)
+ [ Et P - Et(e')]3 1= H’ F.
F 1
t(ﬁﬁ)

This says that the forward rate is equal to the expected future
spot rate plus a term which can loosely be thought of as a risk premium,
because it is only for risk neutral utility functions that it equals zero,
and a convexity term arising from Siegal's paradox.

This decomposition is similar to the one derived in
Stockman [1978]. A difficulty with equation (33) is that it suggests that
the variable of interest is the. expected difference between the future spot
and current forward rates, or the expected nominal profit of a forward
contract. Actually agents are interested in the expected difference between
the real future spot rate, e'/p', and the real forward rate, f/p°.

Et[(e' -f)/p], rather than Et(e' - f), is the appropropriate measure of the
risk premium. Thus, a more interesting way to formulate the equations

describing equilibrium in the market for forward contracts is
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Cov (e'- f , Viu]
(3¢) E (e'-f) = -  Fp ,
p' i

This is similar to the equilibrium condition in Richard and
Sundarsasen [1981].
By equation (34), a positive premium or a positive expected profit

on a forwrd exchange coantracts exists when

' 1. I . j -
(35) Covt(ep- f o,V )<0;i=H,F.

This occurs when higher than average are profits on long positions
and lower than average profits on short positions are associated with lower
than average marginal utilities, and hence, higher than average consumption
levels. Iﬁ this case purchasing currency forward does not provide
protection from risk, but selling currency forward does. The forward buyer
of foreign currency is insuring the forward seller of foreign currency.
Hence, the buyer must make a positive expected profit and the seller will

make a positive expected loss.



5. Existence of Equilibrium

Defining an equilibrium to be a pricing function has been done
previously by Bental [1979] and Lucas [1972] among others. Proving such an
equilibrium exists amounts to finding a fixed point in a function space.
This is done in Lucas by applying the contraction mapping theorem and in
Bental by applying Schauder's generalization of the Brower fixed point
theorem to Banach spaces. Here I follow Bental in applying Schauder's
theorem. The proof is similar to Bental's in structure.

The first step in the proof is to restrict the collection of
functions over which the search must be conducted to a compact, convex set.
Then the equilibrium conditions are used to construct a continuous mapping
from the set into itself. Schauder's theorem ensures that such a map has a
fixed point, which will be the desired equilibrium pricing function.

4

- S¢C R" is the sample space of the random state variable over which

the pricing function is to be defiPed. S is closed and bounded; hence S is
compact in 54.

For the moment, assume bounds on the pricing functions exist. Llet

00 3> R 0(+) Co(+) <3 (+);

where (Qi(‘)’ $j(-)), j =1, 2 are the appropriate bounds, D, denotes the

kth partial derivative and
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e 1= % 1o;(9)].
1

The set of pricing functions to which attention is restricted is
c1(¢1) X c1(¢2);1/ c](él) is the set of admissable candidates for the good
pricing function and c](@z) is the set of admissable candidates for the
exchange rate pricing functions. A generic element of Qj will be denoted
¢j, j=1,2.

It will first be shown that the appropriate bounds for the pricing
functions exist. Then it will be shown that c](@l) X §1(¢2) is convex and
compact. Finally, equations (23) and (24) will be usea to construct a
continuous map from c1(¢1) X c1(@2) into itself. By Shauder's theorem such
a map has a fixed point which will be the equi]ibrfum bricing function.

To establish the existence of the appropriate bounds on the
pricing fuhctions, consider first the good price. For every S e S and every
continous ¢2(-), equation (23) gives the relationship between ¢1(-), the
time t+1 pricing function, and ¢1(S), the time t price. The right-hand side

of equation (23) is strictly increasing in ¢1(S).

H H
H T
As  ¢,(S) » =, = u'[x" - ]+0
1 ,(S) A8
TH TH [ H TH ]
As  ¢,(S) ~» , u'[x" - >
1 N 9,(S") A

Let

~ 2|TH
7(5) = {¢1e Colg < ¢1(-) < =},
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H
Then there axists a function P: 5 x 7(S) =+ ]-l—ﬁ , =] where P[S,
: X

64(+)1 = ¢,(S), which solves equation (23).

H

Proposition 1. There exists 51(.) & {¢1’ I_ﬁ_‘ ¢1(’) < =} such that for
X

every ¢,(+) € {o,¢ ¢ -:::—— < ¢p(+) < ()} PLS, ¢,(+)] < §;(S), for every
SeS.

If proposition 1 is true, then 61(-) constitutes an upperbound for
910D

Proof. See the appendix. The proof of this proposition is based on a proof

in Peled [1980].

H
Proposition 2. There exists $4(°) € {¢151ﬁ— < ¢1(a) < 51(-)}, such that for
X

every ¢1(+) & {oy & C%l81(=) < oy(+) < B()}, PLS, ()] > g,(<), for
every S ¢ 3.
Proof., See the appendix.
Ql(') constitutes a lower bound for ¢1(-).
Consider now the exchange rate. For every Se 3,
¢1(°)e [gl(-), o(<)IN CZ, equation (24) gives the relationship between
¢2(-)9 the time t+1 exchange rate function, and ¢2(S), the time t exchange

rate. The right-hand side of equation (24) is strictly increasing in

F F
As ¢2(S) 3 0, l‘bz(s) U'[XF _ ¢2(S)T ] >0
¢1\35 ¢12S’

F F F
As ¢2(S) > X ¢1(S) s T ¢2(S) U'[XF - ¢2(S)T ] > o

F ¢,(S) $,(5)

.

T
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Thus, there exists a function R: S X {4, € c2

0 < ¢2(-) <
xHI¢1(o)/ rFl} + [0, xH¢1(-)/rF[, where R[S, ¢2(-)] = ¢2(S) which solves
equation (24).

Proposition 3. For every ¢, € {¢1 € C2| ?1(.) < ¢1(.) < $1(-)}, there

exists_gz(-) where 0 <_92(n) < xF¢1(-)/rF such that for every
b, € 10y & C2lap(+) < 8y(+) < Xy ()}, RIS, ()] > g5(S) for every
Se S,

Proof. Similar to the proof of proposition 2.

Proposition 4. For every ¢, ¢ {¢1 € Cz[il(-) < ¢1(-) < 51(-)}, there exists

'Ez(-) Whereliz(-) < 32(-) < xF¢1(-)/rF such that for every ¢2(-) €
(6, & CPlap+) < #,(+) < By(+)} » RS, 9,(+)1 < By(S) for every S e 3.
Moreover sup ¢2(S) < XF¢1(S)/TF.
Proof. Similar to the proof of proposition 1.

Propositions 1-4 have established the existence of the bounds on
the pricing functions.

Proposition 5. c1(¢1) X c1(¢2) is convex and compact.

Proof. See the appendix.

S is compact and o, is bounded; hence by Arzela's theorem, o, is
relative]y.compact.gf By Tychonoff's theorem c1(¢1) X c](é?) is compact.
Theorem 1. There exists ¢ € c1(¢1) X c1(¢2) such that ¢ is an equilibrium
pricing function.

The strategy will be to show that for every admissable time t+1
price vector, there exists a time t price vector and the mapping from time

t+1 prices to time t prices has a fixed point.



- 26 -

Proposition 6. For every S € s, ¢ € @, there exists a unique 6 € ¢ such

that
36) <" v e 900 - T) sy M ow s )
TICAEECD #,(57) 8,(5) 8,05)
6 (S') e T 6.(S') 6,(S') - F(S)
(37) " %2 V' 2 - % z(s)]Is} =
9,(57) E) 9,(S7)

20,(8) i F L T 8(5)],
T

If this proposition is true then 6 = ¢ constitutes an equilibrium.
Thus it will be sufficient to.show that M: ¢ > &, such M(¢) = 6, has a
fixed point. To prove proposition 6, propositions 7-9 are employed.

Proposition 7. For every S e §, ¢ € &, there exists a unique

8,(S) € [8,(S), 51(8)], such that (36) holds.

Proof. el(S) = P[S, ¢1(~)]. el(S) € Lil(s)’ $1(S)] by propositions 1
and 2.

Proposition 8. Let el(S) be given by proposition 7. For every S e S,
¢ € @, there exists a unique 6,(S) e [9,(S), §,(S)], such that (37) holds.
Proof. 62(5) = R[S, ¢2(-)]. 62(5) € [22(5), $2(S)] by propositions 3 and 4.

Proposition 9. 6 ¢ ¢.

Proof See the appendix.

Proposition 10. M: ¢ » ¢ is continuous.

Proof. See the appendix.
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proof of Theorem 1. is continous; hence

M(C1(87)s 1)) = (Ml (e7))s M1 85)))

i

(c1(M,(67))s 1 (H(0,))

in

(c1(¢1), c1(¢2)) by the argument in the proof of proposition 10.

Hence, M(cT(8))s €1(6,))C (€1(o7)s c1(e5)).  [cTley) X c1(¢,))
js convex and compact. Hence there exists a fixed point.

Thus, it is established that equilibrium pricing functions

p/M

-
—
—
w
-
"

= eM*/M

©
N
—
w
~—
N
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6. Conclusion

This work has attempted to model risk premia in foreign exchahge
markets in a choice-theoretic, general equilibrium framework. In this
framework forward contracts are used as a method of sharing risk. Time-
varying risk premia arise and are seen to be related to the efficacy of such
contracts as hedges.

Allowing trade in forward contracts, but requiring that agents
save only their own country's currency, allows exchange rate determination
in an overlapping generations model. It is readily observable that
~currencies are not actually regarded as perfect substitutes. Agents in a
given country tend to hold portfolios consisting predominately of that
country's currency. The interesting question is why this non-

substitutability should exist. This question is still to be answered.
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7. AEEendix

Proof of Proposition 1

Claim 1. For every S ¢ § there exists y(S) € ]TH/XH, o [such that
2
PLS, ¢1(-)] < ¢1(S) for every ¢, € {¢1 e CT|y(S) < ¢1(-) < =},

proof of Claim 1. Suppose that the claim is not true for some S e S. Then

for every sequence {Yn} on ]TH/XH, o [ such thf " + =, there exists a
sequence of functions {¢?(-)} such that ¢q € {¢1 € Czhn < ¢q (+) < =} and
PCS, ¢q (+)] > ¢q (S) > yn for every n. Then there exists a neighborhood,
M5S), of S such that P[S, ¢q ()] > ¢q (S) for every S' e N(S). By
‘ assumbtion, the probability measure of N(S) is strictly greater than zero.
As n + o, v"+ «; hence ¢1n (+) + = and P[S, ¢q (+)] » =.
U'(xH - rH/P[S, ¢2(-)]) > U'(xH), a strictly positive, finite constant.

v'(TH'/¢1n(SI) + [¢2(SI) - f(s)]/‘i’rl](sl)),+ VI(O) = », Thus,

. . |
Et[ T P[Ss ¢1n(')]v ] +
¢1n(°)U'

~at S. This is a contradiction; hence Claim 1 is proved.
Choose such a {y(S)}¢ %
Claim 2. For every Se S, P[S, ¢,(+)] is bounded from above by some e(S) €
[TH/XH, » [ for every ¢, ¢ { ) € Cz\rH/xH < ¢1(o) < v(S)}.

Proof of Claim 2. Suppose not for some S e 5. Then there exists a sequence

~{o7()s PLS, $](+)1} where o] € {8, ¢ c2)M/ K < g)(+) < ¥($)} such that
PLS, ¢?(')] > o, V'/¢1(~) evaluated at a strictly positive, bounded price
is strictly positive; hence this is a contradiction and claim 2 is proved.

Choose such a {e(S)}¢ %
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Let §,(S) = max{y(S), e(S)} for every Se 3.

Claim 3. For every S ¢ S, for every ¢; € {¢le CZITH/XH < 9p(¢) <'$1(-)},
$1(S) bounds P[S, ¢1(-)] from above.

Proof of Claim 3.

PLS, 85(+)7 < €(S) < 3,(5)

H
for every ¢,(+) e {¢1 € C2| Eﬁ-< ¢1(°) < y(S)}
X

PLS, ¢1(+)] < ¢,(S) < $,(9)
for every ¢,(+) e {4, ¢ CZIY(S) < 9q(¢) <=}
This proves claim 3.

Proof of Proposition 2.

Suppose not for some S e S. Then there exists a sequence

2{_H, H - n

{¢2(-), P[S, ¢q (¢)]1} where ¢q € {¢1 e C | /X7 <14 (¢) < ¢](-)} and ¢, »
0

o1 ¢ {0 ¢ et < ¢1(+) < #,(<)} such that P[s, ¢1n(-)] N

T

t
) /¢1(-) evaluated at a strictly positive finite function is finite; hence
this is a contradiction.

Suppose inf ¢1(S) = rH/xH. then there exists a sequence s" s SO

such that for some ¢,(+) ¢ {¢; ¢ c2|¢1(-) < o1(+) < ()} PLs, 67(4)7 >
P[SO, ¢2(-)] > rH/xH. S is closed; hence S0 e S and this is a
contradiction.

Proof of Proposition 5.

Convexity is obvious.

I now show ¢1; i=1, 2, is equicontinuous. Applying the mean
value theorem to each component of S, and using the bounds on the partial
derivatives of 655 gives

4

0 1 o
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sup

<M j | S? - S}| for every SO, sl e s, b5 € 05 b sO- s < implies
SUp 0 1
il Sj - Sj | < &; hence choose & = €/(4M). Then for every e > 0,

1

0 s - st <s implies |¢i(SO) - ¢1(Sl)| < e, for every SO, st e S, 05 € 4.

i
Thus 95 is equicontinuous and the proof is complete.

Proof of Proposition 9.

The continuity of both sides of equations (23) and (24) in S
guarantees that 6 is a continuous function in S.
It is now shown that the partial derivatives of 6 are uniformly

bounded. Let Sj be the jth component of S, j = 1,..., 4.

I-l ] []
[ N T A 13 R A SR YN Gk Vi)
35, asj ¢1(s'5 5, 36, 0,
ForenvyF et Fa F! Fo F"
E_(?_Z___Q)_{F [ T ¢2(S YV |S] -1 62U }/ 3 (¢92U )+ 3
5. 5.5 357
aSJ aSJ ¢1 S e1 aez e1 ael
Fo ofF'
(F %)%,
6 0S.
1 J

where VH and UH are V and U evaluated home levels of consumption and VF and

UF are V and U evaluated at foreign levels of consumption.

FoF
T BZU ) l
°

|8 (fu) | = Iﬂ_ [UH" + vH'el) and , s |
6 3 36

1 2
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= TF [UF + 62UF IE ) (are continuous functions) on S; hence they reach
0 0
1 1

their minima on S. Prices are strictly positive and finite: hence

consumption is strictly positive and finite and the minima must be greater

than zern. Denote the smallest of the minima M.

1
) e]UH - H HH
(A‘l) | ‘g'q_( ) )l = ( 2 s 0, - 5 ’ 0)
St 8, o’ 1
1 ] i
) T ezuF S]UF - TFGZUF S F
(A2)  |g5t—=)| = (o, sF " & )

A1l of the components of the vectors (A.1) and (A.2) are

continuous functions of S on the compact set §; hence they reach their

maxima on S. Choose M, to be the largest such bound

H

] HI . A )
o B[ s = gT_L6(5) - FON] Is}
33, 6051 5,057
’ » Gl HI ] 1
27 - 2(S)] 8f(S) + 1 LM ag(s,s) ds
L3z - 2] as§ L g(S)S'g 575 Al

- [ ag(s) / g(s)] E [ <™Vt [s].
[ 29(5) 7 a(9)] E | e |s]
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A1l terms are continuous functions of S. g(S) reaches its minima

on § and is strictly positive at the minima, and agSS! and 3g(S.S') are
: a3 as

continuvous, and hence, bounded.

. » " _?_ L] _a_
ot € (82" ) 35, e(auf) 4 £BT ) 3, 0%

- i R r—— , —
B AT e[ o - zu 1 +e(aqt et sz f P
o ¢?(S') - f(S) )
where A = - ; , which is also uniformly bounded.
4 (57)
hence
3 H* H'

is bounded from above. Similarly
Fl Fl
a T S')V
ot e L Doz ISl |

is bourded from above. Let Mé be the largest of the two bounds.

Fo uf! F

T 6, T 0 F“ F F!
|l (C220) | = Tl2 (VW cTep 0 0y),
9%y 4 8,”
1 .

which is bounded from above by scme finite ﬂh.
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‘Then
' ael ‘ M2+ M3 'ﬂl H
55, | ¢ —— ="
J Ml

Let W = max {W!, ¥2}.

Proof of Proposition 10.

g S

Let {o"} ¢ where 4" » &0 uniformly. Note that ¢ is not closed;
hence ¢0 may not be in &, 1 show (¢n) + (¢0) uniform1y.;

For every Se S, p ¢ [¢1(S), 51(3)], Tet

W) = e sy,

’

where U" is evaluated at n and V"is evaluated at ¢0(S').

1]

‘,”‘ T " 1 E .‘ .“ ‘ 3
(o) = St o e[ |51,
n '
P 07 (")
where UH is evaluated at p and VH is evaluated at ¢n(S').

. vy . :Z i R
Let p" be the unique p such thatmwn(pn)b=40,”pn £ [gl(s),j$i(s)l

for every n; hence by the Bolzano-Weierstrass theorem,g{pn} has a tbnve%éent

subsequence. W.1.0.q., pn > pO.
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Claim 1. |¢(p0)l =0,

Proof of Claim 1.

v (%) < | r”u'ng) - M) +
n
' p p

| Sy - E[tHIV'(¢n)’|S]| RRTN

p" %, (S")
D) - s )
67 (")
- | Mo (p)-'rU'H(p) | + | el V'(g) Isi - v [s]]-
p° p" 1(5'\ ¢1 (s")

fHu-_is continuous in p on [gl(s),JEI(S)]; hence for every /2 > 0, there
exists 6§ > 0, such that

| o) M e
O N E
p pn 2
0 n n 0 X
for every |p- - p | <&. p =+ p; hence for every & > 0, there exists N1
such that |p0 - p"| < & for every n > Ny-
E[V gg )1 IS] is continuous in 4, on { e C |¢ (¢) ¢ 4 () < ¢]( '}

47 (s') |
hence for every €/2 > 0, there exists & > 0, such that

| €l x ___(__ B _U'ﬂga_“l]lSl <e/2

o] (5") 8] (5)
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for every | ¢"(-) - ¢0(-)| <8, ¢ > ¢n uniformly; hence for every 6 > 0,

there exists N2 such that
[je"(+) - %) |]< 6

for every n > N,. Choose N = max{Nl. N?}.

Thus there exist functions

n n
p’ =8, (S)
0 0
p = 91 (S)
where e? (¢) » 9? (*) pointwise, Djeg <M, j=1, ..., 4; hence {BQ} is

equicohtinuous. Thus eq > e? uniformly, This completes the proof of claim
1. |
The argument for 62 is simiar, Thus 1is continuous. The

preceding argument also showed (610, ezn) =)((¢0) isvwell-defined.‘
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FOOTNOTES

1/ See Bilsen[19817], Cumby and Obstfeld [1983], Dooley and Shafer [19811,
Geweke and Feige [1979], Hakkio [1981], Hansen and Hodrick [1980, forth.],
Hsieh [1981] and Viswanath [1982].

2/ Lucas [1981], p. 41.

3/ Actually the value date is usually one or two days after the contract
date. This technicality will be ignored.

4/ See Siegal [1972]. McCulloch [1975] claims tkis is emprically trivial.
The magnitude, however, obviously depends on the shape of the distribution
function.

5/ In reality there are both forward and futures markets for foreign
exchange, The fine differences between the two are discussed in Richard and
Sundarasen'EIQBi]. A1l contracts here are one period contracts and thus
forward and futures contracts are equivalent,

6/ See, for example, McCallum [1981] or Wallace [198n1.

7/ Actually elements of ¢1 are pricing functions of the good weighted by

1/M* and elements of ¢, are pricing functions for the exchange rate weighted

2
by M?MH. The term "pricing function" will be used for converience.

8/ See Kolmogorov and Fomin [1975], p. 102.
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