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Abstract

This paper contains two examples of static, symmetric, positive-sum games with two
strategic players and a play by nature: (1) a microeconomic game between duopolists with
joint costs facing uncertain demands for differentiated goods and (2) a macroeconomic game
between two countries with inflation-bias preferences confronting uncertain demands for
moneys. In both examples, each player can choose either of two variables as an instrument,
and reaction functions are linear in the chosen instruments. With no uncertainty, there are
four (Nash) equilibria, one for each possible instrument pair, because each player is
indifferent between instruments given the instrument choice and instrument value of the other
player. With uncertainty in the form of an additive disturbance, there are fewer equilibria
because each player is not indifferent between instruments. These results are in accordance
with the logic of Poole (1970) and Weitzman (1974) as explained by Klemperer and Meyer
(1986) using examples of differentiated duopoly games with independent costs. In their main
e){ample with linear reaction functions, there is always a unique equilibrium. In contrast, in
each of our examples with uncertainty, there is a unique equilibrium for some parameter
values, but there are two equilibria for others. It is somewhat surprising that in both the
Klemperer and Meyer example and our examples with unique equilibria, for some parameter
values with the smallest amount of uncertainty the symmetric instrument pair chosen in the

unique ecuilibrium is the one that yields the lower payoff with no uncertainty.



UNCERTAINTY, INSTRUMENT CHOICE,
AND THE UNIQUENESS OF NASH EQUILIBRIUM:

MICROECONOMIC AND MACROECONOMIC EXAMPLES

Dale W. Henderson and Ning S. Zhu'

I. Introduction

This paper contains two examples of static, symmetric, positive-sum games with two
strategic players and a play by nature: (1) a microeconomic game between duopolists with
joint costs: facing uncertain demands for differentiated goods and (2) a macroeconomic game
between two countries with inflation-bias preferences confronting uncertain demands for
moneys. In both games, each player can choose either of two variables as an instrument. In
our terminology, both are linear-reaction-function games because reaction functions are linear
in the chosen instruments.

More than a century ago, it was discovered that there are both Cournot (1838) and
Bertrand (1883) equilibria for duopoly games with no uncertainty. There are many examples
of multiple (Nash) equilibria in linear-reaction-function games with no uncertainty. In the
standard differentiated duopoly game with linear demands and independent, quadratic costs,
there are four equilibria if each duopolist can choose either price or quantity as an

instrumerit. That is, there are as many equilibria as there are possible pairs of instrument

'We would like to thank Marc Dudey for suggesting the set up for the microeconomic example and Stephen Salant and Russell Cooper
for helping us to clarify some concepts in game theory. Useful comments were provided by Harald Uhlig, our discussant, and others
attending the conference entitled "Positive Political Economy: Theory and Evidence" at the CentER for Economic Research of Tilburg
University: by Jon Faust; and by David Bowman, Andrew Levin, and others attending a seminar at the Board of Governors of the Federal
Reserve System. The paper will appear in Eijffinger and Huizinga (1996). It reflects the views of the authors and should not be interpreted
as reflecting e ther the views of the Board of Governors of the Federal Reserve System or other members of its staff, or the views of the
World Bank, its Executive Board of Directors, its member countries, or other members of its staff.
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choices. Likewise, in two-player macroeconomic games with quadratic utilities ard linear
economies there are as many equilibria as there are possible pairs of instrument choices.?

The explanation of the existence of multiple equilibria in linear-reaction-function
games with no uncertainty is the same as the explanation of a familiar result. Poole (1970)
and Weitzman (1974) show that with no uncertainty a single controller is indifferent among
instruments. Likewise, with no uncertainty if one player chooses his instrument and sets a
value for it, the other is indifferent among instruments. It follows that, for example, if each
of two players can choose one of two variables as an instrument, there are four equilibria.’

Klemperer and Meyer (1986) modify differentiated duopoly games by introducing
uncertainty in the form of a play by nature that is unknown to the duopolists. Introducing
uncertainty in this form is of interest in and of itself. However, Klemperer and Meyer find
that it results in a game with different qualitative properties: the number of equilibria is
smaller than with no uncertainty.

In their main example, Klemperer and Meyer modify the standard differentiated
duopoly game by assuming that the demands have a common additive disturbance. This
example has the very attractive property that there is a unique equilibrium for every set of
parameter values. It also has a somewhat surprising property not emphasized by Klemperer

and Meyer. For some parameter values, the symmetric instrument pair chosen in the unique

*Giavazzi and Giovannini (1989) and Canzoneri and Henderson (1988) compare an equilibrium in which each of two coun:ries choose
money supplies as instruments with an equilibrium in which one chooses the money supply and the other chooses the exchange: rate.
Turnovsky and d'Orey (1986), Canzoneri and Henderson (1989), and Henderson and Zhu (1990) compare the four equilibria ‘which are
possible when each of two countries can choose either the money supply or the interest rate as its instrument. Tabellini (19871 compares the
two equilibria which are possible when the monetary authority can choose either the money supply or the interest rate as its instrument and
the fiscal authority chooses government expenditures as its instrument.

“In linear-reaction-function games, there can be multiple equilibria only if there are two or more possible pairs of instrument choices.
However. in nonlinear-reaction-function games, there can be multiple equilibria even if there is only one possible pair of instrument choices
as explained in, for example, Cooper and John (1988).
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equilibrium is the one that yields lower profits with no uncertainty.

The explanation of the reduction in the number of equilibria with uncertainty is the
same as the explanation of another familiar result. Poole (1970) and Weitzman (1974) show
that with uncertainty a single controller is not indifferent among instruments. Likewise, with
uncertainty if one player chooses his instrument and sets a value for it, the other is not
indifferent among instruments. Since players are not indifferent among instruments, the
number of equilibria is reduced, perhaps to one.

The two examples in this paper are designed to shed further light on the implications
of introducing uncertainty in the form of a play by nature into linear-reaction-function games
for the number of equilibria and the characteristics of these equilibria. The microeconomic
example is an extension of the main Klemperer and Meyer (1986) example to the case of
joint costs. The macroeconomic example is a two-country version of the Kydland-Prescott
(1977) and Barro-Gordon (1983) inflation-bias game with uncertain demands for money
similar to the one analyzed by Henderson and Zhu (1990). In the macroeconomic example,
each country can choose either the money supply or the interest rate as its instrument.

Our examples yield results similar to those of Klemperer and Meyer in some respects.
With no uncertainty there are four equilibria, one for each possible instrument pair.
Introducing uncertainty results in a game with fewer equilibria. In some cases in which the
equilibrinm is unique, the smallest amount of uncertainty causes the players to choose the
symmetric instrument pair that is worse for them with no uncertainty. However, our
examples yield results different from those of Klemperer and Meyer in an important respect.

For som: parameter values, introducing uncertainty results in a game with two equilibria.
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II. A Microeconomic Example: Differentiated Duopoly with Uncertain Demands
In the microeconomic example, we use a model of duopoly with differentiatzd goods.
First, we lay out a model with linear demands; joint, quadratic costs; and an additive
disturbance that affects both demands. Then, we discuss the multiplicity of equilibria with no
uncertainty. Finally, we consider the implications of introducing uncertainty in the form of
the additive demand disturbance. We analyze both the special case of independent costs for
which Klemperer and Meyer (1986) obtain their uniqueness result and the general case of

joint costs.

A. The Model
In our model, the symmetric duopolists, nohat and hat, each produce and sell a single

differentiated good. Variables with no hats and hats over them are possible instrument

variables for nohat and hat, respectively. Prices received (p and p) are related to quantities

sold (Q and Q) by the inverse demand functions

P=a-50Q-fQ+n, P=a-.56Q-fQ+n, 1
where q is a disturbance with zero mean and finite variance. The price of each gcod falls
with the quantity of that good sold (5 > 0). We assume that the two goods are sutstitutes,

so the price of each good also falls with the quantity of the other good sold (f > 0).* We
also assume that the price of a good falls if the quantity. of that good sold increases and the

quantity of the other good sold decreases by the same amount (p > 2f)-

“The case in which the two goods are complements so that the price of each good rises with the quantity of the other good sold (f < Q)
is considered in Henderson and Zhu (forthcoming).
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We assume that the total costs of the duopolists (¢ and () are the following

quadratic functions of their outputs,

C - gQ + .5kQ* +uQQ, € =gQ + 5kQ° + uQQ, (2)

so the duopolists have joint costs.” We assume that Q < g < a, but we consider both

positive and negative values for ¢ and y.

We assume that the duopolists are involved in a static, positive-sum game with
simultancous play in which nature also makes a play. Each duopolist has two possible
instruments, quantity and price. Each must chose an instrument and the value at which to set
that instrument before uncertainty is resolved. Since the duopolists are symmetric, we need

consider in detail the behavior of only one of them, say nohat.
Nohat's profits when nohat chooses instrument j and hat chooses instrument j are
represenied by Hif( j, J; m) - Nohat's profits for the four possible pairs of instrument choices

are given by equations (T1.1) through (T1.4) in Table 1. Nohat's zero-disturbance profits
for values of an instrument pair ; and ;j are defined as what nohat's profits would be for

values of’ that instrument pair if the disturbance term were zero and are represented by

Ié(j, j; 0). Our assumptions about the parameters of the demand and cost functions imply

“These cost functions are special cases of the general quadratic cost functions

C =g0 +hQ + .5k0* ~uQQ + 5x0°, € =g0 +hQ + SkO* +u0Q + 5xQ*. (F5.1)

With x # O, the analysis is only a littie more complicated, but with & # O, the analysis is considerably more complicated. Yohe (1979)
uses models with general quadratic cost functions like those in equations (F5.1).
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that nohat's zero disturbance profits for the instrument pair ; and ; are a concavz function

of nohat's instrument j for any given value of hat's instrument j .

B. The Model with No Uncertainty

1. The Multiplicity of Equilibria
With no uncertainty (of] = (), we obtain the familiar result that there are four
equilibria no matter whether costs are independent (;; = Q) or joint (5 = Q). For any given

value of a particular instrument variable chosen by hat, the maximum value of nohat's zero-

disturbance profits is the same no matter whether nohat chooses Q or P as an instrument

because there is a one to one relationship between Q and p: 7

max,[TI%(Q, /; 0)] = max,[II*(P, ; O)]. 3)

This logic is in accordance with the logic used by Poole (1970) and Weitzman (1974) to

%That is,

7, §; n) = IRQXP, Q; n), §; nl, T(Q, B; n) = IX[Q, 09(Q, P; n); nl, .1

7P, P; n) = IR[Q(P, B; n), QP(P, B; n); n),

where QP9(+) is obtained by solving the first equation in equations (1) for Q, Ooﬁ ( - ) is obtained by solving the second equation in
equations (1) for Q and Q’P( ) and O""( + ) are obtained by solving equations (1) simultaneously for Q and Q The expressions for
Q™, Q, Q™, and Q" are

Q™(P, 0; m) = (%](a “P-f0-m),  0%Q P - (%](a -B-fo ),
PP . = _2, - - + b 4 -
Qe Bim) = (216~ 200 - 0P + 28+ & - 2p) F62)
O™P, By m) = (—i—][(b - 2a - bP + 2P + (b - 2],
A = b? - 4%

" Of course, if nohat could use his instrument choice to affect hat's instrument choice, he would no longer be indifferent be:ween
instruments.
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establish that with no uncertainty a single controller is indifferent among instruments.

It follows that there are four equilibria in which the instrument pairs are Q and Q, P
and Q, Q and P, and p and P, respectively. We refer to these equilibria as the Q0. PO,

QP, and pp equilibria, respectively. As an example, we 2stablish that there is a PO

equilibrium. Begin with nohat's and hat's profits functions when p and () are chosen as

instrumenis. Set both the first derivative of nohat's profit function vith respect to p and the
first derivative of hat's profit function with respect to  equal to zero. Thi. = .r of first
order conditions is a pair of simultaneous linear equations in p and (. It remains to

demonstrate that the solution to this pair of first order conditions is an equilibrium. Given

the soluticn for ), the solution for p is the best response for nohat given that he chooses p
as an instrument. Likewise, given the solution for p, the solution for Q is the best response

for hat given that he chooses () as an instrument. As we argue in the preceding paragraph,

nohat can do no better by choosing Q as an instrument. Likewise, hat can do no better by

choosing P as an instrument. Therefore, the solution to the pair of first order conditions

when p and ( are chosen as instruments is an equilibrium. In a similar manner, it can be
established that there are QQ, QP, and PP equilibria.

There is a certain fragility to the set of equilibria. Consider the pQ equilibrium.

With no uncertainty, nohat is indifferent between using p as an instrument and using Q. Of
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course, if there is to be a PQ equilibrium, he must actually use p. If the game structure

were altered so that nohat had even a slight preference for Q, then there would be no PQ

equilibrium. As we confirm below, with uncertainty nohat is not indifferent between
instruments.
2. The Comparison of Profits at Three Points

In this subsection we compare profits at the symmetric efficient point with those in the

QO (Cournot) and pp (Bertrand) equilibria for both the case of independent costs (y = Q)

and the case of joint costs (5 # 0). We use Figures 1 and 2, which are diagrams in Q0

space.® The comparison is of interest in and of itself, but our main reason for making it is so
that we can refer to it in the analysis of the uncertainty case.

The Efficient Point. As a standard of comparison, we use the symmetric efficient
point, the point at which the simple sum of the profits of the duopolists is maximized. We
refer to this point as "the" efficient point for short and represent it by point E in Figures 1
and 2. Since the duopolists are symmetric, they produce equal quantities at this point.

At the efficient point, it must be impossible to make either duopolist better ¢ff without
making the other worse off, and the quantities produced must be equal. Therefore, at E an

isoprofit locus for nohat must be tangent to an isoprofit locus for hat on the 45° line:

*Throughout this footnote we refer to results for symmetric duopolists whose products are substitutes (f > 0) or complements (f < 0).
Singh and Vives (1984), Vives (1985), and Cheng (1985) analyze the case of constant marginal costs. Singh and Vives and Vives establish

algebraically and Cheng establishes graphically that profits are higher or lower in the QQ equilibrium than in the PP equilibrium depending
on whether the products are substitutes or complements. Xiang (1993) analyzes the case of independent variable marginal costs. In

Henderson and Zhu (forthcoming) we generalize the analyses of these authors to the case of joint costs. In the text of the current paper we
apply a slightly modified version of Cheng's graphical technique to derive results for substitutes with joint costs. The slight modification of

Cheng's technique is that we operate in QQ space rather than in PP space as Cheng did.
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Figure 2
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4Q 4Q - )
dQ dll=0, Q=0 dQ dii=0, Q=0Q

Since the duopolists are symmetric, at any point on the 45° line the slopes of their isoprofit

loci are reciprocals. This fact and equation (4) imply that

aQ - 1 ®)
4Qlam-o, 0-0
The slope of nohat's isoprofit locus is
%
| __T¢ . —(f+ wQ . ©)
Wlp., 0¥ a-g-G+khHQ-(+uwQ

Therefore, the condition in equation (5) becomes’

dQ _ (f + W0 L o

dOlp.0oo 3-8 -G E+f+wQ

Solving for @ yields the quantities produced at the efficient point, Q£ = QE:

°In algebuaic terms, necessary and sufficient conditions for being at the efficient point are obtained by setting 0 equal to Q in the
expression fo- nohat's profits in equation (T1.1) and differentiating. The first derivative of the resulting expression must be equal to zero,

d[(o)
dQ

@l aa-g bk 2Af+WIQ=0, 9.0

as it is if the condition in equation (7) is met. The second derivative must be negative,

2[(eQ) .
Gl )0=9 = -b+k+2(f+uw] <0, (F9.2)
do?

as it is if the parameters of the model are chosen appropriately. Note that equation (F9.2) implies that & + k + 2(f + u) > 0, so equation
(F9.1) implies that Qf = O > 0 ifand only if a - g > 0.
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E_ AE _ a-8 o
" =@ b +k+2(f+u ®

The QQ Equilibrium. In the Q@ equilibrium, nohat maximizes profits taking () as

given.'® Given values of Q are represented by vertical lines in Figures 1 and 2. When the
duopolists choose symmetric instruments, the quantities they produce must be the same.
Therefore, in the Q¢ equilibrium an isoprofit locus for nohat must be tangent to a vertical

line at a point on the 45° line as it is at points C (for Cournot) in Figures 1 and 2. This

condition is met if and only if

dQ _ (f + - )
dém:o,q:@ a-g-bB+k+f+uQ

f + u 1s always positive when y is zero or positive, and we assume that f+u=#0if yis

negative. It follows that the condition in equation (9) implies that

"In algebraic terms, necessary and sufficient conditions for being at the QQ equilibrium are obtained by differentiating the expression

for nohat's profits in equation (T1.1) with respect to Q and setting Q equal to Q in the resulting expressions. The first order zondition is
that

(m®] ,=a-g-®+k+wQ -0, (F10.1)

as it is when the condition in equation (10) is met. The second order condition is that

Q=0

¥ --w+k<o, (F10.2)

which implies that b + k = 0. Since we must have b + k& + 2(f + 4) > 0 in order for the efficient point to be a constrained maximum,
b +k +f+u>0. Since we must have a - g = O in order for outputs to be positive at the efficient point, equation (F10.1) implies that

Q€=0>0
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a-g-bB+k+f+uwQ=0. (10)

Solving fcr (@ yields the quantities sold in the QQ equilibrium, Q¢ = QC:

c - AC - a-ég i 11
Q Q b+k+f+u 1n

The pp Equilibrium. In the pp equilibrium, nohat maximizes profits taking p as

1

given.!" Values of p are represented by downward-sloping iso- p lines in Figures 1 and 2.

Solving the second equation in equations (1) for @ yields the equation for iso- p lines:

fO =a - B - 560, 12)

which has the slope - b < - 1 relative to the () axis. When the duopolists choose

2f

symmetric instruments, the quantities they produce must be the same. Therefore, in the pp

equilibrium an isoprofit locus for nohat must be tangent to an iso- P line at a point on the 45°

"In algebrzic terms, the version of the necessary and sufficient conditions for being at the PP equilibrium that is most useful for present

purposes can b: derived by differentiating the expression for nohat's profits as a function of Q and O in equation (T1.1) with respect to P
using the chain rule. The first order condition is that

ey Boceofooe s

Q} -0, (F11.1)

as it is when tte condition equation (13) is met. The second order condition is that

N 2
Iy = - b+ k)(i:;] AR o R o AL RE AT AL

A? (F11.2)

A

b? - 4f%,
which implies that b(b + k) - 4f(f + u) > 0. Since we must have b + k + 2(f + u) > O in order for the efficient point to be a
constrained maximum, b + k + (1 - %’)(f + u) > 0. Since we must have a - g > 0 in order for outputs to be positive at the efficient

AB

point. equation (F11.1) implies that Q& = Q@ > 0.
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line as it is as points B (for Bertrand) in Figures 1 and 2. This condition is met if and only if

[f_?_ - (f + w)Q __ b (13)

dQALH=0,Q=(‘) a-g-b+k+f+wQ  2f

Solving for Q yields the quantities produced in the PP equilibrium, Q8 = Q‘B :

QB=OB= a—g * 1
4
b+k+[l—£lﬂ(f+u) 49

The Reaction Functions and the Isoprofit Loci. The reaction function for nohat

represented by R in Figures 1 and 2 gives the optimal @ for each value of ( when @ and

Q are the instruments. The equation for R is obtained by setting 0%, which is given by

the denominator of the last term in equation (6), equal to zero and solving for Q to obtain
b+RQ=(@-8 - (¢+wQ (15

R has a positive intercept but may have a negative or positive slope as in Figures | and 2,

respectively, depending on whether £ + 4 2 0.

At their intersections with R, iso-profit loci for nohat have slopes approaching plus or

minus infinity with respect to the ) axis and slopes of zero with respect to the Q axis:



Q0 . 00
[gg} I I [gg] e a9
dQ |- u8<’=o HSQ 1.0 dQ di=0, Hg°=0 Hgo 00
) X

Expressions for Hg@ and ngo are given in equation (6). ngo # 0 by assumption, and

Hgo = 0 on R. At their intersections with R, isoprofit loci for nohat are concave or convex

to the Q axis as in Figures 1 and 2, respectively, depending on whether f + 4 2 0:"

dQ]
4l &< .
Liodn:o __Hgg__b+k a7

dQ %o Hq@ f + u'
Q

Thus, at their intersections with R, isoprofit loci for nohat are concave to the Q axis if R is

downwarc. sloping and are convex to the @ axis if R is upward sloping.

The pp equilibrium is the point on the 45° line at which an isoprofit locus for nohat
is tangent to an iso- p line and an isoprofit locus for hat is tangent to an iso-p line. The PP

equilibriun must lie to the northeast or southwest of the QQ equilibrium as in Figures 1 and

"*The change in the slope of an isoprofit locus with respect to the Q axis is

0
gﬂ;_o - 1

LdQ / ![_
g

Yoo o . (F12.1)
nEgpng?) - anggagng? - ngney],

and the result n equation (17) follows because Hgo =0 onR.
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2, respectively, depending on whether £ + 4 2 0.

The Comparison. The ranking of the quantities produced in the Q@ and pp
equilibria and at the efficient point depends on the sign of £ + y, but the ranking of profits

does not.” It follows from the graphical analysis above that if f + y > Q, then the pp

equilibrium lies to the northeast of the Q@ equilibrium which lies to the northeast of the

efficient point as in Figure 1 so that

QF=0F<0Q°=0%<0"%=0" (18)

but that if f + y < 0, then the pp equilibrium lies to the southwest of the QQ equilibrium

which lies to the southwest of the efficient point as in Figure 2, so that

Q" =0Q"<Q°=0Q<Q"=0" ad
These rankings follow from equations (8), (11), and (14) and our assumption that j, > 2f-
Q and (Q are smaller or larger at the efficient point than at the QO equilibrium and

the pp equilibrium depending on whether the spillover effects of quantity increases are

negative or positive and depending on whether the spillover effects of price increases are
positive or negative, respectively. One duopolist's instrument is said to have a positive

spillover effect or a negative spillover effect depending on whether an increase in that

""Recall that we assume throughout that f > 0. Our result that the ranking of profits in the QQ and PP equilibria is independent of the

sign of f + u given that f > O does not conflict with the standard result that the ranking of profits in the QQ and PP equilibria with
independent costs depends on the sign of f as shown for example in Singh and Vives (1984).
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instrument raises or lowers the other duopolist's profits." - (f + y)Q and - (f + y)Q are

the spillover effects of Q on 1T and Q on JI, respectively, and

1 - %{](f + u)Q and

[1 - _zf}(f + u)Q are the spillover effects of p on IT and p on [, respectively. Q and
b |-

are positive, so the spillover effects of Q and () are negative or positive and the spillover

effects of p and p are positive or negative depending on whether f+uz0. Ifthe
duopolists cooperate, they take account of spillover effects and attain the efficient point.
However, if they behave noncooperatively, they do not take these effects into account. For
example, if £ + y > 0 so that the spillover effects of Q and () are negative and the spillover

effects of p and P are positive, nohat does not take into account the fact that an increase in

his quantity lowers hat's profits or the fact that an increase in his price raises hat's profits.
As a resuli, he chooses a larger quantity or a lower price than he would at the efficient point.

Of course, if he is to obtain a lower price he must sell a larger quantity.
Q and Q are larger or smaller in the pp equilibrium than in the Q¢ equilibrium

depending on whether the quantities of the two goods are strategic substitutes or strategic
complements. The quantities of the two goods are said to be strategic substitutes or strategic

complements depending on whether an increase in one quantity lowers or raises the marginal

profit of ircreasing the other quantity, that is, depending on whether Hgg =f+uz0. If

hat chooses p instead of Q as an instrument, then when nohat increases Q. hat must reduce

Q in order to keep P from falling. If the two quantities are strategic substitutes, a decrease

“For a concise statement of the standard definitions of positive spillover effect, negative spillover effect. strategic substitutes, and
strategic comple nents see Cooper and John (1988).
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in () raises nohat's marginal profit, so the value of Q at which nohat's marginal profit is
zero is larger. For analogous reasons, if nohat chooses p instead of Q as an instrument, the
value of () at which hat's marginal profit is zero is larger. Therefore, @ and Q are larger
in the pp equilibrium than in the QQ equilibrium.

Profits at the efficient point are always higher than profits in the Q@ equilibrium

which are always higher than profits in the pp equilibrium:
I =1 <€ = i€ < 1 - 11 (20)

Profits increase, remain unchanged, or decrease with increases in Q = O depending on

whether Q = Q £ Qf = Of.” The pp equilibrium is always farther from the efficient
point than the QQ equilibrium along the 45° line.
C. The Implications of Introducing an Additive Demand Disturbance

1. Preliminaries

In this section we consider the implications of introducing uncertainty into our

differentiated duopoly game with joint costs in the form of an additive disturbance term that

affects both demand functions (of] > 0). Klemperer and Meyer (1986) discovered that with .

uncertainty of this form there is only one equilibrium in a differentiated duopoly game with

independent costs. They obtain their result because with this kind of uncertainty nohat is not

"*When Q is kept equal to Q and the conditions in footnote 9 are met, nohat's profit function is concave in Q and has a unique

. AE
maximum at Q% = Q°.
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indifferent between choosing Q or P as an instrument for a given value of hat's instrument.
The logic they use to establish this result is in accordance with the logic used by Poole (1970)
and Weitzman (1974) to establish that with uncertainty a single controller is not indifferent
among ins:ruments. There is an important similarity between the case of independent costs
considered by Klemperer and Meyer and the case of joint costs considered here: the number
of equilibria is smaller with uncertainty than without it. However, there is also an important
difference between the two cases: with independent costs, there is only one equilibrium for
all parameter values, but with joint costs, whether there is one equilibrium or two depends on
parameter values.

Recall that we assume that demands are linear, that costs are quadratic, and that the
only kind of uncertainty is an additive disturbance that enters both demand functions. These

assumptions have the familiar implication that nohat's expected profits for values of an
instrument pair j and jcan be written as the sum of nohat's zero-disturbance profits for

those values of that instrument pair and a linear function of the variance of the disturbance:
ETH(j, j; n) = TH(j, f; 0) + ¥d(ad). 21

It is important to note that the linear function gif(of]) depends only on which instrument pair

is chosen and not on the values at which the instruments are set.
Consequently, the maximized value of nohat's expected profits for instrument j given

a value of instrument ] can be written as the sum of the maximized value of nohat's zero-

disturbance profits for instrument ; given that value of instrument j and the same linear
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function of the variance of the disturbance:
max, [ETH(j, /; )] = max,[IH(j, j; 0)] + t(o}). (22)

where max; [Enjf( IA f; n)] represents the maximized value of nohat's expected profits for the

instrument j given a value for the instrument j , and maxj[njf( j, J; 0)] represents the

maximized value of nohat's zero-disturbance profits for the instrument j given a value for the

instrument j .
: 5 2\ PO, .2 b, 2 PPy 2\ 1ici :
Evaluating 000(0,]), [ Q(on), @ (07)> and ¢ (On) using equations (T1.1). (T1.2),
(T1.3), and (T1.4) and inserting them into the appropriate version of equation (22) yield
max,[ENI%(Q, Q; )] = max,[I1%(Q, Q; 0)],

max,[ETIPO(P, Q; 1)]

fl

N 2
max, [P, §; 0)] - 2k(-;-) 0%,
@3

[t}

max,[ETI(Q, P; m)] = max,[I%(Q, B; O)],

max , [ETIPP(P, P; n)]

. 2
maxP[IIPP(P’ B; 0)] - 2(k + 2u)(b +1 2f) oi.

Recall that the maximized value of nohat's zero-disturbance profits depends only on which
instrument is chosen by hat and not on which instrument is chosen by nohat as stated in

equations (3). Equations (23) and equations (3) together imply that

i ) . R 2
max,[ETI?(Q, ; )] - max, [ETPO(P, §; m)] - 2k(1) o,
b 24)

. R - N 2 )
max, [ENQ, P; )] - max, (NP, B m)] = 2(k + 2u)(b lzf) oy
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Our analysis of instrument choice is based on equations (24). If hat chooses QO as an

instrument, nohat's expected profit is higher when Q or P is chosen as an instrument

dependinz on whether f is positive or negative, that is, depending on whether nohat's
marginal cost is incréasing or decreasing in his own output. If hat chooses p as an
instrument, nohat's expected profit is higher when Q or P is chosen as an instrument
depending on whether

k +2uz0. (25)

2. The Klemperer and Meyer Result

Klemperer and Meyer (1986) consider the case of independent costs (5 = Q) and find
that there is always a unique equilibrium. In this case, if hat chooses p as an instrument,

nohat's expected profit is higher when Q or p is chosen as an instrument depending on

whether ¢ is positive or negative according to the condition in equation (25). It follows that
no matter whether hat chooses () or P as an instrument, nohat's expected profit is higher

when Q or p is chosen as an instrument depending on whether g is positive or negative. A

similar argument can be used to establish that in the case of independent costs no matter

whether nohat chooses @ or p as an instrument, hat's expected profit is higher when Q or
P is chosen as an instrument depending on whether g is positive or negative. Therefore, if

k 1s posiiive, there is a unique equilibrium in which @ and () are chosen as the instruments,
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and if k is negative there is unique equilibrium in which p and p are chosen as the

instruments.

The Klemperer and Meyer result can be explained graphically using Figure 3.'¢
No matter whether hat chooses Q or P as an instrument, nohat faces a residual demand

curve. The slope and location of the residual demand curve are different depending on which
instrument hat chooses, and the location of the residual demand curve depends on the value at

which hat's instrument is set. However, the slope and location of the residual demand curve
do not affect the argument made below, so p and MR can be thought of as representing the

zero-disturbance residual demand curve and residual marginal revenue curve, respectively,

for a particular value of either of hat's possible instruments. As a benchmark, we consider
the case of constant marginal costs (¢ = Q) represented by MC in Figure 3. Nohat's profits
in the zero-disturbance equilibrium are represented by the difference between the area under

MR and the area under pC between zero and Q,-

Suppose nohat's residual demand curve shifts up from p to p’. If nohat chooses Q
as an instrument, profits increase by the amount of the difference between the areas under

MR and MR’ between the origin and Q,- If nohat chooses p as an instrument, the change

in profits has three components: (1) an increase equal to the increase that occurs when nohat

chooses (Q as an instrument; (2) an increase equal to the difference between the areas under

MR’ and MC between Q, and Q. the ex post optimal quantity, represented by the lined

"Figure 3 is constructed in the same way as the figures used by Klemperer and Meyer (1986) to illustrate their result.
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Figure 3
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triangle in Figure 3; and (3) a decrease equal to the difference between the areas under pMR’

and MC between Q and Q, the quantity at which p = P, represented by the hatched

triangle in Figure 3. Nohat prefers Q as an instrument, is indifferent between Q and P, or

prefers p as an instrument depending on whether the lined triangle is smaller than, equal to,

or larger than the hatched triangle.

The lined triangle is the same size as the hatched triangle if marginal cost is constant,

the case represented by M in Figure 3. The two triangles are similar.”” Furthermore,

Q-0 =0-0-0Q, - Q, is the increase in Q required to keep p = P, Q- Q, Is
the increase in Q required to keep marginal revenue constant. Since the residual demand
curve is linear, Q" - Q is half of Q, - Q- It follows that the lined triangle is sinaller or
larger than the hatched triangle depending on whether marginal cost is rising (¥ > Q) or
falling (k < 0). Thus, nohat prefers Q as an instrument if ¢ > @ and prefers p &s an

instrument if ¢ < Q.

There is a striking result not emphasized by Klemperer and Meyer. As shown above

’

in the case of independent costs ( = ) with no uncertainty, profits are larger in the QQ
equilibrium than in the pp equilibrium. In the presence of the smallest amount of

uncertainty with ¢ < (, there is a unique equilibrium in which p and p are chosen as the

"They are formed by two parallel lines cutting two intersecting straight lines on opposite sides of their intersection.
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instruments. That is, for some parameter values, with the smallest amount of uncertainty the
symmetric: instrument pair chosen in the unique equilibrium is the one that yields lower
profits with no uncertainty.

3. Joint Costs

In the case of joint costs considered in this paper, for some parameter values there is
a unique equilibrium but for others there are two equilibria. The crucial difference between
the case of independent costs and the case of joint costs is that in the latter, each duopolist's

marginal cost depends on the output of the other.

If hat chooses Q as an instrument, the results for nohat's instrument choice are the

same with joint costs as with independent costs: nohat prefers Q or P as an instrument

depending on whether k is greater than or less than zero. A shift in p leaves nohat's

marginal cost curve unaffected even though ( enters nohat's marginal costs because ) is
kept fixed. Therefore, the graphical analysis above for the case of independent costs applies.
Hcwever, if hat chooses P as an instrument, the results for nohat's instrument choice

are different with joint costs than with independent costs according to the condition in

equation (25). Suppose nohat's costs rise with the square of own output (¢ > ). If each
duopolist's costs rise with the product of outputs (y > 0), nohat definitely prefers Q as an
instrumen: according to the condition in equation (25). However, if each duopolist's costs

fall with the product of outputs (y < ), nohat prefers Q or p as an instrument depending

on whether k¢ + 2y 2 0. Now suppose that ¢k < 0. If 4y < 0, nohat definitely prefers p as
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instrument. However, if y > (, nohat prefers p or Q as an instrument depending on
whether k¢ + 2y $ 0. It can be shown that if nohat chooses P as instrument, the analysis of
this paragraph applies muratis mutandi to hat's instrument choice. It follows that there is a

unique equilibrium or two equilibria depending on whether
k(k + 2u) 2 0. (26)
The logic behind the results of the preceding paragraph can be explained graphically
using Figure 4 drawn for the case in which ; < 0, k = 0, and hat chooses p as an
instrument. Suppose nohat's residual demand curve shifts from p to p/. Recall that the
same disturbance affects the demand curve of each duopolist. In order to keep p from

rising, hat must raise (). The increase in () lowers nohat's marginal cost from MC to MC’.

This shift down in the marginal cost schedule in Figure 4 is the only difference between

Figures 3 and 4. Since we know that with ¢ = @ and independent costs, nohat is indifferent

between p and Q as instruments because the lined triangle is the same size as the hatched
triangle in Figures 3, we can focus on the additional changes in nohat's profits thar: arise in

the case of joint costs. If nohat chooses Q as an instrument, the additional increase in
nohat's profits is equal to the difference between the areas under pM¢C and pMC’ between the

origin and Q,- If nohat chooses p as an instrument, the additional increase in profits has

two components: (1) the additional increase that would occur if nohat chose Q as an

instrument and (2) the additional increase corresponding to the difference between the areas
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under MC and MC’ between Q, and Q, represented by the shaded area in Figure 4. It
follows that nohat's profits are higher if p is chosen as an instrument.

Since with y < 0 and k¢ = (Q nohat prefers p as an instrument, it makes sense that
nohat will also prefer p as an instrument if ; < Q and f is positive but small enough that
k + 2u < 0 as stated in equation (25). Since nohat prefers Q as an instrument with 4 > 0
and k = Q, it makes sense that nohat will also prefer Q as an instrument if 3 > 0 and  is

negative but small enough in absolute value that ¢ + 24 > Q as stated in equation (25).
What conclusions can be drawn regarding the number of equilibria in a diffzrentiated

duopoly game with joint costs? If g(k + 2u) > 0, there is a unique equilibrium in which
either Q and QO (f k> 0, k + 2u > 0) or p and P (if k < 0, kK + 2u < Q) are chosen as
instruments. However, if k(k + 2u4) < 0, there are two equilibria, one in which Q and Q

are chosen as instruments and one in which p and p are chosen as instruments. That is, for

some parameter values there is only one equilibrium, but for others there are two.
It should come as no surprise that with joint costs just as with independent costs, for
some parameter values there is a unique equilibrium in which the symmetric instrument pair

chosen is the one that yields lower profits with no uncertainty. For example, as shown

above, with no uncertainty, profits are always higher in the Q¢ equilibrium than i1 the pp
equilibrium. In the presence of the smallest amount of uncertainty with ¢ < 0 and

k + 2u < 0, there 1s a unique equilibrium in which p and p are chosen as the instruments.
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III. A Macroeconomic Example: Inflation Bias and Uncertain Money Demands
In the macroeconomic example, we use a two-country version of the Kydland-Prescott
(1977) and Barro-Gordon (1983) inflation-bias model similar to the one in Henderson and
Zhu (1990). First, we lay out a model with (log) linear relations summarizing private sector
behavior, quadratic inflation-bias preferences for countries, and an additive velocity
disturbance that affects both money demands. Then, we discuss the multiplicity of equilibria
with no uncertainty. Finally, we consider the implications of introducing uncertainty in the

form of tte additive velocity disturbance.

A. The Model

1. Private Sector Behavior

We use a model with two countries, nohat and hat.'® Each country specializes in the
production of a different good, and the natural rates of output in the two countries are the
same when they are measured in the same good. All the variables of the model are
logarithms except for the interest rates. Variables with hats over them are hat country

variables. Time subscripts are suppressed wherever possible.

According to the production functions, outputs (y, y) are increasing functions of

employments (n, 7):

"*Our model is identical to the one used in Chapter 2 of Canzoneri and Henderson
(1991). Deterministic and stochastic special cases of this model are used in Canzoneri and
Henderson (1989) and Henderson and Zhu (1990), respectively. A similar model with no
capital mobility is used in Canzoneri and Henderson (1988).
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y=y+(1-n, F=y+ (1-a), (27)

where 0 < ¢ < 1 and 5 = - In(1 - «). Units are defined so that the natural rat: of

employment is equal to zero in each country, so y is the natural rate of output in each

country.
In order to maximize profits, firms employ labor up to the point at which marginal

products of labor are equal to real product wages:
w-p = -an, W - p = -ah. (28)

Marginal products decrease as employments increase. Real product wages are nominal wages

(w, w) minus product prices ( D, p‘). Equations (28) can be solved for output prices:

~

p =W+ an, p =W+ an. (29)

Before markets meet each period, workers and firms enter into wage contracts that specify
nominal wages and employment rules. We explain how nominal wages are determined later
when we discuss the game between the countries; at this point we take them as given.
Workers agree to supply whatever quantity of labor firms want at the nominal wages

specified in the contracts.

Consumer price levels (g, g) are given by

g=(1-PBp+PBle+p =p+ Pz
g=PBpp-e+1-B)Y=p- Pz

30)
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where 0 < B < 1 is the average propensity to import in each country, the exchange rate (¢)

is the nohat currency price of hat currency, and the relative price of the foreign good or real

exchange rate (z) is
z=e+p-p. 31

Each country's money is held only by the residents of that country. Money markets

are in equilibrium when money supplies (m, r) satisfy simple quantity-theory equations:
mev+y=pry, mrv+ey=p+s G32)
For algebraic simplicity, the expected value of the logarithm of velocity has been set equal to

y in each country. The world velocity disturbance (y) is identically and independently

distributed with a zero mean.
Residents of each country may hold bonds denominated in both currencies. They
regard bonds denominated in the two currencies as perfect substitutes, so they will hold

positive amounts of both kinds of bonds only when the nominal interest rate on nohat-
currency bonds (; ) is equal to the nominal interest rate on hat-currency bonds (;) plus the

expected rate of depreciation:
i=1+e. -e, (33)

where a variable with a +] subscript is the value of that variable expected to prevail next

period based on today's information. In what follows we refer to nominal interest rates

simply as interest rates. The expected real interest rates for residents of the two countries are



r=i_q+1+q’ fz{_qA+1+qA' (34)

Log-linearizing the demands for the two goods in the neighborhood of the natural

rates of output yields

y=y+8z+(-Pely-y)+Bpey-y)-QaA-B)yr- pyi
3%
y=y-08z+Be(y-y)+ Q- Pey-y)-Byr-«- BNt
Demands for both goods increase with both outputs. Residents of each country increase
spending by the same fraction (Q < ¢ < 1) of increases in output. The marginal propensity
to import is equal to the average propensity to import of § in each country. Demands for

both goods decrease with expected real interest rates ( r, 7). Residents of each country

decrease spending by the same amount () for each percentage point increase in the expected

real interest rate available to them. Depreciation of the real exchange rate shifts world

demand from foreign goods to home goods."

We assume that countries care about employments ( n, ) and inflations (x, #), where

T =q9-4q,, T =4 - q—l’ (36)

so we solve the model for these variables. Since the countries are symmetric, we need

It is assumed (1) that trade is balanced in zero-disturbance equilibrium and (2) that the
response of home spending measured in home goods to changes in the real exchange rate is
the same as the response of foreign spending measured in foreign goods. These two
assumptions are sufficient to insure that the responses of demands for the two goods to
changes in the real exchange rate are equal and opposite in sign.
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explain in detail the solution for only one country, say nohat. The solutions are different
when different variables are chosen as policy instruments. Each country can choose either

the money supply or the interest rate as an instrument, so there are four regimes: the
mi, if, mf,, and i regimes. We also calculate the inflation-employment tradeoffs faced by

the countries. The tradeoff faced by a country depends not on which variable it chooses as

its instrurnent but on which variable the other country chooses as its instrument.
In the mzm regime, the reduced forms for employments can be obtained by substituting

equations (27) and (29) into equations (32):
n=m+v-w, A=m+v - w 37

Nohat employment rises one for one with the nohat money supply and is unaffected by the
hat money supply. These results depend crucially on two key features of our quantity-theory
formulation: the nohat interest rate does not enter nohat money demand, and the real income
elasticity of nohat money demand is equal to one. These features imply that increases in the
nohat money supply must be matched by increases in nohat nominal income. Nohat nominal
income increases one for one with increases in nohat employment and is unaffected by
increases in the hat money supply.

Obtaining solutions for inflation rates takes somewhat longer. According to
equations (30), each country's consumer price level can be written as a weighted sum of that
country's product price and the real exchange rate. Product prices are obtained by

substitutirg equations (37) into equations (29):

Increases in p; raise p thereby lowering the nohat marginal product of labor, so p must rise
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p=oam+v-w +w, p=alm+v-Ww+w (38)

to reduce the nohat real product wage.

The real exchange rate is obtained in several steps. Subtracting the second equation in

equations (35) from the first and solving for ;7 yields

20z = [1 - (1 - 2B)e)[y - y) ~(F -] + (A - 2B)v(r - 7). (39)

Subtracting the second equation in equations (34) from the first and making use of equations

(30), (31), and (33) yields

r-F=(-2B)z, -2 =-( - 2Bz (40)

where 2, =0 because we assume that there are no speculative bubbles.” Substituting

equation (40) into equation (39) and solving for 7z yields

1)
oo (L= o)l - (1- 2]
26 + (1 - 2B )y

Substituting equations (37) into equations (27) and substituting the resulting equations into

equation (41) yields

Increases in a country's money supply raise its employment and, therefore, its output.

*For proof that the assumption that there are no speculative bubbles implies that 2, =0
see Appendix A of Canzoneri and Henderson (1991).
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A a

z=p[m+v-w) - +v-Ww] 42)
Increases in nohat output and decreases in hat output increase the difference between the
excess supply of the nohat good and the excess supply of the hat good, so the nohat currency
must depreciate in real terms.
The reduced forms for price levels and inflation rates are obtained by substituting

equations (38) and (42) into equations (30):

m=g=w+(a+Pp)m+v-w - Pph +v-W),

“3)

f=g=Ww-Bpm+v-w+(a+Pp)ift +v -,

where we have set last period's price levels equal to zero (q_1 =g, = 0) so that price levels

and inflation rates are the same thing in the current period. Increases in the nohat money
supply ra:se the price of nohat output and cause real depreciation of the nohat currency, so

they increase nohat inflation and decrease hat inflation.
Fcr the mm regime we collect together the reduced forms for employments and

inflations and present the inflation-employment tradeoffs:

44)
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mh o= o+ (0 + Bp)m + v - w) - Bp(h + v - W),

T
(45)
™ =3 - Bp(m + v - w) + (a + Bp)i + v - W),
nmn‘: ﬁ"""
tmrﬁ — ”" = o + pp’ —'f"";' = mA = o + ﬁp, (46)
mi o mm
N, M

where i, 4, ni, and #4 represent the solutions for n, 7, 7, and # under the ji regime,
respectively, and where ¢/ represents the inflation-employment tradeoff for nohat when hat
chooses f as its instrument and 3/ represents the inflation-employment tradeoff for hat when

nohat chooses j as its instrument.

It is useful to derive solutions for (expected) real interest rates in the p regime.

Adding the two equations in equations (35) and rearranging yields

r+r‘=—(—12 )[(y—iw(v‘—y‘)]
-
@)

_(1-e)q
o- (i3

Eliminating ; from equation (40) using equation (41) yields
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r-r‘=—(120 )[(v “5) -6 - )
-
48)

_(1-2p
-2

Using equations (47) and (48) to solve for  and # in terms of y -y and ¥y - y, and using

equations (27) and (37) to eliminate y -y and y - y yields

rei-ny = -0 +Pmrv-w+ (0 -0y - W),
(49)
Fei-f,=0-0m+v-w-(0+0h+v-w.

Increases in the sum of and the difference between nohat's output and hat's output

increase the sum of and the difference between excess supplies of the two goods,

respectively. Therefore, it is logical that » + 7 is negatively related to the sum of outputs
and that ;- - 7 is negatively related to the difference between outputs as shown in equations
(47) and (48), respectively.

r can be expressed as half the sum of  + # and , - 7. Increases in m lower r
because they increase both the sum of outplits and the difference between outputs. 7 can be
expressed as half the difference between r + 7 and r - 7. Under our assumption that
6 > ¢, an increase in g raises 7 because the decrease in - 7 caused by the increase in

the difference between outputs is greater in absolute value than the decrease in r + j caused

by the increase in the sum of outputs.
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A decrease in ; with no change in ; is achieved by increasing ; and increasing ;;
by less. s must increase because an increase in ;; with p; held constant causes r to fall
and 7 to rise. However, the increase in ;; must be less than the increase in ;; because

equal increases in m, and r lower both r and #. We assume that . and f , are

unaffected by changes in » and ;;, so changes in r and # are reflected completely in
changes in ; and ;, respectively.
For what follows it is helpful to use equations (49) to obtain expressions for

m+v-wandn‘1+v-wintermsofi-ndand{-ﬁA:

m+v—w=—(e+¢)(i-n+1)—(e—¢)(f—ﬁ+1)

46¢ 40¢

(50)

. . 0 -¢ 0+ ¢ .

m+v-w= - i - -

( )i - m ( = )(: )
In an i regime, the reduced forms for employments and inflation rates and the
inflation-employment tradeoffs are
i 0+ ). 0 -¢) .
n = - — — —_

(51)
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i o_ 8 + ¢ + A.. [ -
(e el
(6 + ¢ _ . 2¢ 2 oA .
( 00 )a ( ﬁp)(e " d))](z f,) +w,
(52)
i _ (8 + _ + 2¢ P
P ( o )a (a ﬁp)(e : ¢)](z %)
_ 0+ ¢ . 2¢ 2 A W
( 260 ){“ Bp(e X ¢H(’ T T
it’zn_::{z + 2¢ ‘ifz_?= + 20 53
[T Bp(e : ¢)’ T A ﬁp(e h ¢)' &9

¢ i
The solutions for employments and inflation rates are obtained by using equations (50) to
eliminate ;3 + v — w and ;7 + y - y in equations (44) and (45).

The important thing to note here is that nohat's inflation-employment tradeoff is flatter

when hat is fixing ; than when hat is fixing s ; that is ¢ < ™ if g > ¢ - As explained
above, a reduction in ; with ; held constant is achieved by increasing p; and increasing s

by less. Therefore, when hat is fixing ;, the increase in 5 accompanying an increase in p

is less because the increase in ,; partially offsets the real depreciation of nohat's currency

caused by the increase in p.

In an s regime, the solutions for employments and inflation rates and the inflation-

employmrent tradeoffs are
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nm{ =m+ v - W,
(54)
Am = (g :i)(m +v - w - (—éi—(b) ({ - ﬁ+1)’
2 )](m +V - W + (———eﬁfd)]({ - ft,) +w,
(55)

o +

S RN AR
.
oa + PBp.

B"](i‘ S,

+

(56)

The solutions for employments and inflation rates are obtained by solving the second equation

in equations (49) for ;7 + v - y and using the result to eliminate this variable in equations

(44) and (45).
In an jm regime, the reduced forms for employments and inflations are completely

symmetric to the reduced forms in a m; regime. Nohat and hat variables are simply

interchanged.
o + Pp, when hat

The important thing to note here is that a country's choice of instrument does not
affect its own inflation-employment tradeoff, but it does affect its opponent's. No matter

¢

which instrument nohat chooses, it faces the steep tradeoff, ¢mi = im



fixes s and the flat tradeoff, i = ™ = o + pp( 2¢¢), when hat fixes ;.

2. Countries' Utility Functions

Tte countries' period utility functions are?!

U=%n - .57% U = $i - 572 (7

Each country's period utility is increasing in its employment and decreasing in squared

deviations of its inflation from zero. Wage setters want zero employments, and they set the
nominal wages, w and , to achieve their goals. Why do countries want higher

employments than their wage setters? At least two answers have been given: one is that
income taxes may distort the labor-leisure decision, making the "natural rate" of employment
too low, and another is that monopolistic unions may seek real wages that are too high for
the employment of the entire labor force. Expressions for period utilities in terms of
instruments, wages, expected inflations, and the disturbance are given in equations (T2.1)

through (72.4) in Table 2.

B. The Model with No Uncertainty
1. The Multiplicity of Equilibria
With no uncertainty (of = () there is a multiplicity of equilibria in the

macroeconomic example, just as in the microeconomic example. The method of proof used

n tre example in Henderson and Zhu (1990) we assume that the countries’ period
utility functions are

A

U=-%n - n)? - .57% U=- %% - n)? - 572

where 7 is a bliss level of employment above the natural rate of zero.

(F21.1)
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in the macroeconomic example is analogous to the method used in the microeconomic
example. However, there is an important difference. In the microeconomic example, each
duopolist must také into account only the behavior of the other duopolist. All that either of
the duopolists needs to know about other agents is summarized in the demands and costs. In
contrast, in the macroeconomic example each country must take into account not only the
behavior of the other country but also the behavior of the wage setters and the valtes of
expected inflation in both countries. As in the microeconomic example, since the players are

symmetric we need consider in detail the behavior of only one of them, say nohat.

If hat chooses j as an instrument and sets it at a particular value, wage settars set y

and  at particular values, and ¢ . and # . are given, the maximum value of nohat's Zero-
+1 +1

disturbance utility is the same no matter which variable it chooses as an instrument:

max, [U™(m, f, w, W, T, f,5 0] = max,.[H‘f(i, 5wy W, ., f,; 0] (58)

For given values for f s We Wy T and i, there is a one to one relationship between »;

and ;.
It follows that there are four equilibria in which the instrument pairs are pm; and s, §

and s, m and ;, and ; and | respectively. We refer to these equilibria as the 5, i,

mi, and j; equilibria, respectively. As an example, we establish that there is an j
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equilibrium conditional on values for w, w, T, and ., The determination of the
equilibrium values of w, w, n,»and & is explained below. Begin with the expressions

for nohat's and hat's utility when ; and ;; are chosen as instruments, where the expression
for nohat is equation (T2.2) in Table 2 and the expression for hat is analogous to equation

(T2.3) in Table 2. Set both the first derivative of nohat's utility function with respect to ;
and the first derivative of hat's utility function with respect to ;; equal to zero. This pair of

first order conditions is a pair of simultaneous linear equations in ; and ;3. It remains to
demonstrate that the solution to this pair of first order conditions is an equilibrium. Given

the solution for 4, the solution for ; is the best response for nohat given that it chooses ; as
an instrument. Likewise, given the solution for ; , the solution for ;7 is the best response for
hat given that it chooses ;7 as an instrument. As we argue in the preceding paragraph, nohat

can do no better by choosing s as an instrument. Likewise, hat can do no better by
choosing ; as an instrument. Therefore, the solution to the pair of first order conditions
when ; and 4 are chosen as instruments is an equilibrium. In a similar manner, it can be

established that there are ms, mi and ji equilibria conditional on values for w, w, x

+1°?

and -

2. The Comparison of Utilities at Five Points

In this subsection, we compare utilities at the symmetric efficient point with those in

the four noncooperative equilibria, the mi, i, mi, and ji equilibria.
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The Efficient Point. As in the microeconomic example, we use as a standard of
comparison the symmetric efficient point, the point at which the simple sum of the utilities of
the countries is maximized subject to the constraint that employments are zero, anc. refer to it
as "the" efficient point.

Setting up the maximization problem and deriving the first order conditions are
straightforward exercises, but little insight is gained by performing them. It is obvious from
inspection of the countries' utility functions that if employments are constrained to be equal to
zero, then in order to maximize the sum of their utilities the countries should choose their
policy instruments so that their inflation rates are equal to zero.

The Four Noncooperative Equilibria. Now we derive expressions for countries'
utilities in the four noncooperative equilibria, the pys, i, mi, and ji equilibria. As part of
the derivation, we explain how w, , T, and f,, are determined.

The first order conditions for the countries are

Ul = el - axd -0, 0f = wal - 72 -, (59)
J J J

and the reduced forms for , 4, 5, and # for each instrument pair are given above.

Equilibrium inflation rates are obtained by solving equations (59) for 5 and # :

¥ n Jj
. TE IP .8 Tt:‘ T
e il = 9| L = = (60)
nd o ad 20
J J

If the instruments chosen imply flat inflation-employment tradeoffs, inflations must be high; if
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the instraments chosen imply steep tradeoffs, inflations can be low.

Wage setters know the equilibrium values of ¢ and # and the reduced forms for 5,
A, m,and 4, so they can set money wages, w and b, just high enough that the countries
will give them the zero employments they want. Let j and j be the instruments the

countries have chosen. For given values of T, and f, the wage setters can calculate the

values of w, w, j and j that are consistent with the conditions that  and # be equal to

the equilibrium values given in equations (60) and with the two additional conditions that p

and 5 be equal to zero. Wage setters then set w and y equal to the values they have

calculated. Given these values of w and y, the countries must set j and j equal to the

values calculated by wage setters in order to achieve the equilibrium values of 7 and # .
Only ; and ; depend on the given values of T, and f . We assume that the

private sector expects that the countries' preferences will be the same in all future periods

and, therefore, sets g . and f,, equal to the values of i and # given by equations (60) in

each period.

The equilibrium utilities for the countries are

2

Ui, j;0) = - 51|, 0¥, /0 =-5 (61)

T'U

Ty

where [4(j, j1 0) and {d(j, i 0) represent the zero-disturbance utilities of nohat and hat
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when nohat chooses j and hat chooses J . Each country's utility depends on its inflation-

employment tradeoff, a tradeoff imposed on it by the other country's choice of instrument,
and on the employment weight in its own utility function but not on the employment weight
in the other country's utility function.?? For a given value of its employment weight, the
steeper a country's inflation-employment tradeoff, the lower its inflation rate and the higher

its utility.

C. The Implications of Introducing an Additive Disturbance to Money Demands
In this section we consider the implications of introducing uncertainty into our

monetary policy game in the form of an additive velocity disturbance that affects both money
demands (of > (). For some parameter values there is a unique equilibrium but for others
there are two equilibria.

Recall that we assume that countries' preferences are quadratic, that the behavior of
the private sector can be summarized by (log) linear equations, and that the only kind of

uncertainty is an additive velocity disturbance that affects both money demands. These

assumptions have the familiar implication that nohat's expected utility for values of an
instrument pair j and j can be written as the sum of nohat's zero-disturbance utility for

those values of that instrument pair and a linear function of the variance of the disturbance:

**Suppose, for example, that the weight on employment in hat's utility function is

Y > ¥, 7 will be greater than w, but nohat will be unaffected, as long as hat ccntinues to
choose the same instrument. The differential between inflation rates is matched exactly by an
exchange rate change.
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ELUS(, J, w, W, 7, o3 W] = UGG, Jy wy 0y oy, 7,05 0) + 000}, (62)
where the linear function ¢#(¢?) depends only on which instrument pair is chosen and not on

the values at which the instruments are set.

Ccnsequently, the maximized value of nohat's expected utility for instrument j given

a value of instrument j can be written as the sum of the maximized value of nohat's zero-

disturbance utility for instrument j given that value of instrument j and the same linear

function of the variance of the disturbance:

(63

max EQU9(j, J, w, W, 75, &3 W] = max [UZ(j, /, w, %, =, #,,5 O] + (o).
Evaluating qm""(oi), Qi'ﬁ(oi), {mi(a2), and 0i(o2) using equations (T2.1), (T2.2),
(T2.3), and (T2.4) and inserting them into the appropriate version of equation (63) yields

max_[EU™ (m, t; v)] = max, [U™(m, ; 0)] - Sa’c),

max,[EU™ (i, m; v)] = max,[U™(, m; 0)] - .5[01 - (a + BP)(62¢¢)}202

“ Bp(ezlbcb)

- - 2
max, [EU™ (m, i; v)]

max_[U™(m, i; 0)] - .5

1l

max, [EUY (i, f, v)] = max,[UG, §; O)].

Students of Poole (1970) will find it natural to begin the analysis of the effects of a
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velocity disturbance with the case in which hat chooses ;.2 If hat chooses |, nohat is better
of choosing ; for all values of the parameters. Recall that the maximized value of nohat's

zero-disturbance utility depends only on which instrument is chosen by hat and not on which
instrument is chosen by nohat as stated in equations (58). Equations (64) and (58) together

imply that

a A A A 2
max,[EU*(i, i; v)] - max, [EU™(m, i; V)] = .S[a + Bp( 2¢ J ol >0 (65

0 +¢

The only way that both ; and ; can be kept constant is if nohat offsets the effect of the

velocity disturbance on the nohat money market and hat offsets the effect of the velocity

disturbance on the hat money market. Thus, if nohat chooses ; , a velocity disturbance has

no effect on either target variable. However, if nohat chooses m, a positive velocity
disturbance has the same effect as an increase in », of equal size. With { fixed, an increase
in ;y increases 5 and 1.

Unfortunately, when hat chooses 7, the results are not so clear cut. If hat chooses .
11, nohat is better off choosing ; if and only if

that is, if and only if

If nohat chooses y;, the effects of an increase in y are the same as the effects of an increase

“Turnovsky and d'Orey (1989) analyze instrument selection in a two-country model and
obtain results similar to the ones reported in this Section.
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max,[EU™ (i, m; v)] - max, [EU™ (m, ; v)] =

2
- .5{ @ - (a + ﬁp)(ezj)d))l - az}of = (66)
_ + 2¢ + . 2¢ 2
e - (@ Bmu+¢] 4m ﬁm“+¢ﬂm>m
a—w+ﬁmu?})>-m 67)

in s and , by equal amounts. The increase in g is

s (68)

from equations (45). If nohat chooses ; , the change in 5 is

ANV

nT=a-m+sm(2¢] 0, 69)

0+ ¢
by analogy with equations (55). The total effect of an increase in y on g in an j7 regime
may be positive or negative and can be written as the sum of two effects: (1) the increase in
n resulting from an increase in y under an g7 regime which is equal to o and (2) the

decrease in g caused by the decrease in p; required to keep ; constant which is equal

0 - (o + ﬁp)( 62+ d))' The second effect is the product of the decrease in p; required to

keep ; constant which is equal to - 2¢

0 +¢

from equations (49) and the change in 5
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caused by a change in ;,; which is equal to ¢ + Bp from equations (45). The intsrpretation
of the condition in equation (67) is that if hat chooses s, nohat is better off choosing ; if
and only if the change in 5 when it chooses ; is greater in algebraic value than the negative
of the change in 5 when it chooses ;.

Hat and nohat are symmetric. Therefore, if nohat chooses ; , hat is better off

choosing ; for all parameter values. However, if nohat chooses z;, hat is better off
choosing ; if and only if the condition in equation (67) is fulfilled. It follows that there is a

unique equilibrium with ; and ; chosen as instruments if and only if the condition in
equation (67) is fulfilled. However, if this condition is not fulfilled there are two equilibria,

one with j and ; chosen as instruments and another with ; and ,; chosen as instruments.

It is interesting that the condition in equation (67) is independent of the parameter §,

the parameter which determines the amount by which the demand for nohat's good rises and

the demand for hat's good falls when nohat's currency depreciates in real terms. Multiplying
through the condition in equation (67) by ¢ + ¢, rearranging, and using the definition of g

given in equation (48) above yield

2(a0 - Bpd) = 2p

52 oo o

where o and ¢ are the only parameters that depend on § .

IV. Conclusions
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If there is no uncertainty and players can choose among instruments, there are
multiple (Nash) equilibria in static, two-person, noncooperative, positive-sum games with
linear reaction functions. In this paper we confirm this assertion by providing a
microeconomic example in which each duopolist can choose either price or quantity as an
instrument and a macroeconomic example in which each of two countries can choose either a
money supply or an interest rate as an instrument. Once one player has chosen his
instrument and set a value for it, the other is indifferent between instruments. Therefore,
there are four equilibria, one for each possible instrument pair.

In the microeconomic example, the equilibrium payoff of each player depends on the
instruments chosen by both. However, in the microeconomic example, the equilibrium
payoff of each player depends only on the instrument chosen by the other because of the
behavior of wage setters.

We proceed to introduce uncertainty into both of our examples in the form of a play
by nature represented by an additive disturbance. Introducing uncertainty in this form is of
interest irt its own right. However, we introduced it because we hoped that doing so would
yield unicue equilibria in our two examples. Our hope was based on Klemperer and Meyer
(1986). They introduce an additive disturbance into the linear demand curves in a
differentiated duopoly game in which the duopolists face independent, quadratic costs and
find that the number ofbequilibria is reduced from four to one. The number of equilibria is
reduced tecause with uncertainty even when one player has chosen his instrument and set a
value for it, the other is not indifferent between instruments.

In our examples, introducing uncertainty reduces the number of equilibria, but
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sometimes to two instead of one. Furthermore, in both the Klemperer and Meyer ¢xample
and in our examples with unique equilibria, for some parameter values with the smallest
amount of uncertainty the symmetric instrument pair chosen in the unique equilibrium is the
one that yields the lower payoff with no uncertainty. Further analysis of the implications of
introducing uncertaint}; into deterministic games for the number of equilibria and fcr the

characteristics of these equilibria seems to be in order.
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Table 1

I9%Q, @; ) = (@ - g + MQ - 50 + HQ? - (f + wQQ, (T1.1)

(%E]HP:)(P, Q; ) = [bla + g) + 2ak + (b + 2kM]P - (b + k)P?

+ [bfg + (2fk - bu)(@ + 0)]Q (T1.2)
- fifk - bwQ® - [Ab + 2k) - bulPQ
- a(bg + ak) - (bg + 2ak)n - kn?,

CLYTY(Q, P; m) = [2ab(b - 2f) - 2b(bg + 2au) - 2(2bf - b? + 2bu)n]Q

(T1.3)
- b(b? - 4f* + bk - 4fw)]Q? + 4b(f + WPOQ,

(%2 O7P(P, By n) = {Abg + [A + 2kb + 2u(b - 2/)1(b - 2f)(a + n)}P
- {2/gA + [4/k - 2u(b - 201(b - 20(a + W)}P
- b(A + kb - 4uf)P® - 4fkf - bu)P’ (T1.4)

+ 2[f(A + 2kb) - u(b? + 4f>)PP
- gAMb - 2f)(@ + ) - (k + 2u)(b - 2@ + n),

A = b% - 4f2
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Table 2

[T - w(e + Bp)l(m + v - w) + wpp( + v - W)
- S(a + Bp)(m +v - w? - 5(Bp)(h + v - W)? (T2.1)

+ Bpa + Bp)(m + v - W) + v - W) - 5w?,

U™ (m, m; v)

® + OY¥U™G, m; v) = - (0 + O[T - wlee + Bp)IG - =,y)
© + O{FO - ¢) - wla® + &) - (« + Bp)2¢1}(R + v - W)

- 5 + PPl - 7))

+

(T2.2)
- 5[a® + &) - (x + P20 (R + v - W)?
+ (¢ + Bp)a(® + ¢) - (e + Bp)2dIG - m, )R + v - W)
- 50 + ¢)Pw?,
® + $PU™(m, & v) = (® + OO + HF - wla® + ¢) + BpCH]I(m + v - w)
- w® + ®)Bpl - #,) - S[a® + ¢) + BpRL)Pm + v - w)? 123

- S5(Bp)( - #,,)?
- Bpla(® + ¢) + BpRMI(m + v - w(i - &,) - .50 + )3,

166°0°U (i, &5 v) = - 404[¥(® + ¢) - wla(® + ¢) + Pp )]G - m,)
- 400[F (0 - ¢) - wla(® + §) - (« + PpP)29]1( - #,)
- 5[a® + ¢) + Bp MG - n,,) (T2.4)
Sla® + ¢) - (@ + BpR¢I( - #,)°
[a(® + ¢) + Bp(29)]
[a® + ¢) - (¢ + Bp)20)G - =, )0 - &) - 86%pw>

+

X
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