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4 Lqwurgxfwlrq
Lqwhuhvw lq lpsurylqj wkh dqdo|wlfdo irxqgdwlrqv ri prqhwdu| vwdelol}dwlrq srolf| lv
dw d f|folfdo shdn1 Wklv sdshu lv d frqwulexwlrq wr wkdw hqghdyru1 Zh frqvwuxfw dq
rswlpl}lqj0djhqw prgho ri d forvhg hfrqrp| zklfk lv vlpsoh hqrxjk wkdw zh fdq pdnh
h{dfw xwlolw| fdofxodwlrqv1 Lq wklv prgho/ wkhuh lv d vwdelol}dwlrq sureohp ehfdxvh wkhuh
duh rqh0shulrg qrplqdo frqwudfwv iru zdjhv/ ru sulfhv/ ru erwk dqg vkrfnv wkdw duh
xqnqrzq dw wkh wlph zkhq frqwudfwv duh vljqhg1 Zh hydoxdwh dowhuqdwlyh prqhwdu|
srolf| uxohv xvlqj dv d fulwhulrq wkh xwlolw| ixqfwlrq ri wkh uhsuhvhqwdwlyh djhqw1

Rqh zhoo nqrzq dgydqwdjh ri xvlqj h{dfw xwlolw| fdofxodwlrqv lv wkdw lw pdnhv lw
srvvleoh wr dqdo|}h vkrfnv zlwk odujh dv zhoo dv vpdoo yduldqfhv1 Dq xqh{shfwhg dg0
ydqwdjh lv wkdw lw dfwxdoo| vlpsol�hv wkh dojheudlf ghulydwlrqv lq rxu prgho1 Krzhyhu/
zkhq vkrfnv kdyh vpdoo yduldqfhv/ lw |lhogv qr dgydqwdjh iru zhoiduh dqdo|vlv lq rxu
prgho> zhoiduh udqnlqjv duh wkh vdph zlwk h{dfw dqg dssur{lpdwh xwlolw| fdofxodwlrqv14

Zh irfxv rq wzr fdvhv/ +4, zdjh frqwudfwv dqg  h{leoh sulfhv dqg +5, zdjh dqg
sulfh frqwudfwv1 Li zdjhv duh �{hg e| frqwudfwv/ iru vrph vkrfnv wkh dwwudfwlyhqhvv
ri vrph vlpsoh uxohv ghshqgv fuxfldoo| rq zkhwkhu sulfhv duh dovr �{hg e| frqwudfwv1
Zh fdq olplw rxu irfxv wr wzr fdvhv ehfdxvh/ dv zh vkrz/ wkh rxwfrphv lq wkh wklug
fdvh/ sulfh frqwudfwv dqg  h{leoh zdjhv/ duh wkh vdph dv wkh rxwfrphv lq wkh fdvh ri
zdjh dqg sulfh frqwudfwv iru doo yduldeohv h{fhsw/ ri frxuvh/ iru wkh qrplqdo zdjh15

Zh fdofxodwh wkh ixoo| rswlpdo uxoh xqghu frpsohwh lqirupdwlrq iru hdfk ri rxu wzr
fdvhv ri lqwhuhvw1 Wklv uxoh fdq dwwdlq wkh Sduhwr0rswlpdo htxloleulxp ehfdxvh zh
dvvxph rqh0shulrg qrplqdo frqwudfwv/ vr wkh srolf|pdnhu grhv qrw idfh d wudghr�16

Wkhq zh frqwudvw wkh shuirupdqfh ri wkh ixoo| rswlpdo srolf| zlwk erwk cqdlyh* dqg
cvrsklvwlfdwhg* yhuvlrqv ri vrph vlpsoh uxohv1 Qdlyh vlpsoh uxohv lqyroyh frpsohwh
vwdelol}dwlrq ri rqh yduldeoh ru d frpelqdwlrq ri wzr yduldeohv1 Vrsklvwlfdwhg vlpsoh
uxohv lqyroyh rswlpdo vwdelol}dwlrq ri rqh yduldeoh ru d frpelqdwlrq ri wzr yduldeohv1
Zh frqvlghu vrsklvwlfdwhg yhuvlrqv ri vlpsoh uxohv lq dq dwwhpsw wr sxw wkhvh uxohv lq
wkh ehvw srvvleoh oljkw1

Rxu sdshu lv forvho| uhodwhg wr wzr vhwv ri uhfhqw vwxglhv1 Wkh vwxglhv lq rqh vhw
frqwdlq hydoxdwlrqv ri dowhuqdwlyh prqhwdu| srolflhv xvlqj dssur{lpdwh vroxwlrqv ri
prghov zlwk rswlpl}lqj0djhqwv17 Ri frxuvh/ wkh dxwkruv ri wkhvh vwxglhv kdyh xvhg

4Wklv dvvhuwlrq fdq eh frq�uphg xvlqj wkh phwkrgv ghyhorshg lq Urwhpehuj dqgZrrgirug +4<<;,
dqg lpsrvlqj rxu dvvxpswlrq wkdw vxevlglhv duh xvhg wr holplqdwh wkh rxwsxw dqg hpsor|hphqw
glvwruwlrqv dulvlqj iurp prqrsrolvwlf frpshwlwlrq1 Hyhq zkhq wkh yduldqfhv ri vkrfnv duh vpdoo/
dsur{lpdwh vroxwlrqv |lhog lqfruuhfw zhoiduh udqnlqjv lq vrph prghov1 Iru h{dpsoh/ Nlp dqg Nlp
+4<<<, vkrz wkdw lq d prgho ri lqwhuqdwlrqdo ulvn vkdulqj d vwdqgdug dssur{lpdwlrq lpsolhv wkdw
zhoiduh lv orzhu zlwk d frpsohwh pdunhw wkdq zlwk dxwdun|1

5Krzhyhu/ li sulfhv duh �{hg e| vwdjjhuhg frqwudfwv lqvwhdg ri e| rqh0shulrg frqwudfwv +ru e|
v|qfkurql}hg pxowlshulrg frqwudfwv,/ uhvxowv ghshqg fuxfldoo| rq zkhwkhu zdjhv duh �{hg e| frqwudfwv
ru duh  h{leoh dv vkrzq e| Hufhj/ Khqghuvrq/ dqg Ohylq +4<<<,1

6Hyhq wkh ixoo| rswlpdo srolf| xqghu frpsohwh lqirupdwlrq fdqqrw dwwdlq wkh Sduhwr0rswlpdo
htxloleulxp li erwk zdjhv dqg sulfhv duh �{hg e| vwdjjhuhg frqwudfwv dv vkrzq e| Hufhj/ Khqghuvrq/
dqg Ohylq +4<<<,1

7Wklv vhw lqfoxghv Luhodqg +4<<:,/ Jrrgiulhqg dqg Nlqj +4<<:,/ Urwhpehuj dqg Zrrgirug +4<<;,/
Khqghuvrq dqg Nlp +4<<<d,/ dqg wkh Nlqj dqg Zropdq dqg Urwhpehuj dqg Zrrgirug sdshuv lq
Wd|oru +4<<<,1
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dssur{lpdwh vroxwlrqv ehfdxvh wkhlu prghov duh frpsoh{ hqrxjk wkdw rewdlqlqj h{dfw
vroxwlrqv zrxog eh uhodwlyho| gl!fxow dqg frvwo| li lw zhuh hyhq ihdvleoh1 Lw vhhpv
xvhixo wr vxssohphqw wkhlu dqdo|vlv zlwk dqdo|vlv ri prghov wkdw duh vlpsoh hqrxjk
wkdw rewdlqlqj h{dfw vroxwlrqv lv uhodwlyho| hdv|1

Wkh vwxglhv lq wkh rwkhu vhw duh edvhg rq wzr0frxqwu| prghov lq zklfk h{dfw
xwlolw| fdofxodwlrqv duh srvvleoh18 Rxu hpskdvlv gl�huv iurp wkh hpskdvlv lq wkhvh
vwxglhv1 Zh irfxv rq wkh zhoiduh h�hfwv ri dowhuqdwlyh prqhwdu| vwdelol}dwlrq uxohv
lq d vwrfkdvwlf prgho1 Lq frqwudvw/ wkh rwkhu vwxglhv irfxv hlwkhu rq wkh zhoiduh
h�hfwv ri d rqh0wlph lqfuhdvh lq wkh prqh| vxsso| lq d shuihfw iruhvljkw prgho/ rq wkh
lpsolfdwlrqv ri dowhuqdwlyh prqh| vxsso| surfhvvhv iru dvvhw uhwxuqv lq d vwrfkdvwlf
prgho/ ru rq d zhoiduh frpsdulvrq ri �{hg dqg  h{leoh h{fkdqjh udwhv lq d vwrfkdvwlf
prgho1 Dqrwkhu qrwdeoh gl�huhqfh ehwzhhq rxu sdshu dqg wkh rwkhu vwxglhv lv wkdw
iru xv wkh lqwhuhvw udwh/ qrw wkh prqh| vxsso|/ lv wkh lqvwuxphqw ri prqhwdu| srolf|1

Wkh uhvw ri wklv sdshu lv rujdql}hg lqwr �yh pruh vhfwlrqv1 Vhfwlrq 2 lv d ghvfuls0
wlrq ri rxu prgho1 Zh ghyrwh vhfwlrq � wr wkh ehqfkpdun yhuvlrq zlwk  h{leoh zdjhv
dqg sulfhv1 Lq vhfwlrqv e dqg D/ zh dqdo|}h dowhuqdwlyh prqhwdu| srolf| uxohv lq yhu0
vlrqv zlwk zdjh frqwudfwv dqg  h{leoh sulfhv dqg zlwk erwk zdjh dqg sulfh frqwudfwv/
uhvshfwlyho|1 Vhfwlrq S frqwdlqv rxu frqfoxvlrqv1 Wkh ghprqvwudwlrq wkdw wkh yhuvlrq
zlwk sulfh frqwudfwv dqg  h{leoh zdjhv |lhogv wkh vdph rxwfrphv dv wkh yhuvlrq zlwk
erwk zdjh dqg sulfh frqwudfwv +h{fhsw iru qrplqdo zdjhv, lv lq wkh Dsshqgl{1

5 Wkh Prgho
Lq wklv vhfwlrq zh ghvfuleh rxu prgho1 Zh glvfxvv wkh ehkdylru ri �upv/ krxvhkrogv/
dqg wkh jryhuqphqw lq vxffhvvlyh vxevhfwlrqv1

514 Ilupv

D frqwlqxxp ri clghqwlfdo* prqrsrolvwlfdoo| frpshwlwlyh �upv lv glvwulexwhg rq wkh
xqlw lqwhuydo/ s 5 dfc �o1 Zlwk qr sulfh frqwudfwv/ �upv vhw wkhlu sulfhv iru shulrg
| edvhg rq shulrg | lqirupdwlrq1 Zlwk rqh0shulrg sulfh frqwudfwv/ �upv vhw sulfhv
iru shulrg | n � edvhg rq shulrg | lqirupdwlrq dqg djuhh wr vxsso| zkdwhyhu wkhlu
fxvwrphuv ghpdqg dw wkrvh sulfhv1 Lq hlwkhu fdvh/ wkh sureohp ri �up s lq shulrg |
lv wr �qg wkh

4@ 
t�sc|n��

H|�B|c|n� Er�3sc|n�<sc|n� �`|n�usc|n�� +4,

zkhuh fdslwdo ohwwhuv zlwkrxw vhuliv uhsuhvhqw fkrlfh yduldeohv ri lqglylgxdo �upv ru
krxvhkrogv dqg fdslwdo ohwwhuv zlwk vhuliv uhsuhvhqw lqgh{hv wkdw lqfoxgh doo �upv ru
krxvhkrogv1 Wkh vxevfulsw � wdnhv rq wkh ydoxh f li wkhuh duh qr sulfh frqwudfwv
dqg wkh ydoxh � li wkhuh duh sulfh frqwudfwv1 Lq shulrg | n �/ �up s vhwv wkh sulfh

8Wklv vhw lqfoxghv Fruvhwwl dqg Shvhqwl +4<<;,/ zklfk lv edvhg rq d shuihfw iruhvljkw prgho/ dqg
Revwihog dqg Urjr� +4<<;, Ghyhuhx{ dqg Hqjho +4<<;,/ dqg Hqjho +4<<<d,/ dqg Hqjho +4<<<e, zklfk
duh edvhg rq vwrfkdvwlf prghov1
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3sc|n�/ surgxfhv rxwsxw <sc|n�/ dqg hpsor|v wkh dprxqw usc|n� ri d oderu lqgh{ u|n�

iru zklfk lw sd|v wkh zdjh lqgh{ `|n� shu xqlw=

u|n� '
U �

f
usc|n�_s '

�U �

f
/

�

w`

�c|n�_�

�w`

`|n� '

�U �

f
:

�

�3w`

�c|n� _�

��3w`

+5,

zkhuh /�c|n� lv wkh dprxqw ri oderu vxssolhg e| krxvhkrog � lq shulrg | n �/ :�c|n�

lv wkh zdjh fkdujhg e| krxvhkrog � lq shulrg | n �/ dqg w` : �1 Ilup s fkrrvh
txdqwlwlhv ri /�c|n� wr plqlpl}h wkh frvw ri surgxflqj d xqlw ri usc|n� jlyhq wkh:�c|n�/
dqg `|n� lv wkh plqlpxp frvw1 Doo �upv uhfhlyh dq dg ydoruhp rxwsxw vxevlg|/ r� 1
Hdfk hohphqw ri wkh lq�qlwh glphqvlrqdo yhfwru �B|c|n� lv wkh sulfh ri d fodlp wr rqh
groodu gholyhuhg lq d sduwlfxodu vwdwh lq shulrg |n� glylghg e| wkh suredelolw| ri wkdw
vwdwh1 Zh xvh H| wr lqglfdwh dq h{shfwdwlrq wdnhq ryhu wkh vwdwhv lq shulrg | n �
edvhg rq shulrg | lqirupdwlrq1 Wkh surgxfwlrq ixqfwlrq ri �up s lv9

<sc|n� '
u
E�3k�
sc|n� f|n�

�� k
+6,

zkhuhf|n� lv d surgxfwlylw| vkrfn wkdw klwv doo �upv/ dqg %|n� ' *?f|n� y �Efc 2j2%�1
Dq h{suhvvlrq iru usc|n� lv rewdlqhg e| lqyhuwlqj wklv surgxfwlrq ixqfwlrq1

Uhodwlyh ghpdqg iru rxwsxw ri �up s lv d ghfuhdvlqj ixqfwlrq ri lwv uhodwlyh sulfh=

<sc|n�

t|n�
'

�
3sc|n�
�|n�

�3 w�
w�3�

+7,

zkhuh w� : �1 Lq htxdwlrq +7,/ t|n� lv dq lqgh{ pdgh xs ri wkh rxwsxw ri doo �upv
dqg �|n� lv d sulfh lqgh{ zklfk lv wkh sulfh ri d xqlw ri wkh rxwsxw lqgh{=

t|n� '
U �

f
t�c|n�_� '

�U �

f
<

�

wR

sc|n�

�w�

�|n� '

�U �

f
3

�

�3w�

sc|n� _s

��3w�

+8,

zkhuh t�c|n� lv wkh dprxqw ri wkh rxwsxw lqgh{ sxufkdvhg e| krxvhkrog � lq shulrg
| n �1 Krxvhkrog � fkrrvhv txdqwlwlhv ri <sc|n� wr plqlpl}h wkh frvw ri surgxflqj d
xqlw ri t�c|n� jlyhq wkh 3sc|n�/ dqg �|n� lv wkh plqlpxp frvw1

Wr pd{lpl}h sur�wv/ d �up pxvw vhw lwv sulfh vr wkdw h{shfwhg glvfrxqwhg pdujlqdo
uhyhqxh htxdov h{shfwhg glvfrxqwhg pdujlqdo frvw=

r�

�
w�

w� � �
� �

�
H|
�
�B|c|n�tsc|n�

�
'

�
w�

w� � �

�
H|
#
�B|c|n�`|n�u

k
sc|n�tsc|n�

�sc|n�f|n�

$
+9,

9Wkdw lv/ zh dvvxph iru vlpsolflw| wkdw wkhuh duh qr idfwruv ri surgxfwlrq rwkhu wkdq oderxu dqg
qr �{hg frvwv1 Nlp +4<<;, vkrzv wkdw rxu irupxodwlrq fdq eh ylhzhg dv d prgho zlwk fdslwdo lq
zklfk wkh pdujlqdo dgmxvwphqw frvw iru wkh �uvw xqlw ri qhw lqyhvwphqw dssurdfkhv lq�qlw|1 Nlp
+4<<:, h{soruhv wkh lpsolfdwlrqv ri doorzlqj iru �{hg frvwv1
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Vlqfh �upv duh lghqwlfdo/

uscn� ' un� tscn� ' tn� �scn� ' �n� +:,

zkhuh zh rplw | vxevfulswv lq wkh uhvw ri wklv vxevhfwlrq iru vlpsolflw|1 Wkhuhiruh/
wkh htxdolwlhv lq +:, lpso| wkdw wkh cdjjuhjdwh surgxfwlrq ixqfwlrq* dqg cdjjuhjdwh
sulfh htxdwlrq* duh/ uhvshfwlyho|/

tn� '
u
E�3k�
n� fn�

�� k
+;,

r�H
�
�Bn�tn�

�
' w�H

#
�Bn�`n�u

k
n�tn�

�n�fn�

$
+<,

Zkhq � ' f vr wkdw shulrg | sulfhv duh vhw rq wkh edvlv ri shulrg | lqirupdwlrq/ wkh
djjuhjdwh sulfh htxdwlrq +<, fdq eh uhzulwwhq dv

�
r�
w�

�
f

uk
'

`

�
+43,

zklfk vwdwhv wkdw � pxvw eh fkrvhq vr wkdw wkh pdujlqdo ydoxh surgxfw ri oderu +wkh
jurvv vxevlg| udwh ryhu wkh pdunxs sdudphwhu wlphv wkh pdujlqdo surgxfw ri oderu,
htxdov wkh uhdo zdjh1 Zh dvvxph wkdw wkh jryhuqphqw vhwv r� ' w� wr r�vhw wkh
h�hfw ri wkh glvwruwlrq dvvrfldwhg zlwk prqrsrolvwlf frpshwlwlrq lq wkh jrrgv pdunhw1
Xqghu wklv dvvxpswlrq/ wkh udwlr r�

w�
htxdov rqh/ vr lw grhv qrw dsshdu lq zkdw iroorzv/

dqg wkh lpsolhg yhuvlrq ri htxdwlrq +43, vwdwhv wkdw wkh pdujlqdo surgxfw ri oderu
pxvw htxdo wkh uhdo zdjh1

515 Krxvhkrogv

D frqwlqxxp ri clghqwlfdo* krxvhkrogv lv glvwulexwhg rq wkh xqlw lqwhuydo/ � 5 dfc �o1
Zlwk qr zdjh frqwudfwv/ krxvhkrogv vhw wkhlu zdjhv iru shulrg | edvhg rq shulrg |
lqirupdwlrq/ exw zlwk zdjh frqwudfwv wkh| vhw wkhlu zdjhv iru shulrg | n � edvhg rq
shulrg | lqirupdwlrq1 Wkh sureohp ri krxvhkrog � lq shulrg | lv wr �qg wkh

4@ 
t��crc��crc��crc�

}
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c`�crn��
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F�34�cr � �
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Lr +44,

vxemhfw wr

��cr '
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}
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+45,
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F�cr ' 4�?

�
��crc

��cr

�rTr

�
c ��cr ' �r��crTr F�cr ' ��cr +46,

/�cr
ur

'

�
:�cr

`r

�3 w`
w`3�

+47,

Lq shulrg r/ krxvhkrog � fkrrvhv lwv h{shqglwxuh rq wkh rxwsxw lqgh{ E��cr ' t�cr� dqg
lwv kroglqjv ri prqh|/ ��cr/ zklfk lpso| d frqvxpswlrq uhdol}dwlrq/ F�cr Krxvhkrog �
dovr fkrrvhv lwv zdjh udwh lq shulrg rn �/ :�crn�/ dqg djuhhv wr vxsso| krzhyhu pdq|
xqlwv ri lwv oderu/ /�crn�/ �upv zdqw dw wklv zdjh zkhuh wkh vxevfulsw � wdnhv rq wkh
ydoxh f li wkhuh duh qr zdjh frqwudfwv dqg wkh ydoxh � li wkhuh duh zdjh frqwudfwv1 Lq
dgglwlrq/ lq shulrg r/ krxvhkrog � fkrrvhv lwv kroglqjv ri fodlpv wr d xqlw ri fxuuhqf|
lq wkh ydulrxv vwdwhv lq shulrg rn�1 Hdfk hohphqw lq wkh lq�qlwh0glphqvlrqdo yhfwru
Brcrn� uhsuhvhqwv wkh sulfh ri dq dvvhw wkdw zloo sd| rqh xqlw ri fxuuhqf| lq d sduwlfxodu
vwdwh ri qdwxuh lq wkh vxevhtxhqw shulrg/ zkloh wkh fruuhvsrqglqj hohphqw ri wkh yhfwru
��cr uhsuhvhqwv wkh txdqwlw| ri vxfk fodpv sxufkdvhg e| wkh krxvhkrog1 Wkh vfdodu
yduldeoh ��cr3� uhsuhvhqwv wkh ydoxh ri wkh krxvhkrogv*v fodlpv jlyhq wkh fxuuhqw vwdwh
ri qdwxuh1 Krxvhkrog � dovr fkrrvhv lwv kroglqj ri jryhuqphqw erqgv �}

�cr/ zklfk
sd| Ur xqlwv ri fxuuhqf| lq hyhu| vwdwh ri qdwxuh lq shulrg r n �1 Krxvhkrog �
uhfhlyhv dq doltxrw vkduh/ Kr/ ri djjuhjdwh sur�wv dqg sd|v oxps vxp wd{hv/ A�cr1:

Doo krxvhkrogv uhfhlyh dq dg ydoruhp oderu vxevlg|/ r` 1 Wkhuh duh jrrgv ghpdqg/
Lr/ prqh| ghpdqg/ Tr/ dqg oderu vxsso| vkrfnv/ ~r/ wkdw klw doo frqvxphuv1 Zh
dvvxph wkdw wkh vkrfnv Lr/ fr/ dqg ~r kdyh orjqrupdo glvwulexwlrqv1;1 Zh lpsrvh
wkh uhvwulfwlrqv wkdw f 	 q 	 �/ 4 � �/ dqg � � f1< H| lqglfdwhv dq h{shfwdwlrq ryhu
wkh ydulrxv vwdwhv lq shulrg r edvhg rq shulrg | lqirupdwlrq1

Dffruglqj wr htxdwlrq +44,/ shulrg xwlolw| ghshqgv srvlwlyho| rq wkh frqvxps0
wlrq uhdol}dwlrq dqg qhjdwlyho| rq oderu vxsso|� Wkh shulrg exgjhw frqvwudlqw/ htxd0
wlrq +45,/ vwdwhv wkdw frqvxpswlrq h{shqglwxuh pxvw htxdo glvsrvdeoh lqfrph plqxv
dvvhw dffxpxodwlrq1 Dffruglqj wr wkh �uvw htxdolw| lq htxdwlrq +46,/ wkh frqvxpswlrq
uhdol}dwlrq lv htxdo wr wkh plqlpxp ri frqvxpswlrq h{shqglwxuh dqg dgmxvwhg uhdo
edodqfhv +uhdo edodqfhv glylghg e| d prqh| ghpdqg vkrfn,1 Zh dvvxph wkdw krxvh0
krog � dozd|v nhhsv frqvxpswlrq h{shqglwxuh dqg dgmxvwhg uhdo edodqfhv htxdo wr rqh
dqrwkhu +wkh vhfrqg htxdolw| lq htxdwlrq +46,, vr wkdw wkh frqvxpswlrq uhdol}dwlrq lv
dozd|v htxdo wr frqvxpswlrq h{shqglwxuh +wkh wklug htxdolw| lq htxdwlrq +46,,1 Hdfk
krxvhkrog lv d prqrsrolvwlfdoo| frpshwlwlyh vxssolhu ri lwv xqltxh oderu lqsxw1 Uho0

:Wkhvh htxdo vkduhv h{kdxvw djjuhjdwh sur�wv=

]
4

3

�vgk @

]
4

3

+vSSi>v\i>v �ZvOi>v,gi

;Wkdw lv/ zh dvvxph wkdw xv @ orjXv y Q+3> 5�5x,/ yv @ orjYv y Q+3> 5�5y,/ dqg }v @ orj]v y
Q+3> 5�5},1

<Dv lv zhoo nqrzq/ jlyhq wkh irup wkdw zh kdyh dvvxphg iru wkh xwlolw| ri frqvxpswlrq/ dv � $ 4/
wkh xwlolw| ri frqvxpswlrq dssurdfkhv f @ oqF=

8



dwlyh ghpdqg iru oderu ri krxvhkrog � lv d ghfuhdvlqj ixqfwlrq ri lwv uhodwlyh zdjh dv
vkrzq lq htxdwlrq +47,1

Vxevwlwxwlqj htxdwlrq +46, lqwr htxdwlrq +44,/ vxevwlwxwlqj htxdwlrq +47, lqwr
htxdwlrq +45,/ frqvwuxfwlqj d Odjudqjldq h{suhvvlrq zlwk wkh pxowlsolhu #�cr dvvrfldwhg
zlwk wkh shulrg exgjhw frqvwudlqw iru shulrg r/ dqg gl�huhqwldwlqj |lhogv wkh �uvw rughu
frqglwlrqv iru krxvhkrog � iru frqvxpswlrq/ frqwlqjhqw fodlpv/ dqg jryhuqphqw erqgv
iru shulrg | dqg iru wkh qrplqdo zdjh lq shulrg |n �c � ' f ru �=

L|
�4
�c|

' #�c| +48,

B|c|n�#�c|
�|

'
q#�c|n�

�|n�

+49,

#�c|
�|

' qU|H|
�
#�c|n�

�|n�

�
+4:,

�f

�
w`

w` � �

�
H|
�
E/�c|n��

� /�c|n�L|n�
`�c|n�~|

�
' r`

�
w`

w` � �
� �

�
H|
�
#�c|n�/�c|n�

�|n�

�
+4;,

��c| ' �|��c|T| +4<,

zkhuh wkh frqglwlrq wkdw frqvxpswlrq pxvw htxdo dgmxvwhg uhdo edodqfhv lv uhshdwhg
iru frqyhqlhqfh1 Wkh jurvv qrplqdo lqwhuhvw udwh/ U|/ rqh soxv wkh qrplqdo lqwhuhvw
udwh/ �|/ pxvw eh htxdo wr rqh ryhu wkh frvw ri dftxlulqj fodlpv wr rqh xqlw ri fxuuhqf|
lq hyhu| vwdwh ri qdwxuh lq shulrg | n �=

U| ' � n �| '
�U
B|c|n�

+53,

zkhuh wkh lqwhjudo lv ryhu wkh vwdwhv ri qdwxuh lq shulrg |n �� Khuhdiwhu/ zh uhihu wr
wkh jurvv qrplqdo lqwhuhvw udwh dv wkh lqwhuhvw udwh dqg rplw doo | vxevfulswv1

Wkhvh �uvw rughu frqglwlrqv kdyh lpsolfdwlrqv iru uhodwlrqvklsv dprqj djjuhjdwh
yduldeohv1 Vlqfh krxvhkrogv duh lghqwlfdo/

�� ' �c /� ' uc `� ' `c A� ' Ac �� ' �c �� ' �c #� ' # +54,

Holplqdwlqj # dqg #n� xvlqj wkh frqglwlrq wkdw lq hdfk shulrg lq hdfk vwdwh

Ln�

�4
n�

' #n� +55,

9



|lhogv wkh cdjjuhjdwh �uvw0rughu frqglwlrqv iru wkh vwdwh frqwlqjhqw frqwudfwv/* wkh cdj0
juhjdwh frqvxpswlrq Hxohu htxdwlrq/* wkh cdjjuhjdwh zdjh htxdwlrq/* dqg wkh prqh|
pdunhw htxloleulxp frqglwlrq=

B|c|n�

�
L

��4

�
' q

�
Ln�

�n��
4
n�

�
+56,

L

��4
' qUH

�
Ln�

�n��
4
n�

�
+57,

w`�fH
#
u�n�
n� Ln�

`n�~n�

$
' r`H

�
un�Ln�

�n��
4
n�

�
+58,

� ' ��T +59,

Zkhq � ' f vr wkdw frqvxphuv dfw rq wkh edvlv ri fxuuhqw lqirupdwlrq/ frqglwlrqv
+57, dqg +58, fdq eh uhzulwwhq dv

L

��4
' qUH

�
Ln�

�n��
4
n�

�
+5:,

�
r`
w`

�
`

�
'

�fu
��4

~
+5;,

Htxdwlrq +5:, vwdwhv wkdw` pxvw eh fkrvhq vr wkdw wkh xwlolw| irujrqh e| qrw vshqglqj
wkh pdujlqdo groodu rq frqvxpswlrq wrgd| htxdov wkh glvfrxqwhg h{shfwhg xwlolw| ri
lqyhvwlqj wkdw groodu lq d ulvnohvv vhfxulw| dqg vshqglqj lw rq frqvxpswlrq wrpruurz1
Htxdwlrq +5;, vwdwhv wkdw ` pxvw eh fkrvhq vr wkdw wkh pdujlqdo uhwxuq iurp zrun
pxvw htxdo wkh pdujlqdo udwh ri vxevwlwxwlrq ri frqvxpswlrq iru oderu1 Zh dvvxph
wkdw wkh jryhuqphqw vhwv r` ' w` wr r�vhw wkh h�hfw ri wkh glvwruwlrq dvvrfldwhg zlwk
prqrsrolvwlf frpshwlwlrq lq wkh oderu pdunhw1 Xqghu wklv dvvxpswlrq wkh udwlr r`

w`
htxdov rqh/ vr lw grhv qrw dsshdu lq zkdw iroorzv/ dqg wkh lpsolhg yhuvlrq ri htxdwlrq
+5;, vwdwhv wkdw wkh uhdo zdjh pxvw htxdo wkh pdujlqdo udwh ri vxevwlwxwlrq�

516 Jryhuqphqw

Wkh jryhuqphqw exgjhw frqvwudlqw lv

� ��
3� n�} � U

3��
}
3�

�
' Cn Er� � ��t n Er` � ��

`

�
u� A +5<,

:



zkhuh C lv uhdo jryhuqphqw vshqglqj1 Zh lpsrvh vlpsoh dvvxpswlrqv derxw wkh
sdwkv ri jryhuqphqw vshqglqj/ lqwhuhvw sd|phqwv/ vxevlg| sd|phqwv/ dqg wd{hv xqghu
zklfk zh fdq vwxg| dowhuqdwlyh prqhwdu| srolf| uhdfwlrq ixqfwlrqv1431 Lq sduwlfxodu/
zh dvvxph wkdw wkh jryhuqphqw exgjhw lv edodqfhg shulrg e| shulrg dqg wkdw uhdo
jryhuqphqw vshqglqj lv dozd|v }hur/ vr wkh jryhuqphqw exgjhw frqvwudlqw ehfrphv44

�
3��

}
3�

�
n Er� � ��t n Er` � ��

`

�
u� A ' f +63,

Zh dvvxph wkdw wkh jryhuqphqw iroorzv d prqhwdu| srolf| uxoh lq wkh fodvv

U ' q3�� b�t bt t Wbt W 7t b
7t�b�LbLT bTfbf~b~ +64,

zkhuh 7t lv d wdujhw ohyho ri rxwsxw1 Iru uxohv lq wklv fodvv/ hlwkhu wkh sulfh ohyho ru
wkh prqh| vxsso| lv wkh cqrplqdo dqfkru>* wkh vxp ri b� dqg b� pxvw eh qrq0}hur
lq rughu iru wkh sulfh ohyho wr eh ghwhuplqhg zlwk  h{leoh zdjhv dqg sulfhv ru rqh0
shulrg frqwudfwv iru sulfhv/ zdjhv/ ru erwk1 Zh ghulyh wkh rswlpdo b�/ wkh rqhv wkdw
pd{lpl}h h{shfwhg zhoiduh1 Zh dovr frqvlghu vrph dowhuqdwlyh ydoxhv ri wkh b�1

6 Ioh{leoh Zdjhv dqg Sulfhv
Zh frqvlghu irxu yhuvlrqv ri rxu prgho1 Wr hvwdeolvk d ehqfkpdun/ zh ehjlq e|
frqvlghulqj wkh yhuvlrq zlwk  h{leoh zdjhv dqg sulfhv1

614 Vroxwlrq

Lq hdfk yhuvlrq ri wkh prgho vl{ htxdwlrqv duh xvhg wr ghwhuplqh wkh htxloleulxp ydoxhv
ri wkh yduldeohv1 Zlwk  h{leoh zdjhv dqg sulfhv wkh irupv ri wkhvh vl{ htxdwlrqv duh

t '
u�kf

�k
c +surgxfwlrq,

� '
uk`

f
c +sulfh,

43Dvvxpswlrqv derxw wkh sdwkv ri jryhuqphqw vshqglqj dqg wd{hv kdyh lpsolfdwlrqv iru zklfk
prqhwdu| srolflhv duh ihdvleoh dqg iru wkh h�hfwv ri gl�huhqw ihdvleoh prqhwdu| srolflhv1 Iru dq xs
wr gdwh glvfxvvlrq ri wkh lqwhudfwlrq ehwzhhq prqhwdu| dqg �vfdo srolf| dqg flwdwlrqv ri rwkhu uhfhqw
frqwulexwlrqv vhh Fdq}rqhul/ Fxpe|/ dqg Gled +4<<;,1

44Zh dvvxph d prqhwdu| srolf| uhdfwlrq ixqfwlrq wkdw lpsolhv wkdw wkh h{shfwhg udwh ri lq dwlrq/
wkh vroxwlrq iru lq dwlrq lq wkh prgho zlwk  h{leoh zdjhv dqg sulfhv zkhq doo vkrfnv wdnh rq wkhlu
phdq ydoxhv/ lv htxdo wr }hur1 Wkh dqdo|vlv frxog eh prgl�hg wr doorz iru d qrq}hur h{shfwhg udwh
ri lq dwlrq1 Li wkh h{shfwhg udwh ri udwh ri lq dwlrq zhuh srvlwlyh/ wkh h{shfwhg jryhuqphqw gh�flw
zrxog kdyh wr eh srvlwlyh1

;



�fu
��

`~
'

u

t 4�
c +zdjh,

qUH
�

Ln�

t 4
n��n�

�
'

L

t 4�
c +ghpdqg,

U ' q3�� b�t bt t Wbt W 7t b
7t�b�LbLT bTfbf~b~ c +uxoh,

� ' ��T +prqh|,

zkhuh zh kdyh lpsrvhg wkh htxloleulxp frqglwlrqv wkdw � ' t dqg �n� ' tn� dqg
zkhuh �k ' � � k dqg �� ' � n �1 Zlwk  h{leoh zdjhv dqg sulfhv/ erwk zdjhv dqg
sulfhv duh vhw diwhu wkh vkrfnv duh nqrzq dqg wkh rqo| h{shfwhg pdjqlwxghv duh lq
wkh ghpdqg htxdwlrq1

Wkh vroxwlrqv iru vhohfwhg yduldeohv duh vkrzq lq Wdeoh 41 Vxevwlwxwlqj wkh vrox0
wlrqv iru wkhvh yduldeohv lqwr wkh htxdwlrqv ri wkh prgho |lhogv wkh vroxwlrqv iru wkh
rwkhu yduldeohv145

Vxevwlwxwlqj wkh surgxfwlrq dqg sulfh htxdwlrqv lqwr wkh zdjh htxdwlrq dqg vroy0
lqj |lhogv wkh vroxwlrq iru u lq htxdwlrq +A���, zkhuh �4 ' 4 � �1 Wr vroyh iru wkh
sulfh ohyho zh xvh wkh phwkrg ri xqghwhuplqhg frh!flhqwv1 Vxssrvh wkdw � wdnhv wkh
irup jlyhq lq htxdwlrq +A��2,1 Zh �qg l/ /L / /T / /f/ dqg /~ e| ehjlqqlqj zlwk
wkh ghpdqg htxdwlrq dqg holplqdwlqj t dqg tn�xvlqj wkh vroxwlrq iru t W lpsolhg e|
wkh vroxwlrq iru uW lq htxdwlrq +A���,/ holplqdwlqj � xvlqj wkh frqmhfwxuhg vroxwlrq
lq htxdwlrq +A��2,/ dqg holplqdwlqj U xvlqj wkh uxoh htxdwlrq wr rewdlq

� E� n b� n b�� E*?l n /L�n /T � n /f%n /~5�

' Ebt W n bt n b�� *?
�
�k3�M �k

�
n b7t 7+ n *? H E'�� n EbL � ���

nEbT n b�� � n
�
bf(n��Ebt Wnbt �n��4

(

�
%n

�
b~(n�kEbt Wnbt nb� �n�k4

(

�
5

+65,

zkhuh orzhu fdvh ohwwhuv uhsuhvhqw orjdulwkpv/ ( lv gh�qhg lq htxdwlrq +A���,/ dqg

'� ' Ln�t
34
n� �

3�
n� ' L �3/L

n� T 3/T
n� ~

3/~3
4�k
(

n� f
3/f3

4��
(

n� +66,

Li htxdwlrq +65, lv wr krog iru doo Lc Tcfc dqg ~/ lw pxvw eh wkdw wkh /� dqg l wdnh
rq wkh ydoxhv jlyhq lq htxdwlrqv +A��e, wkurxjk +A��S,1 Vxevwlwxwlqj wkh vroxwlrq iru
uW dqg wkh lpsolhg vroxwlrq iru t W lqwr wkh shulrg xwlolw| ixqfwlrq dqg frqvlghudeoh
uhduudqjlqj |lhog wkh vroxwlrq iru xwlolw|1 Vr wkdw zh fdq vlpsoli| h{suhvvlrqv e|
xvlqj orjdulwkpv/ zh h{suhvv xwlolw| lq whupv ri orvv/ O/ e| gh�qlqj

45Wkh surshuwlhv ri orj qrupdo glvwulexwlrqv xvhg lq wklv sdshu duh vxppdul}hg lq Dsshqgl{ D1

<
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Wkh vroxwlrq iru orvv lv jlyhq lq htxdwlrq +A��H,1 Wdnlqj h{shfwdwlrqv ri htxdwlrq
+A��H, |lhogv wkh vroxwlrq iru h{shfwhg orvv lq htxdwlrq +A��b,1

615 Glvfxvvlrq

Zh duh qrz suhsduhg wr glvfxvv wkh h�hfwv ri wkh vkrfnv rq wkh yduldeohv dqg xwlolw|1
Lw lv fohdu iurp Wdeoh 4 wkdw rxu prgho sdvvhv wkh vxqulvh whvw1 Zlwk  h{leoh zdjhv
dqg sulfhv/ hpsor|phqw/ u/ dqg rxwsxw/ t / wkh uhdo yduldeohv wkdw hqwhu xwlolw| duh
lqghshqghqw ri wkh prqh| ghpdqg vkrfn/ T / dqg ri wkh sdudphwhuv ri wkh prqhwdu|
uxoh1 H{shfwhg xwlolw| lv lqghshqghqw ri j2� dqg ghshqgv rq j2� rqo| ehfdxvh L hqwhuv
wkh xwlolw| ixqfwlrq gluhfwo|1

u dqg t ghshqg rqo| rq wkh surgxfwlylw| vkrfn/f/ dqg wkh oderu vxsso| vkrfn/ ~1
Wkh h�hfwv ri d oderu vxsso| vkrfn duh hdvlhu wr dqdo|}h wkdq wkrvh ri d surgxfwlylw|
vkrfn1 Wkh grzqzdug vorslqj pdujlqdo surgxfw ri oderu vfkhgxoh/ ��u/ dqg wkh
xszdug vorslqj pdujlqdo udwh ri vxevwlwxwlrq +ri frqvxpswlrq iru oderu, vfkhgxoh/
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�-7/ lpsolhg e| wkh sulfh dqg zdjh htxdwlrqv/ uhvshfwlyho| duh vkrzq lq wkh wrs
sdqho ri Iljxuh 4 lq orjdulwkp vsdfh1 Dq lqfuhdvh lq ~ vkliwv wkh�-7 vfkhgxoh grzq
iurp �-7f wr �-7

�
1 Wkh htxloleulxp uhdo zdjh pxvw idoo dqg htxloleulxp , pxvw

ulvh iurp ,f wr ,�1 Wkh xszdug vorslqj surgxfwlrq ixqfwlrq vfkhgxoh �8 lv sorwwhg lq
wkh erwwrp sdqho ri Iljxuh 4 lq orjdulwkp vsdfh1 Wkh lqfuhdvh lq ~ grhv qrw d�hfw
wkh surgxfwlrq ixqfwlrq/ vr + ulvhv iurp +f wr +� dv , ulvhv iurp ,f wr ,�� Dq lqfuhdvh lq
~ udlvhv xwlolw| ehfdxvh lw uhvxowv lq erwk dq lqfuhdvh lq wkh xwlolw| iurp frqvxpswlrq
dqg d qhw uhgxfwlrq lq wkh glvxwlolw| ri oderu vlqfh zh dvvxph wkdw �4 : f1

Xqghu rxu dvvxpswlrqv/ dq lqfuhdvh lq f lqfuhdvhv + dqg orzhuv ,1 Dq lqfuhdvh
lq f vkliwv erwk wkh ��u dqg �-7 vfkhgxohv xs iurp ��uf wr ��u2 dqg iurp
�-7f wr �-72/ uhvshfwlyho|1 Xqghu rxu dvvxpswlrq wkdw �4 : f/ lw vkliwv wkh �-7
vfkhgxoh xs e| pruh1 Wkhuhiruh/ wkh htxloleulxp uhdo zdjh pxvw ulvh dqg htxloleulxp
, pxvw idoo1 Dq lqfuhdvh lq f dovr vkliwv wkh surgxfwlrq ixqfwlrq wr wkh ohiw iurp �8f

wr �82 dqg e| pruh wkdq lw vkliwv wkh�-7 wr wkh ohiw ehfdxvh lw wdnhv ohvv ri d idoo lq
, wr nhhs rxwsxw frqvwdqw wkdq wr nhhs krxvhkrogv frqwhqw zlwk wkh vdph uhdo zdjh1
Wkxv/ hyhq wkrxjk htxloleulxp , idoov/ htxloleulxp + ulvhv1 Dq lqfuhdvh lq f udlvhv
xwlolw| ehfdxvh lw uhvxowv lq erwk dq lqfuhdvh lq wkh xwlolw| iurp frqvxpswlrq dqg d
ghfuhdvh lq wkh glvxwlolw| ri oderu1

u dqg t gr qrw ghshqg rq wkh jrrgv ghpdqg vkrfn/ L / ru wkh prqh| ghpdqg
vkrfn/ T 1 Zlwk  h{leoh zdjhv dqg sulfhv/ wkh prgho lv uhfxuvlyh1 Wkh uhdo yduldeohv/
oderu/ rxwsxw/ dqg wkh uhdo zdjh/ duh ghwhuplqhg e| wkh vxev|vwhp pdgh xs ri wkh
surgxfwlrq/ sulfh/ dqg zdjh htxdwlrqv1 Jlyhq ydoxhv ri wkhvh yduldeoh/ wkh qrplqdo
yduldeohv/ wkh sulfh ohyho/ wkh qrplqdo lqwhuhvw udwh/ dqg wkh prqh| vxsso|/ duh ghwhu0
plqhg e| wkh vxev|vwhp pdgh xs ri wkh ghpdqg/ uxoh/ dqg prqh| htxdwlrqv1 Qhlwkhu
L qru T hqwhuv wkh vxev|vwhp wkdw ghwhuplqhv wkh uhdo yduldeohv1 Dq lqfuhdvh lq L
d�hfwv wkh xwlolw| ri frqvxpswlrq dqg wkh glvxwlolw| ri oderu lq h{dfwo| wkh vdph zd|/
vr krxvhkrogv kdyh qr lqfhqwlyh wr fkdqjh wkhlu ghflvlrqv1 Erwk L dqg T hqwhu wkh
vxev|vwhp wkdw ghwhuplqhv wkh qrplqdo yduldeohv wkurxjk wkh srolf| uxoh1

Lqfuhdvhv lq j2
� j

2
%/ j

2
5/ wkh yduldqfhv ri wkh orjdulwkpv ri L / f/ dqg ~/ uhvshfwlyho|/

lqfuhdvh h{shfwhg orvv1

7 Zdjh Frqwudfwv dqg Ioh{leoh Sulfhv
Lq wklv vhfwlrq/ zh frqvlghu wkh yhuvlrq zlwk zdjh frqwudfwv dqg  h{leoh sulfhv1

714 Vroxwlrq

Lq wklv yhuvlrq/ wkh zdjh dqg sulfh htxdwlrqv duh

� '
uk`

f
c +sulfh,

�

`
H
�
�fu
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Wkh sulfh htxdwlrq lv wkh vdph dv lq wkh fdvh ri shuihfwo|  h{leoh zdjhv dqg sulfhv/ exw
wkh zdjh htxdwlrq lv gl�huhqw1 Zlwk zdjh frqwudfwv/ zdjhv pxvw eh vhw rqh shulrg
lq dgydqfh zlwkrxw nqrzohgjh ri wkh fxuuhqw vkrfnv/ vr wkh zdjh htxdwlrq frqwdlqv
h{shfwdwlrqv1

Dv ehiruh/ zh vroyh wkh prgho xvlqj wkh phwkrg ri xqghwhuplqhg frh!flhqwv1
Wkh vroxwlrqv iru vhohfwhg yduldeohv duh glvsod|hg lq Wdeoh 51 Wkh vroxwlrqv iru wkh
rwkhu yduldeohv fdq eh rewdlqhg xvlqj wkhvh vroxwlrqv dqg wkh htxdwlrqv ri wkh prgho1
Vxssrvh wkdw vroxwlrq iru u wdnhv wkh irup jlyhq lq htxdwlrq +A2��,1 Zh �qg s e|
vxevwlwxwlqj wkh rxwsxw dqg sulfh htxdwlrqv lqwr wkh zdjh htxdwlrq dqg froohfwlqj
whupv wr rewdlq

�fH
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�
� +68,

Vxevwlwxwlqj lq wkh frqmhfwxuhg irup ri wkh vroxwlrq iru u lq htxdwlrq +A2��,|lhogv

�fs
��H'� ' �k4s3�k�4H'2c +69,

'2 ' L �31L �k�4T 31T �k�4f3E1f �kn���4~31~ �k�4c '� ' L 1L ��n�T 1T ��f1f ��~1~ ��3�c

Wkhuhiruh/ li htxdwlrq +69, lv wr krog/ s pxvw wdnh rq wkh ydoxh lq htxdwlrq +A2��,1
Zh fdq �qg wkh 1� dqg ` e| vxevwlwxwlqj wkh uxoh htxdwlrq lqwr wkh ghpdqg

htxdwlrq dqg froohfwlqj whupv wr rewdlq

Lt 34�3� ' � b�t bt t Wbt W 7t b7t�b�LbLT bTfbf~b~H �
Ln�t

34
n� �

3�
n�

�
c +6:,

Lq d vwdwlrqdu| udwlrqdo h{shfwdwlrqv htxloleulxp zlwk d ohyhov uhdfwlrq ixqfwlrq
`n� ' ` 1 Lpsrvlqj wklv uhvwulfwlrq dqg holplqdwlqj t / � / � / dqg t W xvlqj wkh
rxwsxw/ sulfh/ dqg prqh| htxdwlrqv dqg wkh vroxwlrq iru t W lpsolhg e| wkh vroxwlrq
iru uW lq htxdwlrq +A���,/ uhvshfwlyho|/ dqg froohfwlqj vrph whupv |lhogv
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'e ' L �31L E�k4nk�T 31T E�k4nk�f3E�4n1fE�k4nk��~31~E�k4nk�

Li htxdwlrq +6;, lv wr krog iru doo Lc Tcfc dqg ~/ wkhq wkh 1� dqg ` pxvw wdnh rq wkh
ydoxhv jlyhq lq htxdwlrqv +A2�2, dqg +A2�H,/ uhvshfwlyho|1
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Wdeoh 5= Zdjh Frqwudfwv dqg Ioh{leoh Sulfhv
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715 H{shfwhg Orvv

Zlwk zdjh frqwudfwv/ wkh vroxwlrqv iru doo wkh yduldeohv ghshqg rq wkh sdudphwhuv ri
wkh prqhwdu| uxoh1 Lq wklv vxevhfwlrq zh ghulyh wkh rswlpdo uxoh zlwk zdjh frqwudfwv
dqg ghvfuleh wkh h�hfwv ri wkh vkrfnv xqghu wkdw uxoh1 Qrwh wkdw wkhuh lv d rqh wr rqh
pdsslqj iurp wkh sdudphwhuv ri wkh srolf| uxoh wr wkh frh!flhqwv ri wkh vkrfnv lq
wkh vroxwlrq iru u1 Lw lv pruh frqyhqlhqw wr ghwhuplqh wkh rswlpdo vkrfn frh!flhqwv
iru u dqg wkhq lqihu wkh rswlpdo srolf| uxoh sdudphwhuv1

Wkh +orjdulwkp ri wkh, srolf|pdnhu*v h{shfwhg orvv lv jlyhq e|
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Wkh ghulydwlrq ri wklv h{dfw h{suhvvlrq lv dfwxdoo| vlpsohu wkdq wkh ghulydwlrq ri wkh
vwdqgdug dssur{lpdwlrq1

Lw lv pruh frqyhqlhqw wr zrun zlwk wkh ghyldwlrq ri wkh srolf|pdnhu*v h{shfwhg
orvv iurp Sduhwr rswlpdo h{shfwhg orvv/ {*? HO ' *? HO� *? HOW/ zkhuh
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rewdlqhg e| vxewudfwlqj wkh h{suhvvlrq iru Sduhwr rswlpdo h{shfwhg orvv lq htxdwlrq
+A��b, iurp htxdwlrq +6<,1

716 Rswlpdo Srolf|

Lw lv fohdu iurp lqvshfwlrq wkdw wkh ydoxhv ri wkh vkrfn frh!flhqwv lq wkh vroxwlrq iru
oderu zklfk plqlpl}h +73, duh

1L ' fc 1T ' fc 1f ' � �4

(
c 1~ '

�

(
+74,

dqg wkdw li wkh vkrfn frh!flhqwv wdnh rq wkhvh ydoxhv h{shfwhg orvv zlwk zdjh frqwudfwv
lv htxdo wr wkh Sduhwr rswlpdo ohyho ri h{shfwhg orvv1

Lq fkdudfwhul}lqj wkh rswlpdo srolf| uxoh/ zh dvvxph wkdw wkh srolf|pdnhu dgmxvwv
wkh qrplqdo lqwhuhvw udwh rqo| lq uhvsrqvh wr wkh sulfh ohyho dqg wkh vkrfnv=

bL c bT c bf c b~ U fc b� : fc b� ' bt ' bt W ' f +75,

dqg wkdw b� lv dq duelwudu| srvlwlyh qxpehu1 Wkh rswlpdo uxoh frh!flhqwv lpsolhg
e| wkh rswlpdo oderu frh!flhqwv duh rewdlqhg e| htxdwlqj wkh h{suhvvlrqv iru wkh
vkrfn frh!flhqwv lq htxdwlrq +A2�2, wr wkh rswlpdo ydoxhv ri wkhvh frh!flhqwv jlyhq
lq htxdwlrq +74, dqg vroylqj iru wkh srolf| uxoh sdudphwhuv1 Wkh uhvxowv duh

bL ' �c bT ' fc bf ' � �4�
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�
b� +76,

Wkh prgho h{klelwv ghwhuplqdf| iru dq| srvlwlyh ydoxh ri b� / vr wkh ydoxh b� fdq eh
fkrvhq duelwudulo|1 Rqfh d ydoxh ri b� lv fkrvhq/ wkh ydoxhv ri wkh rwkhu srolf| uxoh
sdudphwhuv duh ghwhuplqhg1 Wkh srolf|pdnhu vkrxog qrw pryh wkh lqwhuhvw udwh lq
uhvsrqvh wr pryhphqwv lq L ru T 1 Lw vkrxog orzhu wkh lqwhuhvw udwh li ~ ulvhv qr
pdwwhu zkdw wkh srvlwlyh ydoxh ri b� ehfdxvh wkh pdujlqdo glvxwlolw| ri oderu ydulhv
lqyhuvho| zlwk ~/ vr rxwsxw dqg hpsor|phqw vkrxog eh lqfuhdvhg1 Zkhwkhu lw vkrxog
udlvh ru orzhu wkh lqwhuhvw udwh li f ulvhv ghshqgv rq wkh ydoxh ri b� 1

Dq dowhuqdwlyh zd| ri �qglqj wkh rswlpdo uxoh lv ohvv gluhfw exw pruh hohjdqw1 Li
zdjhv dqg sulfhv duh shuihfwo|  h{leoh dqg wkh srolf|pdnhu iroorzv wkh rswlpdo uxoh iru
zklfk wkh frh!flhqwv duh jlyhq lq htxdwlrq +76,/ wkhq iru doo vkrfnv wkh hfrqrp| lv dw
wkh Sduhwr rswlpxp/ dqg wkh zdjh lv xqd�hfwhg1 Wkh zdjh uhvxow fdq eh frq�uphg
e| vxevwlwxwlqj wkh h{suhvvlrqv iru wkh b� lq htxdwlrq +76, lqwr wkh vroxwlrq iru ` W

lq htxdwlrq +A���,1 Wkh zdjh uhvxow lpsolhv wkdw zkhq wkh srolf|pdnhu iroorzv wkh
rswlpdo uxoh/ wkh rxwfrphv iru doo wkh yduldeohv lqfoxglqj zdjhv duh wkh vdph qr pdwwhu
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zkhwkhu zdjhv duh suhvhw lq frqwudfwv1 Wkdw lv/ wkh uhtxluhphqw wkdw zdjhv pxvw
uhpdlq frqvwdqw lv qrw d frqvwudlqw wkdw suhyhqwv dwwdlqphqw ri wkh Sduhwr rswlpxp1
Lw iroorzv wkdw dq dowhuqdwlyh zd| ri �qglqj wkh rswlpdo uxoh lq wkh yhuvlrq zlwk zdjh
frqwudfwv dqg  h{leoh sulfhv zlwkrxw hyhu fdofxodwlqj wkh vroxwlrq iru wkdw yhuvlrq
lv wr �qg wkh uxoh wkdw nhhsv zdjhv frqvwdqw lq wkh yhuvlrq zlwk  h{leoh zdjhv dqg
sulfhv146

717 Rxwsxw Jds Vwdelol}dwlrq

Li wkh qrplqdo lqwhuhvw udwh uhvsrqgv rqo| wr wkh rxwsxw jds/ wkdw lv/ rqo| wr ghyldwlrqv
ri rxwsxw iurp lwv Sduhwr0rswlpdo ohyho/ vr wkdw

bt ' �bt W : fc b� : fc b� ' bL ' bT ' bf ' b~ ' f +77,

wkh ydoxhv ri wkh vkrfn frh!flhqwv lq wkh vroxwlrq iru oderu duh

1L '
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c 1T ' fc 1f ' ��4� b� n bt
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Kt(

c 1~ '
�kbt
Kt(

c +78,

Kt ' �k E4n bt � n k E� n b� �

zkhuh wkh vxevfulsw rq K lqglfdwhv wkh vshfldo fdvh xqghu frqvlghudwlrq1 Lq wklv fdvh/
iru h{dpsoh/ Kt lv htxdo wr K zlwk b� ' f1 Uhfdoo wkdw wkhuh pxvw dozd|v eh d
qrplqdo dqfkru/ vr b� : f lq Kt 1 Fohduo| li bt ' �bt W $ 4/ wkh ydoxhv ri wkh
vkrfn frh!flhqwv lq wkh vroxwlrq iru oderu duh wkh Sduhwr0rswlpdo htxloleulxp ydoxhv
jlyhq lq htxdwlrq +74,1 Wkdw lv/ frpsohwh vwdelol}dwlrq ri wkh rxwsxw jds |lhogv wkh
vdph uhvxow dv wkh rswlpdo srolf| glvfxvvhg lq wkh suhfhglqj vxevhfwlrq1 Wklv uhvxow
pdnhv vhqvh ehfdxvh/ dv vwdwhg deryh/ orvv fdq eh zulwwhq dv d ixqfwlrq ri rxwsxw dqg
vkrfnv dqg ehfdxvh zh dvvxph wkdw wkh srolf|pdnhu nqrzv wkh vkrfnv dqg/ wkhuhiruh/
fdq fdofxodwh wkh Sduhwr0rswlpdo ydoxh ri rxwsxw1

718 Qrplqdo Lqfrph Vwdelol}dwlrq dqg Uhodwhg K|eulg Uxohv

Li wkh qrplqdo lqwhuhvw udwh uhvsrqgv rqo| wr ghyldwlrqv ri qrplqdo lqfrph iurp d
frqvwdqw wdujhw ydoxh 7t / vr wkdw

b� ' bt : fc bt ' �b 7t c bt W ' b� ' bL ' bT ' bf ' b~ ' f +79,

46Dqdorjrxv orjlf dssolhv lq wkh fdvh zlwk sulfh frqwudfwv dqg  h{leoh zdjhv1 Wkdw lv/ wkh rswlpdo
uxoh zlwk sulfh frqwudfwv lv wkh uxoh wkdw nhhsv sulfhv frqvwdqw zlwk frpsohwho|  h{leoh sulfhv dqg
zdjhv1 Dv zh vkrz lq Dsshqgl{ E/ rxwfrphv zlwk sulfh frqwudfwv dqg  h{leoh zdjhv duh wkh vdph
dv wkh rxwfrphv zlwk zdjh dqg sulfh frqwudfwv iru doo yduldeohv h{fhsw wkh qrplqdo zdjh1 Wkhuhiruh/
wkh rswlpdo uxoh zlwk zdjh dqg sulfh frqwudfwv lv wkh vdph dv wkh rswlpdo uxoh zlwk sulfh frqwudfwv
dqg  h{leoh zdjhv1

48



wkhq wkh h{shfwhg orvv ghyldwlrq lv
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zkhuh wkh vxshuvfulsw diwhu wkh yhuwlfdo edu lqglfdwhv zklfk yduldeoh lv ehlqj vwdelol}hg
dqg wkh vxevfulsw diwhu wkh yhuwlfdo edu fdq wdnh rq wkuhh ydoxhv= C iru jhqhudo/ � iru
frpsohwh vwdelol}dwlrq/ dqg � iru rswlpdo vwdelol}dwlrq1

Xqghu frpsohwh qrplqdo lqfrph vwdelol}dwlrq +b� ' bt : fc bt ' �b 7t $ 4,/
wkh h{shfwhg orvv ghyldwlrq lv
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Qrwh wkdw wkh pruh lqhodvwlf lv oderu vxsso| +wkh odujhu � dqg/ wkhuhiruh/ wkh odujhu lv
(, wkh forvhu lv frpsohwh qrplqdo lqfrph vwdelol}dwlrq wr wkh ixoo| rswlpdo srolf|147

Wkh srolf| wkdw lv rswlpdo zlwklq wkh fodvv ri qrplqdo lqfrph vwdelol}dwlrq srolflhv
lv irxqg e| plqlpl}lqj wkh h{shfwhg orvv ghyldwlrq lq htxdwlrq +7:, zlwk uhvshfw wr
bt 1 Wkh �uvw rughu frqglwlrq iru bt dqg wkh rswlpdo bt dqg 1*v duh

f ' (j2� n �42�j2% � bt �4
2j2% +7<,
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Wkhuhiruh/ wkh h{shfwhg orvv iurp rswlpdo vwdelol}dwlrq ri rxwsxw lv d srvlwlyh iudfwlrq
ri wkh orvv dvvrfldwhg zlwk wkh surgxfwlylw| vkrfn xqghu frpsohwh vwdelol}dwlrq ri
rxwsxw soxv wkh luuhgxfleoh orvv dvvrfldwhg zlwk wkh oderu vxsso| vkrfn=

{*? HX m�t�
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j25 +85,

Wkh iudfwlrq ulvhv iurp }hur wr rqh dv wkh udwlr j2�
j2%

lqfuhdvhv iurp }hur wr lq�qlw|1
Zhoiduh lv kljkhu wkdq zlwk rswlpdo qrplqdo lqfrph vwdelol}dwlrq li wkh srolf|0

pdnhu frpsohwho| vwdelol}hv d frpelqdwlrq ri wkh sulfh ohyho dqg rxwsxw lq zklfk wkh
zhljkwv rq wkh wzr yduldeohv duh qrw htxdo148 Lq sduwlfxodu/ li

47Wklv uhvxow zdv rewdlqhg e| Ehdq +4<;6,1
48Wklv uhvxow zdv rewdlqhg e| Nrhqlj +4<<9,1
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wkhq wkh h{shfwhg orvv ghyldwlrq lv
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Wkh rswlpdo k|eulg srolf| fdq dfklhyh wkh Sduhwr rswlpdo rxwfrphv iru wkuhh ri wkh
irxu vkrfnv1 Zlwk rqo| zdjh frqwudfwv/ wkhuh duh irxu glvwxuedqfh frh!flhqwv lq wkh
vroxwlrq iru oderu/ 1L / 1T / 1f/ dqg 1~1 Zkhq d frpelqdwlrq ri wkh sulfh ohyho dqg
rxwsxw duh vwdelol}hg/ 1T dqg 1~ duh htxdo wr }hur qr pdwwhu zkdw wkh ydoxhv ri wkh
uxoh frh!flhqwv/ b� dqg bt 1 ]hur lv wkh rswlpdo ydoxh iru 1T / exw qrw iru 1~ / vr
wkhuh lv vrph luuhgxfleoh orvv1 Wkh wzr uhpdlqlqj glvwxuedqfh frh!flhqwv/ 1L dqg
1f / duh lqghshqghqw ixqfwlrqv ri wkh uxoh frh!flhqwv/ b� dqg bt / vr wkh| fdq eh vhw
dw wkhlu rswlpdo ydoxhv e| wkh dssursuldwh fkrlfhv ri ydoxhv iru wkhvh frh!flhqwv1 D
k|eulg uxoh fdq gr qrwklqj wr r�vhw oderu vxsso| vkrfnv1 Wkh uhdol}dwlrq ri wkh oderu
vxsso| vkrfn grhv qrw hqwhu wkh vroxwlrq iru rxwsxw dqg wkh sulfh ohyho ehfdxvh rqo|
wkh h{shfwdwlrq ri wkh oderu vxsso| htxdwlrq lv lq wkh vhw ri htxdwlrqv wkdw ghwhuplqhv
wkh htxloleulxp ydoxhv ri wkhvh yduldeohv1

Wkhuh lv dq dowhuqdwlyh zd| ri �qglqj wkh rswlpdo k|eulg uxoh zklfk lv dqdorjrxv
wr wkh dowhuqdwlyh zd| ri �qglqj wkh ixoo| rswlpdo uxoh glvfxvvhg lq wkh vxevhfwlrq
rq rswlpdo srolf|1 Wkh rswlpdo k|eulg uxoh lq wkh yhuvlrq zlwk zdjh frqwudfwv dqg
 h{leoh sulfhv lv wkh uxoh wkdw zrxog pdnh wkh qrplqdo zdjh lqyduldqw wr ghpdqg/
prqh|/ dqg surgxfwlylw| vkrfnv EL / T / dqg f� lq wkh yhuvlrq zlwk  h{leoh zdjhv dqg
sulfhv1 Wkh vroxwlrq iru wkh qrplqdo zdjh zlwk  h{leoh zdjhv dqg sulfhv lv jlyhq lq
htxdwlrq +A���, dqg zlwk d k|eulg uxoh wkh qrplqdo zdjh lv lqyduldqw wr L / T / dqg
f li dqg rqo| li wkh b� duh vhw dw wkh ydoxhv jlyhq lq htxdwlrq ED��1

719 Sulfh Ohyho Vwdelol}dwlrq

Li wkh qrplqdo lqwhuhvw udwh uhvsrqgv rqo| wr ghyldwlrqv ri wkh sulfh iurp d frqvwdqw
wdujhw ydoxh/ vr wkdw

b� : fc bt ' bt W ' b� ' bL ' bT ' bf ' b~ ' f +88,

wkhq wkh h{shfwhg orvv ghyldwlrq lv
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Xqghu frpsohwh sulfh ohyho vwdelol}dwlrq/ wkh h{shfwhg orvv ghyldwlrq lv
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Iru surgxfwlylw| vkrfnv/ xqghu sulfh ohyho vwdelol}dwlrq/ hpsor|phqw dqg/ wkhuhiruh/
rxwsxw duh pruh yrodwloh wkdq xqghu wkh rswlpdo srolf|1 Iru oderu vxsso| vkrfnv/
hpsor|phqw dqg/ wkhuhiruh/ rxwsxw duh ohvv yrodwloh wkdq xqghu wkh rswlpdo srolf|1

Wkh srolf| wkdw lv rswlpdo zlwklq wkh fodvv ri sulfh vwdelol}dwlrq srolflhv lv irxqg
e| plqlpl}lqj wkh h{shfwhg orvv ghyldwlrq lq htxdwlrq +89, zlwk uhvshfw wr b� 1 Wkh
�uvw rughu frqglwlrq iru b� dqg wkh rswlpdo b� dqg 1*v duh
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c 1~ ' f� +93,

Wkhuhiruh/ wkh h{shfwhg orvv iurp rswlpdo vwdelol}dwlrq ri wkh sulfh ohyho lv d srvlwlyh
iudfwlrq ri wkh orvv dvvrfldwhg zlwk wkh surgxfwlylw| vkrfn xqghu frpsohwh vwdelol}dwlrq
ri wkh sulfh ohyho soxv wkh luuhgxfleoh orvv dvvrfldwhg zlwk wkh oderu vxsso| vkrfn=
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Wkh iudfwlrq ulvhv iurp }hur wr rqh dv wkh udwlrq j2�
j2%

lqfuhdvhv iurp }hur wr lq�qlw|1

71: Rxwsxw Vwdelol}dwlrq

Li wkh qrplqdo lqwhuhvw udwh uhvsrqgv rqo| wr ghyldwlrqv ri wkh rxwsxw iurp d frqvwdqw
wdujhw ydoxh/ vr wkdw

bt ' �b 7t : f/ b� : f/ bt W ' b� ' bL ' bT ' bf ' b~ ' f +95,

wkhq wkh h{shfwhg orvv ghyldwlrq lv
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Xqghu frpsohwh rxwsxw vwdelol}dwlrq +bt ' �b 7t $ 4c b� : f,/ wkh h{shfwhg
orvv ghyldwlrq lv
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Wkh srolf| wkdw lv rswlpdo zlwklq wkh fodvv ri uhdo rxwsxw vwdelol}dwlrq srolflhv lv
irxqg e| plqlpl}lqj wkh h{shfwhg orvv ghyldwlrq lq htxdwlrq +BB, zlwk uhvshfw wr bt 1
Wkh �uvw rughu frqglwlrq iru bt dqg wkh rswlpdo bt dqg 1*v duh
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zkhuh �b� ' � n b� 1 Wkhuhiruh/ wkh h{shfwhg orvv iurp rswlpdo vwdelol}dwlrq ri
rxwsxw lv d srvlwlyh iudfwlrq ri wkh orvv dvvrfldwhg zlwk wkh surgxfwlylw| vkrfn xqghu
frpsohwh vwdelol}dwlrq ri rxwsxw soxv wkh luuhgxfleoh orvv dvvrfldwhg zlwk wkh oderu
vxsso| vkrfn=
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Wkh iudfwlrq lqfuhdvhv iurp }hur wr rqh dv wkh udwlrq j2�
j2%

lqfuhdvhv iurp }hur wr lq�qlw|1

71; Prqh| Vxsso| Vwdelol}dwlrq

Li wkh qrplqdo lqwhuhvw udwh uhvsrqgv rqo| wr ghyldwlrqv ri wkh prqh| vxsso| iurp d
frqvwdqw wdujhw ydoxh/ vr wkdw

b� ' �b 7t : fc b� ' bt ' bt W ' bL ' bT ' bf ' b~ ' f +9<,

wkhq wkh h{shfwhg orvv ghyldwlrq lv
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Xqghu frpsohwh prqh| vxsso| vwdelol}dwlrq +b� ' �b7t $ 4,/ wkh h{shfwhg orvv
ghyldwlrq lv
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Wkh srolf| wkdw lv rswlpdo zlwklq wkh fodvv ri prqh| vxsso| vwdelol}dwlrq srolflhv
lv irxqg e| plqlpl}lqj wkh h{shfwhg orvv ghyldwlrq lq htxdwlrq +:3, zlwk uhvshfw wr
b� 1 Wkh �uvw rughu frqglwlrq iru b� dqg wkh rswlpdo b� dqg 1*v duh
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Wkh h{shfwhg orvv iurp rswlpdo vwdelol}dwlrq ri wkh prqh| vxsso| lv
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Frpsdulvrq ri htxdwlrq +:8, zlwk htxdwlrq +85, frq�upv wkdw li j2�c j
2
% : fc exw

j2� ' f/ wkhq wkh h{shfwhg orvv iurp rswlpdo prqh| vxsso| vwdelol}dwlrq lv wkh vdph dv
wkh h{shfwhg orvv iurp rswlpdo qrplqdo lqfrph vwdelol}dwlrq1 Krzhyhu/ li j2%c j

2
� : fc

exw j2� ' f ru j2�c j
2
� : f/ exw j2% ' f/ h{shfwhg orvv iurp rswlpdo prqh| vxsso|

vwdelol}dwlrq lv odujhu wkdq h{shfwhg orvv iurp rswlpdo qrplqdo lqfrph vwdelol}dwlrq1
Dowkrxjk zh kdyh xvhg rxu prgho wr pdnh fohdu wkh glvdgydqwdjhv ri prqh|

vxsso| vwdelol}dwlrq/ zh fdqqrw xvh lw wr hydoxdwh fodlpv derxw wkh dgydqwdjhv ri wklv
srolf|1 Lq rxu prgho/ doo gdwd ehfrph dydlodeoh vlpxowdqhrxvo|1 Krzhyhu/ lq uhdo0
zruog hfrqrplhv prqh| vxsso| gdwd ehfrph dydlodeoh pruh txlfno| wkdq prvw/ dqg
lw lv vrphwlphv fodlphg wkdw prqh| vxsso| vwdelol}dwlrq kdv dq dgydqwdjh ehfdxvh ri
wklv idfw1 Lq rxu prgho/ wkh srolf|pdnhu fdq dfklhyh d ghvluhg ydoxh iru dq| vlqjoh
yduldeoh1 Krzhyhu/ lw lv vrphwlphv fodlphg wkdw lq uhdo0zruog hfrqrplhv lw lv hdvlhu
wr dfklhyh d ghvluhg ydoxh iru wkh prqh| vxsso| wkdq iru vrph rwkhu yduldeohv1
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8 Zdjh dqg Sulfh Frqwudfwv
Lq wklv vhfwlrq zh frqvlghu wkh yhuvlrq zlwk erwk zdjh dqg sulfh frqwudfwv1

814 Vroxwlrq

Lq wklv yhuvlrq/ erwk wkh zdjh dqg sulfh htxdwlrqv duh gl�huhqw iurp wkh fdvh ri
shuihfwo|  h{leoh zdjhv dqg sulfhv=
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Erwk zdjhv dqg sulfhv pxvw eh vhw rqh shulrg lq dgydqfh zlwkrxw nqrzohgjh ri wkh
fxuuhqw vkrfnv vr erwk wkh zdjh htxdwlrq dqg wkh sulfh htxdwlrq frqwdlq h{shfwdwlrqv1

Zh vroyh wkh prgho xvlqj wkh phwkrg ri xqghwhuplqhg frh!flhqwv1 Wkh vroxwlrqv
duh glvsod|hg lq Wdeoh 61 Vxssrvh wkdw wkh vroxwlrq iru u kdv wkh irup jlyhq lq
htxdwlrq +A���,1 Zh �qg [ e| vxevwlwxwlqj wkh surgxfwlrq htxdwlrq lqwr wkh sulfh
dqg zdjh htxdwlrqv/ froohfwlqj whupv/ dqg glylglqj wkh sulfh htxdwlrq e| wkh zdjh
htxdwlrq wr holplqdwh `

�
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Vxevwlwxwlqj lq wkh frqmhfwxuhg irup ri wkh vroxwlrq iru u lq htxdwlrq +A���, dqg
uhduudqjlqj |lhogv
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Li htxdwlrq +::, lv wr krog [ pxvw wdnh rq wkh ydoxh lq htxdwlrq +A���,1
Zh �qg wkh ��/ � / dqg ` e| vxevwlwxwlqj wkh uxoh htxdwlrq lqwr wkh ghpdqg

htxdwlrq wr rewdlq
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Wdeoh 6= Zdjh dqg Sulfh Frqwudfwv
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Lq d vwdwlrqdu| udwlrqdo h{shfwdwlrqv htxloleulxpzlwk d ohyhov uhdfwlrq ixqfwlrq �n� '
� 1 Lpsrvlqj wklv uhvwulfwlrq dqg holplqdwlqj t / � / dqg t W xvlqj wkh surgxfwlrq dqg
prqh| htxdwlrqv dqg wkh vroxwlrq iru t W lpsolhg e| wkh vroxwlrq iru uW lq htxdwlrq
+A���,/ uhvshfwlyho|/ dqg froohfwlqj vrph whupv |lhog
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Li htxdwlrq +:<, lv wr krog iru doo Lc Tcfc dqg ~/ lw pxvw eh wkdw wkh �� dqg � /
uhvshfwlyho|/ pxvw wdnh rq wkh ydoxhv jlyhq lq htxdwlrqv +A��2, dqg +A��H,1 Jlyhq
wkh vroxwlrq iru � / wkh sulfh htxdwlrq fdq eh xvhg wr rewdlq wkh vroxwlrq iru ` lq
htxdwlrq +A���f,149

815 Rswlpdo Srolf| dqg Rxwsxw Jds Vwdelol}dwlrq

Lq wklv vxevhfwlrq zh glvfxvv wkh rswlpdo srolf| zlwk zdjh dqg sulfh frqwudfwv1 Dv lq
wkh fdvh ri zdjh frqwudfwv dqg  h{leoh sulfhv/ zh vwdwh wkh srolf|pdnhu*v rswlpl}dwlrq
sureohp lq whupv ri wkh oderu frh!flhqwv dqg wkhq lqihu wkh rswlpdo uxoh frh!flhqwv1
Lw lv fohdu iurp Wdeohv 2 dqg � wkdw wkh vroxwlrqv iru u dqg/ wkhuhiruh/ wkh vroxwlrqv
iru t kdyh h{dfwo| wkh vdph irup zlwk zdjh dqg sulfh frqwudfwv dv wkh| gr zlwk zdjh
frqwudfwv dorqh zlwk ��c � ' Lc Tcfc ~ uhsodflqj 1�c � ' Lc Tcfc ~ zkhuhhyhu wkh|
dsshdu1 Lw iroorzv wkdw wkh h{suhvvlrqv iru h{shfwhg orvv dqg/ wkhuhiruh/ wkh rswlpdo
ydoxhv ri wkh vkrfn frh!flhqwv lq wkh vroxwlrq iru u duh wkh vdph zlwk zdjh dqg sulfh
frqwudfwv dv wkh| duh zlwk zdjh frqwudfwv dorqh1 Wkdw lv/

�L ' fc �T ' fc �f ' � �4

(
c �~ '

�

(
+;3,

Lq fkdudfwhul}lqj wkh rswlpdo srolf| uxoh/ dv ehiruh zh dvvxph wkdw wkh srolf|pdnhu
uhvsrqgv rqo| wr wkh sulfh ohyho dqg wkh vkrfnv=

bL c bT c bf c b~ U fc b� : fc b� ' bt ' bt W ' f +;4,

dqg wkdw b� lv dq duelwudu| srvlwlyh qxpehu1 Wkh rswlpdo uxoh frh!flhqwv lpsolhg
e| wkh rswlpdo oderu frh!flhqwv duh

bL ' �c bT ' fc bf ' �4��
(
c b~ ' � �k4

(
+;5,

Lq frqwudvw wr wkh uhvxowv iru zdjh frqwudfwv dorqh/ zlwk zdjh dqg sulfh frqwudfwv wkh
rswlpdo b�c � ' Lc Tcfc ~ duh lqghshqghqw ri b� 1 Wkh rqo| uroh sod|hg e| b� lv wr
jxdudqwhh ghwhuplqdf|/ lq sduwlfxodu/ wr lqvxuh wkdw djhqwv fdq fdofxodwh wkh h{shfwhg
ixwxuh sulfh ohyho1 Wkh frqwudfw sulfh iru wkh fxuuhqw shulrg lv vhw ehiruh wkh vkrfnv
duh gudzq vr wkhuh fdq eh qr pryhphqwv lq wkh fxuuhqw sulfh ohyho lqgxfhg e| wkh
vkrfnv dqg wkhuhiruh qrwklqj iru wkh srolf|pdnhu wr uhvsrqg wr1

Zlwk zdjh dqg sulfh frqwudfwv/ mxvw dv zlwk zdjh frqwudfwv dorqh/ frpsohwh vwd0
elol}dwlrq ri wkh rxwsxw jds |lhogv wkh rswlpdo rxwfrph dqg iru wkh vdph uhdvrq1

816 Vlpsoh Srolf| Uxohv

Jlyhq rqh0shulrg zdjh dqg sulfh frqwudfwv dqg wkh olvw ri yduldeohv zh kdyh lqfoxghg
lq wkh srolf| uxoh/ wkhuh duh uhdoo| rqo| wzr vlpsoh uxohv wr frqvlghu= rxwsxw vwdel0
ol}dwlrq dqg prqh| vxsso| vwdelol}dwlrq1 Vlqfh sulfhv duh vhw ehiruh xqfhuwdlqw| lv

49Ri frxuvh/ wkh vroxwlrq iru Z fdq dovr eh rewdlqhg xvlqj wkh zdjh htxdwlrq1
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uhvroyhg/ wkh sulfh ohyho lv dozd|v frpsohwho| vwdelol}hg1 Dv d frqvhtxhqfh/ vwdelol}0
lqj qrplqdo lqfrph lv wkh vdph wklqj dv vwdelol}lqj rxwsxw1 Jlyhq wkh vlpsoh irup
ri rxu prqh| ghpdqg ixqfwlrq/ rxwsxw vwdelol}dwlrq dqg prqh| vxsso| vwdelol}dwlrq
kdyh yhu| vlplodu lpsolfdwlrqv1 Vwdelol}lqj wkh prqh| vxsso| lv wkh vdph wklqj dv
vwdelol}lqj rxwsxw h{fhsw wkdw wkhuh lv vrph lqfuhdvh lq orvv ehfdxvh vkliwv lq prqh|
ghpdqg duh qrw ixoo| dffrpprgdwhg1

Li wkh qrplqdo lqwhuhvw udwh uhvsrqgv rqo| wr ghyldwlrqv ri rxwsxw iurp wkh frqvwdqw
wdujhw ydoxh 7t / vr wkdw
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wkhq wkh h{shfwhg orvv ghyldwlrq lv
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Xqghu frpsohwh rxwsxw vwdelol}dwlrq +bt ' �b7t $ 4c b� : f,/ wkh vroxwlrqv iru
wkh �� duh
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dqg wkh h{shfwhg orvv ghyldwlrq lv
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Dv lv fohdu iurp d frpsdulvrq ri htxdwlrqv +;9, dqg +7;,/ li ��
�k
: �4/ wkdw lv/ li wkh udwlr

ri wkh hodvwlflw| ri wkh glvxwlolw| ri oderu wr wkh oderu hodvwlflw| ri surgxfwlrq h{fhhgv
wkh hodvwlflw| ri wkh xwlolw| ri frqvxpswlrq/ frpsohwh qrplqdo lqfrph vwdelol}dwlrq
lqfuhdvhv orvv pruh zkhq wkhuh duh sulfh frqwudfwv1

Wkh srolf| wkdw lv rswlpdo zlwklq wkh fodvv ri rxwsxw vwdelol}dwlrq srolflhv lv irxqg
e| plqlpl}lqj wkh h{shfwhg orvv ghyldwlrq lq htxdwlrq +;7, zlwk uhvshfw wr bt 1 Wkh
�uvw rughu frqglwlrq dqg wkh rswlpdo bt dqg 1*v duh

f ' ��k(j2
� n �4 Ekn �� j2% n �k��j2%bt +;:,

bt '
(j2� � �4 Ek n ��j2%

��j2%
+;;,

1L '
��j2%

�k( Ej2� n j2%�
c 1T ' fc 1f ' � (j2� n �4�kj2%

�k( Ej2� n j2%�
c 1~ ' f� +;<,
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Wkhuhiruh/ wkh h{shfwhg orvv iurp rswlpdo vwdelol}dwlrq ri rxwsxw lv d srvlwlyh iudfwlrq
ri wkh orvv dvvrfldwhg zlwk wkh surgxfwlylw| vkrfn xqghu frpsohwh vwdelol}dwlrq ri
rxwsxw soxv wkh luuhgxfleoh orvv dvvrfldwhg zlwk wkh oderu vxsso| vkrfn=

{*? HX m�t�
�k�4��

'

�
j2�

j2� n j2%

��
��

�k(

�2

j2% n

�
�

(

�2

j25 +<3,

Wkh iudfwlrq ulvhv iurp }hur wr rqh dv wkh udwlrq j2�
j2%

lqfuhdvhv iurp }hur wr lq�qlw|1

9 Frqfoxvlrqv
Lq wklv sdshu zh frqvwuxfw dq rswlpl}lqj0djhqw prgho zlwk rqh0shulrg qrplqdo frq0
wudfwv zklfk lv vlpsoh hqrxjk wkdw zh fdq pdnh h{dfw xwlolw| fdofxodwlrqv1 Zh hydoxdwh
dowhuqdwlyh prqhwdu| srolf| uxohv xvlqj dv d fulwhulrq wkh xwlolw| ixqfwlrq ri wkh uhsuh0
vhqwdwlyh djhqw1 Zh irfxv rq wkh wzr fdvhv ri +4, zdjh frqwudfwv dqg  h{leoh sulfhv
dqg +5, zdjh dqg sulfh frqwudfwv ehfdxvh/ dv zh vkrz/ wkh rxwfrphv lq wkh wklug fdvh/
sulfh frqwudfwv dqg  h{leoh zdjhv/ duh wkh vdph dv wkh rxwfrphv lq wkh fdvh ri zdjh
dqg sulfh frqwudfwv iru doo yduldeohv h{fhsw wkh qrplqdo zdjh1

Wkh ixoo| rswlpdo uxoh xqghu frpsohwh lqirupdwlrq fdq dwwdlq wkh Sduhwr0rswlpdo
htxloleulxp ehfdxvh zh dvvxph rqh0shulrg qrplqdo frqwudfwv1 Zh frqwudvw wkh shu0
irupdqfh ri wkh ixoo| rswlpdo srolf| zlwk erwk cqdlyh +frpsohwh vwdelol}dwlrq,* dqg
cvrsklvwlfdwhg +frqvwudlqhg rswlpdo vwdelol}dwlrq,* ri rqh yduldeoh ru d frpelqdwlrq ri
wzr yduldeohv1 Wkh vlpsoh uxohv zh frqvlghu fdq qhyhu dfklhyh wkh Sduhwr0rswlpdo
rxwfrph ehfdxvh wkh| lpso| qr uhvsrqvh wr oderu vxsso| vkrfnv1 Krzhyhu/ li wkhuh
duh qr oderu vxsso| vkrfnv/ lq d ihz vshfldo fdvhv/ qdlyh dqg rswlpdo vlpsoh uxohv duh
dv jrrg dv ixoo| rswlpdo uxohv1 Ri frxuvh/ lq jhqhudo/ wkh| duh qrw1

D qxpehu ri rxu frqfoxvlrqv uhjduglqj vlpsoh uxohv ghshqg fulwlfdoo| rq wkh uhod0
wlyh lpsruwdqfh ri surgxfwlylw| glvwxuedqfhv1 Iru h{dpsoh/ zlwk rqo| zdjh frqwudfwv/
wkh pruh lpsruwdqw duh surgxfwlylw| glvwxuedqfhv/ wkh zruvh duh doo irupv ri qrplqdo
lqfrph wdujhwlqj dqg wkh juhdwhu wkh gl�huhqfh ehwzhhq wkh qdlyh dqg vrsklvwlfdwhg
yhuvlrqv1 Dqrwkhu fulwlfdo sdudphwhu lv wkh hodvwlflw| ri wkh glvxwlolw| ri oderu +zklfk/
ri frxuvh/ lv lqyhuvho| uhodwhg wr wkh hodvwlflw| ri oderu vxsso|,1 Iru h{dpsoh/ li wkh
hodvwlflw| ri wkh glvxwlolw| ri oderu lv kljk zlwk zdjh frqwudfwv dorqh qdlyh qrplqdo lq0
frph wdujhwlqj shuirupv yhu| zhoo exw zlwk erwk zdjh dqg sulfh frqwudfwv lw shuirupv
yhu| edgo|1

Mxvw krz pxfk ixuwkhu lw lv zruwkzkloh wr sxvk wkh dqdo|vlv ri rqh0shulrg qrplqdo
frqwudfw prghov lv dq rshq txhvwlrq1 Lq wklv sdshu/ zh uhd!up wkdw vxfk prghov
duh wudfwdeoh/ exw zh vkrz wkdw vrph ri wkhlu uhvxowv duh txlwh vshfldo/ iru h{dpsoh
wkh uhvxow wkdw li wkhuh duh sulfh frqwudfwv wkh h{lvwhqfh ri zdjh frqwudfwv lv ri qr
frqvhtxhqfh1 Lq Khqghuvrq dqg Nlp +4<<<d, zh ghwhuplqh wkh h�hfwv ri wdujhwlqj
prqh| jurzwk/ lq dwlrq/ dqg frpelqdwlrqv ri lq dwlrq dqg rxwsxw rq hpsor|phqw/
rxwsxw/ dqg lq dwlrq1 Dw d plqlpxp/ zh sodq wr xvh wkh prgho ri wklv sdshu wr
dqdo|}h wkh zhoiduh lpsolfdwlrqv ri vlpsoh dqg rswlpdo irupv ri wkhvh dqg uhodwhg
w|shv ri wdujhwlqj1
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Dsshqgl{ D
Lq wklv dsshqgl{ zh vxppdul}h wkh surshuwlhv ri orj qrupdo glvwulexwlrqv wkdw duh

xvhg lq wklv sdshu
Vxssrvh wkdw wkh yduldeoh ' kdv d orj qrupdo glvwulexwlrq> wkdw lv/ vxssrvh wkdw

^ ' *?' q �E>'c 2j
2
'�1 Qrz *?'& ' &^ vr '& ' e&^� Lw iroorzv wkdw wkh .
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Qrwh wkdw li >' ' f/ wkhq . E'� ' ej
2
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2
' � Krzhyhu/ li
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2
'/ wkhq f ' >' n j2
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' ' e2j
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Zh kdyh dvvxphg wkdw >' ' f lq rughu wr vlpsoli| rxu fdofxodwlrqv1 Krzhyhu/ zh fdq
xqghuvwdqg zk| rwkhuv pljkw suhihu wkh dowhuqdwlyh dvvxpswlrq1

Qrz vxssrvh wkdw wkh yduldeohv Lc Tc dqg f duh lqghshqghqwo| dqg orj qrupdoo|
glvwulexwhg> wkdw lv/ vxssrvh wkdw � ' *?L q �E>�c 2j

2
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Dsshqgl{ E
Lq wklv Dsshqgl{ zh vkrz wkdw wkh vroxwlrqv zlwk sulfh frqwudfwv dqg  h{leoh

zdjhv duh wkh vdph dv wkrvh zlwk zdjh dqg sulfh frqwudfwv iru doo yduldeohv h{fhsw
wkh qrplqdo zdjhv� dv fdq eh frq�uphg e| frpsdulqj Wdeoh 7 zlwk Wdeoh 61 Zlwk
sulfh frqwudfwv dqg  h{leoh zdjh wkh zdjh dqg sulfh htxdwlrqv duh

H
�

L

t �4

�
'

�

�
H
�
`ukL

t �4f

�
+sulfh,

`

�
'

�fu
�t 4

~
+zdjh,

Vxssrvh wkh vroxwlrq iru u wdnhv wkh irup jlyhq lq htxdwlrq +Ae��,1 Wr �qg x zh
vxevwlwxwh wkh surgxfwlrq dqg zdjh htxdwlrqv lqwr wkh sulfh htxdwlrq/ dqg froohfw
whupv=

�fH
�
u��L~3�

�
' �k4H �

u3�k�4Lf3�4
�

+E14,

Vxevwlwxwlqj lq wkh frqmhfwxuhg irup iru u lq htxdwlrq +Ae��, lq Wdeoh 7 |lhogv

�fx
��H'S ' �k4x3�k�4H'D +E15,

'b ' L �3�L �k�4T 3�T �k�4f3E�f �k�4n�4�~3�~ �k�4c '�f ' L�L ��n�T �T ��f�%��~�~ ��3�

Li htxdwlrq +E15, lv wr krog x pxvw wdnh rq wkh ydoxh jlyhq e| htxdwlrq +Ae��,1 Qrwh
wkdw 'b/ '�f/ dqg x duh lghqwlfdo wr '2/ '�/ dqg s uhvshfwlyho| h{fhsw wkdw 1� lv
uhsodfhg e| �� iru � ' Lc Tcfc dqg ~1

Wr �qg wkh �� dqg � zh vxevwlwxwh wkh uxoh htxdwlrq lqwr wkh ghpdqg htxdwlrq=

t 34�3�L ' � b�t bt t Wbt W 7t b7t�b�LbLT bTfbf~b~
�
t 34
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n�Ln�

�
+E16,

Lpsrvlqj wkh uhvwulfwlrq wkdw �n� ' � dqg holplqdwlqj t / ` / � / dqg t W xvlqj
wkh surgxfwlrq/ zdjh/ dqg prqh| htxdwlrqv/ dqg wkh vroxwlrq iru t W lpsolhg e| wkh
vroxwlrq iru uW lq htxdwlrq +A���,/ uhvshfwlyho|/ dqg froohfwlqj whupv |lhog
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Wdeoh 7= Sulfh Frqwudfwv dqg Ioh{leoh Zdjhv
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*? H'�� ' E�L �k4� ��2 j2� n �2T �k
242j2� n E�f �k4 n 4�2 j2% n �2~ �k

242j25 Ae�b

zkhuh *? H E'��� lv jlyhq e| htxdwlrq +Ae��f,1 Li htxdwlrq +E17, lv wr krog iru doo
Lc Tcfc dqg ~/ wkh �� dqg � pxvw wdnh rq wkh ydoxhv jlyhq lq htxdwlrqv +Ae�2, dqg
+Ae�H,/ uhvshfwlyho|1 Wkh vroxwlrq iru ` lv irxqg e| vxevwlwxwlqj wkh vroxwlrqv iru
u dqg � jlyhq e| htxdwlrqv +Ae��, dqg +Ae�H,/ uhvshfwlyho|/ dqg wkh vroxwlrq iru t
lpsolhg e| wkh vroxwlrq iru u lq htxdwlrq +Ae��, lqwr wkh zdjh htxdwlrq +Ae��f,1

5;



Uhihuhqfhv
Ehdq/ F1 +4<;6, �Wdujhwlqj Qrplqdo Lqfrph= Dq Dssudlvdo�/ Wkh Hfrqrplf Mrxuqdo/

<6/ ;39�4<1

Fdq}rqhul/ P1 E1/ U1 H1 Fxpe|/ dqg E1 W1 Gled +4<<;, �Lv wkh Sulfh Ohyho Ghwhuplqhg
e| wkh Qhhgv ri Ilvfdo Vroyhqf|B�/ surfhvvhg/ Jhrujhwrzq Xqlyhuvlw|1

Fruvhwwl/ J1/ dqg S1 Shvhqwl +4<<;, �Zhoiduh dqg Pdfurhfrqrplf Lqwhughshqghqfh�/
surfhvvhg/ \doh Xqlyhuvlw|1

Ghyhuhx{/ P1 E1/ dqg F1 Hqjho +4<<;, �Il{hg yv1 Iordwlqj H{fkdqjh Udwhv= Krz Sulfh
Vhwwlqj D�hfwv wkh Rswlpdo Fkrlfh ri H{fkdqjh0Udwh Uhjlph�/ QEHU Zrunlqj
Sdshu 9;9:/ Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk1

Hqjho/ F1 +4<<<d, �Rq wkh Iruhljq H{fkdqjh Ulvn Suhplxp lq Vwlfn|0Sulfh Jhqhudo
Htxloleulxp Prghov�/ Lqwhuqdwlrqdo Wd{ dqg Sxeolf Ilqdqfh/ +iruwkfrplqj,1

Hqjho/ F1 +4<<<e, �Rq wkh Iruhljq H{fkdqjh Ulvn Suhplxp lq Vwlfn|0Sulfh Jhqhudo
Htxloleulxp Prghov�/ lq S1 Lvdug/ D1 Ud}lq/ dqg D1 Urvh +hgv1, Lqwhuqdwlrqdo
Ilqdqfh lq Wxuprlo= Hvvd|v lq Krqru ri Urehuw S1 Iorrg/ Lqwhuqdwlrqdo Prqhwdu|
Ixqg dqg Noxzhu Dfdghplf Sxeolvkhuv/ Zdvklqjwrq dqg Ervwrq/ +iruwkfrplqj,1

Hufhj/ F1 M1/ G1 Z1 Khqghuvrq/ dqg D1 W1 Ohylq +4<<<, �Rswlpdo Prqhwdu| Srolf|
zlwk Vwdjjhuhg Zdjh dqg Sulfh Frqwudfwv�/ surfhvvhg/ Ihghudo Uhvhuyh Erdug1

Jrrgiulhqg/ P1/ dqg U1 Nlqj +4<<:, �Wkh Qhz Qhrfodvvlfdo V|qwkhvlv dqg wkh Uroh
ri Prqhwdu| Srolf|�/ lq QEHU Pdfurhfrqrplfv Dqqxdo 4<<:/ PLW Suhvv/ Fdp0
eulgjh/ 566�5;61

Khqghuvrq/ G1 Z1/ dqg M1 Nlp +4<<<d, �Wkh Fkrlfh ri d Prqhwdu| Srolf| Uhdfwlrq
Ixqfwlrq lq d Vlpsoh Rswlpl}lqj Prgho�/ lq D1 Ohlmrqkxiyxg +hg1, Prqhwdu|
Wkhru| dv d Edvlv iru Prqhwdu| Srolf|/ Pdfploodq/ Orqgrq/ +iruwkfrplqj,1

Khqghuvrq/ G1 Z1/ dqg M1 Nlp +4<<<e, �H{dfw Xwlolwlhv xqghu Dowhuqdwlyh Prqhwdu|
Uxohv lq d Vlpsoh Pdfur Prgho zlwk Rswlpl}lqj Djhqwv�/ Lqwhuqdwlrqdo Wd{ dqg
Sxeolf Ilqdqfh/ +iruwkfrplqj,1

Khqghuvrq/ G1 Z1/ dqg M1 Nlp +4<<<f, �H{dfw Xwlolwlhv xqghu Dowhuqdwlyh Prqhwdu|
Uxohv lq d Vlpsoh Pdfur Prgho zlwk Rswlpl}lqj Djhqwv�/ lq S1 Lvdug/ D1 Ud}lq/
dqg D1 Urvh +hgv1, Lqwhuqdwlrqdo Ilqdqfh lq Wxuprlo= Hvvd|v lq Krqru ri Urehuw
S1 Iorrg/ Lqwhuqdwlrqdo Prqhwdu| Ixqg dqg Noxzhu Dfdghplf Sxeolvkhuv/ Zdvk0
lqjwrq dqg Ervwrq/ +iruwkfrplqj,1

Luhodqg/ S1 Q1 +4<<:, �D Vpdoo Vwuxfwxudo/ Txduwhuo| Prgho iru Prqhwdu| Srolf|
Hydoxdwlrq�/ lq Fduqhjlh0Urfkhvwhu Vhulhv rq Sxeolf Srolf|/ Yroxph 7:/ ;6�43;1

Nlp/ M1 +4<<:, �Wkuhh Vrxufhv ri Lqfuhdvlqj Uhwxuqv wr Vfdoh�/ Ilqdqfh dqg Hfr0
qrplfv Glvfxvvlrq Vhulhv 4<<:04;/ Ihghudo Uhvhuyh Erdug1
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Nlp/ M1 +4<<;, �Vshfl�fdwlrqv ri Lqyhvwphqw Dgmxvwphqw Frvwv lq d Vlpsoh G|qdplf
Prgho�/ Ilqdqfh dqg Hfrqrplfv Glvfxvvlrq Vhulhv 4<<;06</ Ihghudo Uhvhuyh Erdug1

Nlp/ M1/ dqg V1 K1 Nlp +4<<<, �Lqdffxudf| ri Orjolqhdu Dssur{lpdwlrq lq Zhoiduh
Fdofxodwlrq= Fdvh ri Lqwhuqdwlrqdo Ulvn Vkdulqj�/ surfhvvhg/ Xqlyhuvlw| ri Ylu0
jlqld1

Nrhqlj/ H1 I1 +4<<9, �Wdujhwlqj Qrplqdo Lqfrph= D Forvhu Orrn�/ Hfrqrplfv Ohwwhuv/
84/ ;<�<61

Revwihog/ P1/ dqg N1 Urjr� +4<<;, �Ulvn dqg H{fkdqjh Udwhv�/ QEHU Zrunlqj
Sdshu 99<7/ Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk1

Urwhpehuj/ M1 M1/ dqg P1 Zrrgirug +4<<;, �Dq Rswlpl}dwlrq0Edvhg Hfrqrphwulf
Iudphzrun iru wkh Hydoxdwlrq ri Prqhwdu| Srolf|�/ lq QEHU Pdfurhfrqrplfv
Dqqxdo 4<<:/ PLW Suhvv/ Fdpeulgjh/ 5<:�6791

Wd|oru/ M1 E1 +hg1, +4<<<, Prqhwdu| Srolf| Uxohv/ Wkh Xqlyhuvlw| ri Fklfdjr Suhvv/
Fklfdjr +iruwkfrplqj,1
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Figure 1.  Flexible Wages and Prices


