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1 Introduction

Interest in improving the analytical foundations of monetary stabilization policy is
at a cyclical peak. This paper is a contribution to that endeavor. We construct an
optimizing-agent model of a closed economy which is simple enough that we can make
exact utility calculations. In this model, there is a stabilization problem because there
are one-period nominal contracts for wages, or prices, or both and shocks that are
unknown at the time when contracts are signed. We evaluate alternative monetary
policy rules using as a criterion the utility function of the representative agent.
One well known advantage of using exact utility calculations is that it makes it

possible to analyze shocks with large as well as small variances. An unexpected ad-
vantage is that it actually simplifies the algebraic derivations in our model. However,
when shocks have small variances, it yields no advantage for welfare analysis in our
model; welfare rankings are the same with exact and approximate utility calculations.1

We focus on two cases, (1) wage contracts and flexible prices and (2) wage and
price contracts. If wages are fixed by contracts, for some shocks the attractiveness
of some simple rules depends crucially on whether prices are also fixed by contracts.
We can limit our focus to two cases because, as we show, the outcomes in the third
case, price contracts and flexible wages, are the same as the outcomes in the case of
wage and price contracts for all variables except, of course, for the nominal wage.2

We calculate the fully optimal rule under complete information for each of our
two cases of interest. This rule can attain the Pareto-optimal equilibrium because
we assume that subsidies offset monopolistic distortions and that nominal contracts
last for only one period so that the policymaker does not face a trade-off between
output-gap stabilization and any other objective.3 Then we contrast the performance
of the fully optimal policy with both ‘naive’ and ‘sophisticated’ versions of some
simple rules. Naive simple rules involve complete stabilization of one variable or a
combination of two variables. Sophisticated simple rules involve optimal stabilization
of one variable or a combination of two variables. We consider sophisticated versions
of simple rules in an attempt to put these rules in the best possible light.
Our paper is closely related to two sets of recent studies. The studies in one set

contain evaluations of alternative monetary policies using approximate solutions of
models with optimizing-agents.4 Of course, the authors of these studies have used

1This assertion can be confirmed using the methods developed in Rotemberg andWoodford (1998)
and imposing our assumption that subsidies are used to eliminate the output and employement
distortions arising from monopolistic competition. Even when the variances of shocks are small,
aproximate solutions yield incorrect welfare rankings in some models. For example, Kim and Kim
(2003) show that in a model of international risk sharing a standard approximation implies that
welfare is lower with a complete market than with autarky.

2However, if prices are fixed by staggered contracts instead of by one-period contracts (or by
synchronized multiperiod contracts), results depend crucially on whether wages are fixed by contracts
or are flexible as shown by Erceg, Henderson, and Levin (2000).

3In making the first assumption, we follow Rotemberg and Woodford (1998). Even the fully
optimal policy under complete information cannot attain the Pareto-optimal equilibrium if both
wages and prices are fixed by staggered contracts as shown by Erceg, Henderson, and Levin (2000).

4This set includes Ireland (1997), Goodfriend and King (1997), Rotemberg and Woodford (1998),

1



approximate solutions because their models are complex enough that obtaining exact
solutions would be relatively difficult and costly if it were even feasible. It seems
useful to supplement their analysis with analysis of models that are simple enough
that obtaining exact solutions is relatively easy.
The studies in the other set are based on two-country models in which exact

utility calculations are possible.5 Our emphasis differs from the emphasis in these
studies. We focus on the welfare effects of alternative monetary stabilization rules
in a stochastic model. In contrast, the other studies focus either on the welfare
effects of a one-time increase in the money supply in a perfect foresight model, on the
implications of alternative money supply processes for asset returns in a stochastic
model, or on a welfare comparison of fixed and flexible exchange rates in a stochastic
model. Another notable difference between our paper and the other studies is that
for us the interest rate, not the money supply, is the instrument of monetary policy.
The rest of this paper is organized into five more sections. Section 2 is a descrip-

tion of our model. We devote section 3 to the benchmark version with flexible wages
and prices. In sections 4 and 5, we analyze alternative monetary policy rules in ver-
sions with wage contracts and flexible prices and with both wage and price contracts,
respectively. Section 6 contains our conclusions. The demonstration that the version
with price contracts and flexible wages yields the same outcomes as the version with
both wage and price contracts (except for nominal wages) is in the Appendix.

2 The Model

In this section we describe our model. We discuss the behavior of firms, households,
and the government in successive subsections.

2.1 Firms

A continuum of ‘identical’ monopolistically competitive firms is distributed on the
unit interval, f ∈ [0, 1]. With no price contracts, firms set their prices for period
t based on period t information. With one-period price contracts, firms set prices
for period t + 1 based on period t information and agree to supply whatever their
customers demand at those prices. In either case, the problem of firm f in period t
is to find the

max
{Pf,t+j}

Etδ̃t,t+j (sPPf,t+jYf,t+j −Wt+jLf,t+j) (1)

where capital letters without serifs represent choice variables of individual firms or
households and capital letters with serifs represent indexes that include all firms or
households. The subscript j takes on the value 0 if there are no price contracts
and the value 1 if there are price contracts. In period t + j, firm f sets the price

Henderson and Kim (2001), King and Wolman (1999), and Rotemberg and Woodford (1999).
5This set includes Corsetti and Pesenti (2001), which is based on a perfect foresight model, and

Obstfeld and Rogoff (1998) Devereux and Engel (1998), and Engel (1999a), and Engel (1999b) which
are based on stochastic models.
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Pf,t+j, produces output Yf,t+j, and employs the amount Lf,t+j of a labor index Lt+j
for which it pays the wage index Wt+j per unit:

Lt+j =
R 1
0
Lf,t+jdf =

µR 1
0
L

1
θW
h,t+jdh

¶θW

Wt+j =

µR 1
0
W

1
1−θW
h,t+j dh

¶1−θW
(2)

where Lh,t+j is the amount of labor supplied by household h in period t + j, Wh,t+j

is the wage charged by household h in period t + j, and θW > 1. Firm f chooses
quantities of Lh,t+j to minimize the cost of producing a unit of Lf,t+j given theWh,t+j,
and Wt+j is the minimum cost. All firms receive an ad valorem output subsidy, sP .
Each element of the infinite dimensional vector δ̃t,t+j is a stochastic discount factor,
the price of a claim to one dollar delivered in a particular state in period t+j divided
by the probability of that state. We use Et to indicate an expectation taken over the
states in period t+ j based on period t information. The production function of firm
f is6

Yf,t+j =
L
(1−α)
f,t+j Xt+j

1− α
(3)

whereXt+j is a productivity shock that hits all firms, and xt+j = lnXt+j v N(0, 2σ2x).
An expression for Lf,t+j is obtained by inverting this production function.
Relative demand for output of firm f is a decreasing function of its relative price:

Yf,t+j
Yt+j

=

µ
Pf,t+j
Pt+j

¶− θP
θP−1

(4)

where θP > 1. In equation (4), Yt+j is an index made up of the output of all firms
and Pt+j is a price index which is the price of a unit of the output index:

Yt+j =
R 1
0
Yh,t+jdh =

µR 1
0
Y

1
θp

f,t+j

¶θP

Pt+j =

µR 1
0
P

1
1−θP
f,t+j df

¶1−θP
(5)

where Yh,t+j is the amount of the output index purchased by household h in period
t + j. Household h chooses quantities of Yf,t+j to minimize the cost of producing a
unit of Yh,t+j given the Pf,t+j, and Pt+j is the minimum cost.
To maximize profits, a firmmust set its price so that expected discounted marginal

revenue equals expected discounted marginal cost:

sP

µ
θP

θP − 1 − 1
¶
Et
³
δ̃t,t+jYf,t+j

´
=

µ
θP

θP − 1
¶
Et
Ã
δ̃t,t+jWt+jL

α
f,t+jYf,t+j

Pf,t+jXt+j

!
(6)

6That is, we assume for simplicity that there are no factors of production other than labor and
no fixed costs. Kim (2003) shows that our formulation can be viewed as a model with capital in
which the marginal adjustment cost for the first unit of net investment approaches infinity. Kim
(2004) explores the implications of allowing for fixed costs.
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Since firms are identical,

Lf,+j = L+j Yf,+j = Y+j Pf,+j = P+j (7)

where we omit t subscripts in the rest of this subsection for simplicity. Therefore,
the equalities in (7) imply that the ‘aggregate production function’ and ‘aggregate
price equation’ are, respectively,

Y+j =
L
(1−α)
+j X+j

1− α
(8)

sPE
³
δ̃+jY+j

´
= θPE

Ã
δ̃+jW+jL

α
+jY+j

P+jX+j

!
(9)

When j = 0 so that period t prices are set on the basis of period t information, the
aggregate price equation (9) can be rewritten asµ

sP
θP

¶
X

Lα
=
W

P
(10)

which states that P must be chosen so that the marginal value product of labor (the
gross subsidy rate over the markup parameter times the marginal product of labor)
equals the real wage. We assume that the government sets sP = θP to offset the
effect of the distortion associated with monopolistic competition in the goods market.
Under this assumption, the ratio sP

θP
equals one, so it does not appear in what follows,

and the implied version of equation (10) states that the marginal product of labor
must equal the real wage.

2.2 Households

A continuum of ‘identical’ households is distributed on the unit interval, h ∈ [0, 1].
With no wage contracts, households set their wages for period t based on period t
information, but with wage contracts they set their wages for period t + 1 based on
period t information. The problem of household h in period t is to find the

max
{Ch,s,Mh,s,Bh,s,B

g
h,s,Wh,s+j}

Et
∞X
s=t

βs−tU
µ
Ch,s,

Mh,s

Ps
, Lh,s

¶
(11)

where

U
µ
Ch,s,

Mh,s

Ps
, Lh,s

¶
=

C1−ρh,s

1− ρ
+

ι0
³
Mh,s

PsVs

´1−ι
1− ι

− χ0L
1+χ
h,s

Zs (1 + χ)

Us (12)

subject to

Ch,s =
sWWh,sLh,s

Ps
+

Γs
Ps
− Th,s

−Mh,s −Mh,s−1 + δs,s+1Bh,s −Bh,s−1 +Bgh,s − Is−1Bgh,s−1
Ps

(13)
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Lh,s
Ls

=

µ
Wh,s

Ws

¶− θW
θW−1

(14)

According to equation (12), the period utility (U) of household h depends positively
on its consumption (Ch,s) and the ratio of its real balances

Mh,s

Ps
to a shock (Vs) and

negatively on its labor supply (Lh,s) .7 The period budget constraint, equation (13),
states that consumption must equal disposable income minus asset accumulation.
Each household is a monopolistically competitive supplier of its unique labor input.
Relative demand for labor of household h is a decreasing function of its relative wage
as shown in equation (14)
In period s, household h chooses its consumption and its holdings of money, Mh,s.

Household h also chooses its wage rate in period s+ j, Wh,s+j, and agrees to supply
however many units of its labor, Lh,s+j, firms want at this wage where the subscript
j takes on the value 0 if there are no wage contracts and the value 1 if there are
wage contracts. In addition, in period s, household h chooses its holdings of claims
to a unit of currency in the various states in period s + 1. Each element in the
infinite-dimensional vector δs,s+1 represents the price of an asset that will pay one
unit of currency in a particular state of nature in the subsequent period, while the
corresponding element of the vector Bh,s represents the quantity of such claims pur-
chased by the household.8 The scalar variable Bh,s−1 represents the value of the
households’s claims given the current state of nature. Household h also chooses
its holding of government bonds Bgh,s, which pay Is units of currency in every state
of nature in period s + 1. Household h receives an aliquot share, Γs, of aggregate
profits and pays lump sum taxes, Th,s.9 All households receive an ad valorem labor
subsidy, sW . There are goods demand, Us, money demand, Vs, and labor supply,
Zs, shocks that hit all consumers. We assume that the shocks Us, Vs, and Zs have
lognormal distributions.10 We impose the restrictions that 0 < β < 1, ρ ≥ 1, and
χ ≥ 0. Et indicates an expectation over the various states in period s based on period
t information.
The first order conditions for household h for consumption, nominal balances,

contingent claims, and government bonds for period t and for the nominal wage in
period t+ j, j = 0 or 1 are obtained by substituting equation (14) into equation (13),

7If the first term of the utility function has the form
C1−ρ
h,s −1
1−ρ , it has lnCh,s as a limit as ρ

approaches 1. For simplicity and comparability with other studies, we use the form in the text.
We can also obtain exact solutions if we use the form in the footnote, and these solutions have the
same qualitative properties as those obtained using the form in the text.

8Let δs,s+1 (ζ) represent the element of δs,s+1 that corresponds to state ζ in time s + 1. Then
δs,s+1 (ζ) = δ̃s,s+1 (ζ) Pr (ζ), where Pr (ζ) represents the probability at time s of state ζ in time
s+ 1.

9These equal shares exhaust aggregate profits:Z 1

0

Γsdh =

Z 1

0

(sPPf,sYf,s −WsLf,s) df

10That is, we assume that us = logUs v N(0, 2σ2u), vs = log Vs v N(0, 2σ2v), and zs = logZs v
N(0, 2σ2z).
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constructing a Lagrangian expression with a multiplier ηh,s associated with the period
budget constraint for each state in period s, and differentiating.

Ut
Cρ
h,t

= ηh,t (15)

δ̃t,t+1ηh,t
Pt

=
βηh,t+1
Pt+1

(16)

ι0Ut³
Mh,t

PtVt

´ι 1

PtVt
=

ηh,t
Pt
− βEt

µ
ηh,t+1
Pt+1

¶
(17)

ηh,t
Pt

= βItEt
µ
ηh,t+1
Pt+1

¶
(18)

χ0

µ
θW

θW − 1
¶
Et
µ
(Lh,t+j)

χ Lh,t+jUt+j
Wh,t+jZt

¶
= sW

µ
θW

θW − 1 − 1
¶
Et
µ
ηh,t+jLh,t+j

Pt+j

¶
(19)

In order to make it possible to obtain exact analytic solutions in which the nominal
interest rate can vary, we assume that ι→∞. Under this assumption, the first order
conditions (15), (17), and (18) imply

Mh,t

PtVt
= lim

ι→∞

·µ
It

It − 1
¶

ι0C
ρ
h,t

Vt

¸ 1
ι

= 1 (20)

where It represents the gross nominal interest rate, one plus the nominal interest rate.
It must be equal to one over the cost of acquiring claims to one unit of currency in
every state of nature in period t+ 1:

It =
1R
δt,t+1

(21)

where the integral is over the states of nature in period t+ 1. Hereafter, we refer to
the gross nominal interest rate as the interest rate. According to equation (20), it is
optimal for household h to keep its real money holdings constant except for response
to a shock.11 Furthermore, under the assumption that ι → ∞, the period utility
function relevant for scoring outcomes becomes

U (Ch,t, Lh,t) =

Ã
C1−ρh,t

1− ρ
− χ0L

1+χ
h,t

Zt (1 + χ)

!
Ut (22)

since

lim
ι→∞

ι0
h³

It
It−1

´
ι0C

ρ
h,t

Vt

i 1−ι
ι

Ut

1− ι

 = 0 (23)

11If ι remains finite, then money demand depends on both It and It − 1, so it is not possible to
obtain an exact solution.
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The first order conditions for household h have implications for relationships
among aggregate variables. Since households are identical,

Ch = C, Lh = L, Wh =W, Th = T, Mh =M, Bh = B, ηh = η (24)

Eliminating η and η+1 using the condition that in each period in each state

U+j
Cρ
+j

= η+j (25)

yields the ‘aggregate first-order conditions for the state contingent contracts,’ the ‘ag-
gregate consumption Euler equation,’ the ‘aggregate wage equation,’ and the money
market equilibrium condition:

δ̃t,t+1

µ
U

PCρ

¶
= β

µ
U+1

P+1C
ρ
+1

¶
(26)

U

PCρ
= βIE

µ
U+1

P+1C
ρ
+1

¶
(27)

θWχ0E
Ã
L1+χ+j U+j

W+jZ+j

!
= sWE

µ
L+jU+j
P+jC

ρ
+j

¶
(28)

M = PV (29)

When j = 0 so that consumers act on the basis of current information, conditions
(27) and (28) can be rewritten as

U

PCρ
= βIE

µ
U+1

P+1C
ρ
+1

¶
(30)µ

sW
θW

¶
W

P
=

χ0L
χCρ

Z
(31)

Equation (30) states that C must be chosen so that the utility forgone by not spending
the marginal dollar on consumption today equals the discounted expected utility of
investing that dollar in a riskless security and spending it on consumption tomorrow.
Equation (31) states that W must be chosen so that the marginal return from work
must equal the marginal rate of substitution of consumption for labor. We assume
that the government sets sW = θW to offset the effect of the distortion associated with
monopolistic competition in the labor market. Under this assumption the ratio sW

θW
equals one, so it does not appear in what follows, and the implied version of equation
(31) states that the real wage must equal the marginal rate of substitution.
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2.3 Government

The government budget constraint is

M −M−1 +Bg − I−1Bg−1
P

= G+ (sP − 1)Y + (sW − 1)W
P
L− T (32)

where G is real government spending. We impose simple assumptions about the
paths of government spending, interest payments, subsidy payments, and taxes under
which we can study alternative monetary policy reaction functions.12 In particular,
we assume that the government budget is balanced period by period and that real
government spending is always zero, so the government budget constraint becomes13

i−1B
g
−1

P
+ (sP − 1)Y + (sW − 1)W

P
L− T = 0 (33)

We assume that the government follows a monetary policy rule in the class

I = β−1P λPY λY Y ∗λY ∗ Ȳ λȲMλMUλUV λVXλXZλZ (34)

where Y ∗ is the Pareto-optimal level of output, and Ȳ is a target level of output. For
rules in this class, either the price level or the money supply is the ‘nominal anchor;’
the sum of λP and λM must be non-zero in order for the price level to be determined
with flexible wages and prices or one-period contracts for prices, wages, or both. We
derive the optimal λj, the ones that maximize expected welfare. We also consider
some alternative values of the λj.

3 Flexible Wages and Prices

We consider four versions of our model. To establish a benchmark, we begin by
considering the version with flexible wages and prices.

3.1 Solution

In each version of the model six equations are used to determine the equilibrium values
of the variables. With flexible wages and prices the forms of these six equations are

Y =
Lα̃X

α̃
, (production)

12Assumptions about the paths of government spending and taxes have implications for which
monetary policies are feasible and for the effects of different feasible monetary policies as explained
in, for example, Leeper (1991); Canzoneri, Cumby, and Diba (2001); and Benhabib, Schmitt-Grohe,
and Uribe (2001).
13We assume a monetary policy reaction function that implies that the expected rate of inflation,

the solution for inflation in the model with flexible wages and prices when all shocks take on their
mean values, is equal to zero. The analysis could be modified to allow for a nonzero expected rate
of inflation. If the expected rate of rate of inflation were positive, the expected government deficit
would have to be positive.

8



P =
LαW

X
, (price)

χ0L
χ̃

WZ
=

L

Y ρP
, (wage)

βIE
µ

U+1
Y ρ
+1P+1

¶
=

U

Y ρP
, (demand)

I = β−1P λPY λY Y ∗λY ∗ Ȳ λȲMλMUλUV λVXλXZλZ , (rule)

M = PV (money)

where we have imposed the equilibrium conditions that C = Y and C+1 = Y+1 and
where α̃ = 1 − α and χ̃ = 1 + χ. With flexible wages and prices, both wages and
prices are set after the shocks are known and the only expected magnitudes are in
the demand equation.
The solutions for selected variables are shown in Table 1. Substituting the solu-

tions for these variables into the equations of the model yields the solutions for the
other variables.14

Substituting the production and price equations into the wage equation and solv-
ing yields the solution for L in equation (T1.1) where ρ̃ = ρ − 1. To solve for the
price level we use the method of undetermined coefficients. Suppose that P takes the
form given in equation (T1.2). We find Ω, ωU , ωV , ωX , and ωZ by beginning with
the demand equation and eliminating Y and Y+1using the solution for Y ∗ implied by
the solution for L∗ in equation (T1.1), eliminating P using the conjectured solution
in equation (T1.2), and eliminating I using the rule equation to obtain

− (λP + λM) lnΩ− (1 + λP + λM) (ωUu+ ωV v + ωXx+ ωZz)

= (λY ∗ + λY + λM) ln
¡
α̃−1H α̃

¢
+ λȲ ȳ + ln E (Q1) + (λU − 1)u

+(λV + λM) v +
³
λXD+χ̃(λY ∗+λY +λM+ρ)

D

´
x+

³
λZD+α̃(λY ∗+λY +λM+ρ)

D

´
z

(35)

where lower case letters represent logarithms, D andH are defined in equation (T1.1),
and

Q1 = U
1−ωU
+1 V −ωV+1 X

−ωX− ρχ̃
D

+1 Z
−ωZ− ρα̃

D

+1 (36)

If equation (35) is to hold for all U, V,X, and Z, it must be that the ωj and Ω take
on the values given in equations (T1.4) through (T1.6). Substituting the solution
for L∗ and the implied solution for Y ∗ into the relevant period utility function (22)
and considerable rearranging yield the solution for utility. So that we can simplify
expressions by using logarithms, we express utility in terms of loss, L, by defining
14The properties of log normal distributions used in this paper are summarized in Appendix A.
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Table 1: Flexible Wages and Prices

L∗ = HX− ρ̃
DZ

1
D , H =

³
α̃ρ

χ0

´ 1
D

, D = α̃ρ̃+ χ̃, T1.1

P ∗ = ΩUωUV ωVXωXZωZ , T1.2

W ∗ = ΩH−αUωUV ωVXωX+1+
αρ̃
D ZωZ− α

D T1.3

ωU =
1−λU

1+λP+λM
, ωV = − λV +λM

1+λP+λM
T1.4

ωX = −λXD+χ̃(λY ∗+λY +λM+ρ)
(1+λP+λM )D

, ωZ = −λZD+α̃(λY ∗+λY +λM+ρ)
(1+λP+λM )D

T1.5

lnΩ = −
³

1
λP+λM

´
lnE (Q1)−

³
λȲ

λP+λM

´
ȳ −

³
λY ∗+λY +λM

λP+λM

´
ln
¡
α̃−1H α̃

¢
T1.6

ln E (Q1) = (1− ωU)
2 σ2u + ω2V σ

2
v +

¡
ωX +

ρχ̃
D

¢2
σ2x +

¡
ωZ +

ρα̃
D

¢2
σ2z T1.7

L∗ = KUX− ρ̃χ̃
D Z−

α̃ρ̃
D , K = χ0H

χ̃
³

D
ρ̃α̃χ̃

´
> 0 T1.8

ln EL∗ = lnK + σ2u +
¡
ρ̃χ̃
D

¢2
σ2x +

¡
α̃ρ̃
D

¢2
σ2z T1.9

L = − U = −
Ã
C1−ρh,s

1− ρ
− χ0L

1+χ
h,s

Zs (1 + χ)

!
Us > 0 (37)

The solution for Pareto-optimal loss is given in equation (T1.8). Taking expectations
of equation (T1.8) yields the solution for expected Pareto-optimal loss in equation
(T1.9).

3.2 Discussion

We are now prepared to discuss the effects of the shocks on the variables and utility.
It is clear from Table 1 that our model passes the sunrise test. With flexible wages
and prices, employment, L, and output, Y , the real variables that enter utility are
independent of the money demand shock, V , and of the parameters of the monetary
rule. Expected utility is independent of σ2v and depends on σ2u only because U enters
the utility function directly.

L and Y depend only on the productivity shock,X, and the labor supply shock, Z.
The effects of a labor supply shock are easier to analyze than those of a productivity
shock. The downward sloping marginal product of labor schedule, MPL, and the
upward sloping marginal rate of substitution (of consumption for labor) schedule,

10



MRS, implied by the price and wage equations, respectively are shown in the top
panel of Figure 1 in logarithm space. An increase in Z shifts theMRS schedule down
from MRS0 to MRS1 . The equilibrium real wage must fall and equilibrium l must
rise from l0 to l1. The upward sloping production function schedule PF is plotted in
the bottom panel of Figure 1 in logarithm space. The increase in Z does not affect
the production function, so y rises from y0 to y1 as l rises from l0 to l1. An increase in
Z raises utility because it results in both an increase in the utility from consumption
and a net reduction in the disutility of labor since we assume that ρ̃ > 0.
Under our assumptions, an increase in X increases y and lowers l. An increase

in X shifts both the MPL and MRS schedules up from MPL0 to MPL2 and from
MRS0 to MRS2, respectively. Under our assumption that ρ̃ > 0, it shifts the MRS
schedule up by more. Therefore, the equilibrium real wage must rise and equilibrium
l must fall. An increase in X also shifts the production function to the left from PF0
to PF2 and by more than it shifts the MRS to the left because it takes more of a
fall in l to keep output constant than to keep households content with the same real
wage. Thus, even though equilibrium l falls, equilibrium y rises. An increase in X
raises utility because it results in both an increase in the utility from consumption
and a decrease in the disutility of labor.
L and Y do not depend on the goods demand shock, U , or the money demand

shock, V . With flexible wages and prices, the model is recursive. The real variables,
labor, output, and the real wage, are determined by the subsystem made up of the
production, price, and wage equations. Given values of these variable, the nominal
variables, the price level, the nominal interest rate, and the money supply are deter-
mined by the subsystem made up of the demand, rule, and money equations. Neither
U nor V enters the subsystem that determines the real variables. An increase in U
affects the utility of consumption and the disutility of labor in exactly the same way,
so households have no incentive to change their decisions. Both U and V enter the
subsystem that determines the nominal variables through the policy rule.
Increases in σ2u σ

2
x, σ

2
z, the variances of the logarithms of U , X, and Z, respectively,

increase expected loss.

4 Wage Contracts and Flexible Prices

In this section, we consider the version with wage contracts and flexible prices.

4.1 Solution

In this version, the price and wage equations are

P =
LαW

X
, (price)

1

W
E
µ
χ0L

χ̃U

Z

¶
= E

µ
LU

Y ρP

¶
, (wage)

11



The price equation is the same as in the case of perfectly flexible wages and prices, but
the wage equation is different. With wage contracts, wages must be set one period
in advance without knowledge of the current shocks, so the wage equation contains
expectations.
As before, we solve the model using the method of undetermined coefficients.

The solutions for selected variables are displayed in Table 2. The solutions for the
other variables can be obtained using these solutions and the equations of the model.
Suppose that solution for L takes the form given in equation (T2.1). We find Ξ by
substituting the output and price equations into the wage equation and collecting
terms to obtain

χ0E
µ
Lχ̃U

Z

¶
= α̃ρE

µ
U

Lα̃ρ̃X ρ̃

¶
. (38)

Substituting in the conjectured form of the solution for L in equation (T2.1)yields

χ0Ξ
χ̃EQ3 = α̃ρΞ−α̃ρ̃EQ2, (39)

Q2 = U
1−ξU α̃ρ̃V −ξV α̃ρ̃X−(ξX α̃+1)ρ̃Z−ξZ α̃ρ̃, Q3 = U

ξU χ̃+1V ξV χ̃XξX χ̃ZξZ χ̃−1,

Therefore, if equation (39) is to hold, Ξ must take on the value in equation (T2.3).
We can find the ξj and W by substituting the rule equation into the demand

equation and collecting terms to obtain

UY −ρP−1 = P λPY λY Y ∗λY ∗ Ȳ λȲMλMUλUV λVXλXZλZE ¡U+1Y −ρ+1 P
−1
+1

¢
, (40)

In a stationary rational expectations equilibrium with a levels reaction function
W+1 = W . Imposing this restriction and eliminating Y , P , M , and Y ∗ using the
output, price, and money equations and the solution for Y ∗ implied by the solution
for L∗ in equation (T1.1), respectively, and collecting some terms yields

(λM + α̃λY + αλP ) (lnΞ) + Γ (ξUu+ ξV v + ξXx+ ξZz)

= − (λY + λM) ln α̃
−1 − λY ∗ ln

¡
α̃−1H α̃

¢− λȲ ȳ − ln E (Q4)− (λP + λM)w

+(1− λU)u− (λV + λM) v −
³
(λX+ρ̃−λP+λY )D+χ̃λY ∗

D

´
x−

³
λZD+α̃λY ∗

D

´
z

(41)

Q4 = U
1−ξU (α̃ρ+α)V −ξV (α̃ρ+α)X−(ρ̃+ξX(α̃ρ+α))Z−ξZ(α̃ρ+α)

If equation (41) is to hold for all U, V,X, and Z, then the ξj andW must take on the
values given in equations (T2.2) and (T2.8), respectively.
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Table 2: Wage Contracts and Flexible Prices

L = ΞU ξUV ξVXξXZξZ , T2.1

ξU =
1−λU
Γ
, ξV = −λV +λM

Γ
, ξX = −λX+ρ̃−λP+λY

Γ
− χ̃λY ∗

ΓD
, ξZ = −λZ

Γ
− α̃λY ∗

ΓD
T2.2

Ξ = H
³
EQ2
EQ3

´ 1
D
, Γ = λM + α̃ (ρ+ λY ) + α (1 + λP ) , D = α̃ρ̃+ χ̃, T2.3

ln EQ2 = (1− ξU α̃ρ̃)
2 σ2u + ξ2V α̃

2ρ̃2σ2v + (ξXα̃+ 1)
2 ρ̃2σ2x + ξ2Zα̃

2ρ̃2σ2z T2.4

ln EQ3 = (ξU χ̃+ 1)2 σ2u + ξ2V χ̃
2σ2v + ξ2Xχ̃

2σ2x + (ξZχ̃− 1)2 σ2z T2.5

ln
³
EQ2
EQ3

´ 1
D

=
¡
ξ2UΛ− 2ξU

¢
σ2u + ξ2VΛσ

2
v +

³
ξ2XDΛ+(2ξX α̃+1)ρ̃2

D

´
σ2x +

³
ξ2ZDΛ+2ξZ χ̃−1

D

´
σ2z T2.6

Λ = α̃ρ̃− χ̃ T2.7

W =
³
ΞλM+α̃λY +αλP α̃−(λY +λM )

¡
α̃−1H α̃

¢λY ∗ Ȳ λȲ E (Q4)
´− 1

λP+λM T2.8

ln E (Q4) =
µ³

1
α̃ρ+α

− ξU

´2
σ2u + ξ2V σ

2
v +

³
ξX +

ρ̃
α̃ρ+α

´2
σ2x + ξ2Zσ

2
z

¶
(α̃ρ+ α)2 T2.9

4.2 Expected Loss

With wage contracts, the solutions for all the variables depend on the parameters of
the monetary rule. In this subsection we derive the optimal rule with wage contracts
and describe the effects of the shocks under that rule. Note that there is a one to one
mapping from the parameters of the policy rule to the coefficients of the shocks in
the solution for L. It is more convenient to determine the optimal shock coefficients
for L and then infer the optimal policy rule parameters.
The (logarithm of the) policymaker’s expected loss is given by

ln EL = lnK + ¡ξ2U α̃ρ̃χ̃+ 1¢σ2u + ξ2V α̃ρ̃χ̃σ
2
v

+
³¡

ξX +
ρ̃
D

¢2
α̃ρ̃χ̃+

¡
ρ̃χ̃
D

¢2´
σ2x +

³¡
ξZ − 1

D

¢2
α̃ρ̃χ̃+

¡
α̃ρ̃
D

¢2´
σ2z

(42)

The derivation of this exact expression is actually simpler than the derivation of the
standard approximation.
It is more convenient to work with the deviation of the policymaker’s expected

loss from Pareto-optimal expected loss, ∆ lnEL = ln EL− ln EL∗, where
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∆ lnEL
α̃ρ̃χ̃

= ξ2Uσ
2
u + ξ2V σ

2
v +

µ
ξX +

ρ̃

D

¶2
σ2x +

µ
ξZ −

1

D

¶2
σ2z (43)

obtained by subtracting the expression for Pareto-optimal expected loss in equation
(T1.9) from equation (42).

4.3 Optimal Policy

It is clear from inspection that the values of the shock coefficients in the solution for
labor which minimize (43) are

ξU = 0, ξV = 0, ξX = −
ρ̃

D
, ξZ =

1

D
(44)

and that if the shock coefficients take on these values, expected loss with wage con-
tracts is equal to the Pareto-optimal level of expected loss.
In characterizing the optimal policy rule, we assume that the policymaker adjusts

the nominal interest rate only in response to the price level and the shocks:

λU ,λV ,λX ,λZ R 0, λP > 0, λM = λY = λY ∗ = 0 (45)

and that λP is an arbitrary positive number. The optimal rule coefficients implied
by the optimal labor coefficients are obtained by equating the expressions for the
shock coefficients in equation (T2.2) to the optimal values of these coefficients given
in equation (44) and solving for the policy rule parameters. The results are

λU = 1, λV = 0, λX = − ρ̃χ
α̃ρ̃+χ̃

+
³

ρ̃+χ̃
α̃ρ̃+χ̃

´
λP , λZ = − α̃ρ+α

α̃ρ̃+χ̃
−
³

α
α̃ρ̃+χ̃

´
λP (46)

The model exhibits determinacy for any positive value of λP , so the value λP can be
chosen arbitrarily. Once a value of λP is chosen, the values of the other policy rule
parameters are determined.
What is of most interest is the overall response of I to the shocks under the optimal

policy. In determining this response it is necessary to take account of the fact that
P depends on the shocks because it enters the reaction function. The solution for
P is obtained by beginning with equation (price) and eliminating L using equation
(T2.1) with ξU , ξX , and ξZ set equal to the optimal values shown in equation (44).
Substituting this solution into the reaction function (34) with λY = λY ∗ = λȲ = λM =
0 and with λU , λV , λX , and λZ set equal to the optimal values given in equation (46)
and collecting terms yields

I = β−1
·
Ω

µ
θP
sP

¶
Ξα

¸λP
UX− ρχ̃

α̃ρ̃+χ̃Z−
α̃ρ

α̃ρ̃+χ̃ (47)

Increases in U leave Y ∗ unchanged, so the policymaker should move the interest rate
to exactly match any increase in U in order to keep Y from being affected. Increases
in both X and Z raise Y ∗, so the policymaker should lower the interest rate in order
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to increase Y by as much as Y ∗ increases. That is, the policymaker should fully
‘accommodate’ productivity shocks and labor supply shocks.15

An alternative way of finding the optimal rule is less direct but more elegant. If
wages and prices are perfectly flexible and the policymaker follows the optimal rule for
which the coefficients are given in equation (46), then for all shocks the economy is at
the Pareto optimum, and the wage is unaffected. The wage result can be confirmed
by substituting the expressions for the λi in equation (46) into the solution for W ∗

in equation (T1.3). The wage result implies that when the policymaker follows the
optimal rule, the outcomes for all the variables including wages are the same no matter
whether wages are preset in contracts. That is, the requirement that wages must
remain constant is not a constraint that prevents attainment of the Pareto optimum.
It follows that an alternative way of finding the optimal rule in the version with wage
contracts and flexible prices without ever calculating the solution for that version
is to find the rule that keeps wages constant in the version with flexible wages and
prices.16

4.4 Output Gap Stabilization

If the nominal interest rate responds only to the output gap, that is, only to deviations
of output from its Pareto-optimal level, so that

λY = −λY ∗ > 0, λP > 0, λM = λU = λV = λX = λZ = 0 (48)

the values of the shock coefficients in the solution for labor are

ξU =
1

ΓY
, ξV = 0, ξX = −

ρ̃− λP + λY
ΓY

+
χ̃λY
ΓYD

, ξZ =
α̃λY
ΓYD

, (49)

ΓY = α̃ (ρ+ λY ) + α (1 + λP )

where the subscript on Γ indicates the special case under consideration. In this case,
for example, ΓY is equal to Γ with λM = 0. Recall that there must always be a
nominal anchor, so λP > 0 in ΓY . Clearly if λY = −λY ∗ → ∞, the values of the
shock coefficients in the solution for labor are the Pareto-optimal equilibrium values
given in equation (44). That is, complete stabilization of the output gap yields
the same result as the optimal policy discussed in the preceding subsection. This
result makes sense because loss can be written as a function of output and shocks
15Ireland (1996) finds that with one-period price contracts the policymaker should always ac-

commodate a productivity shock when the money supply is the policy instrument. We obtain an
analogous result when the interest rate is the policy instrument in subsection 5.2.
16Analogous logic applies in the case with price contracts and flexible wages. That is, the optimal

rule with price contracts is the rule that keeps prices constant with completely flexible prices and
wages. As we show in Appendix B, outcomes with price contracts and flexible wages are the same
as the outcomes with wage and price contracts for all variables except the nominal wage. Therefore,
the optimal rule with wage and price contracts is the same as the optimal rule with price contracts
and flexible wages.
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and because we assume that the policymaker knows the shocks and, therefore, can
calculate the Pareto-optimal value of output.

4.5 Nominal Income Stabilization and Related Hybrid Rules

If the nominal interest rate responds only to deviations of nominal income from a
constant target value Ȳ , so that

λP = λY > 0, λY = −λȲ , λY ∗ = λM = λU = λV = λX = λZ = 0 (50)

then the expected loss deviation is

∆ ln EL |PYG
α̃ρ̃χ̃

=

µ
1

α̃ρ+ α+ λY

¶2
σ2u +

µ −ρ̃
α̃ρ+ α+ λY

+
ρ̃

D

¶2
σ2x +

µ
1

D

¶2
σ2z (51)

where the superscript after the vertical bar indicates which variable is being stabilized
and the subscript after the vertical bar can take on three values: G for general, C for
complete stabilization, and O for optimal stabilization.
Under complete nominal income stabilization (λP = λY > 0, λY = −λȲ →∞),

the expected loss deviation is

∆ ln EL |PYC
α̃ρ̃χ̃

=

µ
ρ̃

D

¶2
σ2x +

µ
1

D

¶2
σ2z (52)

Note that the more inelastic is labor supply (the larger χ and, therefore, the larger is
D) the closer is complete nominal income stabilization to the fully optimal policy.17

The policy that is optimal within the class of nominal income stabilization policies
is found by minimizing the expected loss deviation in equation (51) with respect to
λY . The first order condition for λY and the optimal λY and ξ’s are

0 = Dσ2u + ρ̃2χσ2x − λY ρ̃
2σ2x (53)

λY =
Dσ2u + ρ̃2χσ2x

ρ̃2σ2x
(54)

ξU =
ρ̃2σ2x

D
¡
ρ̃2σ2x + σ2u

¢ , ξV = 0, ξX = −
ρ̃3σ2x

D
¡
ρ̃2σ2x + σ2u

¢ , ξZ = 0. (55)

Therefore, the expected loss from optimal stabilization of output is a positive fraction
of the loss associated with the productivity shock under complete stabilization of
output plus the irreducible loss associated with the labor supply shock:

∆ ln EU |PYO
α̃ρ̃χ̃

=

µ
σ2u

ρ̃2σ2x + σ2u

¶µ
ρ̃

D

¶2
σ2x +

µ
1

D

¶2
σ2z (56)

17This result was obtained by Bean (1983).
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The fraction rises from zero to one as the ratio σ2u
σ2x
increases from zero to infinity.

Welfare is higher than with optimal nominal income stabilization if the policy-
maker completely stabilizes a combination of the price level and output in which the
weights on the two variables are not equal.18 In particular, if

λP
λY

=
χ̃

ρ̃+ χ̃
> 0, λY = −λȲ →∞, λY ∗ = λM = λU = λV = λX = λZ = 0 (57)

then the expected loss deviation is

∆ lnEL |P,YO
α̃ρ̃χ̃

=

µ
1

D

¶2
σ2z (58)

The optimal hybrid policy can achieve the Pareto-optimal outcomes for three of the
four shocks. With only wage contracts, there are four disturbance coefficients in the
solution for labor, ξU , ξV , ξX , and ξZ. When a combination of the price level and
output are stabilized, ξV and ξZ are equal to zero no matter what the values of the
rule coefficients, λP and λY . Zero is the optimal value for ξV , but not for ξZ, so
there is some irreducible loss. The two remaining disturbance coefficients, ξU and
ξX , are independent functions of the rule coefficients, λP and λY , so they can be set
at their optimal values by the appropriate choices of values for these coefficients. A
hybrid rule can do nothing to offset labor supply shocks. The realization of the labor
supply shock does not enter the solution for output and the price level because only
the expectation of the labor supply equation is in the set of equations that determines
the equilibrium values of these variables.
There is an alternative way of finding the optimal hybrid rule which is analogous

to the alternative way of finding the fully optimal rule discussed in the subsection
on optimal policy. The optimal hybrid rule in the version with wage contracts and
flexible prices is the rule that would make the nominal wage invariant to demand,
money, and productivity shocks (U , V , and X) in the version with flexible wages and
prices. The solution for the nominal wage with flexible wages and prices is given in
equation (T1.3) and with a hybrid rule the nominal wage is invariant to U , V , and
X if and only if the λi are set at the values given in equation (57).

4.6 Price Level Stabilization

If the nominal interest rate responds only to deviations of the price from a constant
target value, so that

λP > 0, λY = λY ∗ = λM = λU = λV = λX = λZ = 0 (59)

then the expected loss deviation is
18This result was obtained by Koenig (1996).
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∆ ln EL |PG
α̃ρ̃χ̃

=

µ
1

ΓP

¶2
σ2u +

µ
λP − ρ̃

ΓP
+

ρ̃

D

¶2
σ2x +

µ
1

D

¶2
σ2z (60)

ΓP = α̃ρ+ α+ αλP

Under complete price level stabilization, the expected loss deviation is

∆ ln EL |PC
α̃ρ̃χ̃

=

µ
1

α
+

ρ̃

D

¶2
σ2x +

µ
1

D

¶2
σ2z =

µ
ρ+ χ

αD

¶2
σ2x +

µ
1

D

¶2
σ2z (61)

For productivity shocks, under price level stabilization, employment and, therefore,
output are more volatile than under the optimal policy. For labor supply shocks,
employment and, therefore, output are less volatile than under the optimal policy.
The policy that is optimal within the class of price stabilization policies is found

by minimizing the expected loss deviation in equation (60) with respect to λP . The
first order condition for λP and the optimal λP and ξ’s are

0 = ασ2u +

µ
(λP − ρ̃) + ΓP

µ
ρ̃

D

¶¶
((λP − ρ̃)α− ΓP )σ

2
x (62)

λP =
αDσ2u + ρ̃ρχσ2x
ρ (ρ+ χ)σ2x

(63)

ξU =
ρ (ρ+ χ)σ2x
(ρ2σ2x + α2σ2u)

, ξV = 0, ξX =
αDσ2u − ρ̃ρ2σ2x
D (ρ2σ2x + α2σ2u)

, ξZ = 0. (64)

Therefore, the expected loss from optimal stabilization of the price level is a positive
fraction of the loss associated with the productivity shock under complete stabilization
of the price level plus the irreducible loss associated with the labor supply shock:

∆ ln EU |PO
α̃ρ̃χ̃

=

µ
α2σ2u

ρ2σ2x + α2σ2u

¶µ
ρ+ χ

αD

¶2
σ2x +

µ
1

D

¶2
σ2z (65)

The fraction rises from zero to one as the ratio σ2u
σ2x
increases from zero to infinity.

4.7 Output Stabilization

If the nominal interest rate responds only to deviations of the output from a constant
target value, so that

λY = −λȲ > 0, λP > 0, λY ∗ = λM = λU = λV = λX = λZ = 0 (66)

then the expected loss deviation is
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∆ lnEL |YG
α̃ρ̃χ̃

=

µ
1

ΓY

¶2
σ2u +

µ
λP − λY − ρ̃

ΓY
+

ρ̃

D

¶2
σ2x +

µ
1

D

¶2
σ2z (67)

ΓY = α̃ (ρ+ λY ) + α (1 + λP )

Under complete output stabilization (λY = −λȲ → ∞, λP > 0), the expected
loss deviation is

∆ lnEL |YC
α̃ρ̃χ̃

=

µ
χ̃

α̃D

¶2
σ2x +

µ
1

D

¶2
σ2z (68)

The policy that is optimal within the class of real output stabilization policies is
found by minimizing the expected loss deviation in equation (67) with respect to λY .
The first order condition for λY and the optimal λY and ξ’s are

0 = α̃Dσ2u + (1 + λP ) [(ρ+ χ) (1 + λP )− χ̃ (ρ+ λY )]σ
2
x (69)

λY = −ρ+ (ρ+ χ) λ̃P
χ̃

+
α̃D

χ̃λ̃P

σ2u
σ2x

(70)

ξU =
χ̃λ̃Pσ

2
x

D
³
λ̃
2

Pσ
2
x + α̃2σ2u

´ , ξV = 0, ξX = −
ρ̃λ̃

2

Pσ
2
x + α̃Dσ2u

D
³
λ̃
2

Pσ
2
x + α̃2σ2u

´ , ξZ = 0 (71)

where λ̃P = 1 + λP . Therefore, the expected loss from optimal stabilization of
output is a positive fraction of the loss associated with the productivity shock under
complete stabilization of output plus the irreducible loss associated with the labor
supply shock:

∆ ln EU |YO
α̃ρ̃χ̃

=

Ã
α̃2σ2u

λ̃
2

Pσ
2
x + α̃2σ2u

!µ
χ̃

α̃D

¶2
σ2x +

µ
1

D

¶2
σ2z (72)

The fraction increases from zero to one as the ratio σ2u
σ2x
increases from zero to infinity.

4.8 Money Supply Stabilization

If the nominal interest rate responds only to deviations of the money supply from a
constant target value, so that

λM = −λȲ > 0, λP = λY = λY ∗ = λU = λV = λX = λZ = 0 (73)

then the expected loss deviation is
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∆ ln EL |MG
α̃ρ̃χ̃

=

µ
1

ΓM

¶2
σ2u +

µ
λM
ΓM

¶2
σ2v +

µ−ρ̃
ΓM

+
ρ̃

D

¶2
σ2x +

µ
1

D

¶2
σ2z (74)

ΓM = λM + α̃ρ+ α

Under complete money supply stabilization (λM = −λȲ →∞), the expected loss
deviation is

∆ ln EL |MC
α̃ρ̃χ̃

= σ2v +

µ
ρ̃

D

¶2
σ2x +

µ
1

D

¶2
σ2z (75)

The policy that is optimal within the class of money supply stabilization policies
is found by minimizing the expected loss deviation in equation (74) with respect to
λM . The first order condition for λM and the optimal λM and ξ’s are

0 = −Dσ2u + λMD (α̃ρ+ α)σ2v + ρ̃ (−ρ̃D + ρ̃ΓM)σ
2
x (76)

λM =
Dσ2u + ρ̃2χσ2x

ρ̃2σ2x +D (α̃ρ+ α)σ2v
(77)

ξU =
J

R
, ξV = −

Dσ2u + ρ̃2χσ2x
R

, ξX = −
ρ̃J

R
, ξZ = 0. (78)

J = ρ̃2σ2x +DAσ
2
v, R = D

¡
σ2u + ρ̃2σ2x +A

2σ2v
¢
, A = α̃ρ+ α

The expected loss from optimal stabilization of the money supply is

∆ ln EU |MO
α̃ρ̃χ̃

=

¡
σ2u + ρ̃2σ2x

¢
σ2uρ̃

2σ2x
R2

+

¡
ρ̃2σ2x +A

2σ2v
¢
ρ̃2χ2σ2xσ

2
v

R2

+
(σ2u +A

2σ2v)D
2σ2uσ

2
v

R2
+
2ρ̃2 (A2 +Aχ+ χ2)σ2uσ

2
vσ
2
x

R2
+

µ
1

D

¶2
σ2z (79)

Comparison of equation (79) with equation (56) confirms that if σ2u,σ
2
x > 0, but

σ2v = 0, then the expected loss from optimal money supply stabilization is the same as
the expected loss from optimal nominal income stabilization. However, if σ2x,σ

2
v > 0,

but σ2u = 0 or σ2u,σ
2
v > 0, but σ2x = 0, expected loss from optimal money supply

stabilization is larger than expected loss from optimal nominal income stabilization.
Although we have used our model to make clear the disadvantages of money

supply stabilization, we cannot use it to evaluate claims about the advantages of this
policy. In our model, all data become available simultaneously. However, in real-
world economies money supply data become available more quickly than most, and
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it is sometimes claimed that money supply stabilization has an advantage because of
this fact. In our model, the policymaker can achieve a desired value for any single
variable. However, it is sometimes claimed that in real-world economies it is easier
to achieve a desired value for the money supply than for some other variables.

5 Wage and Price Contracts

In this section we consider the version with both wage and price contracts.

5.1 Solution

In this version, both the wage and price equations are different from the case of
perfectly flexible wages and prices:

E
µ
U

Y ρ̃

¶
=
W

P
E
µ
LαU

Y ρ̃X

¶
, (price)

E
µ
χ0L

χ̃U

Z

¶
=
W

P
E
µ
LU

Y ρ

¶
, (wage)

Both wages and prices must be set one period in advance without knowledge of the
current shocks so both the wage equation and the price equation contain expectations.
We solve the model using the method of undetermined coefficients. The solutions

are displayed in Table 3. Suppose that the solution for L has the form given in
equation (T3.1). We find Ψ by substituting the production equation into the price
and wage equations, collecting terms, and dividing the price equation by the wage
equation to eliminate W

P
to obtain

E ¡L−α̃ρ̃UX−ρ̃¢
χ0E (Lχ̃UZ−1)

=
E ¡Lα−α̃ρ̃UX−ρ¢
α̃ρE (Lα−α̃ρ̃UX−ρ)

. (80)

Substituting in the conjectured form of the solution for L in equation (T3.1) and
rearranging yields

α̃ρΨ−α̃ρ̃E (Q5)
χ0Ψ

χ̃E (Q6) = 1 (81)

Q5 = U
1−ψU α̃ρ̃V −ψV α̃ρ̃X−(ψX α̃ρ̃+ρ̃)Z−ψZ α̃ρ̃, Q6 = U

ψU χ̃+1V ψV χ̃XψX χ̃ZψZ χ̃−1

If equation (81) is to hold Ψ must take on the value in equation (T3.3).
We find the ψj, P , and W by substituting the rule equation into the demand

equation to obtain

Y −ρP−1U = P λPY λY Y ∗λY ∗ Ȳ λȲMλMUλUV λVXλXZλZEt
¡
Y −ρ+1 P

−1
+1U+1

¢
(82)
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Table 3: Wage and Price Contracts

L = ΨUψUV ψVXψXZψZ T3.1

ψU =
1−λU
z , ψV = −λV +λM

z , ψX = −λX+ρ+λY +λM
z − χ̃λY ∗

zD , ψZ = −λZ
z − α̃λY ∗

zD T3.2

Ψ = H
³
EQ5
EQ6

´ 1
D

, z = α̃ (ρ+ λM + λY ) , D = α̃ρ̃+ χ̃ T3.3

ln EQ5 = (ψU α̃ρ̃− 1)2 σ2u + ψ2V α̃
2ρ̃2σ2v + (ψXα̃ρ̃+ ρ̃)2 σ2x + ψ2Zα̃

2ρ̃2σ2z T3.4

ln EQ6 = (ψU χ̃+ 1)2 σ2u + ψ2V χ̃
2σ2v + ψ2Xχ̃

2σ2x + (ψZχ̃− 1)2 σ2z, T3.5

ln
³
EQ5
EQ6

´ 1
D

=
¡
ψ2UΛ− 2ψU

¢
σ2u + ψ2VΛσ

2
v +

³
ψ2XΛ+(2ψX α̃+1)ρ̃2

D

´
σ2x +

³
ψ2ZΛ+2ψZ χ̃−1

D

´
σ2z T3.6

Λ = α̃ρ̃− χ̃ T3.7

P =
³
Ψzα̃−(λY +λM )

¡
α̃−1H α̃

¢λY ∗ Ȳ λȲ EQ7
´− 1

λP+λM T3.8

ln EQ7 = (1− ψU α̃ρ)
2 σ2u + ψ2V α̃

2ρ2σ2v + (ψXα̃ρ+ ρ)2 σ2x + ψ2Zα̃
2ρ2σ2z T3.9

W = PΨα̃ρ+χ̃+1
¡χ0
α̃ρ

¢ ³EQ5
EQ8

´
, T3.10

ln EQ8 =
µ³

ψU +
1

1−α̃ρ
´2

σ2u + ψ2V σ
2
v +

³
ψX − ρ

1−α̃ρ
´2

σ2x + ψ2Zσ
2
z

¶
(1− α̃ρ)2 T3.11

In a stationary rational expectations equilibriumwith a levels reaction function P+1 =
P . Imposing this restriction and eliminating Y ,M , and Y ∗ using the production and
money equations and the solution for Y ∗ implied by the solution for L∗ in equation
(T1.1), respectively, and collecting some terms yield

α̃ (ρ+ λM + λY ) (lnΨ+ ψUu+ ψV v + ψXx+ ψZz)

= (λY + λM) ln α̃− λY ∗ ln
¡
α̃−1H α̃

¢− λȲ ȳ − ln Et (Q7)− (λP + λM) p

+(1− λU)u− (λV + λM) v −
³
(λX+ρ+λY +λM )D+χ̃λY ∗

D

´
x−

³
λZD+α̃λY ∗

D

´
z

(83)

Q7 = U
1−ψU α̃ρV −ψV α̃ρX−ψX α̃ρ−ρZ−ψZ α̃ρ
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If equation (83) is to hold for all U, V,X, and Z, it must be that the ψj and P ,
respectively, must take on the values given in equations (T3.2) and (T3.8). Given
the solution for P , the price equation can be used to obtain the solution for W in
equation (T3.10).19

5.2 Optimal Policy and Output Gap Stabilization

In this subsection we discuss the optimal policy with wage and price contracts. As in
the case of wage contracts and flexible prices, we state the policymaker’s optimization
problem in terms of the labor coefficients and then infer the optimal rule coefficients.
It is clear from Tables 2 and 3 that the solutions for L and, therefore, the solutions
for Y have exactly the same form with wage and price contracts as they do with wage
contracts alone with ψj, j = U, V,X,Z replacing ξj, j = U, V,X,Z wherever they
appear. It follows that the expressions for expected loss and, therefore, the optimal
values of the shock coefficients in the solution for L are the same with wage and price
contracts as they are with wage contracts alone. That is,

ψU = 0, ψV = 0, ψX = −
ρ̃

D
, ψZ =

1

D
(84)

In characterizing the optimal policy rule, as before we assume that the policymaker
responds only to the price level and the shocks:

λU ,λV ,λX ,λZ R 0, λP > 0, λM = λY = λY ∗ = 0 (85)

and that λP is an arbitrary positive number. The optimal rule coefficients implied
by the optimal labor coefficients are

λU = 1, λV = 0, λX = −ρχ̃
D
, λZ = − α̃ρ

D
(86)

In contrast to the results for wage contracts alone, with wage and price contracts
the optimal λj, j = U, V,X,Z are independent of λP . The only role played by λP
is to guarantee determinacy, in particular, to insure that agents can calculate the
expected future price level. The contract price for the current period is set before
the shocks are drawn so there can be no movements in the current price level induced
by the shocks and therefore nothing for the policymaker to respond to. As in the case
with wage contracts and flexible prices, optimal policy involves completely offsetting
demand shocks and fully accommodating productivity and labor supply shocks.
With wage and price contracts, just as with wage contracts alone, complete sta-

bilization of the output gap yields the optimal outcome and for the same reason.

5.3 Simple Policy Rules

Given one-period wage and price contracts and the list of variables we have included
in the policy rule, there are really only two simple rules to consider: output stabi-
lization and money supply stabilization. Since prices are set before uncertainty is
19Of course, the solution for W can also be obtained using the wage equation.
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resolved, the price level is always completely stabilized. As a consequence, stabiliz-
ing nominal income is the same thing as stabilizing output. Given the simple form
of our money demand function, output stabilization and money supply stabilization
have very similar implications. Stabilizing the money supply is the same thing as
stabilizing output except that there is some increase in loss because shifts in money
demand are not fully accommodated.
If the nominal interest rate responds only to deviations of output from the constant

target value Ȳ , so that

λY = −λȲ > 0, λP > 0, λY ∗ = λM = λU = λV = λX = λZ = 0 (87)

then the expected loss deviation is

∆ lnEL |YG
α̃ρ̃χ̃

=

µ
1

α̃ (ρ+ λY )

¶2
σ2u +

µ
χ̃

α̃D

¶2
σ2x +

µ
1

D

¶2
σ2z (88)

Under complete output stabilization (λY = −λȲ →∞, λP > 0), the solutions for
the ψj are

ψU = 0, ψV = 0, ψX = −
1

α̃
, ψZ = 0. (89)

and the expected loss deviation is

∆ ln EL |YC
α̃ρ̃χ̃

=
∆ lnEL |YO

α̃ρ̃χ̃
=

µ
χ̃

α̃D

¶2
σ2x +

µ
1

D

¶2
σ2z (90)

With price contracts, complete stabilization is optimal. Output is completely demand-
determined. As a result, the policymaker can infer the value of U exactly but can
learn nothing about X. Therefore, the optimal response for the policymaker is to
totally offset the effects of U by strict targeting of Y (λY →∞).
As is clear from a comparison of equations (90) and (52), if χ̃

α̃
> ρ̃, that is, if the

ratio of the elasticity of the disutility of labor to the labor elasticity of production
exceeds the elasticity of the utility of consumption, complete output stabilization
increases loss more when there are price contracts.

6 Conclusions

In this paper we construct an optimizing-agent model with one-period nominal con-
tracts which is simple enough that we can make exact utility calculations. We evaluate
alternative monetary policy rules using as a criterion the utility function of the repre-
sentative agent. We focus on the two cases of (1) wage contracts and flexible prices
and (2) wage and price contracts because, as we show, the outcomes in the third case,
price contracts and flexible wages, are the same as the outcomes in the case of wage
and price contracts for all variables except the nominal wage.
The fully optimal rule under complete information can attain the Pareto-optimal

equilibrium because we assume one-period nominal contracts. We contrast the per-
formance of the fully optimal policy with both ‘naive (complete)’ stabilization and
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‘sophisticated (constrained optimal)’ stabilization of one variable or a combination of
two variables. The simple rules we consider can never achieve the Pareto-optimal
outcome because they imply no response to labor supply shocks. However, if there
are no labor supply shocks, in a few special cases, naive and optimal simple rules are
as good as fully optimal rules. Of course, in general, they are not.
A number of our conclusions regarding simple rules depend critically on the rela-

tive importance of productivity disturbances. For example, with only wage contracts,
the more important are productivity disturbances, the worse are all forms of nominal
income targeting and the greater the difference between the naive and sophisticated
versions. Another critical parameter is the elasticity of the disutility of labor (which,
of course, is inversely related to the elasticity of labor supply). For example, if the
elasticity of the disutility of labor is high with wage contracts alone naive nominal in-
come targeting performs very well but with both wage and price contracts it performs
very badly.
Just how much further it is worthwhile to push the analysis of one-period nominal

contract models is an open question. In this paper, we reaffirm that such models
are tractable, but we show that some of their results are quite special, for example
the result that if there are price contracts the existence of wage contracts is of no
consequence. In Henderson and Kim (1999a) we determine the effects of targeting
money growth, inflation, and combinations of inflation and output on employment,
output, and inflation. At a minimum, we plan to use the model of this paper to
analyze the welfare implications of simple and optimal forms of these and related
types of targeting.
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Appendix A
In this appendix we summarize the properties of log normal distributions that are

used in this paper
Suppose that the variable Q has a log normal distribution; that is, suppose that

q = lnQ ∼ N(µQ, 2σ2Q). Now lnQk = kq so Qk = ekq. It follows that the E
¡
Qk
¢
=

E(ekq) =M(q, k) whereM(q, k) is the moment generating function for q and is given
by

M(q, k) =

Z ∞

−∞
ekq

 1

2
√
πσQ

e
−(

q−µQ)
2

4σ2
Q

 dq = ekµQ+k2σ2Q (A.1)

that is

E
¡
Qk
¢
= ekµQ+k

2σ2Q (A.2)

Note that if µQ = 0, then E (Q) = eσ
2
Q 6= 1 and E (Q2) = e4σ

2
Q. However, if

E (Q) = 1 = eµQ+σ
2
Q, then 0 = µQ + σ2Q so µQ = −σ2Q and E (Q2) = e2µQ+4σ

2
Q = e2σ

2
Q.

We have assumed that µQ = 0 in order to simplify our calculations. However, we can
understand why others might prefer the alternative assumption.
Now suppose that the variables U, V, and X are independently and log normally

distributed; that is, suppose that u = lnU ∼ N(µu, 2σ2u), v = lnV ∼ N(µv, 2σ2v), and
x = lnX ∼ N(µx, 2σ2x). It follows that

E
¡
UkUV kVXkX

¢
= ekUµu+k

2
Uσ

2
u+kV µv+k

2
V σ

2
v+kXµx+k

2
Xσ2x. (A.3)

.
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Appendix B

In this Appendix we show that the solutions with price contracts and flexible
wages are the same as those with wage and price contracts for all variables except the
nominal wages, as can be confirmed by comparing Table 4 with Table 3. With price
contracts and flexible wages the wage and price equations are

E
µ
U

Y ρ̃

¶
=
1

P
E
µ
WLαU

Y ρ̃X

¶
(price)

W

P
=

χ0L
χY ρ

Z
(wage)

Suppose the solution for L takes the form given in equation (T4.1). To find Φ we
substitute the production and wage equations into the price equation, and collect
terms:

χ0E
¡
Lχ̃UZ−1

¢
= α̃ρE ¡L−α̃ρ̃UX−ρ̃¢ (B.1)

Substituting in the conjectured form for L in equation (T4.1) in Table 4 yields

χ0Φ
χ̃EQ6 = α̃ρΦ−α̃ρ̃EQ5 (B.2)

Q9 = U
1−φU α̃ρ̃V −φV α̃ρ̃X−(φX α̃ρ̃+ρ̃)Z−φZ α̃ρ̃, Q10 = U

φU χ̃+1V φV χ̃Xφxχ̃ZφZ χ̃−1

If equation (B.2) is to hold Φ must take on the value given by equation (T4.3). Note
that Q9, Q10, and Φ are identical to Q2, Q3, and Ξ respectively except that ξj is
replaced by φj for j = U, V,X, and Z.
To find the φj and P we substitute the rule equation into the demand equation:

Y −ρP−1U = P λPY λY Y ∗λY ∗ Ȳ λȲMλMUλUV λVXλXZλZ
¡
Y −ρ+1 P

−1
+1U+1

¢
(B.3)

Imposing the restriction that P+1 = P and eliminating Y , W , M , and Y ∗ using
the production, wage, and money equations, and the solution for Y ∗ implied by the
solution for L∗ in equation (T1.1), respectively, and collecting terms yield

α̃ (ρ+ λM + λY ) (lnΦ+ φUu+ φV v + φXx+ φZz) = − (λY + λM) ln
¡
α̃−1

¢
−λY ∗ ln

¡
α̃−1H α̃

¢− λȲ ȳ − ln E (Q11)− (λP + λM) p

+(1− λU)u− (λV + λM) v −
³
(λX+ρ+λY +λM )D+χ̃λY ∗

D

´
x−

³
λZD+α̃λY ∗

D

´
z

(B.4)
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Table 4: Price Contracts and Flexible Wages

L = ΦUφUV φVXφXZφZ T4.1

φU =
1−λU
z , φV = −λV +λM

z , φX = −λX+ρ+λY +λM
z − χ̃λY ∗

zD , φZ = −λZ
z − α̃λY ∗

zD T4.2

Φ = H
³
EQ9
EQ10

´ 1
D

, z = α̃ (ρ+ λM + λY ) , D = α̃ρ̃+ χ̃ T4.3

ln EQ9 = (φU α̃ρ̃− 1)2 σ2u + φ2V α̃
2ρ̃2σ2v + (φXα̃ρ̃+ ρ̃)2 σ2x + φ2Zα̃

2ρ̃2σ2z T4.4

ln EQ10 = (φU χ̃+ 1)2 σ2u + φ2V χ̃
2σ2v + φ2Xχ̃

2σ2x + (φZχ̃− 1)2 σ2z, T4.5

ln
³
EQ9
EQ10

´ 1
D

=
¡
φ2UΛ− 2φU

¢
σ2u + φ2VΛσ

2
v +

³
φ2XΛ+(2φX α̃+1)ρ̃2

D

´
σ2x +

³
φ2ZΛ+2φZ χ̃−1

D

´
σ2z T4.6

Λ = α̃ρ̃− χ̃ T4.7

P =
³
Φz
¡
α̃−1

¢−(λY +λM ) ¡α̃−1H α̃
¢λY ∗ Ȳ λȲ EQ11

´− 1
λP+λM T4.8

ln EQ11 = (φU α̃ρ− 1)2 σ2u + φ2V α̃
2ρ2σ2v + (φXα̃ρ+ ρ)2 σ2x + φ2Zα̃

2ρ2σ2z T4.9

where ln E (Q11) is given by equation (T4.10). If equation (B.4) is to hold for all
U, V,X, and Z, the φj and P must take on the values given in equations (T4.2) and
(T4.8), respectively. The solution for W is found by substituting the solutions for
L and P given by equations (T4.1) and (T4.8), respectively, and the solution for Y
implied by the solution for L in equation (T4.1) into the equation (wage).
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Figure 1.  Flexible Wages and Prices


