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Abstract

This paper considers the estimation of average autoregressive roots-near-unity in panels where
the time-series have heterogenous local-to-unity parameters. The pooled estimator is shown to
have a potentially severe bias and a robust median based procedure is proposed instead. This
median estimator has a small asymptotic bias that can be eliminated almost completely by a bias
correction procedure. The asymptotic normality of the estimator is proved. The methods proposed
in the paper provide a useful way of summarizing the persistence in a panel data set, as well as a
complement to more traditional panel unit root tests.
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1 Introduction

Few concepts have had such an impact on recent econometric practice as unit roots. The modern
asymptotic theory developed for integrated processes clearly shows that a failure to account for the
order of integration of the data can lead to flawed inference. However, many economic time-series
exhibit a nearly persistent behavior with the largest auto-regressive root close to one, which often
makes it difficult to distinguish between stationary and non-stationary series in practice. This has
led to the increasing popularity of so called nearly integrated processes as a modelling device; rather
than maintaining a strict dichotomy between integrated and non-integrated time-series, the largest
auto-regressive root is treated as being local-to-unity which allows for a smoother transition between
the stationary and non-stationary worlds.

Originally, nearly intergrated processes were mainly used for theoretical excercises, such as evalu-
ating the local power properties of unit-root tests (e.g. Phillips and Perron, 1988, and Elliot et al.,
1996). Lately, however, they have also become increasingly popular in practical inference (e.g. Ca-
vanagh et al., 1995, and Campbell and Yogo, 2003). Although the generalization from a standard
unit-root environment to a near integrated environment provides more flexibility, it suffers from the
drawback that the key characterstic parameter of such a model, the local-to-unity parameter, cannot
be estimated in a time-series setting.! However, as shown in a series of papers by Moon and Phillips
(1999, 2000, and 2004), the local-to-unity parameter can be estimated using a panel of observations,
when all of the time-series have identical local-to-unity parameters. In practice, the assumption that
all of the time-series in the panel have an identical degree of persistence is obviously very restrictive.
In this paper I, therefore analyze the estimation of local-to-unity roots in panels where the degree of
persistence varies between the time-series.

The purpose of this paper is twofold. First, I consider the properties of the pooled estimator of local-
to-unity parameters proposed by Moon and Phillips (2000) in the case where the individual time-series
possess differing degrees of persistence. Second, I propose a new estimator for the average local-to-
unity root in a panel, based on applying the median operator to extract the crucial cross-sectional
information in the panel.

When there is no longer a common local-to-unity parameter in a panel, a desirable property of a

panel based estimator would be that it consistently estimates the mean, or average, parameter value in

1 Phillips et al. (1998) do provide a method of estimating local-to-unity roots from a single time-series using a block
model. However, their specification of the local-to-unity model is somewhat different from the one typically adopted in
the literature.



the panel. As is shown, however, the pooled estimator of Moon and Phillips (2000) can be a severely
biased estimator of the average parameter, even for relatively modest deviations from the case of
identical local-to-unity roots.

The basic idea of the pooled estimator is that a consistent estimator can be obtained by taking the
inconsistent OLS time-series estimator of the local-to-unity parameter and summing up over the cross-
section in both the numerator and the denominator. Since this method fails when the local-to-unity
parameters are no longer identical, I propose a more robust approach by applying the sample median
estimator, rather than the sample mean, in both the numerator and denominator of the time-series
estimator.

The bias and consistency properties of the resulting estimator cannot be analytically evaluated, but
results based on numerical integration are straightforward to obtain. After a simple bias correction,
the estimator is shown to be consistent in the case with identical local-to-unity parameters in the panel.
More importantly, under the additional assumption that the local-to-unity parameters are normally
distributed, it is shown that the estimator converges to a quantity that is very close to the average
local-to-unity parameter, regardless of the variance in the distribution of the local-to-unity parameters.
That is, in the case of identical near unit-roots in the panel, the estimator is consistent and it is very
close to consistent in the case of non-identical roots. The bias in the non-identical case is small, and
likely to be negligible compared to the variance of the estimates in any finite sample. The asymptotic
normality of the estimator is also shown, as well as the estimation of standard errors and confidence
intervals. Monte Carlo simulations support these results and also indicate that the estimator works
well in cases where the local-to-unity parameters are not normally distributed.

The results developed in this paper are useful along several dimensions. First, they highlight the
potential hazards of applying estimators of near-unit roots designed for the case of identical local-to-
unity roots throughout the panel, when there is in fact a possibility that the roots are non-identical.
Second, it is shown how to estimate the average near unit-root in a panel data set. This can be useful
both as a characterization of the data in itself, as well as a starting point for further empirical analysis.
It also provides a complement to panel unit-root tests, which have recently become very popular.? The
methods in this paper provide a simple diagnostic addition to these tests by estimating the average
auto-regressive root in the panel. Since confidence intervals for this average root can also be computed,

further conclusions can also be obtained. For instance, a confidence interval that is strictly below zero

2See for instance Quah (1994), Maddala and Wu (1999), Choi (2001), Levin et al. (2002), Moon and Perron (2003),
and Moon et al. (2003).



reveals that the average root is significantly less than zero; hence, some of the actual roots in the panel
must also be negative.

The rest of the paper is organized as follows. Section 2 details the setup and main assumptions
and Section 3 derives the bias properties of the pooled estimator. The main results of the paper are
developed in Section 4, where the asymptotic properties of the median based estimator are derived, and
Section 5 concludes. All proofs and details of the numerical calculations are found in the Appendix.

A word on notation, = denotes weak convergence of the associated probability measures and —,
denotes convergence in probability. I write (n,7 — oo0) when n and T go to infinity simultaneously

and (T,n — c0)_,, when T goes to infinity first while keeping n fixed, and then letting n go to infinity.

seq

2 Model and assumptions

Let the data generating process for each individual time series, z; ;, satisfy

zig = Bio+vie, i=1..,n t=1,..T, (1)
C+Tll

.
Vit = QYit—1+€4 ai=1+—==1+ T

T

where y; + is a near integrated process with local-to-unity parameter ¢; = ¢ + ;. The focus of interest
in this paper is the estimation of the average, or mean, local-to-unity parameter c.
The following assumptions on the error processes and the local to unity parameters, ¢;, will be

useful.

Assumption 1 ¢;; are linear processes satisfying
(a) €t = Di (L) uig = 3720 Dijuie—j, 327°05" |Dijl < 00 for some b>1, |Di(1)| #0.

(b) u; ¢ are iid across i and overt with E (u;;) =0, E (uft) =1, and finite fourth order moments.

Let D; = D; (1), Q; = D?, and A; = Z;’;l D; D; j, so that ©; and A; specify the long-run variance

and the one-sided long-run covariance matrix, respectively, of €, ;.

Assumption 2 The random variables c;, i = 1,...,n are normally distributed with mean ¢ and vari-

ance o2.

Under Assumption 1, it is well known that as T — oo, y; 74/ VT = D;J; ., (r), where J; ., (r) =
[y er=9<dW; (s) and W; (r) is a standard Brownian motion (e.g. Phillips, 1987).



3 The bias properties of the pooled estimator

I first show that the pooled estimator of ¢ does not work well when the ¢; are non-identical for all i. To
keep the discussion as transparent as possible, consider the simple case where €;; are iid (O, af) across
i and t; the arguments presented could easily be modified to account for the general error processes in
Assumption 1. Also, to keep the discussion short, only sequential limit arguments are presented.
Noting that a; =1+ 2 =1+ H% = a+ #, I consider estimators of the form ¢ =T (a — 1). The

pooled estimator of a is given by,
D) Doy Fi—1 i @
T b
Z?:l Zt:l Zi2,t71

and the corresponding pooled estimator of ¢ is ¢ = T (6 — 1). By equation (2),

&:

T(aG—a) = l%z%zwi,o"'yi’tl)ﬂ

i=1 t=1
1 -1« i
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as T — oo. As shown below, both F U01 Jie, (1) dr} and E [ni fol Jire, (1) dr] are finite when the
¢;s are normally distributed, and clearly FE [ fol Jic; (1) dW; (7“)} = 0. Thus, by the weak law of large

numbers (WLLN), as n — oo,

% Z: /01 Jie, (1) dr —, E [/01 Jie, (r)° dr} , (4)

=30 [ i) =0 o)

and

1 n 1 1
IS [ e ar —>pE[m [ e (r)er] (6)
i Jo 0



Combining these results, as (T,n — oo)Seq

-1

T(a—a) —, E [/01 Jie; (r)° dr} E [m /01 Jie, (r)° dr} : (7)

Under the assumption of normally distributed 7,s, the two expectations in (7) can be calculated
more explicitly. Using the properties of conditional expectations and the moment generating function

(mgf) of the normal distribution, M, (t) = E [e*] = e“t+o:t*/2,

Ul Jie, (7‘)2dr]
= / / 2“ S>C7 dsdr

805 [200 (1 — (C+o )>

C2
— V2me 2% (c+20?) (1@ (z ¢ ) 1y ( ¢t 20" ))]
1 20, () 20

= Uy(co.). (8)

&

where @ (z) = % fox e~ dt denotes the error function and i = v/—1. Further,

5 [m / i () dr}
0
/01 /OT (E [ciew"s)“} B {62(7”—8)&}) dsdr

1
= 803 [—206 (c — ce?(eted) 4 203)

+V2re 32 (2 — o +2c0)<%‘1’(i CQJ>%(I)<C+22: ))]

U5 (c,0¢) - (9)

Thus, in sequential limits, as (7,7 — 00)..

é—c=T(a—a)—, ¥ (c,0.) Vs (c,0.), (10)

and the pooled estimator, ¢, provides inconsistent estimates of ¢. Define the function f (c,0.) as the
limit of ¢,

fle,o0)=c+ \111_1 (c,0.) Vs (c,00). (11)



Panel A in Table 1 gives the numerical values of the function f (¢,o.) for various combinations
of ¢ and o.. It is readily apparent that the asymptotic bias of the pooled estimator for ¢ is already
large for fairly small values of 0. and grows very large as o, increases. Panel B in Table 1 shows
the mean values of ¢ from a Monte Carlo simulation with n = 100 and 7" = 1,000 using 10, 000
repetitions. The distribution of the ¢;s is normal and the innovation processes, €; ¢, are also 4id normal
with 62 = 1. Figure 1 shows the density estimates of é, from the same simulation exercise, for the
cases where ¢ = —10,0,5 and o, = 0,5,10. The graphs clearly illustrate that the pooled estimator
performs excellently for o, = 0, but that its density starts drifting to the right as o, increases. This
is by any measure a large panel, and the ¢;s are drawn from a normal distribution, as was assumed
when deriving the asymptotic limit function f (¢, o.).

By comparing the values in Panel A and Panel B in Table 1, it is obvious that the asymptotic limit
of ¢, given by f (¢, 0.), provides a very poor approximation in finite samples as soon as the variance of
the local-to-unity parameter starts to increase; the size of the sample in the Monte Carlo simulation
was chosen to illustrate that this remains true also in very large samples. Two conclusions are thus
immediate. First, the asymptotic limit of ¢ given by f (c,0.) cannot be used as a basis for a bias
correcting procedure of ¢ since it does not provide a good approximation in finite samples. Of course,
even if f (¢,0.) did provide a good approximation, any bias correction scheme based on it would be
complicated by the fact that o. is unknown. Second, the pooled estimator works very poorly as soon
as there is any variance, or heterogeneity, in the ¢;s. Thus, applying the pooled estimator for ¢ to
a panel, without any strong prior evidence or theory that the c;s are nearly identical, could lead to
seriously biased inference.

How does one explain the poor finite sample performance of the asymptotic bias function? Observe
that the actual finite sample bias is typically much smaller than the asymptotic bias, as 0. grows large.
However, the gap between the asymptotic results and the finite sample results is not merely a function
of the standard deviation, o.. For smaller values of ¢, a larger standard deviation is needed before the
asymptotic value deviates substantially from the finite sample result. In fact, for large negative values
of ¢, there is a very sharp increase in the asymptotic bias after o. exceeds some value. For example,
for ¢ = —50, the asymptotic limit for 0. = 7 is equal to —48.8, and for o. = 8 the limit is 76.3. Before
this breakpoint, the finite sample results are similar to the asymptotic ones, but afterwards, they are
vastly different. As ¢ becomes less negative, this effect becomes less distinct, and the growth of both

the asymptotic bias and its deviation from the finite sample bias become smoother.



Given these observations, a tentative explanation for the large difference between the asymptotic
and finite sample results is the following. When ¢; > 0, the corresponding process is non-stationary
and explosive. For positive ¢;, the quantities 7, fol Ji.c, (r)? dr and fol Ji.e; (r)? dr will therefore grow
very quickly in ¢;. Thus, their mean values will be highly influenced by the tail behavior, or maximum
value, of ¢;. This causes no problems when calculating their analytical means, of course, but leads
to problems when one tries to simulate them, which is essentially what is done in the Monte Carlo
simulation. If the mean value depends on the tail behavior, it might be the case that extremely large
sample sizes are needed before the simulated means approach the analytical ones.® Since the functions
n; fol Ji.e, (r)?dr and fol Ji.e, () dr do not grow fast in ¢; for ¢; non-positive, the above-mentioned
problems only manifest themselves when there is a large enough probability for ¢; to be positive that
it will significantly affect the mean. Otherwise, the tail behavior will have less of an impact on the
mean. This would explain why a larger variance is needed for small ¢; before the gap between the
finite sample value and the asymptotic value grows large. This also provides some intuition for the
extremely large asymptotic biases from which the pooled estimator suffers.

The above reasoning suggests that the asymptotic bias approximation might perform better in
cases where the support of the distribution of the local-to-unity parameters is bounded from above.
To analyze this possibility, consider the case where the ¢;s are uniformly distributed on an interval
(ci,¢y). In this case, ¢ = E [¢;] = (¢y, + ) /2 and the asymptotic bias function of the pooled estimator
can be written as

cuy + ¢

f (Clacu) = 9 + Y <Cl7cu)71 vy (cl=CU)v (12)

where UY (c;,¢,) = E [771 fol Jie, (1) dr| and Y (¢;,¢,) = E {ni fol Jie, (1) dr|.

The numerical values for the function f* (¢, ¢,), obtained by using the mgf of the uniform distrib-
ution, are given in Panel A of Table 2. Panel B presents the corresponding mean pooled estimates of
c from a Monte Carlo simulation identical to the one described above, except that the local-to-unity
parameters are now uniformly distributed. If the asymptotic limit function f* (¢, ¢,) provides a good
approximation in finite samples, the corresponding values in Panel A and Panel B should be close.
They are indeed much closer than in the normal case, and the asymptotic results do provide a good
approximation to the finite sample values, lending some credibility to the explanation offered above.

However, though the asymptotic results correspond better to the finite sample values in the uniform

3Steele (2001) gives an illustrative example of the problems of simulating tail probabilities. He argues that if one
attempts to simulate the value of E [1 (z > 30)], where « is standard normal, by naive methods, the number of simulations
needs to be of an order greater than 10100,



case, any inference method relying on these results would face the problem that the limit function
f* (¢, ¢y) is not monotone in both ¢; and ¢, for all values of ¢; and ¢,; the limit of é for ¢, = 10 is
constant for all values of ¢; that are considered. Though this does appear to be a problem for large,
positive ¢,, it may not be relevant in practical applications, where ¢, is likely to be less than or equal

to zero.

4 A median based estimator

4.1 Bias properties

Given the poor performance of the pooled estimator in the previous section, an alternative estimator
is proposed in this section. Rather than summing up over the cross-section, consider applying the
sample median instead. The intuition behind this approach is simple. The median is generally a more
robust estimator than the mean and can perform better in cases where the mean performs poorly.
Let Assumption 1 hold, and let A; and €; be consistent estimators, as T — oo, of A; and €,

respectively (see Moon and Phillips, 2000, for details). Begin with the inconsistent estimator of ¢;,

1|1 T ) ) AL 1T 2
&b (S sz —TA) = 3 S 200 ] g
- ’

G =T(a—1) = -
Q%% D1 Ziz,t—l m2.i,T

(13)

where T'A; is the serial correlation bias correction term and m; ; 7 and mg ; 1 are defined in the obvious

manner. Define the median based estimator ¢ as follows,

med (mLi,T)

¢ = , 14
med (mng) ( )
where med (-) denotes the sample median. As T' — oo, for fixed 1,
1 9 1
mi;1T = Ci/ Jz',ci (T) dr +/ Ji,ci (7’) dW; (7‘) =mi, (15)
0 0
and
1
m2; T = / J@Ci (7")2 dr = ma ;. (16)
0

The division by €;, in both the numerator and denominator in equation (13) enables the derivation

of standardized results that are independent of the 2;s; it is not necessary when the ;s are identical



for all 7.
Define 0y, k = 1,2, as

R _ 1 1 1
0 = arg ogélélk Hynr (0k) +Op <E) =arg min — ; |muir — 0| + O, <ﬁ> , (17)

0LEOL N

and thus,

05. (18)

c=b/

Let 6] and 63 denote the medians of m; ; and mq ;, so that

% =Pr (my,; < 9(1)) and % =Pr (mga,; < 08) . (19)

Assumption 3 0(1), 98 € O,and O is a compact subset of R.

Theorem 1 Under Assumptions 1 and 3, as (n,T — o),
é1 —p 0(1), ég —p 9(2), (J/ﬂdé:é1/é2 —p 0(1)/93 (20)

So far, it has not been necessary to invoke Assumption 2; the above results hold for general
distributions of the ¢;s. However, in order to calculate #9 and 69, additional structure needs to be
added to the problem. Analytical expressions for the medians of m;; and ms; are most likely not
attainable, except for very special cases, but numerical results, given a distributional assumption on
the ¢;s, can be obtained. Therefore, I now make use of Assumption 2, and calculate numerical values
for 69 and 63, for different combinations of ¢ and o.. The numerical methods used are described in
the Appendix.

Panel A in Table 3 presents the numerical values of 0[1) / 03, under Assumption 2, for various
combinations of ¢ and .. If ¢ were a consistent estimator of ¢, regardless of o, all these values should
equal their corresponding value for ¢. As is seen, this is not quite the case, but ¢ still turns out to
have several desirable properties. First, for all combinations of ¢ and o, recorded in Panel A of Table
3, which arguably covers most empirically interesting cases, the bias is seen to be small and below
1.3 in absolute value. Indeed, for positive values of ¢, the bias is almost zero. Second, and just as
importantly, for a fixed ¢, the bias varies only slightly with the variance parameter o.. The maximum
difference observed, between 0. = 0 and o, = 10, is no larger than 0.3 in absolute value, and is likely

to be insignificant next to the variance of the estimates in any finite sample. This suggests that the



same bias correction scheme can be used for a specific ¢, regardless of the value of o.. This is extremely
convenient, since no estimate of o, is then needed. Also, the bias correction is most naturally based
on the case of o. = 0, unless some specific prior information is available, for which the calculation of
the bias is greatly simplified as compared to the case o, > 0. Finally, for 0. = 0, the ratio 6% / 6y is a
monotone function of ¢, making bias correction feasible.

Given the experience with the pooled estimator, one would naturally wish to evaluate the cor-
respondence between the asymptotic results presented in Panel A in Table 3 and the finite sample
properties of the estimator. Panel B in Table 3 shows the results from a Monte Carlo study with a
relatively large panel. The setup is the same as that used in the pooled case. Each simulated panel
consists of n = 100 time series, with 7" = 1,000 observations in each. The innovation processes are
normal iid (0, 1) and the ¢;s are normally distributed. 10,000 repetitions were performed and the mean
values of the estimates are reported in Panel B of Table 3, for each combination of ¢ and o.. The
estimates have not been bias corrected in any way, and the serial correlation correction term of the
estimator is not included. Since the error terms all have the same variance, the division by €; in the
numerator and denominator is not performed either.

If the asymptotic results are valid finite sample approximations, the values in Panel A and Panel
B of Table 3 should be close for corresponding values of ¢ and o.. This also turns out to be the case,
and the median estimator does appear to be robust with regard to the variance of the local-to-unity
parameter.

Since the asymptotic bias seems like a reasonable approximation of the finite sample bias, a simple
bias-correction scheme, based on the asymptotic results, can be implemented. Denote g (c) = 9(1] / 6?(2]
for 0. = 0. Table 4 tabulates the values of g (¢) for ¢ € [-50,10]. As is seen, g (c) is strictly increasing
in c. A bias corrected version of & which we will denote ¢*, is now obtained by setting ¢t = g=1 (¢).
The estimator ¢ is now a nearly consistent estimator of ¢, in the general case of o, > 0, and exactly
consistent for the special case of 0. = 0. The bias correction scheme is particularly simple for the cases
of 9?/93 < —8.78 and for 0(1)/ 05 > 4.90. According to the results of Table 4, 9(1)/ 05 = ¢ —1.28 for
09/ 05 < —8.78 and 67/ 63 = c for 67/69 > 4.90.

Performing an identical Monte Carlo simulation as the one described above, the bias corrected
estimates & are calculated and the estimated densities of these estimates are plotted in Figure 2. The
densities of the estimates are centered very close to the true value of ¢, even for large values of o..

Panels encountered in empirical practice are seldom as large as the ones used in the Monte Carlo

10



simulation above. In Table 5 and Figure 3, I show the results from a Monte Carlo simulation with
n = 20 and T = 100. The local-to-unity parameters are once again drawn from normal distributions,
and the innovation processes are also iid normal, with unit variance. The mean values of the estimates
presented in Table 5 generally look good. Considering the estimated densities, shown in Figure 3, the
dispersion of the estimates for large values of o, is, of course, fairly large, given the small sample size.
But, for reasonable values, like o, = 5 and ¢ = —10, the estimator still appears to perform acceptably,
given the sample size.

Simulation results not reported in this paper also illustrate that the estimator é* works well for
estimating average local-to-unity parameters when the distribution of the ¢;s is not normal. In the two
cases where the ¢;s were drawn from either uniform distributions or Cauchy distributions, the estimator
¢t was shown to deliver nearly unbiased estimates in finite samples. These results are available from

the author upon request.

4.2 Asymptotic normality and standard error estimation

Having established convergence of ¢ to 6! / 65 as (n,T — c0), I now derive the asymptotic distribution
of the estimator. Since the bias corrected estimator & is merely a shifted version of & it will have

the same asymptotic variance, but its distribution will be centered on g~—* (9[1) / Og), rather than on

07/ 694

Theorem 2 Under Assumptions 1-3, as (T,n — oo)seq,

v (e—07/63)
= N (0, R (f?) S (01, %) ) : (21)
4000 f(09)°  4(69) f2(09)"  2(09)° f1(69) f2 (69)

where fi (0;) = ﬁFk (Ok), Fy () is the cumulative distribution function for my,; for k=1,2, and
v1g (01,02) = E [sign (m1,; — 01) sign (ma,; — 62)]. (22)

In order to perform inference on ¢ and ¢t, an estimate of the limit variance, given in equation
) )

(21), is needed. If one is willing to work with a specific parametric distribution for the ¢;s, such as

4The asymptotic normality of the estimator is only shown for sequential limits. Subject to some additional rate
restrictions on n and T the result also likely holds in joint limits as (n, T — oo) . However, due to the non-linear nature
of the median operator, the proof for joint limits becomes very technical and is not crucial to the relatively applied
discussion of this paper.

11



the normal distribution, then the densities f; (-) and f5 () can be calculated numerically for given 6;
and 6y, and estimates of f; (0[1)) and fo (08) are given by numerical calculation of f; (@1> and f (92)
Similarly, the expectation vyo (0[1), 93) could be numerically calculated. These numerical calculations
are straightforward extensions of the methods used for finding the medians of m; and mso, and will
not be detailed here.

However, by using non-parametric methods, estimates of the desired quantities can be obtained

without making any distributional assumptions. As argued above,
Fyr (0) = Pr(myir < 0k) — Pr(mg,; < 0k) = F (0r), (23)

as T — oo, for k =1,2 and ¢ = 1,...,n. Since Fj (-) is continuously differentiable with a continuous

derivative f (+), it follows that

d

for (0r) = a0,

Frr (0r) — d%szk (O) = fr (Ok) (24)

as T — oo. A consistent estimator for fi (6x) is given by the kernel density estimator,

:ihil <m1“T 91@)7 (25)

where K (-) is a kernel function and h is the bandwidth parameter. Consistent estimates of f; (67)
and fo (93) are now given by fi (91) and f> (92) Since the my ;s are 4id, standard results for
consistency of fx (0%) apply (e.g. Pagan and Ullah, 1999).

Finally, a consistent estimator of v15 (61, 62) is given by

012 (01,02) = Z sign (mq 17 — 01) sign (ma ;7 — 02), (26)
i=1
and a consistent estimate of v12 (9(1], 98) is provided by 012 (91, @2)
The non-parametric approach is obviously more robust than the parametric one first described and
is recommended in general. It is also the analogue of estimation procedures of the limiting covariance

matrix in standard Least Absolute Deviations (LAD) regressions.
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5 Conclusion

In this paper, I analyze the problem of estimating the average local-to-unity parameter from a panel
data set, where the local-to-unity parameters are treated as random variables. It is shown that the
generalization from the setup with identical local-to-unity parameters raises some real issues in terms
of consistency.

The pooled estimator for the average local-to-unity parameter is severely biased for even moderate
variations in the local-to-unity parameters and could provide very misleading results if used indiscrim-
inately. An alternative median based estimator is proposed instead. The idea behind this estimator
is simple. To obtain more robust estimates than those provided by the pooled estimator, the sample
median rather than the sample mean is used to extract the crucial cross-sectional information needed
to estimate the local-to-unity parameter. The median based estimator is analyzed for the specific case
of normally distributed local-to-unity parameters and is shown to exhibit a small asymptotic bias.
The bias, however, is almost independent of the variance of the local-to-unity parameters and a simple
bias-correction procedure is used to obtain nearly consistent estimates. The estimator is shown to
work well in finite samples and appears robust against deviations from the normality assumption.

One issue not considered in this paper is that of heterogenous deterministic trends. Moon and
Phillips (1999, 2000, and 2004) show that in the case of identical local-to-unity parameters, heteroge-
nous trends cause the standard pooled estimator to become inconsistent. The effect of deterministic

trends on the properties of the median based estimator proposed in this paper is left for future research.

A Appendix

A.1 Numerical calculation of the medians of m;; and my;
First, note that
1 1
T 0 =126 [T 0P dr 2 [ i ()i 0),
0 0
and, thus,

1 1 1
ci/ Ji (r)%zr+/ Joe, () dW; (1) = 2 (T, (1 1),
o o 2\

Further, from Phillips (1987),

1
¢ =4/ (e?¢i —1)N (0,1)

Ci.
QCi

1 jers
b = (02 )
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Thus,

Pr (Ji,ci (r)? < ZE2>

/ T Pr(—x < Ji, (1) < 2l e) fo () des

- / 20 [ —2 | 1] £ (e der (27)
— oo 2%.(6%:1-71)

0

The median of my ;, which we denote 61, is the solution to

% =Pr(my,; < 6,) =Pr (% (J (1) - 1) < 91) = Pr (—\/291 F1< Jie (1) < V20, + 1) .

01 is obtained by numerically evaluating the integral (27) and finding the value = which sets this
integral equal to one half. The median is then given by 6; = (:v2 — 1) /2.
In order to derive the median of ms ;, I use the characteristic function approach. By a result in

Tanaka (1996, chapter 4), the characteristic function of myg ,, for a fixed ¢;, is given by

| =E [exp {z’t/ol Jie, (1)? dr}

where A (¢;,t) = /2it — ¢?. By Lévy’s inversion theorem for nonnegative random variables,

¢m2|c¢ (t> =F [eitmz,i

e—ci/Q
Ci| = Cis

\/cos)\ (cist) — q%

1o [1—eite
Pr(me,; < zl¢;) = - Re — D msles (t)]| dt.
0

Thus, under the assumption of a random c¢;,

1— e—z’tw

Pr(mg,; <z) = /OO Pr(mg,; < x|¢;) fo(ci)de; = /_OO %/000 Re |:,L’—t¢m2ci (t)] dtf. (c;) de;.

This integral is evaluated numerically and 6 is given by the solution to % = Pr(me; < x).

A.2 Proofs of Theorems

Proof of Theorem 1. The first order condition for Hy, ,, 7 (0%), is

1 1
Gun (00) = £ 31 mesr > 61} =1 s < 601 = 0, (7).

) n
i=1

14



For fixed n, as T'— o0, by the continuous mapping theorem (CMT),

GknT :>

S

Z 1 {mk,i > Hk} -1 {m;m- < Gk}] = ka (Qk) .
i=1
The population moment condition for Gy, ,, (0y) is

0=Gr(Or) = E[1{my; > 0k}] — E[1{my; <O} =1—2F (0k),

where Fy, (+) is the cumulative distribution function for my ;. By definition, G, (9?) =Gy (98) =0

To prove the uniform convergence of Gy ,, 7 (- ), it is sufficient to show that

Zl{m11T<91} Pr(mi,; <61)| =

=1

sup
01€01

= sup
01€01

1 n
Z H{mygr <01} —E[1{mi; < 91}]‘ —p 0

i:l

uniformly in 601, as (n,T — o0). Consider, for a fixed 01,

T
Hmygr <01} =1 { Z [ Bio+ Yii—1) %yz‘,t—1 + (Bio + Yit—1) €t — T/A\l} < 91} :

For fixed 4, by the continuous mapping theorem for almost surely continuous functions,

1 1
1 {mM,T S 91} =1 {mu S 91} =1 {Cl/ Jivci (T)2 dr +/ Ji,&‘, (7’) dWZ (7") § 91} s
0 0

as T — oo, since A; —p A; and Q, —p ;. If the conditions of Corollary 1 of Phillips and Moon (1999)

are satisfied, it then follows that

1 n
- Z Hmygr <01} —p E[1{my; <0:}]

=1

as (n,T — oo) for fixed 6. Since 1 {m1 ;r < 61} is uniformly bounded, ||1 {m1;r < 61}|| is uniformly
integrable in T for all ¢ (Billingsley, 1995) and the other conditions of Corollary 1 of Phillips and Moon
(1999) hold trivially. Pointwise convergence, for fixed 61, as (n,T — ©0), is thus established.

Since O is a compact space, to establish uniform convergence one only needs to show that

Xy o1 (01) = %Z (I{m1,;7 <61} —E[1{mi; <0:1}])

=1

15



is stochastically equicontinuous. This follows by standard arguments and the proof is not detailed here.

The same arguments can be applied to G2, 7 (- ) and will not be repeated. Thus, as (n,T — 00),
Grnr(01) —=p 1 —2Pr(my,; <0),

uniformly in 6} and the desired result follows. m

Proof of Theorem 2. Observe first, that for fixed n, as T — oo,

Ja Ginr (61) L 2”: [1{m; > 07} =1 {m1; < 67}]
Gan,r (69) Vi~ [1{ma; > 05} — 1 {ma; < 69}]

By the Lindeberg-Feller central limit theorem (CLT), as n — oo,

" 1 >0 —1 ;<6
1 Z [1{ma, 1} {m1; < 07}] N (0,V),
n i=1 [1 {mg,i > 9(2]} —1 {mg,i < 98}]
where
v 1 E [sign (mM - 6?(1)) sign (’I’I’Lg,i - 93)]
E [sign (mLi - 9(1]) sign (mg,i - 93)] 1

Thus, as (T,n — oo)seq,

= N(0,V).
Next, for k =1, 2, for fixed n, as T — o0,

Vi, (0) = V' (G, (0) — G (0)) = v (Gryn (0) — G (0))

By standard arguments for LAD estimators, /n (G, (6) — G (0)) is stochastically equicontious as
n — oo. It follows that vk, 1 (0) is stochastically equicontious as (T, — 00) -

From the expressions of Fj (01) and Fs (02), derived in Appendix A.l, it is obvious that they
are both differentiable, and, hence, so are G; (61) and G5 (f3). Having established the asymptotic

normality of G n,1 (02), and the stochastic equicontinuity of the normalized process v, 1 (), the

“ N !
asymptotic normality of (91, 02) now follows from standard results for extremum estimators with non-

16



smooth criterion functions (e.g. Theorem 7.1. in Newey and Mcfadden, 1994). The limiting covariance

matrix is given by

-1 -1
d d 1 v12(01,02)
WGl (01) v WGl (01) — f1(01)2 fl(lgl);z((z‘b)
d d v12(01,02) 1

a7 G2 (02) a7 G2 (02) i 351)}2@ f2(62)2

The final result for 91 / 92 folllows from the delta method. m
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Table 1: The bias properties of the pooled estimator in the case of normally distributed local-to-unity
parameters. Panel A shows the numerical values for the limit function of the pooled estimator, f(c, o).
Panel B shows the mean values of the pooled estimates of ¢, ¢, from a Monte Carlo simulation with
n =100 and T = 1,000, using 10, 000 repetitions. The innovations are 7¢d normal with variance equal
to one. The local-to-unity parameters are also drawn from normal distributions with mean ¢ given by
the left most column and standard deviation o, given by the top row.

o
c 0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
Panel A.

-50.0 -50.0 -50.0 -49.9 -498 -49.7 -495 -493 -488 76.3 110.5 148.7
-40.0 -40.0 -40.0 -39.9 -39.8 -39.6 -394 -39.1 56.2 86.5 120.7 158.7
-30.0 -30.0 -30.0 -299 -29.7 -295 -29.1 401 66.5 96.7 130.8 168.8
-20.0 -20.0 -20.0 -198 -195 -19.1 290 506 76.7 106.8 140.9 178.9
-10.0 -100 -99 -96 -87 203 387 608 8.9 1169 150.9 188.9
-90 -90 -89 -85 -6.6 214 397 61.8 879 1179 151.9 189.9
-80 80 -79 -5 -2.6 225 408 628 8.9 1189 1529 191.0
70 -70 -69 -64 3.8 236 418 639 899 1199 1539 192.0
-6.0 -60 -58 -b5.2 85 247 428 649 909 1209 155.0 193.0
-0 -50 -48 -3.8 109 25,7 438 659 919 122.0 156.0 194.0
-40 -40 -38 -21 124 268 449 669 929 123.0 157.0 195.0
3.0 -30 -27 02 136 27.8 459 679 94.0 124.0 158.0 196.0
-20  -20 -1.6 28 147 289 469 69.0 95.0 125.0 159.0 197.0
-1.0  -1.0 -0.4 50 158 299 48.0 70.0 96.0 126.0 160.0 198.0
0.0 0.0 0.9 6.6 169 31.0 49.0 71.0 97.0 127.0 161.0 199.0
1.0 1.0 2.2 79 180 320 50.0 72.0 98.0 128.0 162.0 200.0
2.0 2.0 3.4 91 19.0 33.0 51.0 73.0 99.0 129.0 163.0 201.0
3.0 3.0 45 102 201 341 520 740 1000 130.0 164.0 202.0
4.0 4.0 56 11.3 21.1 351 531 750 101.0 131.0 165.0 203.0
5.0 5.0 6.7 123 222 36.1 54.1 76.1 102.0 132.0 166.0 204.0

Panel B.

-50.0 -50.0 -50.0 -49.9 -499 -49.7 -495 -493 -49.1 487 -484 -47.9
-40.0 -40.0 -40.0 -39.9 -39.8 -39.6 -394 -39.1 -388 -383 -37.8 -37.1
-30.0 -30.0 -30.0 -29.9 -29.7 -29.5 -29.2 -288 -282 -274 -26.0 -23.6
-20.0 -20.0 -20.0 -19.8 -196 -19.2 -186 -175 -15.3 -11.1 -9.5 0.3
-10.0 -100 -99 -96 -89 -7T0 -25 2.6 6.7 9.7 123 1438
-90 -90 -89 86 -7.7 51 -0.2 4.6 8.0 107 133 16.0
-80 80 -79 -5 -64 -3.0 2.1 6.1 9.1 11.7 143 16.9
-r0 -70 -69 -64 -48 -07 3.9 7.5 10.2 128 154 179
-6.0 -60 -39 -53 -3.0 1.5 5.6 8.6 112 138 164 189
-0 -50 -48 40 -11 3.5 6.9 9.7 122 148 173 197
-40 -40 -38 -26 1.0 5.0 81 107 132 158 183 209
30 -30 -27 -11 2.9 6.3 91 11.v 142 169 194 218
-20  -20 -1.6 0.6 4.4 74 101 127 153 179 204 229
-1.0  -1.0 -0.4 2.3 5.7 85 11.1 13.7 163 188 214 239
0.0 0.0 0.8 3.7 6.8 95 121 147 173 198 223 249
1.0 1.0 2.0 5.0 79 106 132 157 183 208 234 258
2.0 2.0 3.2 6.1 89 115 142 168 193 21.7 244 268
3.0 3.0 4.3 7.1 9.9 126 152 178 203 228 253 279
4.0 4.0 5.4 82 109 136 16.1 187 21.3 239 263 289
5.0 5.0 6.4 92 119 146 172 19.7 222 248 273 298
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Table 2: The bias properties of the pooled estimator in the case of uniformly distributed local-to-unity
parameters, where ¢; is given by the left most column and ¢, by the top row. Panel A shows the
numerical values of the function f“(¢;,c¢,). Panel B reports the mean values of the pooled estimates
of ¢ from a Monte Carlo simulation with n = 100 and 7" = 1, 000, using 10, 000 repetitions. The local-
to-unity parameters are drawn from uniform distributions with parameters ¢; and ¢,. The numbers in
parentheses are the true values for c.

Cy
1) -20.0 -15.0 -10.0 -5.0 0.0 5.0 10.0
Panel A.
-25.0 -22.4 -19.6 -16.4 -12.6 -6.5 4.2 9.4
-20.0 -17.4 -14.5 -10.9 -5.4 4.2 9.4
-15.0 -12.3 -9.2 -4.3 4.2 9.4
-10.0 -7.2 -3.1 4.2 9.4
-5.0 -1.8 4.3 9.4
0.0 4.3 9.4
5.0 9.4
Panel B.
-25.0 -22.4 -19.6 -16.5 -12.6 -6.7 3.8 9.2
(-22.5) (-20.0) (-17.5) (-15.0) (-12.5) (-10.0) (-7.5)
-20.0 -17.4 -14.5 -11.0 -5.6 3.9 9.2
(-17.5)  (-15.0) (-12.5) (-10.0) (-7.5)  (-5.0)
-15.0 -12.4 -9.2 -4.5 4.0 9.2
(-12.5)  (-10.0) (-7.5) (-5.0) (-2.5)
-10.0 -7.3 -3.2 4.1 9.3
(-7.5) (-5.0) (-2.5)  (0.0)
-5.0 -1.8 4.2 9.3
(-2.5) (0.0) (2.5)
0.0 4.3 9.4
(2.5)  (5.0)
5.0 9.4
(7.5)
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Table 3: The bias properties of the median based estimator for normally distributed local-to-unity
parameters. Panel A shows numerical values for the limit function, 69 /69, for different combinations
of ¢ and o.. Panel B shows mean values of the median based estimates of ¢, ¢, from a Monte Carlo
simulation with n = 100 and 7" = 1,000, using 10,000 repetitions. The innovations are iid normal
with variance equal to one. The local-to-unity parameters are also drawn from normal distributions
with ¢ given by the left most column and o, given by the top row. The estimates have not been bias
corrected.

Oc
c 0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
Panel A.

-50.0 -51.3 -51.3 -51.3 -51.3 -51.3 -51.3 -51.3 -51.3 -51.3 -51.3 -51.3
-40.0 -41.3 -41.3 -41.3 -413 -413 -413 -41.3 -413 -41.3 -41.3 -41.3
-30.0 -31.3 -31.3 -31.3 -31.3 -31.3 -31.3 -31.3 -31.3 -31.3 -31.3 -31.3
-200 -21.3 -21.3 -21.3 -21.3 -21.3 -21.3 -21.3 -21.3 -21.3 -21.3 -21.3
-100 -11.3 -11.3 -11.3 -11.3 -11.3 -11.3 -11.2 -11.2 -11.2 -11.2 -11.2
-9.0 -103 -103 -103 -103 -103 -10.3 -10.2 -10.2 -10.2 -10.2 -10.2
80 -93 -93 -93 -93 -93 -92 -92 -92 -92 -92 -92
-r0 83 83 83 83 83 82 82 82 82 82 -82
-0 -v3 -*3 -3 -3 -T2 -2 -r2 -r2 -r2 -r1 -7l
-0 -63 -63 -63 -62 -62 -62 -62 -61 -61 -61 -6.1
-40 -3 -3 =52 52 52 52 51 -51 -51 =51 51
3.0 42 42 42 42 41 41 -41 -41 -41 -41 -40
-20 32 32 32 31 31 31 -31 -30 -30 -3.0 -30
-10 -21 -21 -21 -20 -20 -20 -20 -20 -20 -20 -20
0 -09 -09 -09 -09 -09 -09 -09 -09 -09 -09 -09
1.0 0.4 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.2 0.2 0.2
2.0 1.7 1.6 1.5 1.5 1.5 1.4 14 14 1.4 14 1.4
3.0 2.9 2.7 2.6 2.6 2.6 2.6 2.6 2.6 2.6 2.6 2.6
4.0 4.0 3.8 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7 3.7
5.0 5.0 4.8 4.8 4.8 4.8 4.8 4.8 4.8 4.8 4.8 4.8

Panel B.

-50.0 -51.0 -51.0 -51.0 -51.0 -51.0 -51.0 -51.0 -51.0 -51.0 -50.9 -51.0
-40.0 -41.0 -41.0 -41.0 -41.0 -41.0 -41.0 -41.0 -41.0 -41.0 -41.0 -41.0
-300 -31.0 -31.0 -31.0 -31.0 -31.0 -31.0 -31.0 -31.0 -31.0 -31.0 -31.0
-200 -21.1 -21.1 -21.1 -21.1 -21.0 -21.1 -21.0 -21.0 -21.0 -21.0 -21.0
-100 -11.1  -11.1 -111 -11.1 -11.1 -11.1 -11.1 -11.1 -11.0 -11.0 -11.0
-9.0 -10.2 -101 -10.1 -10.1 -10.1 -10.1 -10.1 -10.1 -10.0 -10.0 -10.0
80 91 -92 91 -91 -91 -91 -91 -91 -90 -90 -9.0
-r0 83 82 82 81 81 -8&1 81 -81 -80 -80 -8.0
-0 -v3 -2 -3 -72 -1 -7 -1 -1 -7r0 -70 -70
-0 -63 -62 -63 -62 -61 -61 -61 -60 -61 -60 -6.0
-40 -52 52 53 52 51 51 <51 <51 -50 -50 -5.0
3.0 42 42 43 41 -41 41 -41 -41 -40 -40 -40
-20 33 32 31 -31 31 30 -30 -30 -30 -30 -3.0
-10 -21 -21 -21 -20 -20 -20 -20 -20 -19 -19 -19
o0 -10 -09 -09 -09 -09 -09 -09 -09 -08 -08 -0.8
1.0 0.4 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3
2.0 1.7 1.6 1.5 1.4 1.5 1.5 1.5 1.5 1.5 1.5 1.5
3.0 2.9 2.7 2.7 2.7 2.7 2.7 2.7 2.7 2.7 2.7 2.7
4.0 4.0 3.8 3.8 3.8 3.8 3.8 3.8 3.8 3.8 3.8 3.8
5.0 5.0 4.8 4.8 4.8 4.8 4.8 4.8 4.9 4.9 4.9 4.9
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Table 4: Numerical values for the limit function of the median based estimator, 89 /63, for the homoge-
nous case o, = 0.

c 607/605 c 07/69 c 607/605 c 07/69 c 607/69 c 607/605
-50.00 -51.28 -14.00 -15.28 -6.80 -8.07 -3.20 -4.45 040 -042 4.00 3.98
-49.00 -50.28 -13.00 -14.28 -6.70 -7.97 -3.10 -4.35 0.50 -0.28 4.10  4.08
-48.00 -49.28 -12.00 -13.28 -6.60 -7.87 -3.00 -4.24 0.60 -0.15 420 4.18
-47.00 -48.28 -11.00 -12.28 -6.50 -7.77 -290 -4.14 0.70 -0.01 430 4.29
-46.00 -47.28 -10.00 -11.28 -6.40 -7.67 -2.80 -4.04 0.80 0.13 440 4.39
-45.00 -46.28 -9.90 -11.18 -6.30 -7.57 -270 -3.94 090 027 450 449
-44.00 -45.28 -9.80 -11.08 -6.20 -7.47 -2.60 -3.83 1.00 041 460 4.59
-43.00 -44.28 -9.70 -10.98 -6.10 -7.37 -250 -3.73 1.10 054 470  4.69
-42.00 -43.28 -9.60 -10.88 -6.00 -7.27 -240 -3.63 120 0.68 4.80 4.79
-41.00 -42.28 -9.50 -10.78 -5.90 -7.17 -230 -3.52 130 0.82 490 4.90
-40.00 -41.28 -9.40 -10.68 -5.80 -7.07 -220 -342 140 096 5.00 5.00
-39.00 -40.28 -9.30 -10.58 -5.70 -6.97 -2.10 -3.32 150 1.09 6.00 6.00
-38.00 -39.28 -9.20 -1048 -5.60 -6.87 -2.00 -321 160 1.22 7.00 7.00
-37.00 -38.28 -9.10 -10.38 -5.50 -6.77 -190 -3.11 1.70 1.36 8.00  8.00
-36.00 -37.28 -9.00 -10.28 -5.40 -6.67 -1.80 -3.00 1.80 149 9.00  9.00
-35.00 -36.28 -8.90 -10.18 -5.30 -6.57 -1.70 -2.89 190 1.61 10.00 10.00
-34.00 -35.28 -8.80 -10.08 -5.20 -6.47 -1.60 -2.79 2.00 1.74
-33.00 -34.28 -870 -9.98 -510 -6.37 -1.50 -2.68 2.10 1.87
-32.00 -33.28 -8.60 -9.88 -5.00 -6.27 -1.40 -2.,57 220 199
-31.00 -32.28 -850 -9.78 -490 -6.17 -1.30 -246 230 211
-30.00 -31.28 -840 -9.68 -4.80 -6.07 -1.20 -2.35 240 223
-29.00 -30.28 -830 -9.58 -4.70 -5.97 -1.10 -2.24 250 235
-28.00 -29.28 -820 -948 -4.60 -5.87 -1.00 -2.13 2.60 247
-27.00 -28.28 -8.10 -9.38 -4.50 -5.76 -0.90 -2.02 2.70 2.8
-26.00 -27.28 -8.00 -9.28 -4.40 -5.66 -0.80 -1.90 2.80  2.69
-25.00 -26.28 -7.90 -9.18 -430 -556 -0.70 -1.79 290 281
-24.00 -25.28 -7.80 -9.08 -420 -546 -0.60 -1.67 3.00 292
-23.00 -24.28 -7.70 -898 -410 -536 -0.50 -1.55 3.10 3.03
-22.00 -23.28 -7.60 -888 -4.00 -526 -040 -1.43 320 3.14
-21.00 -22.28 -7.50 -878 -390 -5.16 -0.30 -1.31 3.30 3.24
-20.00 -21.28 -740 -8.67 -3.80 -5.06 -0.20 -1.19 3.40 3.35
-19.00 -20.28 -7.30 -857 -3.70 -496 -0.10 -1.06 3.50  3.46
-18.00 -19.28 -7.20 -847 -3.60 -486 0.00 -0.94 3.60 3.56
-17.00 -18.28 -7.10 -837 -3.50 -475 0.10 -0.81 3.70  3.67
-16.00 -17.28 -7.00 -8.27 -3.40 -4.65 020 -0.68 3.80 3.77
-15.00 -16.28 -6.90 -8.17 -3.30 -455 030 -0.55 3.90 3.88
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Table 5: Mean values of the bias corrected median estimates of ¢, ¢+, from a Monte Carlo simulation
with n = 20 and T = 100, using 10,000 repetitions. The innovations are iid normal with variance
equal to one. The local-to-unity parameters are also drawn from a normal distribution with ¢ given
by the left most column and o, given by the top row.

Oc
c 0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
-50.0 -49.1 -49.1 -49.1 -49.1 -49.0 -49.1 -49.0 -49.0 -489 -48.9 -48.38
-40.0 -39.3 -39.3 -393 -393 -39.2 -392 -392 -39.1 -39.1 -39.1 -39.1
-30.0 -294 -294 -294 -294 -294 -294 -293 -294 -293 -292 -29.3
-200 -19.5 -195 -19.6 -195 -195 -195 -19.5 -194 -19.5 -194 -194
-100 -97 -97 97 -97 96 -96 -95 -95 -94 -94 -93
90 87 87 87 87 86 -86 -85 -85 -84 -84 -83
80 -v7 T -rvoo -t 76 75 7S5 715 T4 -T4
-r0 -68 -67 -67 -67 -67 -66 -65 -65 -64 -64 -6.3
-60 -58 -58 57 57 56 -56 -55 -55 -54 -55 -54
-5.0 -48 48 47 47 47 46 -46 -45 -45 -45 -44
-40 -38 -38 38 37 37 36 -36 -35 -35 -35 -34
3.0 -29 -29 -28 27 27 -26 -26 -26 -25 -25 -25
-20 -19 -19 -18 -18 -17 -17 -17 -16 -16 -15 -1.5
-10 -10 -09 -09 -09 -08 -08 -08 -07 -07 -06 -0.6
0.0 -0.0 0.0 0.0 0.1 0.1 0.1 0.2 0.3 0.3 0.4 0.5
1.0 1.0 0.9 0.9 1.0 1.0 1.1 1.1 1.2 1.3 1.3 1.4
2.0 2.0 1.9 1.9 1.9 2.0 2.0 2.1 2.2 2.2 2.3 24
3.0 3.0 2.9 2.8 2.9 2.9 3.0 3.1 3.1 3.2 3.3 3.4
4.0 4.0 3.8 3.8 3.9 3.9 4.0 4.1 4.2 4.3 4.3 4.3
5.0 5.0 4.9 4.9 4.9 5.0 5.1 5.1 5.2 5.2 5.4 5.4
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Figure 1: Estimates of the density functions of the pooled estimates of ¢, ¢, in a Monte Carlo simulation.
The sample size is n = 100 and T' = 1,000, using 10, 000 repetitions. The innovations are i¢d normal
with variance equal to one. The local-to-unity parameters are also drawn from a normal distribution

with the mean and variance given above each graph.

corresponds to o, = 5 and the dotted line to . = 10.
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In the right hand graphs, the dashed line
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Figure 2: Estimates of the density functions of the bias corrected median estimates of ¢, ¢t, in a

Monte Carlo simulation. The sample size is n = 100 and 7" = 1,000, using 10,000 repetitions. The
innovations are iid normal with variance equal to one. The local-to-unity parameters are also drawn

from normal distributions with the mean and variance given above each graph. In the right hand
graphs, the dashed line corresponds to 0. = 5 and the dotted line to o, = 10.
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Figure 3: Estimates of the density functions of the bias corrected median estimates of ¢, ¢*, in a Monte
Carlo simulation. The sample size is n = 20 and T" = 100, using 10, 000 repetitions. The innovations
are 7¢d normal with variance equal to one. The local-to-unity parameters are also drawn from normal
distributions with the mean and variance given above each graph. In the right hand graphs, the dashed
line correspond to o, = 5 and the dotted line to o, = 10.
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