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1 Introduction

The class of international business cycle models nested in the framework of Corsetti, Dedola,
and Leduc (2008) admits multiple steady states with zero net foreign asset holdings, if the
elasticity of substitution between traded goods is sufficiently low. This paper explores the con-
ditions under which such multiplicity occurs and characterizes the models’ dynamic properties
in the neighborhood of each steady state.

Equilibrium multiplicity is a pervasive feature of models with heterogenous agents. To
build intuition consider the case of a static two-country endowment economy with two traded
goods that are imperfect substitutes as in Kehoe (1991) and Mas-Colell, Whinston, and
Green (1995). For simplicity, let the countries be mirror images of each other with respect to
preferences and endowments. One equilibrium always features a relative price of the traded
goods equal to unity. With home bias in consumption and a low elasticity of substitution
between the traded goods, two more equilibria occur. If the price of the domestic good is high
relative to the price of the foreign good, domestic agents are wealthy compared to foreign
agents. Under a low elasticity of substitution, foreigners are willing to give up most of their
good in order to consume at least some of the domestic good, and domestic agents end up
consuming most of both goods. The reverse is true as well. Foreign agents consume most of
the goods, if the foreign good is expensive in relative terms.

This intuition carries over to richer models of the international business cycle that feature
international borrowing and lending, endogenous production, intertemporal savings and in-
vestment decisions, or non-traded goods. For these models to feature multiple steady states
with zero net foreign assets under an otherwise standard calibration the elasticity of substi-
tution between traded goods has to lie below 0.5.) Whereas in most studies the elasticity of
substitution between traded goods and the trade (price) elasticity coincide, the two concepts
differ in the model of Corsetti, Dedola, and Leduc (2008) due to the presence of non-traded

distribution services. If the model is parameterized as in Corsetti, Dedola, and Leduc (2008),

Prominent examples of such models are found in Backus, Kehoe, and Kydland (1995), Baxter and Crucini (1995),
Heathcote and Perri (2002), and Stockman and Tesar (1995). However, none of these papers explores the possibility of
multiple steady states, as the elasticity of substitution is generally assumed to be above unity.



multiple steady states occur for an elasticity of substitution between traded goods around
unity, although the implied trade elasticity lies in the neighborhood of 0.5.

For a symmetric parameterization of the model I generally find three steady states. How-
ever, the model by Corsetti, Dedola, and Leduc (2008) can be shown to have at least five
steady states for some parameterizations.?

The multiplicity of the steady state price vector occurs whether international financial
markets are absent from the model or one focuses on an incomplete financial markets frame-

3 This problem is unrelated to the issues

work with zero net foreign assets in steady state.
about incomplete markets models addressed in Schmitt-Grohé and Uribe (2003) and many
others. In standard incomplete markets model with one non-state-contingent bond the de-
terministic steady state of the net foreign asset position is not determined and the dynamics
of the net foreign asset position as derived from a linear approximation of the model around
a deterministic steady state are not stationary.* Absent arbitrage opportunities, the price
of the non-state-contingent bond implies that expected marginal utility growth is equalized
across countries. In the deterministic steady state, this condition contains no information
about the steady state values of the system and the system of equilibrium conditions becomes
underdetermined. In particular, any net foreign asset position is compatible with a steady
state.

To determine the steady state position of net foreign assets and to remove the non-
stationarity of its dynamics, I modify the original model similar to Schmitt-Grohé and Uribe
(2003) by allowing for portfolio costs, a debt-elastic interest rate, or an endogenous discount

factor. This list is augmented by the overlapping generations structure of Weil (1989) as
implemented in Ghironi (2006) and Ghironi (2008). I show that the choice of a stationar-

2In the working paper version of Corsetti and Dedola (2005), the authors point out that for the case of an endowment
economy a model with distribution costs admits multiple equilibria in the absence of international borrowing and lending.
However, no systematic exploration of this feature is conducted.

3Multiplicity of the steady state price vector can also occur if the net foreign asset position differs from zero in steady
state. However, the assumption of zero net foreign assets in steady state is widely made in the literature and implies that
the steady states of the incomplete markets model coincide with those obtained in a model without financial markets.

4While throughout the analysis the only asset that trades internationally is one non-state-contingent bond, the issues
raised carry over to environments with more assets such as those presented in Devereux and Sutherland (2008) as long as
the available assets do not complete the market.



ity inducing device is not innocuous as it affects both the number of steady states in a low
elasticity environment and the dynamics of the model around a steady state.

With portfolio costs, agents face a non-zero cost for bond holdings that differs from a
reference level for international bond holdings specified exogenously by the researcher. Fur-
thermore, the steady state is unique and stable only if the model with financial autarchy
(or equivalently with incomplete markets and a zero net foreign asset position) has a unique
steady state. If the original model has N steady states, the model with portfolio costs has
N steady states. Those steady states for which the excess demand of the foreign good is
decreasing in its relative price are associated with unique and locally bounded equilibrium
dynamics. If the excess demand function is increasing in its relative price in a given steady
state, the local equilibrium dynamics are not bounded. Interestingly, if multiple steady states
occur under a symmetric calibration, it is typically the symmetric steady state that is associ-
ated with unbounded dynamics. Similar results are obtained for the cases of the debt-elastic
interest rate and the overlapping generations framework.

Following Uzawa (1968), when the discount factor is assumed to be endogenous, an agent’s
rate of time preference is strictly decreasing in the agent’s utility level. With strictly concave
preferences and technologies the relative price of traded goods is uniquely pinned down under
endogenous discounting given the function of the discount factor. The net foreign asset
position is merely a residual. The equilibrium dynamics in the neighborhood of the unique
steady state are always unique and locally bounded irrespective of the number of steady states
in the original model with incomplete markets.’

Schmitt-Grohé and Uribe (2003) also analyze the case of complete markets. In this case,
the net foreign asset position is a residual that does not enter the equilibrium dynamics
as a state variable. The steady state of such a model is always unique and the associated
equilibrium dynamics are unique and bounded.

Both Schmitt-Grohé and Uribe (2003) and Kim and Kose (2003) find that for the case of

a small open economy the various approaches imply virtually identical dynamics. However,

5If the discount factor was increasing in the agent’s utility level, the dynamics around any steady state would always be
unbounded.



generalizing this finding to richer models as made by many researchers, may not be appropri-
ate. Boileau and Normandin (2008) extend the analysis in Schmitt-Grohé and Uribe (2003)
to a two-country model with one homogeneous good. Quantitative differences can occur in
their setup depending on the persistence of technology shocks.

This paper exclusively analyzes the local dynamics around a given steady state. However,
in the presence of multiple steady states, global solution techniques may find richer dynamics
than local solution techniques. Bodenstein (2010) presents an analysis of the global dynamics
in the model of Backus, Kehoe, and Kydland (1995) under endogenous discounting when the
elasticity of substitution between traded goods is sufficiently low.

Remains to address the empirical relevance of models with low trade and substitution
elasticities. For aggregate data Whalley (1984) reports a trade elasticity of 1.5. Hooper,
Johnson, and Marquez (1998) report a short-run trade elasticity of 0.6 for the U.S. and values
between 0 and 0.6 for the remaining G7 countries, while Taylor (1993) finds a short-run trade
elasticity of 0.22. Using lower levels of aggregation, Broda and Weinstein (2006) report mean
estimates for the elasticity of substitution for various pairs of traded goods between 4 and 6.

Applied macroeconomic studies, have commonly parameterized the substitution elasticity
between traded goods at a value between 1 and 1.5 (see e.g. Backus, Kehoe, and Kydland
(1995), Chari, Kehoe, and McGrattan (2002), and Heathcote and Perri (2002)). However,
in line with the macroeconometric evidence, various authors have recently argued in favor of
low values of the trade elasticity which coincides with the elasticity of substitution between
traded goods for these studies. Heathcote and Perri (2002), Benigno and Thoenissen (2008)
and Collard and Dellas (2007) show improved model performance with respect to key features
of the international business cycle when allowing for substitution elasticities below 0.5.

Burstein, Neves, and Rebelo (2003), Corsetti and Dedola (2005), and Corsetti, Dedola,
and Leduc (2008) refrain from assuming such low substitution elasticities directly, but instead
introduce distribution costs in terms of non-traded goods to obtain a low implied value of
the trade elasticity despite allowing the elasticity of substitution between traded goods to be

around unity. The model in Corsetti, Dedola, and Leduc (2008) successfully addresses two



important puzzles in international economics: the high volatility of the real exchange rate
relative to fundamentals and the observed negative correlation between the real exchange
rate and relative consumption (Backus and Smith (1993)).

As Kollmann (2006) shows, a low elasticity of substitution between traded goods may
also be responsible for the apparent home bias in equity holdings. Rabanal and Tuesta
(2010) estimate a DSGE model with sticky prices using a Bayesian approach. Their median
estimates for the elasticity of substitution range from 0.01 to 0.91 for different specifications
of their model. Lubik and Schorfheide (2006) estimate the elasticity of substitution to be
around 0.4.

The remainder of the paper is structured as follows. Section 2 introduces the issues con-
sidered in this paper in a simple model. Section 3 lays out the general model, which is
parameterized in Section 4. Steady state multiplicity is discussed in Section 5, while the local
dynamics of the model are discussed in Section 6. Concluding remarks are offered in Section

7. The paper is accompanied by a separate Technical Appendix.

2 Simple example

Consider a two-country, two-good endowment economy with incomplete international financial
markets. The two countries are each inhabited by a continuum of identical agents of measure
1. This model extends the introductory example in Corsetti, Dedola, and Leduc (2008) to a
dynamic environment. I first illustrate under what restrictions on the value of the elasticity
of substitution between traded goods the model admits multiple deterministic steady states.
Second, I relate steady state multiplicity to the question when the local dynamics around a
given steady state are locally bounded or unbounded.

Each period t + j, agents in country ¢ obtain ygt +; units of the traded good i. Agents
consume both the home and the foreign good and maximize their expected discounted lifetime

utility. The only asset that trades internationally is one non-state-contingent bond. More



formally, a representative agent faces:
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All variables are expressed in per capita terms. c¢;, is the consumption of good m by agents
of country ¢. P; is the price of good 7. b; denotes holdings of a non-state-contingent bond with
price ();. To rule out Ponzi-schemes, I assume that agents face an upper bound for borrowing
b; that is large enough to never bind in this application. The aggregate consumption good ¢!

satisfies:

£
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with 0 < ol < 1fori=1,2 and m = 1,2. The elasticity of substitution between the two

traded goods is denoted by €. Market clearing requires:

T

Cllt+j T C21t45 = Y1444 (4)
T

Cl2,445 T C22,t45 = Y2444 (5)

bii+j + by = 0. (6)

The price of the aggregate consumption good in country 1 is taken to be the numéraire.

2.1 Steady state multiplicity

Under the assumption that the net foreign asset position is zero in steady state (b; = 0),
this model can display multiple distinct steady states if the elasticity of substitution between
the two traded goods is sufficiently low. The relative price ¢ = % constitutes a steady state

equilibrium, if the excess demand function for good 2 satisfies:

2 (q) = c12(q) + ¢22 (@) — w3 ()
23(q) <0, 00> ¢ >0and gz (¢q) =0. (7)



Applying standard fixed-point theorems, it can be shown that a steady state exists for this

model. Furthermore, by virtue of the index theorem, see Kehoe (1991) and Mas-Colell, Whin-

ston, and Green (1995), the number of steady state equilibria needs to be odd. Furthermore,

if the slope of the excess demand function is positive for a given steady state value of ¢ with

zero net foreign assets, there must be

at least two more values of ¢ for which z; (¢) = 0.

Figure 1: Excess demand function and steady state multiplicity

elasticity of substitution ' =0.60

T T T T

~ 0.02f :
N
oN
8 oo1f
[@2]
2
1] or
=
[}
o
@ -0.01F
[}
Q
x
® _0.02} :

| | | | 1 | | | |
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

normalized relative price good 2 g/(1+q)

elasticity of substitution ¢ = 0.42

T T T T
~ 0.02f :
N
N
8 oo1f
(@2]
2
< or
£
[}
o
@ -0.01F
[}
Q
3
-0.02 : -
| | | | 1 | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

normalized relative price good 2 g/(1+q)

Notes: The figure plots the excess demand function for good 2 as a function of the normalized
relative price ¢/(1 + q) with aﬂ = agg = 0.9, O‘sz =1- az;, and y? = yg = 1. The solid
line depicts the excess demand function. The dotted vertical lines indicate the zeros of the excess
demand function. For € = 0.6, the unique zero features q/(1 + ¢q) = 0.500. For T = 0.42, the

three zeros occur at q/(1 + q) equal to 0.043, 0.500, and 0.957, respectively.

To advance the analysis, I set o, = «

T

mm?

al=1—al fori=1,2and m=1,2 and fix

m?

yl' = yI' in steady state. Under these assumptions, one steady state always features ¢ = 1,

ie., liJrq = 0.5, irrespective of the value of . Figure 1 plots the excess demand for good
2 as a function the normalized price %q for a high and a low value of €. The remaining



parameter values are al; = al, = 0.9, ol = 1—al;, and yI = yJ = 1. In the case of 7 = 0.6,
the excess demand function equals zero only for ¢ = 1. Furthermore, the slope of the excess
demand function is negative at ¢ = 1. For the lower value of €7 of 0.42, the slope of the excess
demand function is positive at the steady state equilibrium with ¢ = 1. Consequently, there
are two more price equilibria: one for %q = 0.043 and the other one for %q = 0.957.

As shown in Appendix A, the slope of the excess demand function in a deterministic steady
state is given by:

%_?q ~ @ {(1 7 (011@ N 022(Q)> _ 1}.

yT s

Balanced trade in steady state implies Cy# = o and the slope of the excess demand function

7

for good 2 is then positive at ¢ = 1, if:

T'<1-— . 8
== 20T (8)

Thus, the model features multiple steady states, whenever condition (8) is satisfied. For the
parameterization underlying Figure 1 the threshold value for the elasticity of substitution at
which steady state multiplicity occurs is 0.4444. The associated change in the sign of the slope
of the excess demand function from negative to positive at a low value of the substitution
elasticity lies behind what Corsetti, Dedola, and Leduc (2008) term “the negative transmission

mechanism” and allows their model to be a candidate solution to the Backus-Smith puzzle.®

2.2 Local equilibrium dynamics

The incomplete markets model outlined in the previous section features two well-known prob-
lems if the decision rules are derived from a linear approximation around a deterministic
steady state. First, any value of the net foreign asset position is compatible with a steady
state. Second, the model is not stationary as the net foreign asset position follows a unit root

process.

6Corsetti, Dedola, and Leduc (2008) argue that a positive supply shock to the home country can cause an appreciation
of the home country’s terms of trade when the excess demand function is upward sloping in the steady state around which
the model is linearized. Absent “the negative transmission mechanism” their model can resolve the Backus-Smith puzzle
only for very persistent shock processes.

10



The first order conditions with respect to bond holdings imply, that expected marginal

utility growth expressed in a common good needs to be equalized across countries:

1 1
T T
B Cl 4414 —F Cott1+j TETr¢y 9
oy |8 G} | Z By |6 (2 . o
Lit+j C2,t4j Terit1+j

In steady state, equation (9) reduces to an identity, leading to a system of N unknown
endogenous variables, but N — 1 equations. It is common practice to exogenously specify the
steady state value of the net foreign asset position. For the remainder of the paper, 1 will
assume that the net foreign position is zero in steady state. Thus, the model with incomplete
markets has the same steady states as a model without internationally traded assets.
However, imposing the steady state level of net foreign assets exogenously does not remove
the unit root of the net foreign asset position in the approximate model. Following among

others Schmitt-Grohé and Uribe (2003), I introduce portfolio costs to render the net foreign

bi,t+j
P4

asset position stationary.” Households incur the cost %7 ( )2 P, ++; for holding or issuing
international debt. These costs are rebated lump-sum to the households. As portfolio costs
are zero whenever the net foreign asset position is zero, the steady states in the model with
portfolio costs are the same as in the model described in the previous subsection.

To study the dynamics around a given steady state, Appendix A shows that the unique

state variable Aby;_1,; satisfies the system:®

dzo dz9 q Ozo Ozo
DV, 24 9« \ dav adv]
—a5-0 0 Ab ; 1+8+8==7y]|% —2 JAN S
8qu2 q 1,t+1475 + dzo azqg q ;{12 q 1,t+j _
0 1 Aby ity -1 0 Aby 14

(10)
%iq?q represents the slope of the excess demand function for good 2. The term dz, is always

Ozo
odW1

negative in steady state. and the sign of is immaterial for the subsequent analysis. The

"The net foreign asset position becomes non-stationary as a result of using local solution techniques. While higher order
perturbation methods imply the same problems as a linear solution approach, global solution methods do not. If the model
was solved using global methods, stationarity would be preserved due to the presence of the borrowing constraints b;. In
addition, the concept of a deterministic steady state would need to be replaced by that of a stationary distribution.

8Ab; ;1 is the absolute deviation of real bond holdings b; ++;/P; ++; from zero.

11



portfolio costs imposed on the agents are represented by the parameter:

3 gl 1
S—— . ) (11)
321 (q) { q
o5, ,
The term 2%2 4 is positive (negative), whenever %—Z;q is negative (positive) in the deterministic

steady state around which the model is approximated.
The following theorem shows that steady states for which the excess demand function is

upward-sloping display unbounded dynamics under the portfolio cost approach.

Theorem 1 Around a given steady state, the eigenvalues of the dynamic system associated
with the portfolio cost model \; and Ay satisfy:

1. Fory=0, \1 =1 and \y = % Thus, bond holdings follow a unit-root process (restating
the non-stationarity problem under incomplete markets).

2. For v > 0, and %—Z;q < 0 (a downward sloping excess demand function), \y < 1 and
Ay >
bound

|

Thus, the dynamics around the point of approzimation are locally unique and

D ™

d.
3. For v > 0, and %Z;q > 0 (an upward sloping excess demand function), \y > 1 and

<A< % Thus, the dynamics around the point of approximation are not bounded.

Proof. The proof follows directly from the characteristic equation associated with the

approximate system:
Ozo
1+8  3,4. 1
N ——+=9]+==0. 12
( CR ol I 12)

If the number of eigenvalues larger than one in absolute value exceeds (falls short of) the

number of state variables, the equilibrium dynamics are not bounded (indeterminate). If the
number of such eigenvalues coincides with the number of state variables, the dynamics are
unique and bounded. W

An alternative approach of rendering the net foreign asset position stationary is due to
Uzawa (1968). As shown in Section 5, the steady state under endogenous discounting is
always unique for a given parameterization of the model. Replacing £’ in equation (1) by
Oitr14+j = ,Bi(cgt+j)6’i7t+j with 3 < 0 and, to ease exposition, assuming that agents do not

internalize the effects of their current choices on future discount factors, one obtains:

12



Theorem 2 Around the unique steady state, the eigenvalues of the dynamic system with an
endogenous discount factor satisfy \i < 1 and My = L. Thus, the equilibrium dynamics
around a steady state are always locally unique and bounded irrespective of the slope of the
excess demand function in this steady state.

Proof. The proof follows directly from the characteristic equation associated with the
approximate system:

2 (L5, d do) 1 _
A <6 +d—22>)\+<1+d—22>6_0’ (13)

where the additional term C/Z_\Z/Q is always positive. W

2.3 Intuition

Multiplicity of steady states In the model with portfolio costs, the steady state in-
terest rate equals % Hence, no country has an incentive to borrow or lend in steady state.
All equilibria of the financial autarchy case are therefore valid steady states since they are
compatible with b; = 0.

The model of endogenous discounting, however, dictates that for a given functional choice
of the discount factor 8,(q) = 55(q) in the steady state. Uniqueness of the steady state
price ¢, 4,, follows promptly: suppose that another price vector ¢* that constitutes a steady
state with b, = by = 0 is also a steady state of the model with endogenous discounting.
Let ¢ < ¢7n4og» Which would imply that overall consumption in country 1 exceeds overall
consumption in country 2, i.e., ¢ (¢*) > ¢2'(¢*). Thus, country 1 agents are willing to borrow
resources at an interest rate of m
Hence, country 1 finds it optimal to borrow from country 2 violating b, = 0.

: 1 1
while country 2 agents only demand a < e

Stability of steady states The logic behind the stability of the unique steady state in
the model with endogenous discounting is closely related to the argument about its uniqueness.
Assume that ¢ is below its steady state value. This implies that consumption in country 1 (2)
is above (below) its steady state value. Suppose, that the relative price is even lower in the

next period, suggesting that the economy moves away from the steady state. This implies an

13



increasing (decreasing) consumption profile in country 1 (2). In addition, the discount factor
in country 1 (2) falls (rises). Hence, the price of the non-state-contingent bond falls in country
1 but rises in country 2. Obviously, the opposite movement of bond prices is inconsistent with
the absence of arbitrage dictated by the risk sharing condition. Hence, if ¢ is below its steady
state value at time t, ¢ must rise in ¢ 4+ 1 and the economy converges to its unique steady
state.

Consider the case of a steady state with %Z;q > 0 in the bond economy with portfolio costs.
The price of bonds consists of two pieces: the intertemporal marginal rate of substitution and
the derivative of the portfolio costs. First, if ¢ is slightly below its steady state value, overall
consumption in country 1 (2) is above (below) its corresponding steady state value. Stability
of the steady state requires ¢ to rise and ¢! to fall over time. As a result, the intertemporal
marginal rate of substitution in country 1 (2) rises (falls), which leads to a divergence of bond
prices. Second, when ¢ rises, bond holdings and the derivative of the portfolio costs fall. This
effect on bond prices is negative in both countries, but it is stronger in country 2 since portfolio
costs are measured in terms of each country’s good. This second effect operates towards a rise
of the bond price in country 2 relative to country 1. However, the change in bond holdings
is small owing to the fact that the excess demand function is fairly flat around such a steady
state. Hence, bond prices would drift apart if a steady state with Sigﬂ(%i;q) > () was stable.
Hence, such a steady must be associated by unbounded dynamics.

Using the model by Corsetti, Dedola, and Leduc (2008), the remainder of this paper

explores the conditions for steady state multiplicity and the local dynamics under different

stationarity inducing devices.

3 General model

Each of the two countries (i = 1,2) produces two goods. The first good is traded interna-
tionally without trade frictions (traded good), while the other good is not traded (non-traded
good). The home and foreign traded goods are imperfect substitutes in a household’s utility

function. The traded and the non-traded goods are produced by perfectly competitive firms

14



and production requires the use of labor and capital. As an important deviation from earlier
work, Corsetti, Dedola, and Leduc (2008) assume that consumption of traded goods requires

non-traded distribution services as input.

3.1 Standard incomplete markets economy

The subsequent analysis explores the implications of different assumptions about international
financial markets in the presence of multiple steady states. In laying out the full model, I
assume that international financial markets are incomplete in the sense that the only asset

that trades internationally is one non-state-contingent bond.

3.1.1 Households

The representative household in country ¢ maximizes its expected discounted lifetime utility

subject to its budget constraint. All variables are expressed in per household units:

o0
i J
max E; E B'U; (Ci,t-‘rjali,t—i—j) (14)
Ci,ttj-biye+j
ki t45,Tit45,0i 645

s.t.

j=0

c I
PiiyiCitei + Py i®iprj < PiavjWigsjlins + PosjTigejhie—14
+P; 11 jVitri + big—145 — Qittibitts, (15)

Kirvi < (1 —08;) ki14j + Tiggjs (16)

where ¢;, x;, l; and k; denote final consumption, final investment, labor, and capital, respec-
tively. PC is the price of the final consumption good, P! is the price of the final investment
good, P; is the price of the traded good produced by country ¢, P;r; and P;w; are the nominal
rental rate of capital and the nominal wage. Assuming local ownership of firms, P;v; are the
profits of the traded and non-traded goods producers that are located in country 7. b; denotes
holdings of the non-state-contingent bond. @); is the price of this bond. To rule out Ponzi-
schemes, I assume that agents face an upper bound for borrowing b; that is large enough to

never bind in this application.
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3.1.2 Firms

Both the producers of traded and non-traded goods utilize labor and capital and act in
perfectly competitive factor and product markets. Technologies are of the constant elasticity
of substitution type. Since capital is owned by households and rented out to firms, the
maximization problem of a traded goods producer from country ¢ can be written as:

T (1T T T T
max F; (li7t+j7 kz‘,t+j) - wz‘,t+jlz‘,t+j - Ti,t-l—jki,t—l—j’ (17)

kT !

T
! 1,047

i,t+77

where the production technology satisfies:

T (1o Ey) = (@)™ (AT )™ + (wh) ™ ()™ |
if k7 <1, and
(Al) ( k> »
w; Wi

with wl +wi, = 1. Let ! denote the supply of the traded good. The problem of non-traded

TR

(18)

Fr (zT kT )

7 i,t+750 Vi t4g

if k7 =0,

goods producers is analogous with variables and parameters carrying the superscript IV rather
than T'. Because of the normalization choice for factor prices, the objective function of such

firms is given by:

pN
i,t+j N (1N N N N
Fz‘ (lz‘,t+jv kz‘,t+j) - wi,t+jlz‘,t+j - Ti,t+jkz‘,t+j' (20)
Piiyj

3.1.3 Trade and aggregation

Households in country ¢ consume the final consumption good ¢; and purchase the final invest-
ment good x;. Shipping of the traded goods is costless.
Consumption good A household in country i purchases c¢;; units of the traded good of

country 1, ¢ units of the traded good of country 2, and ¢ units of the non-traded good.
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The three types of goods are combined to form the final consumption good according to:

- ) T ) T -

T
T TN (. o TNT (. N\
Citri = (%‘1) ¢ (Czl,tﬂ) ¢+ (%‘2) ¢ (Cﬂ,tﬂ) ! ) (21)
_ oy
1 Efv;l 1 5?{*1 Eg\’—l
_ N\ N T N N\ N N N
Ciarj = |(0i)™ (Ciesy) & + (o)™ (ciy) = ; (22)

with 0 < ol < land 0 < o) < 1 fori = 1,2, m = 1,2. These quasi shares in the
aggregators are assumed to sum up to 1. £ is the substitution elasticity between the traded
goods aggregate and the non-traded good in country i. &7 is the substitution elasticity between
the home and foreign traded goods. As in Burstein, Neves, and Rebelo (2003) and Corsetti,
Dedola, and Leduc (2008), the consumption of traded goods requires distribution services.
Consuming one unit of any traded good goes along with a cost of 1, units of the country’s
non-traded good. Thus, minimizing the costs for ¢; units of the final consumption good

requires solving the problem:

min (Pl,t+j + nipi],\t[—f—j) Citt+j T (P2,t+j + nipi],\t[—f—j) Cioavj + Biy it zt—i—] (23)

Cil,t+55Ci2,t+75

e eNo
1,t+73771,t+7
subject to (21) and (22).
Investment good The final investment good is an aggregate of traded goods only. In

combining the two traded goods, the household solves:

. T T
min P17t+j‘ri1,t+j + P2,t+jl'z‘2,t+j (24)
T4l 445, %52, 045
s.t.
I
1
N N
I\ T I I\ T I
Tiggy = [ () (@aars) & 4 () (Tizasy) ; (25)

with 0 < of, <1fori=1,2,m =1,2 and o}, + al, = 1. The substitution elasticity between
traded goods for investment is denoted by /.

Relative prices For later reference, define the following relative prices: the relative price

of country 2’s good to country 1’s good ¢4; = ]]Zf z“ the relative price of the non-traded
P
good q% L= :J the inverse relative price of final consumption ®;;,; = 113 42 the inverse

Z»t“r]
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_ Py

— T
Pittj

relative price of final investment IT; ;. ; . Thus, the consumption real exchange rate is

given by rery; = ij’—:’:qtﬂ-. In solving the model, aggregate consumption in country 1 is set
st

, . . C o
to be the numeéraire, ie., Py ;= 1.

3.1.4 Market clearing and equilibrium

Goods market clearing requires:

2
Vi

yZ-T,tH = Z (Clitaj + Tiitrg) . (26)
=1 v

yz{\;ﬂ = Cipyj T M (Cirers + Cizerj) (27)

for s = 1,2 at all t + j. With v, = 1, differences in relative population size are captured by

vy. Factor market clearing requires:

th+j+l£Xt+j = lit+j, (28)
kgt+j+k%+j = Kit—1+4, (29)

for : = 1,2 at all j. The bond market clears if:

2
Zbi,t—i—jyi = 0. (30)
i=1

A competitive equilibrium is consequently defined as:

Definition 1 A competitive equilibrium is a collection of allocations cii iy, Cingrjs Ciijo
N T T T N N N
Citrjr Cittjs Tilt+js Ti2t+js LTit+js k’z‘,t—1+j7 lz‘,t+j7 Yittis ki,t+j7 li,t+j7 Yittjs ki,t+j7 li,t+j7 bi,t+j7

prices Giyj, q%ﬂ-, T€Ttyj, Wittis Tittrjr Qitris Pittj, Wirr; and profits viy;, for i = 1,2
and all j, such that (i) for every household the allocations solve a household’s mazimization
problem for given prices, (ii) for every firm profits are mazximized, and (iii) the markets for
labor, capital, goods, and bonds clear.

3.1.5 Trade elasticity

Absent distribution services (n, = 0 for i = 1, 2), the elasticity of substitution between traded
goods coincides with the trade (price) elasticity. However, this is not the case for n;, > 0; the

price of the home good relative to the foreign good at the consumer level no longer matches
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the terms of trade, i.e., the relative price between traded goods. The first order condition of

the consumer problem implies:

T

T N 1

- 3P 1 + nlqut'f'j 31

C2p+i = 7 | 7N C11,t+j5, ( )
a1y \ Q45 + N etj

or after linearizing around a deterministic steady state:

T

. R €1 N 1 1 T, NsN

Clii+j — C12+5 = — N Qt+j — - E1Mad i+ (32)
’ gt {qu{V g+ma |

where z denotes the log-linear deviation of variable z from its steady state value.

T
Corsetti, Dedola, and Leduc (2008) refer to Equ as the trade elasticity. In addition to
14+m %
the elasticity of substitution between traded goods e, the trade elasticity depends on the
endogenous steady state values of both the relative price of traded goods ¢ and the relative

price of non-traded goods ¢f'.

3.2 Assumptions on international financial markets
I investigate the following deviations from the standard incomplete markets model that render
the net foreign asset position stationary and determine its steady state:
1. Agents face portfolio costs for holding/issuing bonds as in Heathcote and Perri (2002)
and Schmitt-Grohé and Uribe (2003). The budget constraint (15) changes to:
PfiCitti T Pliiive < Pivyjwineslives + Poogrio ki
Pt jVigrj + big—14j — Qigajbir — PigasU (biprj/ Pigrs) + Tt (33)
The portfolio cost function I' satisfies I' (0) = 0, IV (0) = 0, and I > 0 for b; > 0 and

I < 0 for b; < 0, and I (0) > 0. Tj44; is a lump-sum transfer in the amount of the

collected fees. Consequently, condition (9) changes to:

E {5 Ue. (Cl,t+1+j7 ll,t+1+j>:| —F {ﬁ Ue (02,t+1+j7 l2,t+1+j) Teriq;
t+j = Ltqy
! U. (Cl,tJrja ll,t+j) ! Ue (CQ,tJrja l2,t+j) TeTriyi14

b1,i+j b2,1+j
i (_) Y (_ | 34
Py Py g (34)
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2. The interest rate is debt-elastic as in Boileau and Normandin (2008), Devereux and Smith
(2007), and Schmitt-Grohé and Uribe (2003). The interest rate differential between the
two countries is given by:

Rl,t+j = R2,t+j‘I’ (b;Hi - 61) ) (35)

1,t4j
with R; sy = 1/Q;4j. The function W satisfies W (0) = 1 and ¥’ < 0. by is a reference
level of debt for country 1, which is set to zero. When country 1 is a net borrower, it
faces an interest rate that is higher than the interest rate in country 2. When country 1

is a lender, it receives an interest rate that is lower. Condition (9) changes to:

_ Ue (C144145> L1 t4145)
U (biiri4g — i) Epsy : ’
( 1,t+1+j 1) t+] |:6 Uc (Cl,t-l—ju ll,t-f—j)

Ue (Cot4144, l2i4144) Te€Tte; }
_ K, |g22 : . 36
ik [ Ue (Cot4js loers)  Te€Tei1yj (36)

3. To break Ricardian equivalence, the representative household assumption is replaced by
an overlapping generations framework based on Weil (1989) and Ghironi (2006). Each
period, the population in country i grows at the constant growth rate n. As newborn
households do not hold assets, the net foreign asset position is zero in the deterministic

steady state. More details are provided in Appendix B.

4. The discount factor is endogenous as in Uzawa (1968), Mendoza (1991), Corsetti, Dedola,
and Leduc (2008), and Schmitt-Grohé and Uribe (2003). The problem of a household is

given by:

o0

max By QY 0ini Ui (Cives lives) (37)
Cittjoliets —o

Kijttj.ie45,00,045 J=

s.t.
9i,t+1+j = /Bi [U (Ci,t-i-ja li,t-i—j)] 9i,t+j7 (38)

and equations (15) and (16). The discount factor is assumed to be decreasing with the
level of utility, i.e., 3; (U;) < 0. As in Schmitt-Grohé and Uribe (2003), I lay out the case

when agents do not internalize the effects of time ¢ 4 5 choices on the discount factor in
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future periods. Condition (9) changes to:

U.(c / ;
Buas |31 [U (00, as)] Popperiiqttsts)|
¢ ) P LtTg

U.(c i Lo, i) reryy;
=Ky {/32 [U (c2,045, l2,045)] [5 2(211] lz :1;]) rert::] : (39)
e \C2,t4j5 b2,t+) j

The subsequent analysis also considers the case when agents internalize the effects of

their choices on the discount factor.

5. For completeness, I also investigate the case of complete international financial markets,
i.e., agents have access to a full set of state-contingent claims. Efficient risk sharing
implies that the marginal utilities expressed in a common good are equalized across
countries subject to a constant p,:

U. (02,t+j: lQ,tJrj)
U. (Cl,tJrj: ll,t+j)

= TeTeyjlly, (40)

where p, is determined by the allocations and prices at time ¢:

~rerUe (cay,lay)
My =
U, (Cl,ta ll,t)

In the first three approaches, the wedge between expected marginal utility growth in the

(41)

two countries is eliminated in a deterministic steady state only for b, = 0. Under endogenous
discounting, condition (39) requires that 3, [U;] = (8, [Us] in steady state. With concave utility
and technology functions and 3; being strictly increasing in U;, the allocations and prices are
directly pinned down by this condition. The net foreign asset position is then determined
from the goods market clearing condition in order to be compatible with these steady state
allocations and prices. As, in principle, the steady state net foreign asset position may differ
from zero in this model, I restrict attention to parameterizations of the endogenous discount
factor such that the model implies the same steady states as the original model, i.e., net
foreign assets are zero in steady state. Similarly, under complete markets the unique steady
state for a given value of y, may not imply zero net foreign assets. Thus, I restrict attention

to those value of p, that imply the same steady states as the original model.
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4 Parameterizations

Overall, T consider five models. Model I is a simple production economy without capital and
traded goods only. Model II introduces endogenous capital formation. Model III allows for

capital and non-traded goods.

Table 1: Calibration of Baseline Model

Description Symbol Value

1. Parameters constant across models

elasticity between k and 1 non-traded goods (Cobb-Douglas) kN 0.00

elasticity between k and 1 traded goods (Cobb-Douglas) kT 0.00

depreciation rate of capital 04 0.025

elasticity between non-traded goods eév 0.74

elasticity between traded goods consumption el 0.85

elasticity between traded goods investment el 0.85

relative population size v, 1.00

discount factor B; 0.99

intertemporal consumption elasticity o 2.00

(a) Cobb-Douglas preferences

weight on consumption & 0.34

weight on leisure 1-¢; 0.66

(b) Additive separable preferences

labor supply elasticity X -5.00

weight labor disutility Xoi 5.00

2. Parameters varying across models

model I II 111 v A%
weight on labor in production of non-traded good wl];’ n.a. n.a. n.a. 0.560 0.560
weight on labor in production of traded good wﬁ 1.000 0.610 0.610 0.610 0.610
distribution cost in terms of non-traded good ; n.a. n.a. 0.000 1.090 1.090
(a) Cobb-Douglas preferences

weight own traded good in consumption al 0.938 0.938 0.910 0.720 0.910
weight own traded good in investment al 1.000 0938 0.910 1.000 0.855
weight overall traded good ol 1.000  1.000 0.550 0.550 0.550
(b) Additive separable preferences

weight own traded good in consumption al 0.945 0.945 0924 0.720 0.905
weight own traded good in investment ak 1.000  0.945 0.924 1.000 0.905
weight overall traded good aN  1.000 1.000 0.550 0.550 0.550

The fourth model is identical to the model presented in Corsetti, Dedola, and Leduc
(2008), i.e., consumption of traded goods requires the use of non-traded distribution services.
In contrast to models II and III, investment features complete home bias. Relative to model

IV, model V relaxes the assumption of complete home bias in investment. As models IV
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and V feature non-zero distribution costs, the trade elasticity is not fully determined by the
elasticity of substitution between traded goods.

Table 1 summarizes the parameterizations for the five different models. To the extent
possible, parameters are set equal across models. Parameter differences reflect the differences
in model features. For each model, the quasi shares in equation (21) and (22) are adjusted to
obtain an import to GDP ratio of 6.2 percent as in Corsetti, Dedola, and Leduc (2008).

Household preferences are described either by a Cobb-Douglas function:

l1—0;
i 1-¢; ‘
(Cf,tﬂ‘ (1= lip4j) ¢ )

Ui(ci,tJrja lz’,t+j) = 1—o, ) (42)
or an additive separable utility function:
s lias
Ui(Ciprjs ligrj) = ——— — Xoi T 43
(Citgy Lit+5) 1— o, XO‘l . (43)
The functional forms for the stationarity inducing devices are:
e for the portfolio costs approach
1 bi t+; ’
C(bivsi) = =7 | ==L ) Py, 44
tuas) = 37 (52 ) Pucy (44
e for a debt-elastic interest rate
U(birj) = exp (g (bigr; — b)), (45)
e for endogenous discounting under Cobb-Douglas preferences
& 1-¢; !
ﬁi,tﬂ' = (1 + wicz',thrj(l —lit1j) ’) ) (46)
under additive separable preferences
Cl—ffi l1*Xi
it+j it
Biprj =1 —wexp (1_7;1 - onl — ;(Z) : (47)
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5 Steady state multiplicity

I first compute the set of steady states under the assumption that financial markets are absent
at the international level, i.e., by 44; = 0 for all j, before commenting on the remaining market
arrangements outlined in Section 3.2.

Absent dynamics all the endogenous variables can be expressed as functions of the relative
price q = %. An equilibrium with zero net foreign asset holdings is then characterized by any

value of ¢ that implies zero excess demand 2z for the traded good of country 2:

2 (q) = (c12 (@) + 212 (9)) v1 + (c22 (@) + 222 (q) — w3 () v (48)

2 () <0, 00 > ¢ > 0 and g2 (g) = 0. (49)

Thus, the steady states can be computed reliably by searching over a one-dimensional grid

on the interval [0, 1] for the normalized relative price 1.

5.1 Steady states under financial autarchy

Figure 2 plots the set of steady state equilibrium prices for different values of the elasticity of
substitution between traded goods in the five models for both Cobb-Douglas preferences and
additive separable preferences. Each model displays a unique price equilibrium with ¢ = 1
<%q = %), if the substitution elasticity is high. When the two traded goods are assumed to
be less substitutable, multiple steady states arise. The two asymmetric steady states feature
a relative price 1;-7-(1 close to zero or one, respectively, and are hard to detect in practice.

To understand how multiple equilibria arise at low values of the elasticity of substitution
consider the case of the model without capital and traded goods only (model T). If the price
of good 1 is high relative to the price of good 2 (lower branch), the value of country 1’s
production is high relative to country 2’s. As labor supply is assumed to be fairly inelastic,
overall production is price inelastic, as well. Agents in country 2 are willing to pay the high
price for good 1 and country 1 ends up consuming most of the two goods. Similar logic applies

when ¢ is much larger than 1 (upper branch) with the roles of countries 1 and 2 being reversed.

The middle equilibrium, which always exists, is the symmetric equilibrium with ¢ = 1.

24



Figure 2: Steady state multiplicity for different values of the elasticity of substitution

Cobb-Douglas preferences Additive separable preferences
model I: model I:
no capital, traded goods only no capital, traded goods only
CO GO
= 05 — 05
T 0 _J . . . T 9 J . . .
0 02 04 06 08 1 0 02 04 06 038 1
model II: model II:
traded goods only traded goods only
CO g
= 05 — 0.5
T 0 J . . . T 0 J . . .
0 02 04 06 08 1 0 02 04 06 038 1
model Il model IlI:
traded and nontraded goods traded and nontraded goods
z 1 _ﬁ z 1 —ﬁ
405 & o5
T 0 . . . . T 0 ¢ . . .
0 02 04 06 08 1 0 02 04 06 08 1
model IV: model IV:
traded, nontraded goods, and distribution costs traded, nontraded goods, and distribution costs
= 1 = 1
g 4 g 4
- 05 \ < 05 \
T 0 . T 0
0 02 04 06 08 1 0 02 04 06 08 1
model V: model V:
model IV with trade in investment model V with trade in investment
z 1 _ﬁ = 1 —ﬂ
305 & 05
T 0 . . . . T 0 A.J . . .
0 02 04 06 08 1 0 02 04 06 08 1

elasticity of substitution eI = eg elasticity of substitution eI = 5;

Notes: Set of normalized relative prices q/(1 + ¢) that constitute a steady state absent financial
markets as a function of the elasticity of substitution between traded goods. The (symmetric)
parameterizations of models I to V are given in Table 1.

As can be seen in Figure 2 and Table 2 the threshold value of the substitution elasticity £
for which equilibrium multiplicity occurs is model dependent, but it does not vary much across
the two specifications of household preferences for standard parameterizations. Keeping trade
shares constant at an import to GDP ratio of 6.2 percent across models, Z1 falls when capital
accumulation and non-traded goods are introduced. For model II, with an endogenous capital
stock, a country carries a lower capital stock and reduces production, if the relative price for
its good is low. Given reduced supply of the country’s good, the low relative price may turn
out not to be an equilibrium. Hence, for equilibrium multiplicity to occur, I has to be lower

in the model with an endogenous capital stock than in model I. In model III, the presence of
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non-traded goods opens up an additional channel for a country to react to a low relative price
of its traded good. By shifting labor and capital towards the production of the non-traded
good, production of the traded good is lowered, making it even less likely that the low relative
price constitutes an equilibrium for given &7

The two bottom panels of Figure 2 introduce distribution costs as in Corsetti, Dedola, and
Leduc (2008). For model IV, which is parameterized exactly as in Corsetti, Dedola, and Leduc
(2008), the threshold value ] is well above its value in models I-ITI. However, as consumption
of traded goods requires non-traded goods as input, the implied trade elasticity is 0.5359 for
Cobb-Douglas preferences and 0.5532 for additive separable preferences.® Furthermore, there
are five steady states under Cobb-Douglas preferences for 7' € [0.9189;0.9798] and three
steady states for e € [0;0.9189]. Under additive separable preferences, there are five steady
states for €7 € [0.9516;1.0115] and three steady states for €7 € [0;0.9516].

Table 2: Model dependent threshold levels for &7 = &7

Model I II III v \Y%
Cobb-Douglas pref.  0.4670 0.4248 0.3930 0.9798 0.3968
Add. sep. pref. 0.4793 0.4474 0.4255 1.0115 0.5205

Whereas the baseline model in Corsetti, Dedola, and Leduc (2008) assumes complete home
bias in investment, the bottom panel of the figure assumes incomplete home bias in invest-
ment. Unlike for consumption, no distribution services are required for the investment good.
In model V, the threshold value 7 falls well below unity again. Furthermore, the maxi-
mum number of equilibria is three. If investment was subject to sufficiently high distribution
services, however, a situation similar to model IV would reemerge.

Figure 3 further explores the role of distribution costs in generating multiple steady states.
Starting from the parameterization of model IV, the figure shows how the steady state values

of the relative price q change as distribution costs are raised for a fixed value of I'. For low

9Numerically, the steady state value of the prices of the non-traded goods do not vary with 7. While in equation (32)
the measured trade elasticity in the symmetric steady state is proportional to the elasticity of substitution between traded
goods, this is not true for the asymmetric steady states.
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values of I, such as in the top panel, multiple steady states exist even absent distribution
costs. Irrespective of the value of eI assumed in the figure, multiple steady states arise once

distribution costs are sufficiently high.

Figure 3: Steady state multiplicity in model IV (CDL) for changing distribution costs

Cobb-Douglas preferences Additive separable preferences

T T T T
€ =g, =03 e, =€, =0.3

o 0.5 1 1.5 2 o 0.5 1 1.5 2

1 1.5 2 o 0.5 1 1.5 2

0l(L+)
o
o
0l(L+)
o
o

o 0.5 1 1.5 2 o 0.5 1 1.5 2
distribution costs n, = m, distribution costs n, = n,

Notes: Set of normalized relative prices q/(1 + ¢) that constitute a steady state absent financial
markets as a function of the distribution cost parameters. Except for the elasticity of substitution
between traded goods and the distribution cost parameters, parameters are chosen to match the
calibration in Corsetti, Dedola, and Leduc (2008).

5.2 Steady states under different assumptions on international fi-
nancial markets

The choice of the stationarity inducing device affects the number of steady state equilibria.
In a steady state with zero net foreign assets, the standard incomplete markets model, the
portfolio cost model, and the debt-elastic interest rate model imply the same steady state
restrictions as the model without international financial markets. If under financial autarchy
multiple values of the relative price ¢ induce market clearing, then this is also the case for
these three frameworks. Similarly, the overlapping generations model with incomplete markets

displays the same steady states as its analogue without financial markets.'?

10 A5 shown in Appendix B, the steady states in the overlapping generations model differ from the steady states in models
for which each country’s agents can be represented by a single agent. However, for the parameterizations adopted in this
paper, the quantitative differences are small.
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By contrast, for a given parameterization of the discount factor functions, the model with
endogenous discounting admits a unique steady state irrespective of the number of steady
states under financial autarchy. Condition (39) determines uniquely the steady state alloca-
tions and prices including the relative price ¢. It is not guaranteed that the resulting steady
state coincides with any of the steady states obtained under financial autarchy. I restrict the
set discount factor functions such that the unique steady state under endogenous discounting
coincides with one of the steady states obtained under financial autarchy and thus features a
zero net foreign asset position.

Similarly, under complete markets, for a given initial value of p,, condition (40) admits
only one steady state irrespective of the number of steady states in the model with financial
autarchy. As each value of i, gives rise to a different steady state, that may not coincide with
any of those obtained under financial autarchy, I restrict attention to those values of i, that

imply a steady state that can also be obtained under financial autarchy.

6 Local equilibrium dynamics

Turning to the dynamics of the different models in the neighborhood of a given deterministic
steady state, the model is (log-)linearized around this steady state. Reducing the system of
equilibrium conditions to its state variables (log deviations of the capital stocks IAth and fﬂgi,
and the absolute deviation of the net foreign asset position Ab;;), one obtains the difference

equation:

Zt+1 2t
+

2 Zi—1

N ~ /
with the 6 x 6 coefficient matrices @ and b and the 3 x 1 state vector z, = <Ab17t, Ey ¢, k27t> .
With a being an invertible matrix for the models considered in this paper, a simple count of
the eigenvalues of the matrix —a~'b suffices to characterize the stability of the local dynamics

as described in Christiano (2002)."' Let N (here equal 6) denote the number of eigenvalues of

HChristiano (2002) discusses also the case if a is not invertible.
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—a~'h and N* < N be the number of eigenvalues larger than one in absolute value. n (here
equal to 3) is the number of predetermined variables. The equilibrium dynamics identified by

the minimum state variable solution are:
1. bounded and unique, if N* = N —n,
2. bounded, but not unique, if N* < N —n,
3. unbounded, if N* > N —n.

Thus, the equilibrium dynamics can be characterized by the absolute value of the nth
and n + 1st smallest eigenvalue, |A,| and |A,41]. If |A,| > 1, the equilibrium dynamics are
unbounded. If |\, < 1 and |A,41] > 1, the dynamics are bounded and unique. Otherwise,
they are bounded, but not unique. As |A,41| > 1 for all cases analyzed below, I will reduce

attention to |\,|. The subsequent analysis also links |\, | to the slope of the excess demand

function for good 2 with respect to the relative price %—Z;q in a steady state.

To study the relationship between the stability of the equilibrium dynamics around a steady
state and the multiplicity of steady states, I analyze the model with endogenous capital and
traded goods (model II) as well as the model with distribution costs (model IV) under different

stationarity inducing devices. In the following, eI and €l are always set to be equal.

6.1 Results for model 11

Figures 4 and 5 perform this stability analysis for model II. Figure 4 examines the cases of
standard incomplete markets, portfolio costs, and overlapping generations. For each value of
the elasticity of substitution eI € [0.4,0.45], the model is linearized around each of the steady
states that exist for 7. The value of the nth smallest eigenvalue of the system |\,| (left scale)
and the slope of the excess demand function for good 2 in the steady state (right scale) are
recorded. In accordance with the second panel in Figure 2, there are three steady states for
el < &' = 0.4248 in the standard incomplete markets model and the portfolio cost model, but
a unique one otherwise. For the overlapping generations model the value is € = 0.4247. The

label “low q steady state” refers to steady states represented by the lower branch in Figure 2
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for model II with Cobb-Douglas preferences. “High q steady state” and “q = 1 steady state”
refer to the top and middle branches, respectively.

Under standard incomplete markets (left column) |A,| equals unity irrespective of both
the steady state around which the model is approximated and the value of 7. This finding

simply restates the non-stationarity of the net foreign asset position.

Figure 4: Local dynamics in model II (BKK) unstable models
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model is approximated as a function of the elasticity of substitution between traded goods. For all
three models n equals 3 and N = 6. If a steady state does not exist for a given range of the substitution
elasticity, no values are plotted.

For the portfolio cost model (middle column), in the top and bottom panels, |\, | is always
smaller than 1 and the equilibrium dynamics are therefore locally unique and bounded. In

line with Section 2, the slope of the excess demand function is always negative for these steady
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states. However, in the middle panel, that shows the results for the symmetric

of the model, it is |\, < 1 with G2¢ > 0 for €f > &], and it is [\, > 1 with

el < . Hence, for eI’ < &I the equilibrium dynamics around the symmetric

steady state

%—Z;q < 0 for

steady state

are not bounded. Although not shown, the same findings apply for the case of a debt-elastic

interest rate.

Figure 5: Local dynamics in model II (BKK) stable models
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In the overlapping generations framework (right column) the same patterns arise:

steady

states for which the excess demand function is downward sloping are associated with |A,| <1

and locally unique and bounded dynamics.
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bounded.

The local dynamics under endogenous discounting — both with and without internalization
— and under complete markets are studied in Figure 5. As pointed out earlier, for a given
parameterization of the discount factor function or the choice of y,, these three settings always
imply a unique steady state. The figure, though, shows results for each of the steady states
that occur under financial autarchy by appropriately adjusting the discount factor function
or the weight p,, respectively. The first two columns reveal that |\,| is always less than unity
irrespective of the steady state that is analyzed and the associated sign of %Z;q. Thus, under

endogenous discounting, the equilibrium dynamics are always unique and bounded. The same

findings apply under complete markets.

6.2 Results for model IV

The dynamic characteristics of model IV under the calibration of Corsetti, Dedola, and Leduc
(2008) with Cobb-Douglas preferences are examined in Figure 6 for the case of portfolio costs
and endogenous discounting. Each of the five panels per column corresponds to one of the
steady states depicted in the fourth panel of Figure 2.

For the portfolio cost model, |\,| is always less than unity in the first and fifth panels
and %—Z;q < 0. To the extent that these steady states exist, which is the case for eT < 0.979,
these steady states are associated with unique and bounded equilibrium dynamics. For the
second and fourth panels, |\,| is always larger than unity and the equilibrium dynamics are
unbounded. Consistent with all previous findings, the sign of %—?q is positive. The case of
g = 1 (third panel) is more interesting. For eI > 0.9189, %Z;q is negative and |\,| < 1.
It is only for eI < 0.9189 that the excess demand function switches sign, |\,| turns larger
than one, and the equilibrium dynamics become unbounded. Under endogenous discounting

|An| is always smaller than one irrespective of the steady state around which the model is

approximated and the sign of %—Z;q. The equilibrium dynamics are unique and bounded.
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Figure 6: Local dynamics in model IV (CDL) with Cobb-Douglas preferences
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Figure 7: Local dynamics in model IV (CDL) with additive separable preferences
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Figure 8: Local dynamics in model IV (CDL) with additive separable preferences, real and nominal
rigidities
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Allowing for additive separable preferences does not overturn these findings as shown in
Figure 7. Introducing real and nominal rigidities under additive separable preferences does
not affect the findings either. Figure 8 confirms this claim in a model with Calvo sticky wage
and price contracts, consumption habits, investment adjustment costs, and local currency
pricing. Monetary policy follows an interest rate rule with the policy rate being a function
of consumer price inflation only. A detailed model description is provided in the Technical

Appendix accompanying this paper.

7 Conclusions

Widely used international business cycle models admit multiple steady states absent interna-
tional financial markets for low substitutability between traded goods. Once a limited set of
internationally traded assets is introduced, the steady state multiplicity may or may not be
preserved. If the incomplete markets model is augmented with portfolio costs, a debt-elastic
interest rate, or an overlapping generations framework as in Weil (1989) the number of steady
states remains unchanged relative to the model without financial markets. If Uzawa-type
preferences are introduced (Uzawa (1968)), the steady state of the model is unique.

The choice of stationarity inducing device also affects the stability of the dynamics around
a given steady state. Under portfolio costs, debt-elastic interest rates, or overlapping gen-
erations, steady states that are associated with a downward-sloping excess demand function
of the foreign good display locally unique and bounded dynamics. For steady states with an
upward-sloping excess demand function, the local dynamics are unbounded. Under endoge-
nous discounting or complete markets, the local dynamics are always unique and bounded.

The results stressed in this paper prevail under (local) higher order perturbation methods.
The findings also extend to environments with a larger set of available assets. If country
portfolios are determined as in Devereux and Sutherland (2008) and Tille and van Wincoop
(2010), the net foreign asset position is not determined in steady state and displays unit root
behavior unless stationarity is induced with one of the devices discussed in this paper.

Absent trade adjustment costs short- and long-run substitution elasticities are identical in
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this paper. If trade adjustment costs were to affect the model’s allocations away from a steady
state, the analysis would not change given the use of local solution techniques. Steady state
multiplicity would only occur if the long-run substitution elasticity between traded goods
fell below its threshold level €7 in the model without trade adjustment costs. However, if
one were to employ global solution techniques, differences across models could be detected.
Similar to the findings presented in Bodenstein (2010) for the case of capital, a lower short-run
substitution elasticity may lead to multiple equilibrium paths despite a unique steady state

for the given value of the long-run substitution elasticity.
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A  Appendix: Details on the simple model

This appendix describes the equations underlying the discussion in Section 2. The first order

conditions of the households imply:
T

0412(11:_6 [ bit—1 — Ql,tbl,t:|
Ciot = Yy + ) (50)
afy +04F1F2¢It1 S D1 (qr)
al b1 — b
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The price of the aggregate consumption good in country 1 is taken to be the numéraire. Log-
linearizing these equations around a steady state with zero net foreign assets and setting the
exogenous variables y{, and y3 , to be constant (“z” for log-linearized and “Az” for linearized
variables x). Variables without time index indicate steady state values:

. . 1
Ci2¢ = — {(1 — €T)(1 — Od’{l) + €T} Q¢ + —— [Abl,tfl — ﬁAbl,t] s (57)
y1®1(q)
A . 1
Co2¢ = (1 — ST)(l — CK%;)qt — m [Abl,tfl — BAbl,t] s (58)
rery = —(1—aj, — %TQ)@, (59)
(b/
3, E ;q —(1—af;) and q,igggq = (1 —a3,).
Using (57) and (58) in the approximation of the market clearing condition for good 2:
622 6
j Ab Aby) =0 60
8qqt+8dW1[ 11 — BAby] =0, (60)

with the coefficients

%—?q = c2(q) {(1 - ST) (CH;Q) + CQQ(Tq)) o 1} ’ (61)
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cu(q

Note that in a steady state with balanced trade a;; = . The slope of the excess demand

function in steady state with respect to ¢ is given by equatlon (61).
Aggregate consumption is determined by:

. 1
Cth = —(1- O‘?l)‘]t + —— (Abi—1 — BAb1), (63)
c1(q)
Dy(g) 1
T T A 2
oy = (1 —a5y)q — Aby 1 — BADby), 64
2,t ( 22) t qcpl(q> CQ((]) ( 1t-1 1,t) ( )
while the risk sharing condition is given by:
C1Tt é1T1t+1 = C2Tt é2T1t+1 (1= oy = a35) (G — Ger1)
gl 1}
+ 1+ —| Abyy. 65
BP1(q) { q] = (63)
Thus, the dynamic system under portfolio costs can be written as:
_Ozg Bﬂq aai 83z2
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with the coefficients

= =m0 )
_q@j(q) {2 - (CH(TQ) + CQ?;@)} {Cll(TQ) i 022;Q)}5T <0, (67)

Rl R o

Hence, the characteristic equation associated with the dynamic system (66) under the
portfolio cost approach satisfies:

0zo
1+5 1
A2 — )\ + 25| +==0. 69
( 5 dz27> (69)

B

Alternatively, assume that households have Uzawa-type preferences. The time discount

factor 47 is replaced by 0; 1414 = B;(cl i)Wy with Bi(ch, ) = (L+ el ;) g 1, is chosen
such that 3,(cI') = B in steady state. Absent internalization, the risk sharing condition implies:

ﬁcu C1 Al T BCQt 02 A1 —(1- 041T1 0‘22)(% — Gi11)- (70)

Hence, the characteristic equation associated with the dynamic system under endogenous
discounting without internalization satisfies:

2 1+6 dZQ ng L
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with

0 = 1 [5’1(@) (1 _ 021((1)) n B5(q) (1 B 022(0)” T {011(Q) n 022(TQ)} =0, (72)

CORERC) yl B4(q) yd yl Y3

as the discount factors are assumed to be decreasing in the level of consumption.?

2

B Appendix: Overlapping generations model

This appendix merges the framework with overlapping generations of infinitely lived house-
holds by Weil (1989) and Ghironi (2006) with the model presented in the main text. Absent
Ricardian equivalence, the steady state level of the net foreign asset position can be shown
to be unique. Furthermore, the local dynamics of the net foreign asset position are station-
ary. More details on the overlapping generations framework are provided in the Technical
Appendix accompanying this paper.

Each household consumes, supplies labor, and holds financial assets. Households are born
on different dates owning no assets, but they own the present discounted value of their labor
income. The number of households in country ¢ N;; grows over time at the exogenous rate
n;, i.e., N;zy1 = (1 4+ n;) N;¢. The utility function of each household is assumed to be of the
Cobb-Douglas type. Capital is no longer accumulated by households directly, but through
capital producers. Households can purchase shares in these and all other firms that produce
in their country of residence.

B.1 Individual Households

Consumers have identical preferences over the real consumption index and leisure. At time
to, the representative consumer in country ¢ born in period v € (—o0,t;) maximizes the
intertemporal utility function:

SR CANN (T A T
v o —to ?
Up =Y T (73)
t=to
S.t.
PLcty < Pwiddy, + 00, — QibYy + (QF, + Pidiy) @iy — Q5w?,. (74)

The final consumption of a representative household of country ¢ born in period v at time ¢

is denoted by ¢f,. The production of the final consumption good follows the same process as

outlined in the main text. [¥, is the labor supply of such a household. The bond holdings are

denoted by b},. @}, are the household’s holdings of the domestic stock, that sells at the price
7 and pays the dividend P, :d;;. The supply of the stock is normalized to 1.

121f the discount factors were increasing in the level of consumption, c?z/g would be negative and the dynamics around any
deterministic steady state would be explosive.
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B.2 Firms

While I assume that the production structure of the economy is unchanged relative to the main
text, capital is held by capital producers. These firms buy the investment good, augment the
existing capital stock, and rent out capital to the producers of traded and non-traded goods.
They also pay a dividend to the stockholders. The optimization problem of the capital
producers is given by:

[e. 9]

kmaX Qitot(1 + ni)t (Pi,tﬁ',tki,tq — pzltxzt)

i,ty Lt t=t0

s.t.

(1 + ni)kM S (1 — (5) ki,t—l + Jl'i,t. (75)

Qito|¢ 1s the pricing kernel used by the capital producers to discount future profits. The
capital used in time ¢ production, k;; i, and investment, x;;, are expressed as per capita
averages. The average per capital dividend payment is denoted by P, ;d; ; and satisfies P; ;d; s =
pi,tri,tki,tfl - letxzt
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Closing large open economy models: Technical Appendix

Martin Bodenstein™*
Federal Reserve Board

Abstract

This Technical Appendix describes the details of the following topics in the paper “Closing
large open economy models:” the simple example of Section 2, the linearized model equations of
the model in the main text, the overlapping generations framework, and the model with real and
nominal rigidities.



A  Appendix: Details on the simple model

This appendix describes the equations underlying the discussion in Section 2. The first order

conditions of the households imply:

T

T —€
Q194 [ bit—1 — Ql,tbl,t:|
Clat = Y+ ; (1)
ol + adygt =" 7 D1 (qr)
al b1 — Qa4b
Cot = 127257‘ [y;t + 21 Cll)l(q );7t 27t:| (2)
)t
aj; (i) +aj,
C1T,t:q)( )y1t+b1t 1 — Q1ibuy, (3)
P (Qt>
C2T,t = Oy(qs )?JQTt + @1 () (bo,t—1 — Qa,bay) (4)
where
1
_ o q-—L
P, . ( 1 )1 : !
® = ’ = |ag; | — + o —, 5
1(a) Py iy + Pyyciog I 1 qt 12_ qt (5)
1
_ . QL
P2 . T ( 1 )1 &€ T 1—¢
o = ’ = |ag | — + o : 6
2(%) Pl,tCm,t + P2,t022,t i 2 qt 22_ ( )
O] (Qt)
e o D, (Qt> ( )

The price of the aggregate consumption good in country 1 is taken to be the numéraire. Log-
linearizing these equations around a steady state with zero net foreign assets and setting the
exogenous variables yft and yg ; to be constant (“z” for log-linearized and “Ax” for linearized

variables x). Variables without time index indicate steady state values:

. . 1
Ciot = — {(1 — €T)(1 — Od?l) + €T} qt -+ lel(q) [Abl,tfl — ﬁAbLt] s (8)
Cooy = (1— ST)(l - 04;2)@ - # [Aby 1 — BAb], 9)
q®1(q)y2
rer; = —(1— 041T1 - 0452)@&7 (10)
P8g=—(1-af)) and 328¢ = (1 - o).
Using (8) and (9) in the approximation of the market clearing condition for good 2:

622 6

] Ab Aby] =0 11
8qqt+8dW1[ 11 — BAby] =0, (11)



with the coefficients

0z ™ [ C11 C22
8—qq = c2(q) {(1 —&) ( yqu) + (@)
029

Y3 )<_1}’
A — 1 {(CII(Q) c22(q)

(12
T \\ T T ) _»1}’

(13)
Note that in a steady state with balanced trade a;; = C“—(TQ)

. The slope of the excess demand
function in steady state with respect to ¢ is given by equation (12).
Aggregate consumption is determined by:

R R 1

ClT,t = —(1- a1T1)Qt + () (Aby 41 — BAb1y),
. . Do(q) 1

C2T,t = (1—ad)q 2(9)

— Aby 1 — BAby ),
q@l(q) 02((]) ( 1,t—1 /8 l,t)
while the risk sharing condition is given by:

AT AT AT

Cip = Crer1 = Cop — ég,tﬂ —(1- 041T1 - QQTQ)(@& — Gi41)
gl 1]
+ 1+ —| Abyy. (16)
BP1(q) { q
Thus, the dynamic system under portfolio costs can be written as:
dzg Bﬂq d@zg d@zg
X odW odW
_832/1/3 0 Aby i1 (1“'64‘5%7) T o Aby
dq q dq q dq q =\,
0 1 Abyy -1 0 Aby

with the coefficients

- {505 ]

s

_q(}%(q) {2 B (CZETQ) n C22(Q))} {011(Q) n C22(q) }gT <0,

yl yi yz
3 Y 1
B%®(q) q
Hence,

(18)

> 0.

(19)

the characteristic equation associated with the dynamic system (17) under the
portfolio cost approach satisfies:

Ozo
1+8 324, 1
N ——+=L5|+5=0.
( CR ”) E

(20)



Alternatively, assume that households have Uzawa-type preferences. The time discount

- -1
factor 3 is replaced by 0; 44145 = B;(chyy )0iav; with B(ch ;) = (1 + el ;) - ¥ is chosen

such that 8;(cI') = B in steady state. Absent internalization, the risk sharing condition implies:

/Bclt C1 A1 = BCQt CgtJrl (1 - O‘ripl - azTQ)(Qt - th+1)‘ (21)

Hence, the characteristic equation associated with the dynamic system under endogenous

discounting without internalization satisfies:

AQ_(%JFZ:)AJFGJFZ_:)B:O’ (22)
with
=g b (- 5) i ()T U e

as the discount factors are assumed to be decreasing in the level of consumption.?

B Appendix: Linearized model

This appendix describes the nonlinear first order conditions together with their linear approx-
imations. Z denotes the log-linear approximation of variable x from its steady state value, Ax

denotes its deviation in absolute value:

1. choice of leisure in country :
e with additive separable preferences
Xolis = Pigwiciy
is approximated by
Xiz‘,t = ci)i,t + Wiy — 0Ciy
e with Cobb-Douglas preferences

1 1
1—8)—— =P, ,E—
( f) (1 _ li’t> Z7th7t£Ci’t

'If the discount factors were increasing in the level of consumption, c?z/g would be negative and the dynamics around any
deterministic steady state would be explosive.




is approximated by
li - A . .
1 _Z lAli,t =0, + Wi — Ciy
K]

2. choice of capital in country :

e with additive separable preferences
Cit+1 - Qi1 1y
’ : : HZ T 1—-0)]=1
5( - ) By, Hi,t+1[ #r1Tier + ( )]
is approximated by

BILr; |:ﬂi,t+1 + f’z‘,t+1] — 0 (Cigp1 — Ciyt)
+ <‘i)i,t+1 - ci)zt) — <ﬂi,t+1 — ﬂzt) =0
which is augmented by 5” on the left side under endogenous discounting

e with Cobb-Douglas preferences
1— 1—0’
Cf,t—l—l (1= lig1) ¢ Cip Piprr iy
ng,t (1- li,t)lié
is approximated by

City1 Pir Iz WLiarice + )

~

{(1=0)6 =1} (Gt —é0) = (L= 0) (1 =) lilli 1 — Lir)
+‘i)i,t+1 - ci)i,t + ﬂi,t - ﬂi,tJrl + plLr; <ﬂi,t+1 + f'z’,tJrl) =0
which is augmented by Bi,t on the left side under endogenous discounting

3. capital accumulation in country ::
ki < (1—0)kis—1+ xiy

is approximated by

~

ffz‘,t <(1—06) ki1 + 24y
4. consumer budget constraint

e for country 1:

o).

e = Py (yft + q{\,[ty{\,[t) T zfl,t + dWh

is approximated by
0161,7& - (le + Q{Vyiv) (I)l(I)l,t + cDl (Q?th + Q{Vyivg{\,]t + Q{Vy{VqA{\,]t)

d A A o,
—H—lfﬂl <®1t —1II; t) — H_ixlxl,t + AdWh,

>



e for country 2:

O 11
coy = @ T ) — =gy — ———
2.t 2, (?Jz,t Q2,ty2,t) I, 2,t rer, o 1t
is approximated by
CoCoy = (?J2T + Qévyév) Oy Py + Do (?J2T?32Tt + qévyévgé\,ft + Qévyév‘jévt)
b, A ~ by 11
—— T2 <q>2,t - HQ,t) — = Xalot — —_Adwl,t
I, 11, Ter v
and under complete markets, the two budget constraints are aggregated to deliver
Py
cip+vorericar = DPyy(wighis +114k1-1) — H—xl,t
1,t
Dy 4
+varery | Doy (worlas + 1otko 1) — H—$2,t
2,t

. risk sharing condition with additive separable preferences

e with adjustment costs:

51 (Ucl,t+1> —52 (Uc2,t+1) rert _1 (&) _1 (@)
Uc1,t Uc2,t Teriy1 P1,t PQ,t

under additive separable preferences is approximated by

R A . R — - 1 1
—01 (G141 — C1t) + 02 (Copg1 — Coyp) — TET +TET11 = — ¢y (a + oD ) Ab,
1 2

e with debt-elastic interest rate:
Uc2,t+1 rers

t Uea,e reriy1 T
S 2( )

Ucl,t+1
¢ Ucl,t
is approximated by
A A A A —~ —_~ ,
—01 (CLt_i_l — CLt) + 09 (027,5_’_1 — CZ,t) — Trer + reryy1 = —\Ij (O) Ab17t+1
e with endogenous discounting, but no internalization
6 (Ucl,t+1) ﬁ (Uc2,t+1) rery 0
1t — P =
Ucl,t Uc2,t reri+1

under additive separable preferences is approximated by

—01 (Crip1 — Crp) + 02 (Copq1 — Coy) — TPy +TeTy = =1, + Poy

e with endogenous discounting and internalization:
/ /
ﬁ Ucl,t+1 - 771,t+1/31,t+1 . /3 Uc2,t+1 - 7]2,t+1627t+1 rer:
1t 7 = Pag 7
Uete — nl,tﬁl,t Ueop — 772,tﬁ2,t Teri+1

ni: = Ei (_Uz',tJrl + ﬁi,t+177i,t+1)




is approximated by

. ) 0, . .
B1Ucic1érs + B1Unll, — 51[]61177;15/1 (771,t+1 - 771,t)
Uccl - nlﬁlllUcl ~ ~ Ucll - nl/BlllUll 2 7
c (¢ —C1y) + l <l —1 )
+5, U =115, 1 (Crig1 — C1e) + By U — 0.5, 1141 — bug
. ) 120 . .
= ByUccalo + B5Unlala; — 52% (M2s1 = 712t)
c2 7]2/32
Uecr = 090502 . X Uaz — 1205012, (5 .
+8, U — 22%,2 o (Cop41 — Coi) + D Uy 22;/2 l2 <l2,t+1 — lQ,t)
—Tery + Teryp
and
A 1 - 7716; oy 7 oS
Nit = _T <Ucicici,t+l + Ulilili,t—I—l) + BiMi 41
6. endogenous discount factors
e with additive separable preferences:
1—0; l1+Xi
= 14 ex Cit . it
/Bl,t (] p 1 _ O’Z‘ 0 1 + XZ
is approximated by
> B—171,,. .
Bir = 3 [Czl ‘Cit — XOlz‘1+lei,ti|
e with Cobb Douglas preferences
¢ 1]\
Bi,t = (1 + [Ci,t (1 —=1lis) })
is approximated by
) ) l; )
Big=— (1 =8 &+ (1—5) 1— 1 (L =& lis

7. wealth evolution
dWie = big1— Quibiy
where Q1 = 61,1&% implies the approximation

AdWyy = Abyyy — BAby,

8. investment aggregate for country ¢

1>
1 s{—l 1 51.1—1 52171
I\ T I I\ T I
Tig = (%1)51 (Ting) &+ (%2)51 (Tie) =



is approximated by

51_1 I

i Ei—l
T T
n T L1 TN I L2 TN
Tit = Q| =3 Titg + 04 | —7 Tigt
QL5 Qo T;

9. investment optimal choices

e for country 1:

ol 1 g
12

Tizg = —7T \— T11¢
Q11 \4e

is approximated by
~ ~ T A
Ti2x = Tt — €14

e for country 2:

I
I €3
Oy 1
Tt = —7T |\ X214t
Qg1 \ 4t

is approximated by
~ ~ T A
Lot = T21t — E204;

10. consumption aggregate over traded goods for country :

o
1 ef -1 1 -1 T
T T\ T T T\ T T
Cip = (0%1)61 (Cz‘l,t) S+ (%‘2) = (cigt) =
is approximated by
E;-T—l EZT—l
C; ET C; ET
T T i1 oA T 12 i oA
Gt = Ofﬂ( T T) Cil,t‘i_aig( T T) Ciat
QG Qo€

11. consumption aggregate over traded and non traded goods for country ¢

N
2
1 V-1 1 e -1 V-1
N N N N
cie = [(ai)™ () = + (o) () =
is approximated by
N1 N1
T N N N
C; e C: g
~ _ N 7 v T N 7 v ~IN
Cit = ail( N ) Ci,t+ai2( N ) Cit
;1 G @i Ci

12. consumption optimal choices non-traded goods



e for country 1:
T N
&1 —¢1
o1 T, __N
N 04]1\; o [ Ciig 151T N B Q{Vt .
R— € ) € )
oy = an—y |(0n)T (== + (agp) 1 N
o1y C12,¢ qe + N4y
is approximated by
1 5?71
-T T
T gl (afy)t (&)
~N 5 81 C12 N N
Gp = G2t o7 , T (G116 — C124)
1 L a1
T\T C11 €1 T \e
(afp) <012) + (ai2)
N q ~N ~
€1 (q —4q )
N 1,t
q +nq;
e for country 2:
€2 €2
Eg—l 5%171
N od) TN\TT oo [(Co2t\ 3 Gy
R— € 1> ) b
ey = ey |(0m) 2 + (a2) 2 (== i N
ady €21t 2 T N2,
is approximated by
1 55;1
T __N (ozT)%T €2 ) 2
~N N 82 - 52 22 C21 ~ ~
Cy C2,t = Ca1 + €T } ) T (6227,5 — 6217,5)
2 — — T
el T\l Cc22 €
(a31)%2 + ()2 (a) 2
1
N q ~N ~
2T N (G2 + )
q 2
13. consumption optimal choice traded goods
e for country 1:
T N
c o Q19 1+77q1,t c
12t — T N 11,t
gy \ ¢+ N4y
T
1 T, NN €1 .
— N4t

) 1
Ci11,t + —
1+ngY g+ ng

Cloy =
e for country 2:
€T
oL, (o rne )
Cor = —F | T 7 N Co1t
ayn \ 1+ng,
R R 1 1 T. NN €5
Co2t = Coip+ - L NN Al e
t t %—i—nqé\f 1+nqé\/’ 2742 qa¢ %Jrnq

E1Ngy 1y —
171491 41 ¢ q+nq

A



14. definition ®;

iy = P (a0 q0y)

A 09P; q o; ¢y i
b, — 4
it 9q o, v @, ¢

e for country 1:

00, ¢ a 0l 001 gyl
aq QDI |:(1 TG )2; +( +anv)i| % +q1 aql Dy aq D ci0q
e for country 2:
8@2(]_ 22?15 o @ﬁ_ ngg%i
0% (L) (o) S rad OB % ey 00 %
15. definition II;

Hi,t = 1I (Qt)
11, q
it g 1, qt

e for country 1:

o1l q q
g Th g
e for country 2:
o, ¢ 3
dq 11 2+yq
16. real exchange rate
rer %q
t B, , t
is approximated by
rer; = qA)lt_ci)Q,t‘i_th

17. Cobb-Douglas production function with traded goods for country

T T
AT ZT Yii ]{?T Wi
yT - it it
o T T T
Wi, Wi

10



18.

19.

20.

21.

22.

is approximated by

o7 TiT
li,t + Wk:‘kz‘,t

~T _ T AT T
Uip = wpdi+wpy i

optimal labor input choices traded goods for country i:

T, T

Wiy
w’i,t - ZT
it

is approximated by

. .7 T
Wiy = yi,t_li,t

optimal capital input choices traded goods for country :

is approximated by

. _ AT 3T
Tig = yi,t_ki,t

Cobb-Douglas production function with non-traded goods for country :

N N
ANZN Wi kN Wi
yN - it it
it N N
Wi, Wi

is approximated by

N _  NiN NiN Ni.N
Yir = Wy Ai,t + Wy li,t + wkiki,t

optimal labor input choices non-traded goods for country :

N N, N
w o Pz‘,t Wi Yit
it = S5 N

Py l

it

is approximated by

~  _ N | AN _iN
Wig = Gy + Uiy — Ly

optimal capital input choices non-traded goods for country :

N N, N
S Pz’,t WriiYit
it N
Pig \ ki,

11



is approximated by
Tit = Qﬁ +?)i],\£ - ]%'f\i
23. labor market clearing for country i:
L+ = iy

is approximated by

[ .
fzi7t+fzﬁ = Iy

24. capital market clearing for country i:
kft + kf\; = ki,tﬂ

is approximated by

O .
k—kgt‘i‘k—kﬁ — ki,tfl

25. goods market clearing non-traded goods for country :
yzj\i = C% + 1 (Cire + cing)

is approximated by

N
~ G . nci . NcCi2 .
N i AN () 7
Yir = Ciy T —x Cite T —x Cit
Y; Y; Y;

26. goods market clearing for good 2:
T _
Yo V2 = Cizp+ Tigg + (Coot + Taot)Vo

is approximated by

c c T T
o 12 4 22 A 12 . 22 .
Yor = 7 Cizp+ —pCop + —5 T2 + —F Loy
Ya V2 Y Ya V2 Ys

These equations can be rewritten in terms of the three state variables Ab 4, ffl,t: and ]%Q,t'
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C Appendix: Overlapping generations model

This appendix merges the framework with overlapping generations of infinitely lived house-
holds by Weil (1989) and Ghironi (2006) with the model presented in the main text. Absent
Ricardian equivalence, the steady state level of the net foreign asset position can be shown to

be unique. Furthermore, the local dynamics of the net foreign asset position are stationary.

C.1 The model

Each household consumes, supplies labor, and holds financial assets. Households are born
on different dates owning no assets, but they own the present discounted value of their labor
income. The number of households in country ¢ N;; grows over time at the exogenous rate
n;, i.e., N;zy1 = (1 4+ n;) N;;. The utility function of each household is assumed to be of the
Cobb-Douglas type. Capital is no longer accumulated by households directly, but through
capital producers. Households can purchase shares in these and all other firms that produce
in their country of residence. To allow the intertemporal elasticity of substitution o; to differ

from 1 as in Ghironi (2006), aggregation requires perfect foresight.

C.1.1 Individual Households

Consumers have identical preferences over the real consumption index and leisure. At time
to, the representative consumer in country i born in period v € (—o00,t;) maximizes the

intertemporal utility function:

= t—t [(Czt)gi (1 o l;),t)l_gl} B -1

Up =Y g o, (24)
t=to

s.t.

The final consumption of a representative household of country ¢ born in period v at time ¢
is denoted by ¢f,. The production of the final consumption good follows the same process as

outlined in the main text. [¥, is the labor supply of such a household. The bond holdings are
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denoted by b;,. @}, are the household’s holdings of the domestic stock, that sells at the price
th and pays the dividend P, .d;;. The supply of the stock is normalized to 1.
Household choices for consumption, leisure, and asset holdings must satisfy the following

first order conditions:

1-¢ 1
l;j =1 - >t C;} ’ s
! §i Diwiy ot ( )
Qir=f (C;)’t"'l)ﬁ chrg ( D; 4w ¢ )(161-)(1@) o
it = - |
Cit pz‘,c;+1 Qi y1Wi 1
1 =54 R (M) PG ( D; 1w g )ﬂsi)(lai) -
1,041 C;'},t plg—i—l q>i,t+1wi7t+1 ,
where the return of the stock is given by R{,,; = thﬂJrPi,thdi,t .

it
C.1.2 Firms

While I assume that the production structure of the economy is unchanged relative to the main
text, capital is held by capital producers. These firms buy the investment good, augment the
existing capital stock, and rent out capital to the producers of traded and non-traded goods.
They also pay a dividend to the stockholders. The optimization problem of the capital

producers is given by:

max Z Qitope(1+ n;)t (Pz‘,th‘,tki,t—l — let%t)

kit @it
sy, t=to

s.t.

(1 + nz)kzt < (1 — 5) ki,t—l + Tt (29)

Qito|¢ 1s the pricing kernel used by the capital producers to discount future profits. The
capital used in time ¢ production, k;; i, and investment, x;,, are expressed as per capita
averages. The average per capital dividend payment is denoted by P, ;d; ; and satisfies P ;d; + =

Piyritkis—1 — Pftxzt The optimality condition for the capital producer is therefore given by:

C
Qi,to\tﬂ pi,t+1 Qi1 iy
c . I
Qz’,t0|t PM cI)z,t Hi,t+1

i pp1riees + (1= 6)] = 1. (30)
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C.1.3 Aggregation

If the population at time ¢ is (14 n;)*, aggregate per capita consumption in country i satisfies

—1 ni 0
1 (+n )H—lczt + .. +( )QCzt + 1+chi,t
t—1 ¢

t
(1+n;) +nci,+n (L4+n) el + .o+ n (L+n)

Cit =

Aggregate per capita labor supply equations are obtained by aggregating labor-leisure
tradeoff equations across generations and dividing by the total population at each point in

time. The aggregate per capita labor-leisure tradeoff satisfies

1-— li,t = g P, g tci’t‘ (31)
From (27) and (31) the price of the bond can be shown to satisfy
Qs = B ( D, yw; 4 )(1—51.)(1—01-) Cit1 — T4a C fﬁrl - PZC; (32)
it =P =
@it 1Wi 41 ﬁci,t Pﬁﬂ

under perfect foresight.
To obtain the aggregate per capita budget constraint, note that the stock is in fixed supply.
Thus,

1
Cip = Piqwiliy + Pigrihkiz—1 — 1 p5 ¢ + B {bit—1 — (1 +n;) Qishis}. (33)
it

Remains to determine the consumption of the newly born generation in period ¢. Defining

total asset holdings of generation v in period t by

1 1 Q
a;},t PC - bi T = Qi P ;},tv (34)
the budget constraint of a generation v household is written as
Qi,ta;),t < a;),tfl + Cpi,twi,tlf,t - C;),t' (35)

[terating forward on equation (35) and invoking the appropriate transversality condition, the

budget constraint can be shown to satisfy
0=a),_; + Piwi;,0;, — {c!, + Py (L—17,)} OF, (36)
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with

-1 (1-¢)(1-0y)

Qi Pz'C;H 7 D, yw; 4 i 1
O, =1+Q; - e CH, 37
,t )t B PZ?; @Z‘7t+1wi7t+1 ,t+1 ( )
D, 1w,
2 i, t+1Wit+1 ~9
O, =1+ QLti@i,twi,t O 1115 (38)

using the fact that
-+ (1-¢)(1-0y)
Qitrs—1---Qirt1Qis Pz'ctJrs 7 ( D; 4w ¢ ) i
LS 5L AR Ditis R T
( B PZC; D; 14 Wi pys { ot . ( t)}

= C;},t—f—s + CI)z',tJrswi,tJrs (1 - l;},t-i-S) . (39)

As newly born agents do not hold financial assets, their consumption is given by
2

2t
it (40)
CH

¢
Cit — giq)i,twi,t

Note, in general the consumption of newly born households differs from the aggregate per
capita consumption. Hence, the steady states of the model with overlapping generations differ

from those obtained in the representative agents model.

D Appendix: nominal and real rigidities

This appendix lays out the model with nominal and real rigidities. Following the influential
work of Christiano, Eichenbaum, and Evans (1999) and Smets and Wouters (2003), the model
features sticky wages and prices, consumption habits, and investment adjustment costs. Wage
and price contracts are modeled as in Calvo (1983) and Yun (1996). Unless noted otherwise,
the modeling features introduced in the main text remain unchanged. As in the main text,

variables are expressed in per capita terms.

D.1 Additional modeling features

Wages A continuum of monopolistically competitive households (indexed on the unit in-

terval) supplies differentiated labor services to the intermediate goods-producing sector. A
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representative labor aggregator combines the households’ labor hours in the same proportions

as firms would choose. This labor index [;1; has the Dixit-Stiglitz form:

1 1 1+6;
leyj = [/ by (R) 7 dh} , (41)
0

where 67" > 0 and [;(h) is hours worked by a typical member of household h. The aggregator
minimizes the cost of producing a given amount of the aggregate labor index, taking each

household’s wage rate Wy, ; (h) as given. One unit of the labor index sells at the unit cost
WtJrji

—Qw

i

Wiy, = l /0 W, ()7 dh] . (42)

Wiy; is referred to as the aggregate wage index. The aggregator’s demand for the labor

services of household A satisfies:

_ue
VVz‘,tJrj (h) ] o°

litsj 43
Woss 4 (43)

sy (1) = |

The utility functional of a typical member of household h is:

(e 9]
~ . 1 o
E, Z 53 { (Ci,tJrj (h) — KiCitt+j—1 — Vz',tJrj)l 7
j=0

1— o;
_ Xoi gy gy (b (B)
Py ) v (M) (a4)

where the discount factor [, satisfies 0 < 3, < 1. As in Smets and Wouters (2003), I allow
for the possibility of external habits. At date ¢t + j, a member of household A cares about
consumption relative to lagged per capita consumption c¢;;1;_1. Viy; is a preference shock
that follows an AR(1) process. Furthermore, the period utility function depends on labor

mb]?éi”“(h) The budget constraint of a

Gt+j

lit+; (h) and the end-of-period real money balances,
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member of household h is given by:

1 (xi,t i T Lit—1+45 (h))2
PSiicines () + Pl (h) + Pz‘{t+j§¢z‘1 = — ;J
Tig14j (h)

D D G G G
+ / Ct+j,t+1+jbi,t+j,t+1+j (h) — bz’,tflJrj,tJrj (h) + Pi,tJerz',tJrj - Bz’,tflJrj
S

Bivig
+Qit+jBit+j (h) — Bit—14; (h) + PingjF ( 7t+j)

P
i,t+j
< (1 =7) Wi (B) ligyy (B) + (1 = 77) Rty jkin—145 (D)
+P7ﬂi,t+j + Tri,t—i—j- (45)

The left hand side of the budget constraint summarizes the expenditures for consumption,
investment (plus investment adjustment costs), expenditure and income from domestically-
issued and traded bonds, government bonds, and the internationally-traded bond (plus port-
folio cost). The right hand side provides information about the agent’s labor and capital
income, profits, and transfers.

Household wages are determined by Calvo-style staggered contracts subject to static wage

indexation. In particular, with probability 1 — &, each household is allowed to reoptimize
its wage contract. If a household is not allowed to reoptimize its wage rate, it sets its wage
according to W ivj (h) = @;—14;Wir—14j (h) with @, 4 = wzz:ﬂw*l*ﬁj. Wi+ is the actual
wage inflation rate and 7* is the steady state inflation rate. 7} is referred to as the wage

indexation parameter. A household who is resetting its wage in period ¢ chooses W, (h) such

that:
B 1408
G j 1+07 VWi (h) o Lty
— _E . UJ J (]. . — X _ 1 212V 2 B
0 = B3 [nallan (W) (5 ) | s
]:0 7 ) 7,0
- 140y
©© . 14 0¥ V-Vt"-W*t (h) oy Lt
E EOY (=7 Ny (W) VW (B) (| —— AR =
+15 jzo (ﬁzgz ) ( T; ) ] ( ) 0,67 it ( ) ( 9:” ) VVi,t—i—j VV:t (h)
+E Y (B8 Nivws () (L= 7) Vi jlias (h),
§=0

J
where VW, =1 and VY. = | | @i s1r_1 for 5 > 0. Since households have access to complete
i,t,0 i,t,j it J
k=1
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insurance markets domestically, the marginal utility of wealth \;;;; (h) is constant across
households. Thus, I drop the dependence of this variable on h. Furthermore, the assumption
of complete markets implies that all households that reoptimize in period ¢ choose the same
wage rate W}, (h) = W}, Hence:

140

) M/‘*t 1- 9;.“1 Xi
LA 46
Gy (Pz'z',t) (46)

146% 1—x;

0o _
. P . P [

w w\J w Lttty 22,1 i

H, = EtE (B:&1") Xos |:‘/i,t,jW P Litvj

Jany it+7 Lt

140% I=x; 140%

Pt 7 1 Wit ow—(17x) W
= . — lZ + 1 ’LU E — ’ H
Xoi {VVM] it (ﬁ 13 ) t (Wii,tﬂ it+1

[e.9]

. _ Tw P.. P.. . P T oW
GV = B S (B SN PG s () i T |
it T t 1S 1 v i+ Qg Tt J2 i,t,j i,t,7 P AR
= + 0; it Witrj Pritrj

1+0%

i -1
1—7Y Piit S (Dit 4
= L\ PS®; ’ lis + B,EYE ’ G ..

L gy e {Wi,t} o BT (Wu‘,m) bt

The real wage expressed in terms of country i’s traded good evolves according to

1 1 ot
D

=1 _ i _01
s [(1_5:-”) (e W)] (an

Piit+ Piit+j Tiitrj Diitrj—1

Piit+j

with Tiit+j = Piityrj-1"

Prices Both for traded and non-traded goods, there is a continuum of differentiated inter-
mediate goods in country i indexed by h € [0, 1], each produced by a single monopolistically
competitive firm. Deviating from the main text, I assume that individual varieties are traded
internationally rather than the final aggregate. Goods with index h € [0, h;] are traded.
Consumption and investment varieties are interchangeable. The use of the index h in the
description of prices is unrelated to its use in the description of wages.

Let y! (h) be the overall quantity produced by firm h of the traded goods producers using a
CES technology. Firms operate in perfectly competitive factor markets for aggregate capital

and the labor aggregate and thus operate with the same capital to labor ratio. Denoting
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individual labor and capital demands by (7. 1+ (h) and kZTt +j (h), respectively, and aggregate
labor and capital demand by If,,; = fo Diyj(h)dh and Kl = fo i1y (h)dh, T define

aggregate output as:

1
T wT T
1 T\ F T
_ T Wi w; . Kt —1 1— T
T T _ T\1-K ki i,t43 T K T
Yigti = / Yittj (h)dh = (%’) ( T) (AT A ) + (sz) k; t4j
0 Wi, it it

if k7 <1, and

1 wT
T T 1 T Tt \ T
Yitts = Yitss (h) dh = 1 — o7 Ajry W Kites
0 li Lt+]

if k7 = 0.

Home and foreign prices of the intermediate goods are determined by Calvo-style staggered
contracts. Each period, a firm of country 1’s traded goods sector faces a constant probability
11— 11 of being able to reoptimize its price at home and 1 — 21T probability of being able to
reoptimize its price abroad. These probabilities are assumed to be independent across firms,
time, and countries. For country 2 the respective probabilities are 1 —¢&22 and 1— &5 . Similar
to the behavior of wages, firms that are not allowed to reoptimize their price in the current
period, adjust their price by a geometric average of the actual inflation rate of the previous
period (with weight 477, i = 1,2 and m = 1,2) and the steady state inflation rate 7 (with
weight 1 —~2" i =1,2 and m = 1,2). I denote this average by 7" = an?’mﬂ*l ~Vim.

I define the following aggregates of consumer and investment demand for the varieties

produced in country 1:

T
el 1 14677 o h1 1 1+67
pT —07 pT
Clit+5 = / C11,t+45 (h) 1+63 dh:| and Co1,t4+5 = h / Co1 45 (h) =017 dh s
LJo 0
T
- ) 14657 o [ i ) 1467
T 707 pT
Ti1lt+5 — / L1145 (h) 46 dh:| and Xo1,t4+5 = h / L2145 (h) =01 dh s
LJo 0
and the associated demand equations:
_(1+9fT) 14007
[P (B) ] A7 L (P (W) AT
iy (h) = |[———— Citej and e 4 (h) = — C21,t+j>
Pryiyg hy Pyt
- 1+9fT) 14007
T T
B — Pri(h) ] e d By — L (Poypj(h)\ o
iy (h) = | —5—— iy and 2oy (h) = o (=5 L21,t45-
11,t+5 hy 21,t+j
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T
_01

_a
The aggregator Py y; = { fol [Pi1,¢4+5(h)] o7 dh] for domestically produced varieties

implies:
Px —LT _ _LT
pT 1,645 | oF pT | T1lt4j—1| 6F
1 = 1 - 511 + 511 - )
Pui it 11, t4j
where Py . . is the price set by those firms that reoptimize in period ¢+j and 713 ¢4 = #i“l.
El ’ s ]_

Reoptimizing firms choose to set the same price since marginal costs are identical across firms.
With respect to the export price index, P»;4; denotes the price index in the currency of
country 2 (local currency) and }5217t+j denotes the price index in the currency of country 1

(exporter currency):

_ _pgpT
1M ——_—
_ oP
Pogyy = ——/ (Paritj(h) 0 dh :
hy Jo
r 1 1 foT
T 21,t+5 09 pT 21,t+j—1 07
1 = (1 ¢ ){ : } Ty
21 21 ;
p21,t+j 21, t+j
_ pT
1 h1 _ 1 01
- N =
p21,t+j = B_ < 21,t+](h)) v dh )
1Jo
B 1 —orT
B 1wT - S,
1 — <1 ng> 21,t+j 1 +§pT (W21,t+j1) o7
= —Sa1 ) | ®m5 0\ —=—— ;
Porayj 21,14
P. ; ~ P ; .- . . .
where o144 = #rj”l and 7oy 44, = ﬁ In addition, I define the price dispersion
5 - Jt45—
functions:
7(1+931’T
1 T
A _ Prigyi(R)] o dh
1Lt+j = b )
0 11,45
(o) (")
P¥ . pT T . pT
_ pT 11,t4 1 pT | T11,t4+j5-1 oy
A11,t+j - <1 —511> {7]3 +511 - All,tJrj*la
11,645 T11,t+j5
_ 14677
1 (M [ Py (h)\ o
21,t+j 1
A217t+]’ == = 7]3 dh,
hy Jo 21,t4
1+e’1’T 1+eﬁ’T
* -~ pT — - T
A _ 1 pT P2Lt+j oF pT | T21,t4+5—-1 0¥ A
2, t+j = — & 2o + &5 o 21,t+5—15
21,t+j 21,t+j
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and equivalently for AQLtﬂ. As the market clearing condition for each variety h satisfies:

Yl (h) = lernass () 4 211agy (W] + [carag (B) + 21045 ()] w2,

in the aggregate one obtains under the assumption of local currency pricing:

(uwf?)
1
P ((h o™
?J1Tt+j = / Lj() ' dh | [c11,e45 + T11,044]
’ 0 Pri4y
ML Poes () s
1 1 ) T
+ ——/ (%) bodh | [can4s F o4 ]
hi Jo Poyiqj

= Ajigj (Gt + Tines) + Dorej [Co1645 + To145] -

The parameter vy adjusts for the differences in country size.

As before the consumption of traded goods requires distribution services in the form of

the non-traded goods. Market clearing for the non-traded good is derived from:

yi],\;-i-j (h) = Cz]‘Ytﬂ (R) 4+ 1 (cireeg (h) + cizers (R)),

Wiy = [ oy 000 = B s )

N
—(1+6%

Po(h)]
AN _ 2t n
bt /{ Py ] dh

which follows a similar law of motion as the dispersion measure of traded goods prices.

Remains to define the optimization problem of firms. A traded goods producer firm located

in country 1 that sells domestically chooses its price P1.(h) to maximize:

E; Z 511)1T1/)1,t,t+j [lelj;j (14 711) Py (h) y1T1,t+j (h) — MCl,t+j?JlT1,t+j (R)|, (48)

J=0
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where

?J1T1,t+j(h) = Cineri(h) + 21145 (R), (49)
J
VL = T Fiesa, (50)
(o)
VEL Py(h) | e
T 11,t,5° 11,8 T
Y (h) = |—=—— Y . 51
1045 (1) Prios, 11,645 (51)
T11 18 a price subsidy. v, ,,,; is the stochastic discount factor that relates to the marginal
_ oPT
utility of wealth as defined below. Using glpllft](](l};) = (I;Tl ) y}jliﬂ(](l)), the first order condition
1
implies:
o] . T
7\’ r 1+7 Yirees (M)
E; Z (511)1) 1/)1,t,t+j |:‘/1pl,t,j7pTP11,t - MOLtJrj P+ =0, (52)
which can also be written as:
* T
Pr, Hiy,
- T (53)
Py Gy
(o)
00 . T
HYT = E, Z (EPT)j (0 Pry MCyy Vi Piue) 4 J o
11, pors 11 1,t,t+7 PlLt P117t+j P117t+j 11,t+5
(o)
MCh, 11t oy" T
= 1T1t + &0 ' E, (PP STRES] ' Hil i1 ¢ s (54)
P117t 11,641
()
[e’¢) T - pT
6l = B (eF) v Vit (D)
,t par S t+g ll,t,jl +0€T Pll,t+j REW]
. (1+9’1’T)
1 + T11 77'117,5 T T
= — 7Y 1T1t + & E, V1 4111041 G g (55)
+ 6y T11,4+1
M PGy PP
Vigerr = BP—<pe po (56)
o MPE PG,

With respect to export pricing, I distinguish possibilities: producer currency pricing and
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local currency pricing. If country 1’s exporters engage in producer currency pricing:

E; Z 512)1T¢1,t,t+j [(1 + 7'21) ‘721212,]'1521,1& (h) - Mcl,tﬂ' ?J2Tl,t+j (h) ? (57)
§=0
where
y2Tl,t+j(h) = o144 (h) + 214045(N), (58)
J
VL = ] P, (59)
k=1
o —a+oph
pT
yl (h) = _i M g yl (60)
2Lt hy 1,451,645 S

- Por s Po14(h) .oyl () 14687y i (R)
Note, that I have defined 79, ; = =22 and == =P h). Using —2- - — — 1 “2Ltt)
’ 2Lt Py €1,t+j 21’t( ) 8 OP>1,¢(h) 911’T Po1,¢(h) ?

the first order condition implies:

> j 1 . . T (h
Etz (512)1T> (I [ e Vi, Py MOl,t+j:| _921,;;3_( ) =0,

pT * 21t 21,¢ - £

=0 21,
or

D rrpT

P21,t o Hy,

= = =7

P21,t GQl,t

B —(+6PT)
= ——
gt — MCi; Pu: o T - o1t oF grT
2t T Tp o P Y14 T+ §91 By ¢1,t,t+1721,t+1 ~ 2L,t+1 (
11t €1l 21, T21,t+1
a+erT)
1+7 7?'21 T
~pT 21 T T - it 1 ~pT
GQl,t = T TY + &0 B ¢1,t,t+1721,t+1 ~ G21,t+1
1+ 04 T21,t+1
Under local currency pricing, a firm maximizes:
b
> j
§ : pT pT
E; (521) wl,t,tJrj [(1 + T21) V21,t,jP21,t (h) Clt+j — Mcl,tﬂ} Yo1,t+5 (h) ) (61)

=0
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where

J
pT _ =
Vo = H7T21,t+k71, (62)
k=1
J
e _ e
Vi = Hﬂl,t+k—1a (63)
k=1
14077
pT T pT
B — 1 V21,t,jP21,t (h) ! 4
Yo () = — | —p——— Y2164 (64)
1 21,t+j
Note, that I have used the definitions o, = -2t L) _ p (h), ¢, = == Using
) 21t Poy1t—17  e1t4y 21t P ULt e1t—1"
Oy21,t+5(h) _ _1+9fT y21,t45 (h) b : o
T R T T the first order condition implies:
[o.¢] .
j 1+7 (h)
pT 21y ,pT s Y21,t4j _
E; E <§21) ¢1,t,t+j [ pTV21,t,jP21,t€1,t+j - MCl,t+j:| P =0, (65)
= 1+ 06y 21t
or
* pT
Py, o Hyiy
LI 7
Poy 4 Gor
—(+6PT)
T MCiy Puz o Lty dy o1 o™ 7T
20 T Tp P Yot 21 £ Ltt+1721t41 21,t+1
11t €1l 21, T21,t+1
(a+efT)
1+7 T Tt
pT - 21 T pT 21,t 1 pT
GQl,t = T Y21, + &0 B ¢1,t,t+1721,t+1 G21,t+1
1+ 67 T21,641

Similar expressions apply for country 2 and the non-traded goods sector.

D.2 Model equations
D.2.1 Definitions

The following definitions are adopted.
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1. Real relative prices:

. P 12,t4j
Qii+i = 5
P 11,t45
_ Paoyy
QP+ = [
Pty
B 61,t+jp22,t+j
qt+; — )
P 11,t45
C
. el,t+jp2,t+j
Teryyj = T’
1,t+j5
N x*
B P’
o Py
it+j PC )
it
I Py
th+] - PI .
it

2. Optimized relative prices:

*
i B 21,t
21t )
61,tP22,t
k
D B 21,
21t )
P22,t
D
- el,tpm,t
Proy = ;
Pll,t
*
p* . 12,¢
12t — :
Py
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3. Inflation terms:

. P12,t Mg
T2t — P = T11,t,
12,t—1 q1,t—1
= - P12,t iy Ty
12t = = =
Py Q-1 T
. Py Q21
To1t = = 22t
Py 41 o,¢
~ P21,t q2,t—1 e
To1t = = = T2t
Py s 1 a2t

C
¢, = Pi’t/pii’t Pii,t . cI)z‘,t—17T
C c = dists
Pz‘,t—1/Pz‘z‘,t—1 Pt D, 4

N N
N Pi,t Gy
Ty = PN T N Tiits
-1 i1
C
e €1t rery Ty

T, = = —.
€1,¢—1 Tery—1 Moy

4. Price updating:

pT T
_pT pT'Yll *17’)/{1
™ = T 7 )
T __pTA _s1-4PT
T = Ty °T )
—_pT pT’YSf *1—75?
T9p = Top T T )
_pT PT'YSg *1 —'ngT
Tog = Tog T )

pN N
_pN PN~y *x1—~F
T = m T 1

N
_pN PNAEY k12N
TN = my 2ot

5. Wages and wage inflation:

. Wi
Wt = 5
Py
*
wr = Wi,t
o=
N Py
w VVz‘,t Wy ¢ -
it = = ii,ts
VVi,t—l Wi t—1
w
Disy s = i =y
Wit+j = Wi T ‘.
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6. Real marginal costs:

T
- B MC,
wt+i T p
Py
N MCh,
mczt—f—] - PN '
1,47

7. Profits and assets:

. P Tit+j
Prit+; = 7P )
iyt
G
Xe . Bz’,tJrj
nt+5 PC ’
it+j
b _ By
ity PC )
it+j
By 4
bier; =
P 1 t+]
b o BQvt-‘rj
2t+7 — T oo

61,t+jP2c,vt+j‘
D.2.2 Model equations
The following conditions need to be satisfied in the model with real and nominal rigidities.

1. Labor choice:

w

146
w s\ 1— i,
Hi; (”i, ) o
W
Gy Pt

140 1-x4

~

g S (1=x;)
P % 1 wig \ %
o e I e i
! 0 Wi ! ( ) E: Tiit+1 i
P _ ey -1
1—7/ it |0 Wit \ %
Gl = — LN PLY; ’ iy + B,EYE 2 GV
it ew it |:Wi,t:| it ﬁzgz t (Wii,tJrl) i,t+1

2. Aggregate wage evolution
—17 =07

Wit — la—ev (V[/z*t—i—])gT Lew (wz ttj—1 Wigj— 1)7

]Dii,tJr' pii,t+' Tiit+j Pz‘i,t+j—1
J J

-

3. Marginal utility of consumption
Y c
(Cigrs (h) = Kfciorjo1 = Vigy) " = Niews (B) Py
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4. Investment choice

i1+ j Piprj 1 (@iprj () — @ig—145 (h))
0 = —AZ ] h/ -PiC ] . _AZ “P’iC j 7 ]gbzl — ’ :
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5. Capital choice
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6. Capital accumulation
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7. Consumption budget constraint 1
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and
1 1
boy = ——biy
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8. Risk sharing condition: with adjustment costs
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9. Price of bond derived from country 1
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10. Bond market clearing
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11. Investment aggregate: for country ¢
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12. Investment optimal choices:
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13. Consumption aggregate over traded goods: for country ¢
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14. Consumption aggregate over traded and non traded goods: for country ¢
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15. Consumption optimal choices non-traded goods: for country 1
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16. Consumption optimal choice traded goods: for country 1
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17. Price definition ®;: for country 1
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18. Price definition II;: for country 1
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19.

20.

21.

22.

23.

24.

25.

26.

27.

Consumption real exchange rate
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Production traded goods: for country i
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Production non-traded goods: for country ¢
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Optimal labor input choices traded goods: for country ¢
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Optimal capital input choices traded goods: for country ¢
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Optimal labor input choices traded goods: for country ¢
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Optimal capital input choices traded goods: for country i
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Labor market clearing
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Capital market clearing
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28.

29.

30.

31.

Goods market clearing for good 1:
le = Aqgleine + @) + Dorg[cor s + 1] Vo

Evolution of dispersion index good 1: country 1
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q2.¢
under local currency pricing
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Goods market clearing for good 2:
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Evolution of dispersion index good 2: country 2
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32.

33.

34.

35.

36.

Goods market clearing non-traded goods: for country ¢
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Evolution of dispersion index non-traded good :
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Price indices good 1: country 1
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Price indices good 2: country 2
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37. Stochastic discount factors
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38. Price for traded good country 1
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39. Export price for traded good country 1: producer currency pricing

-
G21,t

local currency pricing
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40. Price for traded good country 2
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41. Export price for traded good country 2: producer currency pricing
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42. Price for non-traded good country :
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43. Definition of real proﬁts : profits from home activities
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from exporting with producer currency pricing
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Consolidate household budget constraint
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44. Price of government debt
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46. Nominal interest rate
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47. Monetary policy
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with the steady state inflation rate 7§ and the steady state nominal interest rate Rs; = g—
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