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Abstract

(Anderson and Moore, 1983; Anderson and Moore, 1985) describe a
powerful method for solving linear saddle point models. The algorithm
has proved useful in a wide array of applications including analyzing lin-
ear perfect foresight models, providing initial solutions and asymptotic
constraints for nonlinear models. The algorithm solves linear problems
with dozens of lags and leads and hundreds of equations in seconds. The
technique works well for both symbolic algebra and numerical computa-
tion.

Although widely used at the Federal Reserve, few outside the cen-
tral bank know about or have used the algorithm. This paper attempts
to present the current algorithm in a more accessible format in the hope
that economists outside the Federal Reserve may also find it useful. In ad-
dition, over the years there have been undocumented changes in approach
that have improved the efficiency and reliability of algorithm. This paper
describes the present state of development of this set of tools.

*Routines developed and tested with Matlab 5.1 and 5.2 under Unix and
5.2 under MS Windows NT. Matlab files and other related code available from
http://www.bog.frb.fed.us/pubs/oss/ beginning late Summer ’98.
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1 Problem Statement

Anderson and Moore (Anderson and Moore, 1985) outlines a procedure that
computes solutions for structural models of the form

0
ZHixtH:O,tzO (1)

i=—1
with initial conditions, if any, given by constraints of the form
o= xd = 7 ..., —1 (2)
where both 7 and 8 are non-negative, and x; is an L dimensional vector with

Jlim 2 = 0 ®3)

The algorithm determines whether the model 1 has a unique solution, an
infinity of solutions or no solutions at all.

The specification 1 is not restrictive. One can handle inhomogeneous version
of equation 1 by recasting the problem in terms of deviations from a steady state
value or by adding a new variable for each non-zero right hand side with an
equation guaranteeing the value always equals the inhomogeneous value(z{°" =
z$o% and x§°% = RHS),

Saddle point problems combine initial conditions and asymptotic conver-
gence to identify their solutions. The uniqueness of solutions to system 1 requires
that the transition matrix characterizing the linear system have an appropriate
number of explosive and stable eigenvalues(Blanchard and Kahn, 1980), and
that the asymptotic linear constraints are linearly independent of explicit and
implicit initial conditions(Anderson and Moore, 1985).

The solution methodology entails

1. using equation 1 to compute a state space transition matrix.

2. Computinging the eigenvalues and the invariant space associated with
large eigenvalues

3. Combining the constraints provided by:

(a) the initial conditions,

(b) auxiliary initial conditions identified in the computation of the tran-
sisiton matrix and

(c) the invariant space vectors
Figure 1 presents a flow chart summarizing the algorithm. For a descrip-

tion of a parallel implementation see (Anderson, 1997b) For a description of a
continuous application see (Anderson, 1997a).



Begin

Compute Unconstrained Autoregressive
Representation(H**, H”*) and Auxiliary
Initial Conditions(Z#*, Z°*),

(See Section 2.1)

H — {Hﬁ’*,Hb’*, Zﬁ’*, Zb,*}

Compute Convergence Constraint(V')
(See Section 2.2)

{HY* 78 2°%) ——— V

Compute Asymptotic Constraints (Q),
(See Section 2.2)
{7202V} —— Q

End

Figure 1: Algorithm Overview




2 Algorithm

2.1 Unconstrained Auto-regression

The algorthim in this section performs elementary row operations on the original
model equations to produce a normal form that facilitates construction of a state
space transition matrix. If the leading square block of the linear system(Hp)
were non-singular, one could compute the transition matrix from

0 I
A:
0 I
Hy'H., ... ... ... Hy'Hy,

"matlab/numericTransitionMatrix.m" 1 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function transMat=numericTransitionMatrix (transF)
[nr,nbc]=size(transF) ;

nc=nbc-nr;
JitransMat = -transF(:,nc+1:nbc)\transF(:,1:nc);
transMat = -inv(transF(:,nc+1:nbc))*transF(:,1:nc);

if (nc > nr)
transMat=[zeros (nc-nr,nr) ,speye(nc-nr) ;transMat] ;
end

&
AN EXAMPLE:

full (numericTransitionMatrix(sparse([1,2,3,4]1)))

full (numericTransitionMatrix(sparse([1,2,3,4]1)))

ans =
0 1.0000 0
0 0 1.0000
-0.2500 -0.5000 -0.7500
>>
>>



Since, for most economic models, Hy is typically singular, algorithm 1 iden-
tifies linear combinations of the first L(7 + 6 + 1) equations that have leading
block non-singular. Inverting this non-singular right hand block and multiply-
ing the lagged matrices in the corresponding row provides the autoregressive
representation.

The remaining equations, the auziliary initial conditions, provide important
information for determining a unique trajectory for the model. Section 2.3 shows
how the auxiliary initial conditions provide a mechanism for reducing the size
of the invariant space calculation.

Algorithm 1

1 Given H, compute the unconstrained auto-regression.
2 funct F1(H) =

3 k=0
;s Z20.=p
5 HY:=H
6  while H} is singular Nrows(Z*) < L(r + )
7 do

k Ué . - . k
8 U" = Uk | = numericComputeAnnihilator(7)

N
) e |0 UBHE L USHS
UNHE UnHg

k1 o
1 = {UQH’; . UEHE,
11 kE:=k+1
12 od
13 return{[HF_ ... HE], (T or @), 2%}
14 .

Theorem 1 Let
H_, Hoy
H_ - Hy
H = 4641
H_, Hoy
H_ - Hy

There are two cases:

e When # is full rank the algorithm terminates with Z#*(Z"*) and
non-singular H}*(H’*)

e When # is not full rank the algorithm terminates when some
row of [”H_T .. .7-[9] is zero.



2.1.1 numericRightMostAllZeroQ

This routine checks the(dim) right most elements of a vector numbers(z) to see
if they are small. The routine compares ||Zn—dim+1 ---Zn|l2 to $zeroTol and
returns False if it is larger and T'rue otherwise.

"matlab/numericRightMostAllZeroQ.m" 2 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 $

%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 mlgsa00 Exp migsaO0 $

function allz = numericRightMostAllZeroQ(dim,x)

zeroTol=10"(-10);

allz=(norm(x(length(x)-dim+1:length(x))) < zeroTol);

<
AN EXAMPLE:

numericRightMostAllZeroQ(1, [1,2,3])

ans =

numericRightMostAllZeroQ(1, [1,2,0])

ans =

2.1.2 numericLeftMostAllZeroQ

This routine checks the(dim) Left most elements of a vector numbers(z) to see
if they are small. The routine compares ||Z,—_dim+1 ---Znll2 to $zeroTol and
returns False if it is larger and T'rue otherwise.

"matlab/numericLeftMostAllZeroQ.m" 3 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §

%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function allz = numericLeftMostAllZeroQ(dim,x)

zeroTol=10"(-10);
allz=(norm(x(1:dim)) < zeroTol);
o



AN EXAMPLE:

numericLeftMostAllZeroQ(1,[1,2,3])

ans =

numericLeftMostAllZeroQ(1,[0,1,2])

ans =

2.1.3 numericShiftRight AndRecord

This routine implements lines 9-10 of the algorithm. It takes a set of auxiliary
initial conditions and an input matrix(H) and

e identifies rows of H with zeroes in the rightmost block
e shifts these rows right one block
e adds the shifted row to the list of auxiliary conditions

The routine should throw an exception if it identifies a matrix row that is
all zeroes. Instead, the routine calle matlab’s error function.



"matlab/numericShiftRightAndRecord.m" 4 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function [ultimateAuxConds,shiftedHmat] = numericShiftRightAndRecord(auxConds,unshiftedHmat)
[hrows,hcols]=size(unshiftedHmat) ;

shiftedHmat=zeros (hrows,hcols) ;

rowsNow=0;

ultimateAuxConds=zeros (hcols-hrows,hcols-hrows) ;

zeroTol=10"(-10) *hrows;

for i = 1:hrows

if (norm(unshiftedHmat (i, :))<zeroTol)

error(’zero row for hmat’)

end;%if

while (numericRightMostAllZeroQ(hrows,unshiftedHmat (i, :)))
rowsNow=rowsNow+1;
ultimateAuxConds (rowsNow, : )=unshiftedHmat (i,1:hcols-hrows);
unshiftedHmat (i, :)=[zeros(1,hrows) ,unshiftedHmat(i,1:hcols-hrows)];
end; %end while

shiftedHmat (i, :)=unshiftedHmat(i,:);

end;%for,
ultimateAuxConds=[auxConds;ultimateAuxConds (1:rowsNow,:)];

O

AN EXAMPLE:

[ax,hf]=numericShiftRightAndRecord(sparse([1,2,7,9]),sparse([4,5,0,0,0,0;2,2,3,3,0,0]))
ax =

(1,1)
(2,1)
(4,1)
(1,2)
(2,2)
(4,2)
(1,3)
(3,3)
(4,3)
(1,4)
(3,4)
(4,4)

W OO WwWwdHNNOONND -

hf



>>

2.1.4 numericShiftLeft AndRecord

This routine implements lines 7?7-10 of the algorithm. It takes a set of auxiliary
initial conditions and an input matrix(H) and

e identifies rows of H with zeroes in the Leftmost block
e shifts these rows Left one block
e adds the shifted row to the list of auxiliary conditions

The routine should throw an exception if it identifies a matrix row that is
all zeroes. Instead, the routine calle matlab’s error function.

"matlab/numericShiftLeftAndRecord.m" 5 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function [ultimateAuxConds,shiftedHmat] = numericShiftLeftAndRecord(auxConds,unshiftedHmat)
[hrows,hcols]=size(unshiftedHmat) ;

shiftedHmat=zeros (hrows,hcols);

rowsNow=0;

ultimateAuxConds=zeros (hcols-hrows,hcols-hrows) ;

zeroTol=10"(-10) *hrows;

for i = 1:hrows

if (norm(unshiftedHmat (i,:))<zeroTol)

error(’zero row for hmat’)

end;%if

while (numericLeftMostAllZeroQ(hrows,unshiftedHmat (i, :)))
rowsNow=rowsNow+1;
ultimateAuxConds (rowsNow, : )=unshiftedHmat (i ,hrows+1:hcols);
unshiftedHmat (i, :)=[unshiftedHmat (i,hrows+1:hcols) ,zeros(1,hrows)];
end; %end while

shiftedHmat (i, :)=unshiftedHmat(i,:);

end;%for,
ultimateAuxConds=[auxConds;ultimateAuxConds (1:rowsNow,:)];

O

AN EXAMPLE:

[ax,hf]=numericShiftLeftAndRecord(sparse([1,2,7,9]) ,sparse([0,0,4,5,0,0;0,0,0,0,3,3]))

10



ax

(1,1)
(2,1)
(4,1)
(1,2)
(2,2)
(4,2)
(1,3)
(3,3)
(1,4
(3,4)

WO WNWOaON WP~

hf

>>
>>

2.1.5 numericComputeAnnihilator

This routine uses QR Decomposition with column pivoting to construct a matrix
that zeroes the rows of the input matrix. The routine extends the matrix to a
basis for the n dimensional space by computing the orthogonal complement of

)=

11



"matlab/numericComputeAnnihilator.m" 6 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function annmat=numericComputeAnnihilator (amat,hmat)
zeroTol=10"(-10);

[arows,acols]=size(amat);

fp=arows:-1:1;

if (norm(reshape(amat,1,arows*acols))<zeroTol)
annmat=hmat;

else

if (issparse(amat))

[annmat ,r]=qr (amat,hmat) ;

else

[annmat ,r,e]l=qr (amat) ;

annmat=(annmat’) *hmat;

endjend if

%annmat=annmat (:,p) ;%want to place zero rows at top of matrix
Jiannmat=annmat’ ;

end;%end if

O

AN EXAMPLE:

numericComputeAnnihilator(zeros(3),zeros(3))

ans =
0 0 0
0 0 0
0 0 0

>>

>>

>>

numericComputeAnnihilator([1,2,2;1,2,2],[1,2,2,4,5,6;3,2,1,4,5,6])
ans =

-2.8284 -2.8284 -2.1213 -5.6569 -7.0711 -8.4853
1.4142 0.0000 -0.7071 0.0000 0.0000 0.0000

>>

12



2.1.6 numericAnnihilateRows

This routine zeroes out as many rows as possible in the rightmost block rows of
the matrix(hmat).

"matlab/numericAnnihilateRows.m" 7 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 mlgsa00 Exp migsaO0 $

function newhmat = numericAnnihilateRows (hmat)
[hrows,hcols]=size(hmat) ;
newhmat=numericComputeAnnihilator (hmat (:,hcols-hrows+1:hcols) ,hmat);
/%newhmat=zapper*hmat ;

O

2.1.7 numericLeft AnnihilateRows

This routine zeroes out as many rows as possible in the leftmost block rows of
the matrix(hmat).

"matlab/numericLeftAnnihilateRows.m" 8 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 mlgsa00 Exp migsaO0 $

function newhmat = numericLeftAnnihilateRows (hmat)
[hrows,hcols]=size(hmat) ;
newhmat=numericComputeAnnihilator (hmat(:,1:hrows) ,hmat);
%newhmat=zapper*hmat ;

<o

AN EXAMPLE:

>> numericAnnihilateRows([2,4,3,9,2,2;7,3,4,1,2,2])

ans =
-6.3640 -4.9497 -4.9497 -7.0711 -2.8284 -2.8284
3.63556 -0.7071 0.7071 -5.6569 0.0000 0.0000
>>
>>

2.1.8 numericRightAR

This routine implements Algorithm 1.

13



"matlab/numericRightAR.m" 9 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function [auxConds,hstar]=numericRightAR (hmat)

fhmat=full (hmat) ;

oldAuxRows=-1;

[hrows,hcols]=size(hmat) ;
[auxConds,hstar]=numericShiftRightAndRecord(zeros(0,hcols-hrows) ,fhmat);
[newAuxRows,ignore]=size (auxConds) ;

while(oldAuxRows ~= newAuxRows)

oldAuxRows=newAuxRows;
[auxConds,hstar]=numericShiftRightAndRecord(auxConds,numericAnnihilateRows (hstar));
[newAuxRows,ignore]=size (auxConds) ;

endiend while

if (issparse(hmat))

auxConds=sparse (auxConds) ;

hstar=sparse(hstar) ;

endif

1O

AN EXAMPLE:
>> hfv=sparse([0,0,-(1+0.1),0,1,1;0,-(1-0.6),0,1,0,0])

hfv

>>
>>

(
(
(
(
(

2,2) -0.4000
1,3) -1.1000
2,4) 1.0000
1,5) 1.0000
1,6) 1.0000

>> [zf,hf]=numericRightAR(hfv)

ans

zf

(
(

1
1,2) -0.4000
1,4) 1.0000

14



hf

(1,3) 0.7778
(2,3) 0.7778
(1,4) 0.2828
(2,4) -0.2828
(1,5) -0.7071
(2,5) -0.7071
(1,6) -1.4142
(2,6) 0.0000

>>

>>

2.1.9 numericLeftAR
This routine implements Algorithm 1.

"matlab/numericLeftAR.m" 10 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 mlgsa00 Exp migsaO0 $

function [auxConds,hstar]=numericLeftAR (hmat)

fhmat=full (hmat) ;

oldAuxRows=-1;

[hrows,hcols]=size(hmat);

[auxConds ,hstar]=numericShiftLeftAndRecord(zeros(0,hcols-hrows) ,fhmat);
[newAuxRows,ignore]=size (auxConds) ;

while(oldAuxRows ~= newAuxRows)

oldAuxRows=newAuxRows;

[auxConds ,hstar]=numericShiftLeftAndRecord(auxConds,numericLeftAnnihilateRows (hstar));
[newAuxRows,ignore]=size (auxConds) ;

endj,end while

if (issparse(hmat))

auxConds=sparse (auxConds) ;

hstar=sparse(hstar) ;

endif

O

AN EXAMPLE:

hfv=sparse([0,0,-(1+0.1),0,1,1;0,-(1-0.6),0,1,0,0])

15



[zf ,hf]=numericLeftAR (hfv)

hfv=sparse([0,0,-(1+0.1),0,1,1;0,-(1-0.6),0,1,0,0])

hfv =
(2,2) -0.4000
(1,3) -1.1000
(2,4 1.0000
(1,5) 1.0000
(1,6) 1.0000

>>

>>

>> [zb,hb]=numericLeftAR (hfv)
[zb,hb]=numericLeftAR (hfv)

zb =
(1,1) -1.1000
(1,3) 1.0000
(1,4) 1.0000

hb =
(1,1) 1.1000
(2,2) -0.4000
(1,3) -1.0000
(1,4) -1.0000
(2,4 1.0000

>>

>>

>>

>>

2.1.10 numericBiDirectional AR

This routine applies Algorithm 1 in the forward and the reverse directions to
provide inputs for the state space reduction routines. The auxiliary initial con-
ditions span the invariant space associated with zero eigenvalues. Obtaining
these vectors makes it possible to compute the minimal dimension transition
matrix.

16



"matlab/numericBiDirectionalAR.m" 11 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function [zb,hb,zf,hf]=numericBiDirectionalAR (hmat)
[hrows,hcols]=size(hmat);

[zf ,hf]=numericRightAR (hmat) ;
’done forward’

%p=hcols:-1:1;
%ps=(hcols-hrows):-1:1;
fhrev=hmat (:,p);
[zb,hb]l=numericLeftAR (hmat) ;
’done backward’

% [zbrows,zbcols]=size(zb) ;
%if zbrows > 0

%zb=zb(:,ps);

Yend

%hb=hb(:,p);

O

2.2 Invariant Space Calculations

Theorem 2 Let {z{°""}, t = —7,... ,00 be a non explosive solution sat-
isfying equation 1. Let A be the state space transition matrix for
equation 1 and V be a set of invariant space vectors spanning the
invariant space associated with roots of A of magnitude bigger than
1. Then for t =0,...,

conv

T
\% =0
25
Corrolary 1 Let {z;}, t = —7,... ,00 be a solution satisfying equation

1. If A has no roots with magnitude 1 then the path converges to the
unique steady state if and only if

Tt—r
1% : =0
Tt+0—1

for some t.

17



Corrolary 2 If A has roots with magnitude 1 then a path converges
to a limit cycle(or fixed point) if and only if

Tt—r

Tt+0—1

for some t.

Algorithm 2

1 Given Ih*, Zb* 70,

2 compute vectors spanning the left invariant
3 space associated with large eigenvalues

4 funct Fo(Th*, Z4* Zb)

0 I
5 A::[Fﬁ

6 {A]I,Jo} = stateSpaceReducer(4, Z%*, Z°*)
{V, M} := leftInvariantSpaceVectors(A)
V' = stateSpaceExpander(V, M, 11, Jy)
A

o[

10 .

Theorem 3 Let

Q= ﬁﬂ =[Qr Q]

The existence of convergent solutions depends on the magnitude of
the rank of the augmented matrix

ry = rank <|:QIL QOR mdg“])

and

ek (10
=k (o, )

and L(7 + ), the number of unknowns.
1. If r;y > ro there is no nontrivial convergent solution
2. If 1 = ro = L(7 + 0) there is a unique convergent solution
3. If r; = ro < L(7 + 0) the system has an infinity of convergent

solutions

18



Corrolary 3 When @ has L rows, Q is square. If Qg is non-singular,
the system has a unique solution and

B
By .
= QR QL

By
If Qg is singular, the system has an infinity of solutions.

Corrolary 4 When ) has fewer than L6 rows, The system has an
infinity of solutions.

Corrolary 5 When @ has more than L rows, The system has a unique
nontrivial solution only for specific values of x4,

Algorithm 3

1 Given V, Z4*,
2 funct F3(V, Z%*)

Zt*
o= [7]
4 cnt =noRows(Q)

[¥5)

{Q7 OO} cnt < L6

5 return {Q7 0} cnt > Lo
{Q, 00} (Qr singular)
{—QI_:;lQ, 1} otherwise

6 .

2.2.1 numericAsymptoticConstraint

This routine implements Algorithm 2.

19



"matlab/numericAsymptoticConstraint.m" 12 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function gmat=numericAsymptoticConstraint(af,ab,hf,nlag)
[hrows,hcols]=size(hf);

[frows,ignore]l=size(af);

[brows,ignore]=size(ab);

tm=numericTransitionMatrix(hf);
[jO,pimat,lila,gmat]=numericSqueeze([ab;af] ,hf);

[nrows,ncols]=size(lila);

[vm,1m]=numericSelectLargeIS(lila,min(nrows, (hcols-hrows)-frows-nlagxhrows)) ;
bigOnes=numericEvExtend(jO,pimat,lm,vm,qmat);
%[tmlil,tmial=numericEliminateInessentialLlags (hf);

% [nrows,ncols]=size(tmlil);

%[vm,1lm]=numericSelectLargeIS(tmlil,max(nrows, (hcols-hrows)-frows-nlagxhrows+2));
% [nrvm,ncvm] =size (vm) ;

%bigOnes (1:nrvm,tmia)=vm;

[nrb,nrc]l=size(biglnes) ;

gmat=[af ;bigOnes];

O

2.2.2 numericAsymptoticConstraintContinuous

This routine implements Algorithm 2.

"matlab/numericAsymptoticConstraintContinuous.m" 13 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function gmat=numericAsymptoticConstraintContinuous(af,ab,hf,nlag)
[hrows,hcols]=size(hf);

[frows,ignore]=size(af);

[brows,ignore]=size(ab);

tm=numericTransitionMatrix(hf);

[jO,pimat,lila,gmat]=numericSqueeze([ab;af] ,hf);

[nrows,ncols]=size(lila);

[vm,1m]=numericSelectPositiveIS(lila,min(nrows, (hcols-hrows)-frows-nlag*hrows));
bigOnes=numericEvExtend(jO,pimat,1lm,vm,qmat);
%[tmlil,tmial=numericEliminateInessentiallags (hf) ;

% [nrows,ncols]=size(tmlil);

%[vm,1lm]=numericSelectPositiveIS(tmlil,max(nrows, (hcols-hrows)-frows-nlagxhrows+2)) ;
% [nrvm,ncvm] =size (vm) ;

%bigOnes (1:nrvm,tmia)=vm;

[nrb,nrcl=size(biglnes) ;

gmat=[af ;bigOnes];

O

20



2.2,

3 numericCheckUniqueness

This routine implements Algorithm 3.

"matlab/numericCheckUniqueness.m" 14 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function [bmat,infostring]=numericCheckUniqueness(hf,nlags,qmat)
[hrows,hcols]=size(hf);

[qrows,qcols]=size(qgmat);

nleads=(qcols/hrows)-nlags;

if (qrows<nleads*hrows)

infostring=’multiplicity of stable solutions’

bmat=[];

elseif (qrows>nleads*hrows)

infostring=’no stable solutions except for particular initial conditions’
bmat=[];

else

bmat=numericAsymptoticAR(gmat) ;

infostring=’unique stable solutions’;

end

&

AN EXAMPLE:

[zb

ans

ans

,hb,zf ,hf]=numericBiDirectionalAR (hfv)

done forward

ans

done backward

zb

1,1 -1.1000
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(1,3) 1.0000

(1,4 1.0000
hb =
(1,1 1.1000
(2,2) -0.4000
(1,3 -1.0000
(1,4 -1.0000
(2,4 1.0000
zf =
(1,2) -0.4000
(1,4 1.0000
hf =
(1,3 0.7778
(2,3 0.7778
(1,4 0.2828
(2,4 -0.2828
(1,5) -0.7071
(2,5) -0.7071
(1,6 -1.4142
(2,6) 0.0000

>> theg=numericAsymptoticConstraint(zf,zb,hf,1)

iter

eigs

1.1000
0.4000

stopcrit =

2.4728e-16
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iter

eigs
1.1000
0.4000
stopcrit =

2.9673e-16

evIrows

evcols

kronMat =

(1,1)
(2,1)
(1,2)
(2,2)

ans =
(1,1
(2,1)

(1,2)
(2,2)

theq =

.0818
.9908
.8343
.0022

.0818
.9908
.8343
.0022
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(2,1)
(1,2)
(2,2)
(2,3)
(1,4)
(2,4)

>>
>>

[zb,hb,zf ,hf]=numericBiDirectionalAR (hfv)
theg=numericAsymptoticConstraint (zf,zb,hf,1)
LU factorization of (A-sigma*I) for sigma

iter

eigs
0.4000
1.1000
stopcrit =

2.4728e-16

iter

eigs

0.4000
1.1000

stopcrit =

2.4728e-16

theq =

.0000
.4000
.0000
.2095
.0000
.6911

24
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2,1 0.0000

(1,2) -0.4000
(2,2) -0.0000
(2,3) 1.2095
(1,4 1.0000
(2,4 -0.6911

>> [bnow,is]=numericCheckUniqueness(hfv,1,theq)

bnow =
(1,1 -0.0000
(1,2) 0.2286
(2,2) 0.4000
is =

unique stable solutions

>>

2.2.4 numericAsymptoticAR

This routine uses the auxiliary initial conditions and the left invariant space
vectors to construct an autoregressive representation of the stable solutions for
the linear system.

"matlab/numericAsymptoticAR.m" 15 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 mlgsa00 Exp migsaO0 $

function bmat=numericAsymptoticAR(qgmat)
[qrows,qcols]=size(qgmat);

bmat=-qmat (:,qcols-qrows+1l:qcols)\gmat (:,1:qcols-qrows);
<&

2.3 State Space Reduction

The algorithm constructs transition matrices that are sparse and have many zero
eigenvalues. The routines in this section compute a similarity transformation
that allows subsequent routines to compute invariant space vectors in a space
of lower dimension.
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Theorem 4 The ZE, 7’ span the invariant space associated with zero
eigenvalue.

ZE T+60
[Zb] A =0

Theorem 5 Suppose
YA=MY

so that Y spans the invariant space associated with the eigenvalues
of M, one can compute X with

X Y] [%;]

spans the dominant invariant space of A. From
vee(X) = (I® M) — (J& @ 1)) (I" ® Nvec(Y)
where

QTRP = [zt+ 724"
QIRP=Q,Qu—1

a=QAQf
II=QAQY

Algorithm 4

1 Given h, H,

2 asymptotic stability constraints
3 funct Fu(V, Z%*)

4 -
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2.3.1 numericEliminatelnessentialLags

"matlab/numericEliminateInessentiallags.m" 16 =

function [a,js] = numericEliminateInessentiallLags(h)

[neq,ncols]=size(h);
qcols=ncols-neq;

% [a,js] = build_a(h,qcols,neq)
%

% Build the companion matrix, deleting inessential lags.

% Solve for x_{t+nlead} in terms of x_{t+nlag},...,x_{t+nlead-1}.

left 1:qcols;
right = qcols+l:qcols+neq;

hs=sparse(h);

%size(h(:,right))
Y%size(h(:,left))

hs(

%h(

"
a =

if(

end

hro
a(h

h
)
"
A

ha=
js

zer

whi

end

ia
a=s

<&

:,left) = -hs(:,right)\hs(:,left);

:,left)

-h(:,right)\h(:,left);

Build the big transition matrix.
zeros(qcols,qcols);
qgcols > neq)

eyerows = l:qcols-neq;
eyecols = neqt+l:qcols;

a(eyerows,eyecols) = eye(qcols-neq);

WS qcols-neq+l:qcols;

hs(:,left);

rows,:)

Delete inessential lags and build index array js.

js indexes the

columns in the big transition matrix that correspond to the
essential lags in the model. They are the columns of q that will

get the unstable left eigenvectors.

sparse(a) ;
= 1l:qcols;
ocols = sum(abs(a)) == 0;

le( any(zerocols) )

a(:,zerocols) = [];
a(zerocols,:) = [1;
js(zerocols) = []; 27
zerocols = sum(abs(a)) == 0;
= length(js);
parse(a);



2.3.2 numericSqueeze

This routine computes the Jy,II, a,Q,Q components of the mapping from re-
duced dimension eigenvectors to full dimensions eigenvectors.

"matlab/numericSqueeze.m" 17 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function [jO,pi,a,qout]=numericSqueeze(auxFAuxB,preTransMat)
zeroTol=10"(-10);
%[tmlil,tmial=numericEliminateInessentiallags (preTransMat) ;
tm=numericTransitionMatrix(preTransMat) ;
if (isempty (auxFAuxB))
afab=[];
notafab=speye (auxcols) ;
else
[auxRows,auxCols]=size (auxFAuxB) ;
[afab,notafab]=numericExtendToBasis (auxFAuxB) ;
end;%end if
qout=[afab;notafab];
if (isempty(auxFAuxB))
jo=[1;
pi=0];
a=tm;
else
jO=afab * tm * afab.’;
pi=notafab * tm * afab.’;
a=notafab * tm * notafab.’;
end;
<&

2.3.3 numericMapper

This routine computes the matrix for transforming reduced dimension eigenvec-
tors into full dimension eigenvectors.

"matlab/numericMapper.m" 18 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function kronMat=numericMapper (bigJO,bigPi,evMat)

[jrows, jcols]=size(bigJO) ;

[evrows,evcols]=size(evMat)

kronMat=(kron(speye(jrows) ,evMat) - kron(bigJ0.’,speye(evrows)))\kron(bigPi.’,speye(evrows))
<&
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2.3.4 numericEvExtend

"matlab/numericEvExtend.m" 19 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 mlgsa00 Exp migsaO0 $

function bigEvecs=numericEvExtend(bigJO,bigPi,evMat,yMat,qmat)
[jrows, jcols]=size(bigJO);

[evrows,evcols]=size(evMat) ;

[yrows,ycols]l=size(yMat);

numericMapper (bigJO,bigPi,evMat)

if (jrows>0)

kronMat=(kron(speye(jrows) ,evMat) - kron(bigJO.’,speye(evrows)))\kron(bigPi.’,speye(evrows));
xMat=reshape (kronMat * reshape(yMat,yrows*ycols,1),yrows,jcols);
bigEvecs=[xMat,yMat]*qmat ;

else

bigEvecs=yMat*qgmat;

end;

<&

2.3.5 numericSelectLargelS

This routine identifies the eigenvalues with magnitude larger than one. The rou-
tine returns a matrix whose rows span the left invariant space of the transition
matrix, along with the corresponding diagonal matrix of eigenvalues.

VA=MV
viv =1

"matlab/numericSelectLargeIS.m" 20 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 mlgsa00 Exp migsaO0 $

function [bigv,biglam]=numericSelectLargeIS(tmat,numToComp)
[allv,alllam]=eigs(tmat.’ ,numToComp) ;
[iv,jv]=find(abs(alllam)>1);

bigv=allv(:,iv).’;

biglam=alllam(iv, jv);

<&

2.3.6 numericSelectPositivelS

This routine identifies the positive eigenvalues. The routine returns a matrix
whose rows span the left invariant space of the transition matrix, along with
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the corresponding diagonal matrix of eigenvalues.
VA=MV
viv =1

"matlab/numericSelectPositiveIS.m" 21 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function [bigv,biglam]=numericSelectPositivelS(tmat,numToComp)
[allv,alllam]=eigs(tmat.’ ,numToComp,’LR’) ;
[iv,jv]=find(alllam>0);

bigv=allv(:,iv).’;

biglam=alllam(iv,jv);

&

2.3.7 numericExtendToBasis

"matlab/numericExtendToBasis.m" 22 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 mlgsa00 Exp migsaO0 $

function [orig,extension]=numericExtendToBasis(matRows)
zeroTol=10"(-10);

[nrows,ncols]=size(matRows) ;
v=orth([full (matRows) ;eye(ncols)]’);
orig=v(:,1l:nrows)’;%assuming full rank
extension=(v(:,nrows+1l:ncols))’;%assuming full rank

&

2.4 Observable Structure

Following (Fuhrer, 1994),
%

0
N Hiwepi+ > HiBi(wen) =€

i=—T i=1

For time t expectations, one has

-1
Et(ﬂft+k) = Z BiEt($t+k+i)

i=—T

leading to the observable structure equation

0
E Sixt+i = €t

i=—T
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or

-1
Ty = Z B;xp4i + Boet

i=—T

One can construct a linear transition matrix for iterating the system forward

Ye = Ayp_1 + 1

where

]

Yt =

- mt
-0

Nt = :

0
-Boet-

k
york = Ay + ZAk_int—i-i

i=1

k—1
V(I?“t (yt+k) = Z Alq/(Az)T
=0

One can exploit the relation vec(ABC) = (CT ® A)vec(B) to compute the
unconditional variance(T):
(o)
Ty = ZAi\I/(Ai)T
=0
ATgAT =Ty — T
(I — (A® A))vec(Ty) = vec(D)

2.4.1 numericObservableStructure

This routine computes the time t observable structure. The routine returns the
routine returns the S matrix and the component of S~! that multiplies the ¢;,
Byp.
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"matlab/numericObservableStructure.m" 23 =

%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function [smat,sjac]l=numericObservableStructure(hmat,qmat)
[hrows,hcols]=size(hmat);

[qrows,qcols]=size(gmat) ;

smat=[hmat, -eye (hrows) ; [zeros(qrows,hcols-qcols) ,qmat,zeros (qrows,hrows)]];
sjac=inv(smat (: ,hcols+hrows-(hrows+qrows)+1:hcols+hrows));

smat=sjac *smat;

smat=smat (qrows+1:qrows+hrows,1:hcols-qrows) ;

sjac=smat (: ,hcols-qrows-hrows+1:hcols-qrows) ;

&

This routine computes the time t-1 observable structure. The routine returns
the routine returns the S matrix and the component of S~! that multiplies the
€t, B().

For t-1 expectations we have

Tt—r

€t = Ho(ﬁt - Etfl(xt)) = Ho(xt -B )

Tt—1

2.4.2 numericObservableStructure

"matlab/numericObservableStructureTM1.m" 24 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function [smat,sjac]=numericObservableStructureTM1(hmat,bmat)
[hrows,hcols]=size (hmat);

[brows,bcols]=size(bmat) ;

smat= hmat(:,bcols+1l:bcols+hrows) * [-bmat,eye(hrows)];
sjac=inv(smat (:,bcols+1l:bcols+hrows)) ;

&
AN EXAMPLE:

[thes,thesinv]=numericObservableStructure (hfv,theq)

[thes,thesinv]=numericObservableStructure (hfv,theq)

thes =
(2,2) 0.4000
(1,3) 1.1000
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1,4) -0.6286

(2,4 -1.0000
thesinv =
(1,1 1.1000
(1,2) -0.6286
(2,2) -1.0000
>>
>>
AN EXAMPLE:

[thesTM1,thesinvTM1]=numericObservableStructureTM1 (hfv,bnow)

thesTM1 =
(1,1 -0.0000
(1,2) 0.2514
(2,2) -0.4000
(1,3 -1.1000
(2,4 1.0000
thesinvTM1 =
(1,1 -0.9091
(2,2) 1.0000
>>

2.4.3 numericUnconditionalCovariance

"matlab/numericUnconditionalCovariance.m" 25 =

%$Author: mlgsa00 $
%$Date: 1998/09/09 18:34:43 §
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $

function varCov=numericUnconditionalCovariance(smat,shockCov)

[srows,scols]=size(smat);

sinv=inv(smat(:,scols-srows+1:scols));

varTrans=[zeros(scols-(2*srows),srows) ,speye(scols-(2*srows));-sinv*smat(:,1:scols-srows)];
varCov=(speye ((scols-srows) "2)-kron(varTrans,varTrans)) \ reshape([zeros(scols-(2*srows),scols-si

&
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2.4.4 numericAim

This routine applies the above routines to transform a linear model to produce
an unconstrained autoregressive representation a constrained autoregression and
observable structure

"matlab/numericAim.m" 26 =
%$Author: migsa00 $
%$Date: 1998/09/09 18:34:43 §$
%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 migsa00 Exp migsa0O $
function [q,b,info,sinv]=numericAim(nlag,hmat)
[ab,hb,af ,hf]=numericBiDirectionalAR (hmat) ;
’done biDir’
g=numericAsymptoticConstraint (af,ab,hf,nlag);
’done q comp’
[b,info]=numericCheckUniqueness (hf,nlag,q);

’done b comp’
[s,sinv]=numericObservableStructure (hmat,q) ;

<&

AN EXAMPLE:

[qm,bm,im,sm]=numericAim(1,hfv)

ans =

ans =

done forward

ans =

done backward

ans =

done biDir

iter =
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eigs =
1.1000
0.4000

stopcrit =

1.9782e-16

iter

eigs
1.1000
0.4000
stopcrit =

1.4837e-16

evIrows

evcols

kronMat =

(1,1 0.0818
(2,1 0.9908
(1,2) 0.8343
(2,2) 0.0022



ans =

(1,1)
(2,1)
(1,2)
(2,2)

ans =

done q comp

ans =

done b comp

qm =

(2,1)
(1,2)
(2,2)
(2,3)
(1,4)
(2,4)

bm =
(1,1)

(1,2)
(2,2)

im

unique stable

sm

(1,1
(1,2)
(2,2)

.0818
.9908
.8343
.0022

O O O O

0.0000
-0.4000
-0.0000

1.2095

1.0000
-0.6911

-0.0000
0.2286
0.4000

solutions

1.1000
-0.6286
-1.0000
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>>

2.4.5 Dummy Octave Functions

"matlab/full.m" 27 =

function fl=full(mat)
fl=mat;
O

"matlab/sparse.m" 28 =

function fl=sparse(mat)
fl=mat;
<O

"matlab/issparse.m" 29 =

function res=issparse(mat)
res=0;

<&

"matlab/numericAIMVersion.m" 30 =

3

function res=numericAIMVersion()
res=’$Revision: 1.14 $ $Date: 1998/09/09 18:34:43 $°
O

Test Suite

"numericLinearAimTestMLab.m" 31 =

%$Author: migsa00 $

%$Date: 1998/09/09 18:34:43 $

%$Id: reliableMLab.w,v 1.14 1998/09/09 18:34:43 mlgsa00 Exp migsa0O0 $
path(path,’/irm/home/migsa00/aim/reliable/matlab’)
hfv=sparse([0,0,-(1+0.1),0,1,1;0,-(1-0.6),0,1,0,0])

jefftest=[-0.9000, 0, 1.0000, 0, 0, 0;

&

File defined by scraps 31, 32, 33, 34, 35, 36, 37, 38.

AN EXAMPLE:

hfv
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(2,2) -0.4000

(1,3 -1.1000
(2,4 1.0000
(1,5 1.0000
(1,6 1.0000

"numericLinearAimTestMLab.m" 32 =

[ab,hb,af ,hf]=numericBiDirectionalAR (hfv)
[atb,htb,atf,htf]=numericBiDirectionalAR(jefftest)
O

File defined by scraps 31, 32, 33, 34, 35, 36, 37, 38.

AN EXAMPLE:
ab =
(1,1 -1.1000
(1,3 1.0000
(1,4 1.0000
hb =
(2,1 -1.1000
(1,2) -0.4000
(2,3 1.0000
(1,4 1.0000
(2,4 1.0000
af =
(1,2) -0.4000
(1,4 1.0000
hf =
(1,3 -1.1000
(2,4 -0.4000
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(1,5) 1.0000
(1,6) 1.0000
(2,6) 1.0000

"numericLinearAimTestMLab.m" 33 =

tm=numericTransitionMatrix(hf)

<O
File defined by scraps 31, 32, 33, 34, 35, 36, 37, 38.

AN EXAMPLE:

tm =
(1,3) 1.0000
(3,3) 1.1000
(2,4 1.0000
(3,4 -0.4000
(4,4 0.4000

"numericLinearAimTestMLab.m" 34 =

[jO,pimat,lila,qout]=numericSqueeze([ab;af] ,hf)
[jtO,pimatt,lilat,qlout]=numericSqueeze([atb;atf] , htf)
O

File defined by scraps 31, 32, 33, 34, 35, 36, 37, 38.

AN EXAMPLE:

jo =
1.0e-16 =
(1,1 -0.3098
(1,2) -0.4149
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pimat =

(1,1 -0.8017
(2,1) -0.4275
(1,2) 0.4858
(2,2) -0.9882
lila =
(1,1 0.9667
(2,1 -0.1511
(1,2) -0.5001
(2,2) 0.5333
qu =
(1,1 0.6140
(2,1 -0.3720
(2,2) 0.4343
(1,3 -0.5581
(2,3) 0.3382
(1,4 -0.5581
(2,4) -0.7474
ql =
(1,1 0.6962
(1,2) 0.2321
(2,2) 0.8704
(1,3 0.6730
(2,3) -0.3482
(1,4 0.0928
(2,4 0.3482

"numericLinearAimTestMLab.m" 35 =

[vbig,lambig]=eigs(tm.’);
[v1il,lamlil]=eigs(lila.’);
% [nea,neb]=numericExtendToBasis([ab;af]);
bigOnes=numericEvExtend(jO,pimat,lamlil,v1il,qout)
O

File defined by scraps 31, 32, 33, 34, 35, 36, 37, 38.
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AN EXAMPLE:

biglOnes =

-0.0000 0 1.2095 -0.6911
0.0000 -0.0000 -0.0000 2.7753

"numericLinearAimTestMLab.m" 36 =
[vm,1m]=numericSelectLargeIS(tm,2)

<O
File defined by scraps 31, 32, 33, 34, 35, 36, 37, 38.

AN EXAMPLE:

v

0.0000 0.0000 -0.8682 0.4961

Im =

1.1000

"numericLinearAimTestMLab.m" 37 =

theq=numericAsymptoticConstraint (af,ab,hf,1)
<&
File defined by scraps 31, 32, 33, 34, 35, 36, 37, 38.

AN EXAMPLE:

theq =
(1,2) -0.4000
(2,2) 0.0000
(2,3 1.2095
(1,4 1.0000
(2,4) -0.6911
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"numericLinearAimTestMLab.m" 38 =

theb=numericAsymptoticAR(theq)
[thes,thesinv]=numericObservableStructure (hfv,theq)

covm= numericUnconditionalCovariance (thes,speye(2))

<O
File defined by scraps 31, 32, 33, 34, 35, 36, 37, 38.

AN EXAMPLE:

theb =
(1,1 -0.0000
(1,2) -0.2286
(2,2) -0.4000

[thes,thesinv]=numericObservableStructure (hfv,theq)
covm= numericUnconditionalCovariance(thes,speye(2))

[thes,thesinv]=numericObservableStructure (hfv,theq)

thes =
(2,2) 0.4000
(1,3) 1.1000
(1,4 -0.6286
(2,4 -1.0000
thesinv =
(1,1 1.1000
(1,2) -0.6286
(2,2) -1.0000
>>

>> covm= numericUnconditionalCovariance(thes,speye(2))

covm =
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1,1 1.2152

(2,1) 0.6803
(3,1) 0.6803
(4,1) 1.1905
>>
>>

4 Files

"matlab/full.m" Defined by scrap 27.

"matlab/issparse.m" Defined by scrap 29.

"matlab/numericAim.m" Defined by scrap 26.
"matlab/numericAIMVersion.m" Defined by scrap 30.
"matlab/numericAnnihilateRows.m" Defined by scrap 7.
"matlab/numericAsymptoticAR.m" Defined by scrap 15.
"matlab/numericAsymptoticConstraint.m" Defined by scrap 12.
"matlab/numericAsymptoticConstraintContinuous.m" Defined by scrap 13.
"matlab/numericBiDirectionalAR.m" Defined by scrap 11.
"matlab/numericCheckUniqueness.m" Defined by scrap 14.
"matlab/numericComputeAnnihilator.m" Defined by scrap 6.
"matlab/numericEliminateInessentiallags.m" Defined by scrap 16.
"matlab/numericEvExtend.m" Defined by scrap 19.
"matlab/numericExtendToBasis.m" Defined by scrap 22.
"matlab/numericLeftAnnihilateRows.m" Defined by scrap 8.
"matlab/numericLeftAR.m" Defined by scrap 10.
"matlab/numericLeftMostAllZeroQ.m" Defined by scrap 3.
"matlab/numericMapper.m" Defined by scrap 18.
"matlab/numericObservableStructure.m" Defined by scrap 23.
"matlab/numericObservableStructureTMl.m" Defined by scrap 24.
"matlab/numericRightAR.m" Defined by scrap 9.
"matlab/numericRightMostAllZeroQ.m" Defined by scrap 2.
"matlab/numericSelectLargeIS.m" Defined by scrap 20.
"matlab/numericSelectPositiveIS.m" Defined by scrap 21.
"matlab/numericShiftLeftAndRecord.m" Defined by scrap 5.
"matlab/numericShiftRightAndRecord.m" Defined by scrap 4.
"matlab/numericSqueeze.m" Defined by scrap 17.
"matlab/numericTransitionMatrix.m" Defined by scrap 1.
"matlab/numericUnconditionalCovariance.m" Defined by scrap 25.
"matlab/sparse.m" Defined by scrap 28.
"numericLinearAimTestMLab.m" Defined by scraps 31, 32, 33, 34, 35, 36, 37, 38.
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5 Macros

6 Identifiers

numericAnnihilateRows: 7, 8, 9.
numericBiDirectionalAR: 11, 26, 32.
numericComputeAnnihilator: 6, 7, 8.
numericEvExtend: 12, 13, 19, 35.
numericExtendToBasis: 17, 22, 35.
numericLeftAR: 10, 11.
numericLeftMostAllZeroQ: 3, 5.
numericMapper: 18, 19.
numericRightAR: 9, 11.
numericRightMostAllZeroQ: 2, 4.
numericSelectLargeIS: 12, 20, 36.
numericSelectPositiveIS: 13, 21.
numericShiftLeftAndRecord: 5, 10.
numericShiftRightAndRecord: 4, 9.
numericSqueeze: 12, 13, 17, 34.
numericTransitionMatrix: 1, 12, 13, 17, 33.
zeroTol: 2, 3, 4, 5, 6, 17, 22.
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